INDEPENDENCE OF ¢ AND SURFACES

MARTIN OLSSON

1. THE MAIN THEOREM

1.1. Let F, be a finite field of characteristic p, let £ be an algebraic closure of [F;, and let
X/F, be a separated, normal, 2-dimensional F,-scheme of finite type. For a prime ¢ # p and
1 € Z define

Py :=det(l1 = TF|H(Xk, Qp)) € Qu[T]
and

P!, = det(1 — TF|HY(X;, Q) € Q[T],

where H' (X}, Qy) (resp. Hi(Xy, Qy)) denotes the étale cohomology of Xj, (resp. compactly
supported étale cohomology of X}), and F' denotes the Frobenius endomorphism.

Our aim in this note is to prove the following:

Theorem 1.2. The polynomials P} and Pci,z are in Q[T], and for any two primes €, not
equal to p we have
PZZPZ/7 PCZ’KIPCZI/.

1.3. The same argument will show that if X/k is a separated normal surface over an alge-
braically closed field k, then the dimensions of the cohomology groups

HZ<X7 Qf)? Hé(X7 @f)
are independent of £. We apply this to study the Brauer group in this setting to obtain the

following theorem:

Theorem 1.4. Let k be a separably closed field of characteristic exponent p, and let X/k be
a smooth 2-dimensional k-scheme. Let Br(X) denote the quotient of the Brauer group of X

by its p-torsion, and let N -
Br(X)a4v C Br(X)

be the subgroup of divisible elements. Then the quotient
Br(X)/Br(X)aiv

is a finite group, and there exists an integer r such that
Br(X)aw ~ F",

where F, denotes the quotient of Q/Z by its p-torsion subgroup.

Remark 1.5. The results of this note seem well-known to experts (in particular the indepen-
dence of ¢ for the Betti numbers of surfaces is tacitly indicated in [Ill, 1.4]), but no reference
appears available.
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1.6. Notation. For an abelian group A and an integer N we write A[N] for
Ker(-N : A — A).
For a prime ¢ we write T, A for the Z,~-module
lim A[]),

n

where the projective limit is taken with respect to the maps

£ AT — Alem).
We write V,(A) for the Qp-vector space

Vi(A) :=Ty(A) ® Q.

Observe that V,(—) is a left exact functor in the sense that if
0—-A—-B—=C
is a short exact sequence then the resulting sequence
0—V,A—V,B—V,C

is also exact. Note also that if A is a finitely generated abelian group, then V;A = 0.

1.7. Acknowledgements. The author was partially funded by NSF grant DMS-0714086,
NSF CAREER grant DMS-0748718, and an Alfred P. Sloan Research Fellowship.

2. KUMMER THEORY

2.1. Let k be an algebraically closed field, and let X /k be a proper smooth k-scheme of
dimension 2. Let £, D C X be divisors with simple normal crossings, and assume

END=0.
Let X C X be the complement of F.
2.2. Recall that the Picard group Pic(X) of X sits in an extension
0 — Pic’(X) — Pic(X) — NS(X) — 0,
where Pic’(X) is the points of an abelian variety over k (and in particular is a divisible
group), and NS(X) (the Neron-Severi group of X) is a finitely generated abelian group.

Set
Pic(X, D) = Ker(restriction : Pic(X) — Pic(D)),
Pic’(X, D) := Pic(X, D) N Pic’(X),
and
NS(X, D) := Pic(X, D)/Pic’(X, D).
We then have a commutative diagram

0 — Pic’(X, D) — Pic(X, D) —= NS(X,D) —=0
0 — Pic’(X) Pic(X) NS(X) ——=0,
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where the vertical maps are inclusions. In particular the group N.S(X, D) is finitely generated.

Remark 2.3. This definition of Pic(X, D) differs from the one in [MVW], though the two
are closely related.

2.4. Observe also that since
Pic’(X, D) = Ker(Pic’(X) — Pic’(D)),

the group Pic’(X, D) is the k-points of a proper finite type k-group scheme. In particular,
this group has a canonical subgroup of finite index

Pic(X, D) C Pic’(X, D)
which is the k-points of an abelian variety over k.

2.5. The group Pic(X, D) is related to étale cohomology as follows. Fix a prime ¢ invertible
in k, and consider the Kummer sequences (on X and D respectively)

i

0 Hon X Gm,y - Gm,y - Oa
and
0 Her,D Gm,D L Gm,D — 0.

Taking cohomology we get isomorphisms

H' (X, pen) == Pic(X)[¢"],
and

H'(D, pign) == Pic(D)[£"].
Passing to the inverse limit over n and tensoring with QQ;, we get isomorphisms

H'(X,Qu(1)) ~ Vi(Pie(X)), H'(D,Qu(1)) ~ Vi(Pic(D)).
Using the short exact sequence
0 — Pic(X, D) — Pic(X) — Pic(D)

and the left exactness of the functor Vi(—) (see 1.6), we obtain a canonical isomorphism
between V;(Pic(X, D)) and the kernel of the restriction map

Hl(yv Qf(l)) - Hl(Da Qf(l))

Now since Pic(X, D) is an extension of a finitely generated abelian group by Pic®(X, D) we
have

Vi(Pic(X, D)) ~ V,(Pic™ (X, D)).
Summarizing:
Corollary 2.6. There is a natural isomorphism

Vi(Pic®™ (X, D)) ~ Ker(H"(X,Qq,(1)) — H'(D,Qy(1))).
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2.7. We can also consider similar groups for the open scheme X. Define
Pic(X, D) := Ker(Pic(X) — Pic(D)),
let Pic’(X, D) C Pic(X, D) be the image of Pic’(X, D) under the restriction map
Pic(X, D) — Pic(X, D),
and set
NS(X, D) := Pic(X, D)/Pic’(X, D).

Notice that since D C X, the group Pic(X, D) is equal to the preimage of Pic(X, D) under
the surjective (since X is smooth) map

Pic(X) — Pic(X).
We have a commutative diagram

0 — Pic’(X, D) — Pic(X, D) —= NS(X, D) —=0

: i |

0 — Pic’(X, D) — Pic(X, D) —= NS(X, D) —= 0,
where the vertical maps are surjective. In particular NS(X, D) is finitely generated, and
Pic’(X, D) is an extension of a finite group by a divisible group.
2.8. Let
j:X—-D—=X, i:D—X

be the inclusions. Then for every n > (0 and prime ¢ invertible in k we have a commutative
diagram of sheaves on X o

(2.8.1) 0 0 0
0 —— Jijten Hoen Lyftgn — 0
0 % Gm Z.>«<(}m,D —0
0 % Gm Z.>«<(}m,D —0

0 0 0,

where the rows and columns are exact sequences and 77 is defined to be the kernel of the
map

(GTm - i*Gm7D.



INDEPENDENCE OF ¢ AND SURFACES 5

Taking cohomology of this diagram restricted to X, we obtain a commutative diagram with
exact rows and columns

HI(X,jglugn) —— HI(X, Iugn) I HI(D,IUgn)

| |

(k*)m(P) — HY(X, ) Pic(X)

(X)
i%" ag l ag A
(k*)m(P) —— HY(X, #) —— Pic(X) i

H?(X, jipten).-
Since
L (k*yro(D) N (k*)wo(D)
is surjective, we get an isomorphism
(2.8.2) Coker (-4 : H (X, ) — H' (X, #)) ~ Pic(X, D) /{"Pic(X, D)
and an inclusion
Pic(X, D)/{"Pic(X, D) — H*(X, jipien).
Passing to the projective limit in n and tensoring with Q, we get an inclusion

(2.8.3) (lim Pic(X, D)/£"Pic(X, D)) @z, Q¢ — H*(X, jiQu(1)).

n

Proposition 2.9. The map (2.8.3) factors through an inclusion
(2.9.1) NS(X,D) ®z Qp — H*(X, 71Q(1)).

Proof. Indeed the kernel Pic’(X, D) of the surjection
Pic(X, D) — NS(X, D)

is an extension of a finite group by a divisible group, and therefore there exists an integer N
such that for every n the kernel of the surjection

Pic(X, D)/{"Pic(X, D) — NS(X,D)/{"NS(X, D)
is annihilated by N. In particular we get an isomorphism

(lim(Pic(X, D)/£"Pic(X, D)) © Q = (lim NS(X, D)/"NS(X, D)) ® Q.

n

Since NS(X, D) is a finitely generated abelian group, which implies that
(@NS(X,D)/E”NS(X, D)) ®Q~NS(X,D) ®zQy,

n

we obtain the result. O
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3. THE MAIN THEOREM FOR H} OF A SMOOTH SURFACE

3.1. Let F, be a finite field of characteristic p, and let X/F, be a finite type smooth separated
scheme of dimension 2. Let F, — k be an algebraic closure. Our aim in this section is to
prove the following special case of 1.2.

Proposition 3.2. For any prime { # p the characteristic polynomial of Frobenius
det(1 — TF|H, (X, Q)
is in Q[T'] and is independent of €.

Proof. Fix a compactification j : X — X with X smooth and proper over F, and such that
the complement ¢ : D C X of X is a divisor with simple normal crossings. Taking cohomology
of the exact sequence

we get an exact sequence
0— Cp — H( Xk, Q1)) — Ker(H' (X, Qu(1)) — H'(Dy,Qq(1))) — 0,
where C, denotes
Coker(Qg(1)™Er) — Q,(1)™(Pr),

To prove the proposition it therefore suffices to show that the characteristic polynomial of
Frobenius acting on

Ker(Hl(Yk,@g(l)) — Hl(Dk,Qg(l)))
is in Q[7] and is independent of ¢. This is clear for by 2.6 this kernel is isomorphic to

V,Pic®™ (X}, D;) which is the Tate module of the abelian variety given by the maximal reduced
closed subscheme of Pic®(X, D). O

4. THE MAIN THEOREM FOR H7}, (X))

4.1. Let F, — k be as in the previous section, and let Y/Fq be a smooth proper scheme

of dimension 2. Let D, E C X be two divisors with simple normal crossings, and such that
DNE=0. Set

X:=X-FE,
and let
]DX—D‘—>X

be the inclusion. For integers ¢ and r, and a prime ¢ invertible in &, define
Hp, p(Xe, Qo(r) := H' (X, j;iQe(r)).
Proposition 4.2. For any prime { # p, the characteristic polynomial of Frobenius
det(1 — TF|H}77E(7,€, Q)))
is in Q[T] and is independent of €.
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Proof. Let
E=EYVy...uE"
be the irreducible components of F, and define inductively
X .— 7, x0 — x@=1) _ (E(i) N X(ifl))_
Let
j9 XD p s x®
be the inclusions. We show by induction on ¢ that the characteristic polynomial
det(1 — TF|H (X, Q)
is in Q[T] and independent of /.
For 7 = 0 we have
HY(X,", j5)Qe) = HX(X; — Dy, Q)
so the result follows from 3.2.
For the inductive step consider the diagram

Y

D s x @) <2 Ot A x6) .

Since E0+t) N X is a smooth divisor in X® we have the purity sequence

@e,x<i> - RV*@@,XGH) - @Z,E(i‘*‘l)mX(i)(_l)[_l]’
Restricting this sequence to X — D and then applying jg? we get a distinguished triangle

(recall that £ N D = ()

jg?@f,X(i)—D - RW*jg!Jrl)Qé,X(i+1)_D — Qqpernnxe(—1)[-1].

Taking cohomology we then get a long exact sequence

0

i) (2 7 (7 (i+1) (%) 1) (2
0 S Hl(Xlg )7](D?Qf) S Hl(X,g —H),]})TUQK) . QZ(_DWO(Ek +1 nx,”) —~ HQ(XIE )732)?@4)‘

By induction it therefore suffices to show that the characteristic polynomial of Frobenius
acting on Ker(0) is in Q[T] and is independent of /.
Let
QXD | Ng(x9, DY@ Q
be the natural map defined by the connected components of E,(jﬂ) N X,Ef) (each of which
is smooth by construction). Then the map 0 is obtained by tensoring the map 7 with Qy,
twisting by Q,(—1), and then applying the injective map 2.9.1 (we leave to the reader the

verification that the two definitions of the cycle class used here agree). We conclude that the
characteristic polynomial of Frobenius acting on Ker(9) is equal to the polynomial

det(1 — TF|Ker(r) ®g Qi(—1)),
which is evidently in Q[T] and independent of /. O
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5. DuALITY

5.1. Let X/ F, be a smooth proper 2-dimensional scheme, and let D, E C X be two divisors
with simple normal crossings such that D N E = ().

We then obtain a commutative diagram

X - (DU E)Cij> X-FE
2T
X-p—"—7%X

Let Z5(—) be the Verdier duality functor. We then have
(5.1.1) D5 Rjp«jmQe =~ ip1 Rjp. 2% (pup Qe
Now observe that since X is smooth of dimension 2 we have

-%X—(DUE)QK = Q€(2>[4]-
so the right side of (5.1.1) can be written as

Jo R, Qe(2)[4].

On the other hand, since D and E are disjoint there is a natural isomorphism

ipRj5. Qe = Rjp.jmQy.
Thus we obtain an isomorphism

D% RjpsipmQe ~ Rjp.jpQe(2)[4].
Taking cohomology we obtain for every integer ¢ a Frobenius invariant isomorphism between
Hp 5 (X, Qe(2))
and the dual of
Hi ) ( Xk, Qp).
Corollary 5.2. For every integer i the characteristic polynomial of Frobenius
det(1 — TF|H}, (X5, Q)

is in Q[T and is independent of €.
Proof. By 4.2 we know the result for « = 1, and hence by duality for ¢ = 3. The result for

1 = 0 is immediate, and hence again by duality we also have the result for i = 4. Since we
also know that the product

4
[T det(t — TF|H}, (X0 Qo) V'

=0

is in Q[T] and independent of ¢ this implies the result for i = 2. O
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This completes the proof of 1.2 in the case when X is smooth. Indeed in this case we can
find a compactification X — X, where X is smooth and proper over F, and such that the
complement D is a divisor with simple normal crossings. In this case we have

H (X3, Q¢) = Hy p( Xk, Qp), HUXy, Qp) = Hp o( X1, Qo).

5.3. Corollary 5.2 can be generalized as follows. Let X /I, be a smooth proper 2-dimensional
F,-scheme, and suppose given a divisor with simple normal crossings

Z—X
and a decomposition
Z=DUEF,

where D and E are also divisors with simple normal crossings. Let X denote X — E. We
then get inclusions

X —(DNX)le x o X
and we define S '
Hp p( Xk, Q) == H' (X, 1Qe,x —(Dnx))-
5.4. Let
b:Y - X

be the blowup of EN D, and let E' C Y (resp. D' C Y) be the strict transform of E (resp.
D). Note that

E'NnD =1.
Let F” C Y be the exceptional divisor, so we have

b (DUE)=FE UD UF'

5.5. Let Y denote Y — E’, and let

u:Y =Y
be the inclusion. Also define
v:Y —D <Y
to be the inclusion of the complement of D’
There is a natural map

(5.5.1) Rb,(Ru,v Q) — Rs.51Qux—(pnx)-
For this note that giving such a map is equivalent by adjunction to specifying a map

5" Rb,(Ru,11Qp) — 71Qy x—(pnx)s
and b is an isomorphism away from D N E.
Proposition 5.6. The map 5.5.1 is an isomorphism. In particular we have

H%,E(ylﬁ QZ) = HE’,E" (7167 Qf)u
and the characteristic polynomial of Frobenius

det(1 — TF|H}, p(Xy, Q)

is in Q[T] and is independent of €.
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Proof. We can without loss of generality base change to k. For the rest of the proof we
consider only the base changes to k (so the points of intersection of D N E are defined over
the ground field), and omit the reference to k from the notation.

Let x € DN E be a point. It suffices to show that the stalks
(Rby(RuvQy))z, (R5:51Qex—(Drx))e
are both 0.
To compute (Rs,jiQ¢ x—(pnx))s, let
i:D—X, i:DNX—=X, ¢:DNX — D
be the inclusions. We then have a short exact sequence
0 — 51Qrx—(pnx) — Qe.x — ©.Qrprx — 0,
which upon applying Rs, and taking stalks at x gives a distinguished triangle
(Rs:jiQrx—(pnx))e — (R5:Qr)r — (Rq.Qp,p)o-
It therefore suffices to show that
(Rs.Q¢)r — (R Qep)e

is an isomorphism, which follows from the purity theorem (observe that F is necessarily
smooth at ).

To compute (Rb,(Ru,1Qyp))., let F, denote the fiber of b over z, so F, ~ P;. By the proper
base change theorem we have

(Rb.(Ru,v1Qy)), =~ RU(F,, (Ru,viQy)| £, ).
Choose an isomorphism F, ~ P; so that F,, N D’ = {0}, and F,, N E' = {oc}, and let
io : Spec(k) — P!, i : Spec(k) — P!

be the inclusions. We then have a commutative diagram with cartesian squares
Pl <f_)A1 <g_)A1 _ {0}

R

Y <42y <42V — D,

Since D" and E’ are disjoint, we have
(RuvQy)|pr ~ RfegiQp a1 0y

Therefore it suffices to show that
RI'(A', Q) = 0.
Using the short exact sequence
0—9Qr— Qr— :Qr — 0

this is equivalent to the statement that the restriction map

RI(A',Q;) — RT'(Spec(k),Q¢) = Q¢

is an isomorphism, which is standard. U
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6. COMPLETION OF PROOF OF 1.2

6.1. Suppose X/F, is a normal separated F,-scheme of finite type of dimension 2. Let
j:U—=X
be the smooth locus, and let
1: 4 — X
be the complement. Since X is normal the scheme Z is zero dimensional. Consider the short
exact sequence of sheaves

0— 71Q¢ — Q — 4, Q, — 0.
Taking cohomology we get that
H' (X, Q) ~ H'(Xk, 71Qq), @22,
and an exact sequence
0 — Dy — H (X, 5Qp) — H'(X), Q) — 0,
where D, denotes
Coker(Q*™) — Qpo%)).
Similarly, if X is not proper over F, then we get
and an exact sequence
0— @?O(Zk) — H}(Uy, Q) — HY (X, Q) — 0.

Since we already know 1.2 in the case when X is smooth (so in particular we know the result
for U), to complete the proof of 1.2 for the normal X it suffices to show that for every ¢ the
characteristic polynomial of Frobenius

det(1 — TF|H'(Xy, j1Qr))
is in Q[7'] and is independent of /.

6.2. Let

b: X' — X
be a proper morphism such that b is an isomorphism over U, X'/F, is smooth, and D :=
b=1(Z) is a divisor with simple normal crossings on X’. Furthermore, choose a dense open
immersion

X X,
where X is smooth and proper over [, and such that

E=X —-X
is a divisor with simple normal crossings. Notice that since D is proper over [Fy, the composite
D < X' — X is a closed immersion and D N E = 0.
Let 3

j:U—=X'

be the unique lifting of j. Since b is proper we have j, = Rb,j, and therefore

H' (X, 4Qp) = H (X', jiQp) = Hp (X, Q).
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From this and 5.2 we therefore obtain 1.2. O

7. RESTRICTION MAPS

7.1. Let X/F, be a smooth separated finite type F,-scheme of dimension 2. Let i : Z C X
be a closed subscheme, and for an integer i let I'(X, Z) (resp. I{(X,Z)) denote the image of
the restriction map

H'(Xy, Qo) — H'(Zy, Qu), (vesp. Hi(X, Qo) — HA(Zy, Qr)).
Set

Q. :=det(1 - TF|I'(X, 2)), Qf:,e =det(1 - TF|I'(X,Z)).
Proposition 7.2. For every integer ¢ and prime ¢ invertible in k, we have

Qéa Z,K € Q[T]7
and for any two primes £ and ¢’ not equal to the characteristic of k we have
Qé = Qéu i,z = Qi,ﬁ"
Proof. Let
j:U—=X

be the complement of Z. Taking cohomology (resp. compactly supported cohomology) of the
short exact sequence

0—5Qr— Qr—1.Qy— 0
we obtain boundary maps
0" H' Y (Zi, Q) — H'(Xi, 51Qy), 0% : HI H(Z1, Qo) — HL(Uy, Qp),

whose kernels are I'"1(X, Z) and I'" (X, Z) respectively. We therefore get short exact se-
quences

0— Hi_l(ZkaQﬁ)/[i_l(Xa Z) - HZ(X/%.]'QK) - HZ(XkaQe) - IZ(X’ Z) - 07

0— H " NZ,, Q) /I (X, Z) — H(Ug, Q) — HYXy,Qp) — IN(X,Z) — 0.

Proceeding by induction on ¢, we see that it suffices to show that the characteristic polynomials
of Frobenius acting on

H'( Xk, 71Q0), H:(Up, Qo), H (X, Qp), HA(Xk,Qr), H'(Zk,Qr), and H.(Zy, Qy)

are in Q[T] and independent of £. This statement for H'(Xy, 7#Qy) follows from the same
argument as in 6.2 (and using 5.6), for H'(Uy, Q;), H (X}, Q,), and H! (X}, Q) it follows from
1.2, and for the cohomology groups of the lower dimensional Z the result is standard. U
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8. PROOF OF THEOREM 1.4

Asin 1.4, let k be a separably closed field and X/k a smooth 2-dimensional k-scheme. Let
p denote the characteristic of k. In what follows ¢ denotes a prime not equal to p.
Lemma 8.1. Suppose H*(X,Z4(1))tors = 0. Then for any n > 1, if z € Br(X)[("], then x is
(-divisible.

Proof. From the morphism of Kummer sequences

(8.1.1) 0 — fgni G 2 G 0
l 0 i-f \le
0 g G 2> Gy 0,

we get a commutative diagram

H2(X, pns1) — Br(X)[("+1] — 0

i l.z

HA(X, ign) —— Br(X)[("] —0,
It therefore suffices to show that the map
H*(X, pgnsr) — H*(X, pign)
is surjective. This follows from noting that in fact the map
H*(X, Zo(1)) — H*(X, )
is surjective. Indeed from the short exact sequence

00— Zo(1) =5 Zy(1) — fign — ()

we get an exact sequence
H(X, Zo(1)) — H*(X, pien) — H(X, Zo(1))1ors,

and
Hg(Xa Zé(l))tors =0
by assumption. O

Lemma 8.2. Poincare duality defines an isomorphism
Ext! (H?(X, Z(1)), Ze) ~ HZ(X, Z4(3) )1ors.

In particular, the group H*(X,Z,(1)) is torsion free if and only if the group H3(X,Z(1)) is
torsion free.

Proof. To ease notation, write simply K for the complex RI'(X,Z,(1)). Poincare duality
defines an isomorphism
RHom(K,Z;) ~ RU (X, Z(3))[4].
In particular we have
H*(X,7(3)) ~ BExt (K, Zy).
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From the distinguished triangle
TaK — K — 159K
we obtain a long exact sequence ) )
c— Ext (1 K, Zy) — Bxt (150K, Zy) — BExt (K, Zy) — Ext™ (1< K, Zy) — - - .
The complex
RHom(1<1 K, Zy)
is concentrated in degrees > —1, and therefore
Ext (150K, Zy) — BExt (K, Zy)
is an isomorphism. Considering the distinguished triangle
T<3Too K — T K — H4(K)[_4]
and the fact that (like any Z,-module) H*(K') has projective dimension < 1, we then get an
isomorphism
Ext (150K, Zy) ~ Bxt™?(1<3752 K, Zy).
Finally from
H*(K)[=2] = T<3m20 K — HP(K)[-3]
we get an exact sequence
Ext ™ (H*(K)[—2],Z) — Ext*(H*(K)[—3],Z¢) — Ext™ (13752 K, Z¢) — Ext > (H*(K)[-2], Zy).
Since
RHom(H*(K)[-2],Zy)
is concentrated in degrees > —2, this gives an exact sequence
0 — Ext'(H*(K),Zy) — Ext™*(7<37>2 K, Zy) — Hom(H?*(K), Zy).
In particular we get an isomorphism
Ext'(H*(K),Z¢) ~ Ext*(7<3752K, Z)ors-
Combining this with the isomorphism
Ext™(1<37>2 K, Zy) ~ HZ(X, Z(3))
we get the result. O
8.3. The group H?(X,Z(1)) can be analyzed as follows. Choose a compactification
j: X —X,
where X /k is proper_and smooth, and the complement D := X — X is divisor with simple
normal crossings on X. Let

i:D— X
be the inclusion, and as in 2.8 set
H = Ker(G,,x — i.Gn,p)
so that for every n we have an exact sequence (see 2.8.1)

— L 0.
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Taking cohomology over X we obtain an exact sequence
(8.3.1) 0— HY(X,22)/("H (X, ) — HX(X, i) — H*(X,2)[("] — 0.
As in 2.8.2 we have
HY(X, ) /0"H" (X, #) ~ Pic(X, D)/("Pic(X, D).
Set (notation as in 2.4)

NS(X,D) := Pic(X, D)/Pic®(X, D).

Then ]/V\E (X, D) is an extension of N.S(X, D) by a finite group (namely the component group
of Pic’(X, D)), and therefore is finitely generated, and we have

Pic(X, D)/0"Pic(X, D) ~ NS(X, D)/("NS(X, D).
We can therefore rewrite (8.3.1) as
(8.3.2) 0 — NS(X,D)/("NS(X,D) — H(X, i) — H*(X, 5)[("] — 0.
Passing to the inverse limit with respect to the morphisms obtained from the diagrams

.€n+1

0 —— Jifbgn+1 H I 0

LT

00— Jifhen R4 I 0

we get an exact sequence
0 — NS(X,D)®Zy — H*(X,Z(1)) — T,H*(X, ) — 0.
Here the exactness on the right follows from the fact that the system
{NS(X,D)/t"NS(X, D)}
satisfies the Mittag-Leffler condition.
Since T,H*(X, ) is (-torsion free, we get an isomorphism
(NS(X, D) @ Ze)iors = H2(X, Ze(1)ors
Since NS (X, D) is a finitely generated abelian group, this yields the following corollary:
Corollary 8.4. For all but finitely many primes {, the group H?(X,Zy(1)) is torsion free.

8.5. Let Br(X)(¢) C Br(X) (resp. Br(X)ai(f) C Br(X)aw) be the subgroup of elements
whose order is a power of /.

Notice that for an element x € Br(X)(¢), the condition of being divisible is equivalent to
the condition of being ¢-divisible.

Combining 8.1, 8.2, and 8.4 we get that for all but a finite number of primes ¢ we have
Br(X)giv(¢) = Br(X) ().
Set
Wy == Br(X)(¢)/Br(X)aiv(£).
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Since the quotient

(8.5.1) Br(X)/Br(X )a
is isomorphic to the group
Sep W,
to prove that 8.5.1 is finite it suffices to show that each of the groups W, is finite.
For this notice that from the Kummer sequence

m

0 Lgn G,, G,, 0

we obtain compatible maps

Br(X) — H*(X, )
and therefore a map

Br(X) — H*(X,7Z,(1)).

The kernel of this map is precisely the (-divisible elements of Br(X), so we get from this an
inclusion

Wy — H>(X,Z(1)).
Since H3(X,Z(1)) is a finitely generated Z,-module this implies that W) is finite.

8.6. It remains to analyze the divisible part var(X )aiv- Let Sy denote the ¢-torsion subgroup
of Q/Z. We have

Fp ~ @[;ﬁpSg.
Moreover, we have
Br(X)div ~ @#pBr(X)div(ﬁ).
Therefore it suffices to show that there exists an integer r such that for every ¢ # p we have

SE o Br(X )i (0).

Lemma 8.7. Let A be a divisible (-torsion group, and assume that A[l] is a finite dimensional
Fy-vector space of some rank r. Then

A~ SPr.

Proof. Choose a basis x1,...,z, € A[f] for A[f] as a Fy-vector space, and for each 1 <i <r
choose a sequence of elements {xgn)}nzl with

J:El) =z, &EER) = xz(»n_l).

This is possible since A is divisible. Let

m Sy — A
be the map sending 1/¢" to x§”), and let

TSP — A

be the direct sum of the m;. We claim that 7 is an isomorphisms. Since both sides are torsion
groups, to verify that m is an isomorphism it suffices to show that 7 induces an isomorphism
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on ("-torsion for every n. This we show by induction on n. For n = 1 the result is immediate.
For the inductive step consider the commutative diagrams

0 —= S7"[(] —= S{Te"] = SFT[e" ] ——=0

L |

0 Al Alr] —— A[] ——0.

8.8. Now observe that from the Kummer sequence we have a surjection
H2(X, ) — Br(X)[(),

and therefore Br(X)[/] is a finite dimensional Fy-vector space. Hence Br(X)q,[¢] is also a
finite dimensional Fy-vector space. It follows that there exists an integer r, such that

Br(X)ai () = S
8.9. We now show that all the r, are equal.
Let Pic’(X) C Pic(X) be the subgroup of divisible elements, and set
NS(X) := Pic(X)/Pic’(X).

Notice that if X < X is a compactification, with X /k a smooth proper surface, then we
have a commutative diagram

0 — Pic’(X) — Pic(X) —= NS(X) —=0

T

0 — Pic’(X) — Pic(X) —= NS(X) —0.

Since X is smooth, the restriction map
Pic(X) — Pic(X)
is surjective. Therefore N'S(X) is a quotient of N'S(X) and in particular is a finitely generated
abelian group.
Note also that since Pic’(X) is a divisible group, we have

Pic(X)/("Pic(X) ~ NS(X)/("NS(X).

From the Kummer sequences

0 Hen G,,
we get short exact sequences
0— NS(X)/("NS(X) — H*(X, jtgn) — Br(X)[("] — 0,
which upon passing to the inverse limit gives a short exact sequence
0— NS(X)® Z¢ — H*(X,Z(1)) — T;Br(X) — 0.

Since
T;Br(X) ~ T;Br(X)aw (¢) ~ Z}',
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we conclude that
Ty = dim@eHQ(X, Qg) — dler(NS(X) ® Qg),
which is independent of ¢ by 1.2.
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