SHEAVES ON ARTIN STACKS

MARTIN OLSSON

ABSTRACT. We develop a theory of quasi—coherent and constructible sheaves on algebraic
stacks correcting a mistake in the recent book of Laumon and Moret-Bailly. We study basic
cohomological properties of such sheaves, and prove stack—theoretic versions of Grothendieck’s
Fundamental Theorem for proper morphisms, Grothendieck’s Existence Theorem, Zariski’s
Connectedness Theorem, as well as finiteness Theorems for proper pushforwards of coherent
and constructible sheaves. We also explain how to define a derived pullback functor which
enables one to carry through the construction of a cotangent complex for a morphism of
algebraic stacks due to Laumon and Moret—Bailly.

1.1. In the book ([LM-B]) the lisse-étale topos of an algebraic stack was introduced, and a
theory of quasi—coherent and constructible sheaves in this topology was developed. Unfor-
tunately, it was since observed by Gabber and Behrend (independently) that the lisse-étale
topos is not functorial as asserted in (loc. cit.), and hence the development of the theory
of sheaves in this book is not satisfactory “as is”. In addition, since the publication of the
book ([LM-B]), several new results have been obtained such as finiteness of coherent and étale
cohomology ([Fal, [Ol]) and various other consequences of Chow’s Lemma ([O]]).

The purpose of this paper is to explain how one can modify the arguments of ([LM-B]) to
obtain good theories of quasi—coherent and constructible sheaves on algebraic stacks, and in
addition we provide an account of the theory of sheaves which also includes the more recent
results mentioned above.

1.2. The paper is organized as follows. In section 2 we recall some aspects of the theory
of cohomological descent ([SGA4], VP®) which will be used in what follows. In section 3 we
review the basic definitions of the lisse-étale site, cartesian sheaves over a sheaf of algebras,
and verify some basic properties of such sheaves. In section 4 we relate the derived category
of cartesian sheaves over some sheaf of rings to various derived categories of sheaves on
the simplicial space obtained from a covering of the algebraic stack by an algebraic space.
Loosely speaking the main result states that the cohomology of a complex with cartesian
cohomology sheaves can be computed by restricting to the simplicial space obtained from
a covering and computing cohomology on this simplicial space using the étale topology. In
section 5 we generalize these results to comparisons between Ext—groups computed in the
lisse-étale topos and Ext—groups computed using the étale topology on a hypercovering. In
section 6 we specialize the discussion of sections 3-5 to quasi-coherent sheaves. We show
that if X' is an algebraic stack and Oy, denotes the structure sheaf of the lisse-étale topos,
then the triangulated category D;“mh(/'\f ) of bounded below complexes of Oy, ., —modules with
quasi—coherent cohomology sheaves satisfies all the basic properties that one would expect
from the theory for schemes. For example we show in this section that if f : X — Y
is a quasi—compact morphism of algebraic stacks and M is a quasi—coherent sheaf on X
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then the sheaves R'f,M on ) are quasi-coherent. In section 7 we turn to the problem
of defining a derived pullback functor for the derived category of complexes with quasi-
coherent cohomology sheaves. It is here that we encounter the main difficulty with the
non—functoriality of the lisse-étale topos, and the solution is perhaps a little unsatisfactory.
Let f : & — ) be a morphism of algebraic stacks and let D__, (X) and D ()) be the
derived categories of bounded above complexes of sheaves with quasi—coherent cohomology.
Unfortunately because of the non—functoriality of the lisse-étale topos we are not able to define

a functor Lf* : D, (X) — D ., (Y) as would exist if the lisse-étale topos was functorial.

However, for any integer a we can define a functor 7,Lf* : D([]‘zf;[(y) — Dg‘z’sﬁ[()( ) which

is left adjoint to the functor Rf, : D“(x) — DY), This functor 75,Lf* suffices

qcoh qcoh
for many purposes. In particular, it enables one to define a functor Lf* not on D (Y)

but on a certain category of projective systems in D;wh(y). In section 8 we use this L f*
and the method of ([LM-B], Chapitre 17) to define the cotangent complex of a morphism
of algebraic stacks and show that it enjoys all the good properties discussed in (loc. cit.).
In section 9 we explain how the methods of sections 3-5 can be used to develop a theory
of constructible sheaves on an algebraic stack. We essentially cover the contents of ([LM-B],
Chapter 18), and also prove finiteness of cohomology of constructible sheaves for proper stacks.
In section 10 we compare the theory of quasi—coherent sheaves in the lisse-étale topology to
the theory of quasi—coherent sheaves in the big flat and big étale topologies. Though the
lisse-étale topology is often more useful than these big topologies (for example to define the
cotangent complex, or to study higher direct images of quasi—coherent sheaves), the big flat
and big étale topologies have the advantage that they are trivially functorial. In this section
we prove results comparing cohomology of quasi—coherent sheaves in these big topologies
and cohomology using the lisse-étale topology. As an application of these results, we prove
finiteness of coherent cohomology for proper Artin stacks (using Chow’s Lemma for stacks).
In section 11 we mention three applications of Chow’s Lemma which also deserve mention
in the present discussion of quasi—coherent sheaves. The three results are stack—theoretic
versions of Grothendieck’s Fundamental Theorem for Proper morphisms ([EGA], 111.4.1.5),
Grothendieck’s Existence Theorem ([EGA], 111.5.1.4), and Zariski’s Connectedness Theorem
([EGA], I11.4.3.1) (which also gives a stack—theoretic generalization of Stein factorization).

There is also an appendix containing a general result of Gabber, which though not used in
the text provides a very general explanation for a result used in the paper.

1.3 (Acknowledgements). I am grateful to B. Conrad, O. Gabber, and L. Illusie for very
helpful comments on preliminary versions of this paper.

1.4 (Conventions). In this paper we use a more general notion of algebraic stack than that
used in ([LM-B]). By an algebraic stack over a scheme S, we mean a stack X’ over the category
of S—schemes such that the diagonal

(1.4.1) A:X =X xgX

is representable, quasi—compact, and quasi—separated, and such that there exists an algebraic
space X/S and a smooth surjective morphism X — X.

In sections 6-8, unless mentioned otherwise we work throughout over a fixed base scheme
S the reference to which is frequently omitted.
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2. SEMISIMPLICIAL AND SIMPLICIAL TOPOI

We review some of the theory of cohomological descent from ([SGA4], V).

2.1. Let A denote the simplicial category and AT C A the subcategory with the same objects
but morphisms only the injective maps. A strictly simplicial topos is a A*t—topos in the sense
of ([SGA4], VP5.1.2.1). Thus a AT—topos X consists of a topos X,, for each nonnegative
integer n, and for each injective morphism ¢ : [n] — [m] a morphism of topoi (which we denote
by the same letter) ¢ : X, — X,, (and these morphisms of topoi have to be compatible with
composition). A sheaf F, on a strictly simplicial topos X consists of a sheaf F,, € X, for
each n and for each injective ¢ : [n] — [m]| a morphism §*F,, — F},, and these morphisms
have to be compatible with compositions.

If X, is a simplicial topos we denote by X the strictly simplicial topos obtained by
restricting to the subcategory A™. In what follows, we denote by Ab(X,) (resp. Ab(X[)) the
category of abelian sheaves on X, (resp. X, ), and by

(2.1.1) res : Ab(X,) — Ab(X]")
the restriction functor. Note that this functor is exact.

2.2. For any abelian sheaf F' € Ab(X,) and integer ¢, there is a natural map

(2.2.1) HY(X,, F) — HY (X[ res(F)).
This map is obtained by observing that there is a natural isomorphism
(2.2.2) H°(X,,F) ~ H(X]}, res(F))

and that both H*(X,,—) and H*(X] res(—)) are cohomological é—functors.

Theorem 2.3. For any abelian sheaf F € Ab(X,) and integer q, the map (2.2.1) is an
1somorphism.

The proof is in several steps (2.4)-(2.9).

2.4. For [n] € A, let
(2.4.1) ot Ab(X.) — Ab(X,), 1 Ab(X]) — Ab(X,)

be the restriction functors Fy — F,,. The functors r,, and r; have right adjoints, denoted e,
and e, respectively, given by the formulas

pEHoma ([k],[n]) p€Hom 4 ([k],[n])

with the natural transition maps. Note that since r, and 7} are exact, the functors e, and
el take injectives to injectives. The functors r, and r also have left adjoints [,, and [}
respectively given by the formulas

(2.4.3) LGr= P G GG = b ra
peHoma ([n],[K)) pEHom x ¢ ([n),[K])

Since the functors I, and [ are exact (since p* for abelian sheaves is exact for each morphism
of topoi p : X}, — X,,), the functors r,, and ;" also take injectives to injectives.
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Lemma 2.5. Let F € Ab(X,,) be an abelian sheaf, and let C* be the complex

(25.1) T(Xo, roet F) 229 D(Xy, rel F) zU

Then HY(C®) =0 for ¢ > 0 and H°(C*) ~T(X,, F).

F<Xpa7"p€:{F) — .

Proof. Let T be the functor from AT to the category of abelian groups
(2.5.2) pl— ][ =z
Hom » + ([p],[n])

and let T be the associated chain complex

(2.5.3) T:... RSN

p p

+1 —_ e e,

Then C* ~ T ®; I'(X,,, F), and since each term in T is a free Z—module this is the same as
T ®@%T(X,, F). Hence to prove the lemma it suffices to show that H%(T) = 0 for ¢ > 0 and

HY(T) = Z. This follows from the observation that 7" is the complex computing the singular
cohomology of the standard n—simplex (or a direct calculation).

g

Corollary 2.6. Every object F € Ab(X]}) admits an embedding F' — I into an injective
sheaf I for which the sequence
(2.6.1) 0 — T(XHI) — T(Xo,I|lx,) — T(Xy,1I|x,) —— -

is exact, and for which I|x, is a flasque sheaf on X,, for every n.

Proof. For each n, choose an inclusion F, — [, with I, injective in Ab(X,). Then define
I := 1], e} 1, which has a natural inclusion F — I (to see injectivity, note that for every
n the map F,, — eI, is injective). Since a product of injectives is injective, the sheaf I is
injective and the exactness of the sequence (2.6.1) follows from (2.5). O

Corollary 2.7. Let F' € Ab(X[") be an abelian sheaf. Then there is a natural spectral sequence
(2.7.1) EY" = HY(X,,F|x,) = H"(X],F).

Proof. By (2.6), there exists an injective resolution F' — I*® such that the natural map from
(X, I*) to the total complex of the double complex

(2.7.2) {T(Xp, 1) }pg

is a quasi-isomorphism. Furthermore, we can choose I*® so that the restriction I°|x, is an
injective resolution of F'|x,. The spectral sequence (2.7.1) is that obtained from this double
complex.

That it is independent of the choices follows from observing that if .J® is a second injective
resolution of I, then there is a quasi—-isomorphism of complexes J* — I*® inducing the identity
on F'. This quasi-isomorphism induces a morphism of double complexes

(2.7.3) (P (Xp, ) }pg — AT (Xp, 1)}

which induces an isomorphism of spectral sequences which is independent of the choice of the
map J®* — I°. U
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Remark 2.8. If ' — J*® resolution by sheaves J® such that for every n the restriction J; to
X, is flasque, then the proof shows that for any ¢ the group H?(X ], F') is isomorphic to the
g—th cohomology group of the total complex associated to the double complex

(2.8.1) {I'(Xp, J°lx,) }pus:

2.9. Now let F' € Ab(X,) be an abelian sheaf. By the same argument used in the proof of
(2.6) replacing e by e,, there exists a resolution F' — J* in Ab(X,) such that the restriction
of J® to X, is injective for every p and s. Then the ¢-th cohomology of the total complex of
the double complex

(2.9.1) {T(Xp, J°lx,) o

is by the same reasoning as above (see also ([De], 5.2.3)) the group H?(X,, F'), and consider-
ation of this double complex yields a natural spectral sequence

(2.9.2) EY" = HI(X,, F|x,) = H"™(X,,F).

It follows from the definition of the map HP™4(X,, F) — HPT1( X[ res(F')) that it extends
to a morphism of spectral sequences between (2.7.1) and (2.9.2) with the identity maps on
the EV? terms. In particular, the map (2.2.1) is an isomorphism. This completes the proof of

(2.3). O

3. THE LISSE-ETALE TOPOS AND CARTESIAN SHEAVES

Definition 3.1 ([LM-B], 12.1). Let S be a scheme and let X'/S be an algebraic stack.
The lisse—étale site of X, denoted Lis-Et(X), is the site with underlying category the full
subcategory of X—schemes whose objects are smooth X—schemes and whose covering families
{U; — U} are families of étale morphisms such that the amalgamation

(3.1.1) [[vi—vU

is surjective. We denote by Xjeet the associated topos. The topos Xl is naturally ringed
with structure sheaf Oy, ., which associates to any U € Lis-Et(X) the ring I'(U, Op).

Remark 3.2. A sheaf F' € Xjjs o defines for every object U € Lis-Et(X') a sheaf Fy on Uy, by
restriction. As proved in ([LM-B], 12.2.1) this gives an equivalence of categories between the
category of sheaves X and the category of systems {Fy, 6, } consisting of a sheaf Fi; € Uy
for every U € Lis-Et(X) and a morphism 6, : ¢~'F\, — Fy; for every morphism ¢ : U — V
in Lis-Et(&") such that

(i) 6, is an isomorphism if ¢ is étale.

(ii) For a composite

(3.2.1) U ® 174 Y W

we have 0, 0 0*(0y) = Opoyp.

3.3. An important observation in regards to the category Lis-Et(X) is that if f,g: U — V
are two morphisms in Lis-Et(X’), then the equalizer in the category of X—spaces of f and
g may not be an object of Lis-Et(X). For example, let X be the spectrum of a field k& and
consider the two morphisms f,g : Aj — A} in Lis-Et(X), where f is induced by the map
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k[t] — k[t] sending t to 0 and g is induced by the map sending ¢ to ¢2. Then the equalizer of
f and g is represented in the category of schemes by Spec(k[t]/t?) which is not smooth over
k.

This observation has the following consequence. If f : ) — X is a morphism of algebraic
stacks, then there is an induced functor

(3.3.1) Lis-Et(X) — Lis-Et(Y), U U xx V.

This functor induces a pair of adjoint functors (f~1, f.), where f, sends a sheaf M to the
sheaf which to any U € Lis-Et(X') associates M(U x x )). The functor f~! sends a sheaf N/
to the sheaf associated to the presheaf which to any V' € Lis-Et()) associates the limit
(3.3.2) lim NV(U).

VU
Here the limit is taken over the category of morphisms over f from V to objects U €
Lis-Et(X). Unfortunately, this functor f=' is not left exact. This is because the limit in
(3.3.2) is not filtering (it is connected but equalizers do not always exist), and hence f~! is
not left exact.

It follows that the functor (f~!, f.) do not define a morphism of topoi Vet — Mis-et aS
asserted in ([LM-B], 12.5). It is this mistake that we aim to correct in this paper.

Note however that the functor f~! is left exact when f is smooth (it is just the restriction
functor), and hence in this case we do have a morphism of topoi Mis.et — Xlis-et-

Example 3.4. For an explicit example due to Behrend ([Be|, 5.3.12), consider a field k
and ) = Spec(k), X = A, = Spec(k[t]), and f : Y — X the inclusion of the origin.
Consider the map of sheaves g : Oy, ., — Oux,. ., given by multiplication by ¢. This map has
kernel equal to zero. On the other hand, since O, __, is representable by A%, the pullback
[ 'Oy, ., is represented by A}. Tt follows that the pullback of g to ) is the zero map
Ospectiiees — OSpeck)nee- 11 particular g has zero kernel whereas f~'(g) has nontrivial
kernel so f~! is not exact.

Lemma 3.5. Let X be an algebraic stack and f : V — X a smooth representable morphism
of algebraic stacks. Then for any abelian sheaf F' € Xys.ex there is a natural isomorphism

(3.5.1) H* (Xiset|gry F) & H (Viger, f1F),

where V denotes the sheaf represented by V' and Xy et|;; denotes the topos of sheaves over V.

Proof. This is a special case of (A.6). However, there is also a simpler proof as follows.

To see the isomorphism in degree 0, note that the object id : VoV is the initial object in
the topos Xiget|i7. Therefore HO(Xjget|i, F') is equal to F(V). Since V' is the initial object
in Viget this gives an isomorphism

(352) Ho(xlis—et|‘77F> = HO(‘/iis—etaF)'

Since { H*(Xiis-et| 7, F') } is a universal cohomological é—functor there is a natural §—functorial
map
(353) H*<xlis—et|\77F) - H*(‘/iis—etufilF)'

We claim that this map is an isomorphism.
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Consider first the case when V' is an algebraic space. In this case there is a morphism of
topoi € : Xiiget|i7 — Vet induced by the inclusion Et(V') C Lis-Et(X)|y ([SGA4], IV.9.2). The
functor e, is exact and so in particular we have

(354) H*(xlis—et|\7a F) = H*(V;ta F)
Similarly we have
(355) H*(Viis—eta F) = H*(‘/et7F)7

and by the universal property of the cohomological é—functor H*(Xys.et|s7, —) we conclude
that the resulting isomorphism

(356) H* (:X:lis-et|‘~/7 F) ~ H*(Viis—eh F)
agrees with the map (3.5.3). This proves the result in the case when V' is an algebraic space.

For the general case, let U — V' be a smooth surjection with U an algebraic space, and let
Us be the O—coskeleton. Let Xy ot g. be the resulting simplicial topos. By ([SGA4], V.2.3.4
(1)) we have

(357) H*(DChs_eth;,F) ~ H*(xhs_et|[7.,F).
Similarly we also have
(358> H*(‘/lis—eta F) = H*<‘/iis—et|f].7 F)

which by the representable case already considered is isomorphic to
(3.5.9) H*(Us jiseet, F).

To prove that our map is an isomorphism in general it therefore suffices to show that the
natural map

(3510) H*<:X:hs-et|fj., F) - H*(Uo,lis—eta F)
is an isomorphism, which again follows from the representable case. O

Remark 3.6. The representability of the morphism f : V' — X is assumed in order that
V' is a sheaf. One can generalize (3.5) to non-representable smooth morphisms f, but this
requires some foundational work to define Xjsc¢|7. Since we do not need this generalization
we do not include it here.

Definition 3.7. Let X be an algebraic stack over a scheme S.

(i) A sheaf of rings A on Xjise is flat if for any smooth morphism f: U — V in Lis-Et(X),
the natural map of sheaves on Uy

(371) f_l(.Av) — AU
is faithfully flat.

(ii) Let A be a flat sheaf of rings in Xjis.et. An A-module M is cartesian if for any morphism
f:U — V in Lis-Et(X) the map of sheaves on Uy, induced by the map 6; : f~* My — My

(372) AU ®f71(¢4v) f_l(Mv) — MU

is an isomorphism. We denote the category of cartesian A-modules by Modca(A).



8 MARTIN OLSSON

Lemma 3.8. Let S be a scheme, X an algebraic S—stack, and A a flat sheaf of rings in Xig.et .
A sheaf of A-modules M 1is cartesian if and only if for every smooth morphism f:U — V
in Lis-Et (X) the morphism (3.7.2) is an isomorphism.

Proof. The “only if” direction is clear from the definition of cartesian sheaf. For the other
direction assume that the maps Ay @14, f My — My are isomorphisms for smooth
f:U —U,and let g : V' — V be any morphism in Lis-Et(X’). There exists a commutative
diagram in Lis-Et(X)

L7

(3.8.1) ”l lh

V-,
where h and k' are smooth and surjective, and furthermore there exists a smooth morphism
V — U in Lis- Et(X) such that the composite | V' — V — U is smooth. Indeed we can take for
U any smooth presentation of X and define Vi=Vx x U and V=V x x U. Since the map

W~'Ay — Ag, is faithfully flat by assumption, to verify that Ay ®,-14, ¢~ My — My is
an isomorphism, it suffices to verify that the map

(382) A“}, ®h/—1Avl h/_l(AV/ ®971AV g—lMV) N A"}/ ®h’*1AV/ h/_l./\/lvl
is an isomorphism. By our assumptions we have
(3.8.3)

Ag @14, 0 (Av@g-14,07 ' My) = Ag®5-14,9 (Ap@n-14, 07 My) = Ap, ®5-14, My,
and
(3.8.4) Af/, ®h/—1AV, hlilM\// ~ Mf/,,

and the arrow (3.8.2) is identified with the map Ay, ®g-14, My — Myg,. On the other hand,
the maps to U identify this arrow with the pullback of the identity morphism My — My
whence the Lemma. O

Corollary 3.9. For an algebraic stack X with a flat sheaf of rings A, the subcategory
Mod i (A) C Mod(A) is closed under the formation of kernels, cokernels, and extensions.

Proof. This follows from (3.8) since for a smooth morphism f : U — V in Lis-Et(X') the
functor

(3.9.1) Mod(Av) — Mod(Ay), M — Ay @14, [~'M
1s exact. 0

3.10. Let X be an algebraic stack and A a flat sheaf of rings on X}z s For a € {[a, b],+, —, b},
let D*(Xjiset, A) denote the usual derived category of sheaves of A-modules in X e The
corollary implies that there is a well-defined triangulated subcategory D2 . (Xiset, A) C
D*(Xjis.et, A) consisting of objects all of whose cohomology sheaves are cartesian.

Definition 3.11 ([LM-B], 12.7.2). Let S be a scheme. A ringed algebraic S—stack is a pair
(X, A), where X is an algebraic S—stack and A is a flat sheaf of rings in Xjset. A morphism
of ringed algebraic S—stacks f : (X, A) — (), B) is a morphism of algebraic stacks f : X — Y
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together with a map of sheaves of rings f~'B — A on W (note that this makes sense even
though f does not induce a morphism of topoi). For such a morphism f, we write

(3.11.1) f*: Mod(B) — Mod(A)
for the functor
(3.11.2) M= AQpap fTIM.

Lemma 3.12. Let f: (X, A) — (¥,B) be a morphism of ringed algebraic S—stacks. Then
for any cartesian sheaf M € Mod..(B) the pullback f* M is a cartesian sheaf of A-modules.

Proof. The sheaf f*M is equal to the sheaf associated to the presheaf which to any U €
Lis-Et(X) associates the module

(3.12.1) (g:i%nWM(W)) ®“—H>‘g;uﬁw sow) A(U),
where the limit is taken over morphisms g : U — W over f from U to objects W € Lis-Et(}).
By the universal property of lim and ®, for any A(U)-module N we have
Hom () ((lim  M(W)) Btiny BW) A(U),N)
Homyy 5w, (lig M(W), N)
~ @g Hom 4y (M(W) @pw) AU), N)
~  Homy)(lim (M(W) @sw) A(U)), N).

12

By Yoneda’s Lemma, it follows that f* M is isomorphic to the sheaf associated to the presheaf
which to any U € Lis-Et(X') associates
(3.12.3) lim "My (U),

gU—-W
where My, denotes the restriction of M to Wy, and g* My, denotes the pullback of My, via
the morphism of ringed topoi (Uet, A|v,,) — (Wet, Blw,,) induced by g.

We claim that for any fixed g : U — W, the natural map
(3.12.4) g My (U) — lim g My (U)

gU—-W

is an isomorphism, where g* My, denotes the pullback of My, under the morphism of ringed
topoi (Uet, Ay) — (Wet, By) induced by g. This certainly implies that f*M is cartesian.
For this note first that the category over which this limit is taken is connected, and by
the definition of cartesian sheaf every transition morphism is an isomorphism. To prove
that (3.12.4) is an isomorphism, it therefore suffices to show that for any two morphisms
p1,pe = T" — T in Lis-Et()}) and morphisms ¢’ : U — 71" and g : U — T such that
p1og =g =pyog, the two induced maps

(3.12.5) pi0s s g M — g My
are equal. For then the limit in (3.12.4) can be replaced by the limit over the partially ordered

set whose elements are morphisms g : U — W as above, and for which (¢ : U — W) > (¢ :
U — W') if there exists an X—morphism p: W — W’ such that ¢’ = pog.
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Let Z denote the fiber product of the diagram
T/
(3.12.6) plxml

T 2 Tx,T.

Then the map ¢’ : U — T" factors through Z. On the other hand, the map p}|z : pfMr|z —
M|z is equal to the map

(3.12.7) AN piMrlz — A" My ,r
which by the definition of A is the same for i = 1, 2. (I

4. DESCRIPTIONS OF DT

cart

(Xiiset; A) VIA HYPERCOVERS

4.1. Let X be an algebraic stack over some scheme S, A a flat sheaf of rings in AXjjse;, and
let P : X — X be a smooth cover by an algebraic space X. Denote by X, — X the
simplicial algebraic space obtained by taking the O—coskeleton of P, and let X be associated
strictly simplicial algebraic space. Observe that for every morphism [n] — [m] in A* the
corresponding morphism X,, — X, is smooth.

4.2. Since each morphism in X" is smooth, we can define the strictly simplicial topos X[}, ..

The restriction of A defines a sheaf in this topos which we denote by A+ ;... We also have
the étale topos X, with the restriction Ay, of A, the strictly simplicial ringed topos
(XJer Ax+ t), and there is a flat morphism of ringed topoi

A+ ) — (X-ertaAX+ )

o lis-et et

(4.2.1) e: (X7

o lis-et?

induced by the natural morphisms of topoi €, : X, jiset — X, et. The functor e, is restriction,
and for a sheaf Fy, € X, the sheaf €*F, can be described as follows. The restriction of €*F,
t0 Xy lis-et 1S € F,, and for a morphism § : [n] — [m] in A* the morphism &} (€X F,,) — € F,,
is defined to be the composite

(4.2.2) ra(En ) e o Fy — € Fry,

lis-et m“et

where the first isomorphism is obtained from the commutative diagram of topoi

€m
Xm,lis—et ” Xm,et

(4.2.3) ahs.etl Jaet

Xn,lis—et L’ Xn,et
and the second morphism is induced by the simplicial structure on Fj.

Definition 4.3. A sheaf F' € Mod(Ay+ t) (resp. F' € Mod(Ay+ ), F' € Mod(Ax,,,)) is
cartesian if for each morphism p : [m] — [n] in AT the map p*F,, — F), is an isomorphism,
where F), denotes the restriction of F' to X,,, and in the case of X" each F,, is a cartesian

o lis-et

sheaf on X, iset. We denote by Moda (A XF t) (resp. Mod (A o+ t), Modga (Ax,.,)) the

category of cartesian sheaves in X . (resp. X[y, Xeot)-

o lis-et et
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Proposition 4.4. The categories Modcart(.AXJrl_ t), Modcart(Axs+ ), and Modear(Ax, .,) are

all naturally equivalent and are also equivalent to the category Modea(Xiset, A) of cartesian
A-modules on the lisse-étale site of X.

Proof. We have natural functors

(4.4.1) Modear(Ax, ) —= Modeare(Ays ) —— Modeae(Ays ).

o lis-et

The functor €* has a right adjoint €, (which is just restriction) and the composite
(4.4.2) e.o€ : Mod(Ax,,,) = Mod(Ax,.,)

is the identity. By the definition of cartesian sheaf, if F' € Modeart (A y+ t) is a cartesian sheaf
then the natural map e*e,(F) — F is an isomorphism. From this it follows that €* is an
equivalence.

To see that res is fully faithful, observe that to give a morphism ¢ : F — G in Modca (A X.,ct)
is equivalent to giving a morphism ¢, : Fo — Gp such that the diagram

pr"{]:g fl
(4.4.3) priceo) | st

prTg() can gl can pr; go
commutes, where “can” denotes the morphisms provided by the simplicial structure on F and
G and pr; : X; — Xy (i = 1,2) denote the two projections.. Indeed a morphism ¢ : F — G
induces such a morphism ¢y by restricting to Xy. On the other hand, given ¢, define ¢|x,
by choosing a morphism p : [0] — [n] and letting ¢|x, : F — G, be the unique morphism
such that the diagram

can can

pr§f0

0" Fo p* (o) 5*Go
(4.4.4) canl lcan

@
Fp —2% G,

The commutativity of (4.4.3) then implies that ¢|x, so defined is independent of the choice
of the map p.

To show that res is an equivalence and to establish the equivalence with Modcar (Xis.et, A),
let Des(X/X) denote the category of pairs (G,¢), where G is a sheaf of Ax—modules on X
and ¢ : prjg — pr3G is an isomorphism on the étale site of X; := X Xy X such that the two
isomorphisms

(4.4.5) pris(t), pras o priy : prig — prig

on Xy := X Xy X xy X are equal. Note that any sheaf M € Mod at(Xiis-et, A) defines an
object of Des(X/X) by setting G := My and defining ¢ to be the isomorphism

(4.4.6) PriMyx — My, —2— pryMy.

Lemma 4.5. The induced functor A : Modear(Xiset, A) — Des(X/X) is an equivalence of
categories.
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Proof. For (G,1) € Des(X/X), define a sheaf G* as follows. For an object U € Lis-Et(&X)
and n € {0,1,2}, let X,,y denote the fiber product X,, xx U , and let §,, : X,, ;v — X,, and

n

" : X,y — U be the projections. Define G to be the sheaf associated to the presheaf
(4.5.1) U — Ker(n26;G = ml6ipriQ).

We claim that G* is in M odcart (Xiiset, A) and that the functor (G,t) — G* defines a quasi—
inverse to the functor in the Lemma.

In the case when the morphism U — X admits a lifting s : U — X, the equalizer (4.5.1)
can be described as follows. If Gy denotes s*G, then G*|y,, is equal to

(4.5.2) Ker(mln" Gy = nln"™Gy).

Since the map X,y — U admits a section, this kernel is equal to Gy (([SGA4], VP#.3.3.1
(a))). From this it also follows that A(G*) ~ (G, ).

Since any morphism U — X étale locally lifts to a morphism to X, it follows that G} is
étale locally on U isomorphic to the sheaf s*G obtained by choosing a section s : U — X. In
particular, the sheaf G is cartesian. Furthermore, it follows from the definitions that the the
functor G — G“ is left adjoint to the functor A, and from the preceding discussion it follows
that for any M € M odcapt (Xiises, A) the adjunction map M — A(M)* is an isomorphism. [

A sheaf ' € Modeari(Ay+ ) defines a pair (G,1) € Des(X/X) by setting G := Fo and ¢
the composite 7

n n—1!
(4.5.3) priFy —2, F 2 .
The cocycle condition on ¢ follows from the commutativity of the following diagram:

priy(can) priy(can)

priFo prisFi pryFo
prﬁ(can)l lcan lpr%(can)

(4.5.4) pri,Fi —2, F < A
pr’{g,(can)T idT Tpr%(cam)

pryfo ——  Fp  —— prjFo.

Here pr; : Xo — X (i = 1,2,3) denotes the map induced by the inclusion [0] — [2] sending
0 to i, and pr;; : Xo — Xy (1 <i < j < 2) denote the map obtained from the unique map
[1] — [2] with image {i,j}.

This defines a functor Modeart(Ax+ ) — Des(X/X), and hence also a functor M odeart (Ax, ) —

Des(X/X). By the argument showing that res is an equivalence, both these functors are fully
faithful. It follows that they are equivalences with quasi—inverses given by the equivalence

(4.5.5) Des(X/X) ~ Modeca(Xiis.et, A)
composed with the restriction functor.

Finally we leave to the reader the verification that the composite

(456) MOdC&rt('AXfet) E— DBS(X/X) =~ MOdcart(AX.,et) reS_) MOdCart(AX:ret)
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is isomorphic to the identity functor, thereby completing the proof that res is an equivalence.

U
4.6. Denote by D, (Ax, .,) (resp. D, (Axs ), Dzrart(AXﬂ' )y Dt (Xt A)) the full sub-

cart cart ot cart

category of the derived category D (Mod(Ax,,)) (resp. D*(Mod(Ayy+ ), D" (Mod(Ax+ ),

o lis-et

DT (Mod(A))) consisting of complexes with cartesian cohomology sheaves.
Denote by
(4.6.1) T X

o lis-et

_)-)(‘lis—eta 6:X+ _)X+

o lis-et ot

the natural flat morphisms of ringed topoi. Here 7* is the functor which sends a sheaf F on
Xiiset to the family of sheaves {F|x, }» on the X,, with the natural transition maps, and e,
is the restriction functor.

Theorem 4.7. The functors

(471) T D(—:;rt(‘)(lis‘et’ A) - D:;H‘t(AX:rlis—et
and
(4.7.2) € D:;rt(AXiet) - D;rt('AX:L,ns-et)’

are both equivalences of triangulated categories with quasi—inverses given by Rm, and Re,
respectively. For any F € DY (Xis-et, A), the maps

cart
(4.7.3) H* (Xiset, F) = H* (X oo™ F) = H* (X[,

o lis-et?

Re . m*F)

are isomorphisms, and these isomorphisms are functorial with respect to smooth base change
X' — X.

Proof. That (4.7.1) and (4.7.2) are equivalences follows from the following (4.8) and (4.9).
Lemma 4.8. For any F € D, (‘AXfet) (resp. G € DZ . (Xiset, A)) the natural map F —

cart cart

Re.e*F (resp. G — Rm.w*G) is an isomorphism.

Proof. That F' — Re,e"F is an isomorphism is clear because €* and €, are both exact functors
and €, o €* is the identity functor.

To prove that G — Rm,7*G is an isomorphism, note first that for any fixed ¢ we can choose
an integer n (for example n = ¢) so that the maps
(4.8.1) HY (1<, G) — HUG), HIURm7"7<,G) — H!(Rm,. 7" G)
are isomorphisms. From this we see that it suffices to consider the case when G = 7, G.
Moreover, induction and consideration of the distinguished triangle
(4.8.2) T<n-1G — 7<,G — H"(G)|—n| — 7<,-1G[1]
shows that it suffices to consider the case when G € M od i (Xis.et, A)-

By ([SGA4], V.5.1 (1)) and (3.5), the sheaf Rim, m*G is the sheaf associated to the presheaf

which to any smooth morphism V' — X from a scheme V" associates the group H9(X{, j.c., 7G| Xt )

where Xy, denotes the simplicial algebraic space obtained from X, by base change to V. Since
€. is exact and takes injectives to injectives (since €* is also exact), this group is isomorphic
to HI(XY,, o ¢’Glyx+ ). Let Gy be the restriction of G to Ve and let A : XV eet = Vet be the
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projection. Then 7T*G|X‘J/r _ Is isomorphic to A*Gy (since G is cartesian). By (2.3) it follows

that there is a natural isomorphism

(4.8.3) HYX o ™Gl ) = HY (X, X'G).

lis-et?
Since X — X is smooth, étale locally on V' the map V — X admits a lifting to a map
V — X. In this case the map Xy. — V admits a section, and by ([SGA4], VP*.3.3.1 (a))
the natural map

(4.8.4) H(Ver, Gv) — HY(Xv,ee0, A"Gy)

is an isomorphism. Passing to the associated sheaves we find that ¢ — Rm,7*G is an
isomorphism, and that Rimw,n*G = 0 for ¢ > 0. O
Lemma 4.9. For any F € D:;H(Axﬂ ) t) the natural maps 7*Rm,F — F and ¢*Re, F' — F

are 1somorphisms.

Proof. As in the proof of (4.8), consideration of the truncations 7<, shows that it suffices
to consider the case when F' € M odcart(AXJrlA ). In this case (4.4) shows that there exists
o, lis-et

G € Modeart(Xiset, A) and H € Moda (A v+ t) such that F' ~ 7*G and F ~ ¢*H. From this
and (4.8) the result follows. O

*

To see that the maps in (4.7.3) are isomorphisms, note first that since 7* is exact, the

functor m, takes injectives to injectives. It follows that
(4.9.1) H* (X:lis_et, 7'F) ~ H*(Xjigot, R " F)

which by (4.8) is isomorphic to H*(Xjis.et, ). That the second map is an isomorphism follows
from the fact that e, takes injectives to injectives since €* is exact.

That these isomorphisms are compatible with smooth base change can be seen as follows.
Let X’ — X be a smooth morphism and X/ the base change of X, to X’. Then there are
natural commutative diagrams of topoi

+ a /+
Xo,lis—et Xo,lis—et

(4.9.2) ”J lwf

!/
'Xiis—et ‘/,t‘]is-et )

+ ¢ I+
o lis-et o lis-et
(4.9.3) ‘| E
X+ d X/+
e.ct et
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The compatibility with smooth base change then reduces to the statement that for any
F € D! (Xiser, A) (resp. G € Df L (Ay+ ), the following diagrams commute:

Fr — Rm,m*F
(4.9.4) Rbb*F Rm.Ra,a*n*F

al K

Rb,b*F —— Rb,Rn. n*b*F,
G —_— Re.e*G

l l

(4.9.5) Rd.d*G Re,Re.c*e*G

| !
Rd,d*G —— Rd,Reé.*b*G.

Here w and u are obtained from the natural isomorphisms of functors

(4.9.6) Rm,Ra, ~ R(mroa), ~ R(bon'), ~ Rb.Rm.,
(4.9.7) Re.Re, ~ R(eoc), ~ R(do¢€), ~ Rd,Re,.
That these diagrams commute then follows from the universal properties of the adjunction
maps. This completes the proof of (4.7). O

5. Ext—GROUPS

Let X be an algebraic stack, P : X — X a smooth cover with X a scheme, and let A be
a flat sheaf of rings on Ajse. Let X, denote the O—coskeleton of P, and let A+ (resp.

o lis-et
Ay+ g Ax,..) be the restriction of A to X (resp. Xy, Xeot)-

o lis-et et

4
e.ct

(5.1.1) res : D(Ax,..) = D(Ax+ )

o, et

5.1. The restriction fuctor res : X — X, is exact, and hence induces a functor

of triangulated categories. By ([SGA4], VP*.1.2.10) the functor res also has a right adjoint
7. This functor y can be described as follows. Let [n]/A™ denote the category whose objects
are arrows p : [n] — [k] in A and whose morphisms (p : [n] — [k]) — (p' : [n] — [K']) are
maps j : [k] — [k] in AT such that p’ = j o p. Then for G, € X, we have
(5.1.2) YG)y = lim PGl

(p:[n]—[k)€n]/A*

Let F be a sheaf of Ay, -modules. Since res is an exact functor the functor v takes
injectives to injectives. The isomorphism of functors on the category of A+ tfmodules

(5.1.3) Homg , (res(F),—) ~Homa,, (F,7(-))

e,et
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therefore induces for any sheaf G' of A+ tfmodules a morphism
(5.1.4) RHom(F,~(G)) — RHom(res(F),G).

In particular, if G is a sheaf of Ay, ., ~modules, then the adjunction map G — ~y(res(G))
induces a canonical map

(5.1.5) RHom(F,G) — RHom(res(F),res(G)).

Theorem 5.2. If F and G are cartesian Ax, ., —modules, then the map (5.1.5) is an isomor-
phism.

Proof. 1t suffices to show that for every integer ¢ the map
(5.2.1) Extj’é‘X”et (F,G) — Ex‘c‘i‘X+ t (res(F),res(G))

induced by (5.1.5) is an isomorphism. Note that by construction this map is d—functorial in
both F and G.

Lemma 5.3. Every sheaf G € Mod(Ax, ) admits an embedding G — J such that the
restriction J, of J to each X, is acyclic for the functor Homu, (F,,—). Similarly every
sheaf G € Mod(Ax+ ) admits an embedding G'— J such that the restriction J,, of J to each
X, is acyclic for the functor Homy, (F, —)

Proof. This follows from ([SGA4], Vy;.1.3.10), but for the convenience of the reader we prove
the first statement (for the second replace e, with e}). Consider the embedding F —
I1,, emIn obtained from the choice of embeddings F,, — I, of each F,, into an injective
sheaf I,,, € Mod(Ay,,). For any ¢ > 0 the group

(5.3.1) Ext'ilxn (Fos mdm)

is zero. To see this, note that by definition

(5.3.2) emln =[] pslm:
pi[n]—[m]

and since ExtY (F,, —) commutes with products in the second variable, it suffices to show

n

that for each p : [n] — [m] the group

(5.3.3) Ext?  (Fn, pulm)
is zero. Since I, is injective this group is canonically isomorphic to
(5.3.4) Ext®  (Fn, Rpudy) = Exty  (Lp*Fp, 1)

Since F is cartesian, there exists a sheaf Fy on X, so that F,, is pulled back from Fy. Since
the corresponding map X,,, — Xy is smooth it follows that Lp*F, ~ F,,. From this and the
fact that I, is injective the assertion follows. Il

5.4. For a sheaf G € Mod(Ay+ t) there is an injective resolution G — I® such that for each

s and n the sheaf I} € M od(A)}n’et) is injective and the sequence
(5.4.1)
0 —— Homy, . (res(F), I*) —— HomAXO,et(f()’Ig) do—dr, HomAxl}et(}"l,If) —

o, et
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is exact. To see that this last sequence is exact, it suffices to consider the case of I* = e} J
for some injective sheaf J on X,,. In this case,
(5.4.2)

Hom., (Fi, I°) ~ Homy,, (Fi H pid) =~ H Homy,  (0"Fi, J),
peHom 1 ([],[n]) peHom 5 1 ([i],[n])

which since F is cartesian is canonically isomorphic to
(5.4.3) 1T Homa, (Fn, J).
pEHom 5 1 ([i],[n])

This implies that the sequence
do—d
(5.4.4) Homuy, (Fo.I§) —— Homay, (F,I}) —— -

is isomorphic to Hom, (F,, J) tensored with the complex denoted T in the proof of (2.6).
Hence the proof of (2.6) implies the exactness of (5.4.1).

It follows that Ext} , (res(F),§G) can be computed by choosing a resolution G — J* such
X.,ct

that the restriction of J* to each X, is acyclic for Hom4, (F,, —), and then taking the ¢-th
cohomology of the total complex of the double complex

(545) {Hom-AXp (fpa J;)}Pﬁ'

Indeed by the above discussion there exists an injective resolution G — I*® for which this
holds. Choosing any quasi-isomorphism J* — [* we obtain a morphism of double complexes

(5.4.6) {Homay (Fp, Jp)tps — {Homay (Fp, ) }ps.
Since the J; are acyclic for Hom,, (F,, —), for any fixed p, the map
(5.4.7) HomAXp (Fps J;) — HomAXp (}"p,I];)

is a quasi-isomorphism, and hence the map of total complexes induced by (5.4.6) is a quasi—
isomorphism as well.

By the same reasoning the groups Ext’ t(]—' ,G) can be computed by such a complex.

From this and (5.3) we obtain Theorem (5.2) (we leave to the reader the verification that
these computations are compatible with the map in (5.2)).

g

Corollary 5.5. For any F € Dz, (Ax,..) and G € D, (Ax,..) there is for every g € Z a
natural isomorphism

(5.5.1) EXtilx.m (F,G) — Exty  (res(F),res(G)).

o, et

Proof. The same argument used in (5.1) shows that there is a natural map
(5.5.2) RHom(F,G) — RHom(res(F),res(G)).
This map induces the morphism (5.5.1).

Note first that to prove the corollary for any fixed ¢ we may replace F by 7>,F for some
n sufficiently negative. We may therefore assume F € D?  (Ay,.,). Consideration of the
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distinguished triangles associated to the truncations of F then reduces the problem to the
case when F is in Modear(Axs, .. )-

We can also reduce to the case when G is in Modea(Ax,,.,) by again first considering
the truncation 7,,G for n sufficiently big, and then considering the distinguished triangles
associated to the truncations of G. We are thus reduced to (5.2). U

Corollary 5.6. The restriction functor DY, (Ax, ) — D}

art cart(Axy ) s an equivalence of
e.e

triangulated categories and these categories are also naturally equivalent to D°  (Xiset, A).
Proof. The restriction functor is fully faithful by (5.5) (taking ¢ = 0) and essentially surjec-
tive since the equivalence DY, (Xiset, A) — Db (Ay+ ) provided by (4.7) factors through

cart cart

DIC]aI‘t (AXO,et>' D

6. QUASI-COHERENT SHEAVES

Let S be a scheme and X'/S an algebraic stack.

Definition 6.1 ([LM-B], 13.2.2 and 15.1). (i) A sheaf M of Oy,__—modules is called quasi-
coherent if for every U € Lis-Et(X) the restriction My of M to the étale site of U is a quasi—
coherent sheaf, and if for every morphism f : U’ — U in Lis-Et(X’) the map f*My — My
is an isomorphism.

(ii) If & is locally noetherian, a quasi-coherent sheaf M is called coherent if for every U €
Lis-Et(X') the restriction My of M to U is a coherent sheaf.

We write Qcoh(X) (resp. Coh(X)) for the category of quasi—coherent (resp. coherent)
sheaves on X

Lemma 6.2. Let M be a sheaf of Oy, —modules such that for every U € Lis-Et(X) the
restriction My is quasi—coherent. Then M is quasi—coherent if and only if the map f* My —
My is an isomorphism for smooth morphisms [ : U’ — U.

Proof. This follows from (3.8). O
6.3. For x € {b,+, —, [a, b]} we write D, (X) C D¥...(Xiset, Ox,_.,) for the full subcategory

qcoh qcoh
of objects whose cohomology sheaves are quasi—coherent sheaves. If X is locally noetherian,
we also define D!, (X) C D!, (X) to be the full subcategory of objects with coherent

qcoh
cohomology sheaves.

The following proposition follows immediately from the definitions and the analogous re-
sults for schemes (combine ([EGA], I11.6.5.13) and ([EGA] Opp.12.3.3) with the “way out
Lemma” ([Ha], 1.7.3)).

Proposition 6.4 ([LM-B], (13.2.6 (i)) and (15.6 (i) and (ii))). Let X /S be an algebraic stack.
(i) If M and N are quasi—coherent sheaves on X, then M ®p, N is also a quasi—coherent
sheaf. More generally, the functor (—) ®H@X (=) induces a functor

(6.4.1) (=) ®6, (=) : Dooon(X) x D (X) — D,

* ' qcoh qcoh qcoh

().
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ii) If X is locally noetherian, then (—) ®% (=) induces a functor
Ox

(6:4.2) (=) @ (=) Degn(X) % Dy, (X) = Dy (X)-

(iii) If X is locally noetherian, then the functor RHome, (—, —) induces functors
(6.4.3) RHomo, (—,—) : D, (X) X D;rcoh(/'\’) — D(Tcoh(X),

(6.4.4) RHomo,(—, =) : D ,(X) x DL (X) — D, (X),

Lemma 6.5. Let f : X — ) be a quasi—compact morphism of algebraic stacks, and let f, be
the functor defined in (3.3). Denote by f* the functor f~'(—) ®-10, Ox.

(i) For any quasi—coherent sheaf M € Qcoh(X) the sheaf f.M is a quasi—coherent sheaf on
Y.

(ii) For any quasi—coherent sheaf N on Y the sheaf f*N is a quasi—coherent sheaf on X.
The induced functor f*: Qcoh()) — Qcoh(X) is left adjoint to the functor f. : Qcoh(X) —
Qcoh(Y).

(iii) If X and Y are locally noetherian, then for any coherent sheaf N' on Y the sheaf f*N is
a coherent sheaf on X .

Proof. To see (i), note first that if X — X" is a smooth cover and X’ denotes X xx X, then
for any quasi—coherent sheaf M on X we have

(6.5.1) foM = Ker(fr. My 222 o Mlx),

where fx (resp. fx/) denotes the induced map X — Y (resp. X' — )). It therefore suffices
to consider the case when X is an algebraic space.

In this case, for any smooth morphism U — ) we have
(6.5.2) fMU) = MU xy X).

Thus to prove (i) it suffices to show that if f: V — U is a quasi-compact morphism of alge-
braic spaces then the formation of f,.M is compatible with smooth base change. Repeating
the above reduction with a cover of V' by a scheme, it follows that it suffices to consider the
case when f :V — U is a quasi-compact and quasi-separated morphism of schemes which

follows from ([EGA], IV.2.3.1).

To see (ii), note first that f*A\ is cartesian by (3.12). In fact the proof of (3.12) shows
the following. If W € Lis-Et(X) admits a morphism f : W — Z over f to some object
Z € Lis-Et()), then (f*N)w is isomorphic to the pullback of the quasi—coherent sheaf Ny
via the morphism Wy, — Z induced by f. Since any W € Lis-Et(X) étale locally admits

such a morphism f, the sheaf (f*N)w is quasi—coherent on We;. This implies (ii) and also
(i) O

The following corollary whose proof is immediate from the proof of (i) will be superceded
by (10.13) below, but we need it for the subsequent “devissage Lemma” which will be used
in what follows.
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Corollary 6.6. Let X be a locally noetherian algebraic stack and I :'Y — X a closed
substack. Then the functor I, is exact and takes coherent sheaves on Y to coherent sheaves
on X. In particular, I, induces a functor

(6.6.1) I.: D (V) — D7

coh coh

().

Lemma 6.7 ([LM-BJ|, (15.7)). Let X be a noetherian algebraic stack and let C be a full
subcategory of D, (X) such that the following conditions hold:

(i) 0 € C and for every distinguished triangle
(6.7.1) M — M — M"— M'[1]
in D (X)), if any two of M', M, and M" are in C then so is the third;

coh

(ii) If M € DL, (X) and if T<,M € C for every integer n then M € C;

coh

(i) For every integral closed substack I :' Y — X and every coherent Oy-module N with
support all of ), there exists N € DL, () and a morphism o : N'— N in DY (V) such that

coh
I.N € C and such that o is an isomorphism over some dense open substack of ).

Then in fact C = Dt (X).

coh

Proof. The proof of ([LM-B], 15.7) holds verbatim. O

6.8. Using the results of section 4, the categories D | (X) and D7

coh 1 (&) can also be described
using hypercovers.

Assume that X is quasi—compact, and let P : X — X be a smooth cover by a quasi—
compact algebraic space X. Denote by X, — X the simplicial algebraic space obtained by
taking the O—coskeleton of P, and let X be associated strictly simplicial algebraic space.

As in (4.2), we then have the strictly simplicial topos X :L lis.ot Which is naturally a ringed

topos with structure sheaf Ox, jis.et. We also have the étale topos X, and there is a flat
morphism of ringed topoi

(6.8.1) e (X[

o lis-et”

Ox:, ) — (X0, Ox..)

e lis-et

induced by the natural morphisms of topoi €, : X, jiset — Xnet-

Definition 6.9. A sheaf F' € Mod(Oyx+ ) (resp. F' € Mod(Oyy+ ), F' € Mod(Ox,,,)) is

quasi-coherent if for each n the restriction F,, € Mod(Ox,,._..) (resp. F, € Mod(Ox,,))
is quasi—coherent and for each morphism p : [m| — [n] in AT the map p*F,, — F, is an
isomorphism. We denote by Qcoh(X [ o) (resp. Qcoh(X[ ), Qcoh(X,.)) the category of

: + +
quasi-coherent sheaves on X[ o (resp. XJop, Xeoet)-

If X is locally noetherian, a quasi—coherent sheaf F' in Mod(OXﬂ ] t) (resp. Mod(Oy+ ),

Mod(Ox,,,)) is called coherent if its restriction to each X, is a coherent sheaf. We write
Coh(X [ jser) (resp. Coh(XJ ), Coh(X,)) for the resulting categories of coherent sheaves.

Remark 6.10. It follows from the condition that the map p*F,, — F, is an isomor-
phism for every p : [m] — [n] that a sheaf F in M odcart(OXﬂ' ) t) (resp. M odar (O + t),

Modar (Ox,.,)) is quasi-coherent if and only if Fy is quasi-coherent on X .
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Similarly, if X is locally noetherian then a sheaf F'in Modcat(Oy+ ) (resp. Modeat(Ox+ ),

o lis-et e et

Modar (Ox, ,)) is coherent if and only if F{ is coherent on X .

Lemma 6.11. A cartesian sheaf M € Modeart(Xis-et, Ox,..,) 1S quasi—coherent if and only if
the restriction of M to XS . (resp. X, Xeet) is quasi-coherent in the sense of (6.9).

o lis-et
Similarly, if X is locally noetherian then a cartesian sheaf M € Modawi(Xis-et, Oxyoy) @S
coherent if and only if the restriction of M to X[\ . (resp. X, Xeet) is coherent.
Proof. Since any object W € Lis-Et(X) étale locally admits an X—morphism to X, the sheaf
M is quasi—coherent if and only if the sheaf M x is a quasi—coherent sheaf on X;. From this
and (6.10) the lemma follows. O

Proposition 6.12. The categories Qcoh(X, o), Qeoh(XJy,), and Qeoh(X [y ) are all nat-
urally equivalent and are also equivalent to the category Qcoh(X) of quasi—coherent sheaves
on the lisse-étale site of X.

If X is locally noetherian, then the categories Coh(X [y ),Con(XJ ), and Coh(X. ) are
also naturally equivalent, and are also equivalent to the category Coh(X) of coherent sheaves

on X.

Proof. This follows from (4.4) and (6.11). O
6.13. Denote by D, (Xee) (resp. D (XJe), Do (X iset)s Dooon(Xiset)) the full subcat-

qcoh qcoh qcoh o lis-et qcoh

egory of the derived category D*(Mod(Ox,,)) (resp. D" (Mod(Ox+ ), D*(Mod(Ox+ ),

o lis-et
D*(Mod(Oyx,,.,))) consisting of complexes with quasi-coherent cohomology sheaves.

Denote by
(6.13.1) T X

. + +
o lis-et - A')lis-etg e: X — X

o lis-et o et

the natural flat morphisms of ringed topoi. Here 7* is the functor which sends a sheaf F on
Xiiset to the family of sheaves {F|x, }» on the X,, with the natural transition maps, and e,
is the restriction functor.

Theorem 6.14. The functors

(6141) ™ D(J{Coh(‘)(lis-et) - D;:oh(X:flis—et)
and
(6142) € D;_coh(Xj:et) - D(—:fcoh(Xilis—et)?

are both equivalences of triangulated categories with quasi—inverses given by Rm, and Re,
respectively. For any F € DT (Xjset), the maps

qcoh

(6.14.3) H* (Xigset, F) — H* (X,

o lis-et?

T F) = H*(X],

e.ct?

Re, m*F)

are isomorphisms, and these isomorphisms are functorial with respect to smooth base change
X — X.

Proof. This follows from (4.7) and (6.11). O
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Corollary 6.15. If X is locally noetherian, then the functors

(6151) T l)coh(‘)(llS 613) - Dcoh<Xo lis- et)
and
(6152) D;)h(Xjet) - D::)h<X:r11s et)

are equivalences.

We also note the following Proposition which will be used in what follows:

Proposition 6.16. Let X — X and X' — X be smooth quasi—compact and quasi—separated
presentations, and let j : X — X' be a morphism over X. Then for any F € DqCOh(Xf;t)
the pullback Lj*F lies in choh(X, o) and the resulting functor

(6]‘61) L choh<X:—Zt) - choh<Xj—et)

is an equivalence of triangulated categories.

Proof. Let

(6162) res’ choh(‘)c'llS et) - choh(XiJgt> res: choh(‘)c'llS et) - choh<Xo+et>

be the restriction functors, which are equivalences by (4.7). For any F' € D, (Xis.et), there
is a natural map
(6.16.3) Lj*res'(F) — res(F).
To prove the Proposition, it suffices to show that this map is an isomorphism for all F'.

For this, consideration of the distinguished triangles associated to the truncations of F
reduces the question to the case when F' is a quasi—coherent sheaf on Ajis ;. Choose a smooth

cover U — X by a scheme and let Xy, and X7, denote the base changes of X, and X to U
so that there is a cartesian square

XU’ % XZIJQ
(6.16.4) gl lgf
X, —1 x.

Since g induces a smooth surjective map Xy, — X, for all n, to prove that (6.16.3) is an
isomorphism it suffices to show that the induced map

(6.16.5) Lj*g"res'(F) ~ Lg*Lj*res'(F) — Lg*res(F) ~ g*res(F)

is an isomorphism. Since F' is quasi—coherent this reduces the problem to the case when
X = U in which case the result is clear since res(F") and res’(F") are obtained by pulling from
a quasi—coherent sheaf G' on X. O

Remark 6.17. The fact that Lj* has image in choh(X:f .t) can also be seen by observing
that j is a local complete intersection morphism since both X and X’ are smooth over X.

Theorem 6.18. For any F € D . (Xeet) and G € DY (Xoet) there is for every q € Z a
natural isomorphism

(6.18.1) Ext%, . (F,G) — Ext{, (res(F),res(G)).

®.et
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Proof. This follows from (5.5). O
Corollary 6.19. The restriction functor Db (Xeet) — Dl (X,

acoh eet) 95 an equivalence of

triangulated categories and these categories are also naturally equivalent to Dgwh(z’\’hs_et).

Proof. The restriction functor is fully faithful by (6.18) (taking ¢ = 0) and essentially sur-
jective since the equivalence D!, (Xiset) — Do (X)) provided by (6.14) factors through

Dgcoh(X%et)’ U

We can also use the above techniques to compute derived functors. Let f: X — ) be a
quasi—compact morphism of algebraic stacks.

Lemma 6.20. For any F € D} _ (Xiset), the image Rf.F € DV (Viset) lies in D(;Oh(yhs_et).

qcoh

Proof. The assertion is local on ), and hence we can assume that X" is quasi-compact and
admits a quasi-separated presentation X — X. Furthermore, as in the proof of (4.8), it
suffices to consider the case when F' is in Qcoh(X). In this case for any integer ¢ the sheaf
RIf,F can be described as follows. The sheaf R?f,F is the sheaf associated to the presheaf
which to any smooth V' — ), with V' an affine scheme, associates HY(Xy, F|x, ). By (4.7),
this is the same as the sheaf associated to the presheaf which to V' as above associates
HY(XY, . F), and this in turn is by (2.3) equal to the sheaf associated to the presheaf
V= HY(Xyaet, F'). The spectral sequence (see for example ([Del, 5.2.3.1))

(6.20.1) EY = H((Xp Xy V)et, Flx,xyv) = HY(Xveer, F)

then reduces the proof to showing that if f, : X, xy V' — V denotes the projection and
f5t (X Xy V)er — Viy the associated morphism of topoi, then the sheaf R?fSIF|x,x v on
Vet is quasi—coherent and its formation commutes with smooth base change V' — V. Since
the morphism f, is quasi-compact and quasi-separated this follows from ([EGA], I111.1.4.10)

(note that though only stated there for separated morphisms, the same argument also proves
the result for quasi-separated morphisms) and ([SGAG6], IV.3.1.0). 0

7. THE DERIVED PULLBACK FUNCTOR

7.1. If A is an abelian category, we denote by DT (A) (resp. D~ (A), D°(A)) the derived
category of complexes bounded below (resp. bounded above, bounded), and for n € Z we
denote by 7>, the “canonical truncation in degree > n” functor ([SGA4|, VII.1.1.13). Let
D'(A) denote the category of projective systems

K=(—Ks pq— Ks_,— - — Ks),
where each K>_,, € D*(A) and the maps
Koo — Ton K>y, ToonKspn — T>n Koy

are all isomorphisms. We denote by D"®(A) the full subcategory of D'(.A) consisting of objects
K for which K>_,, € D°(A) for all n.

Example 7.2. The main example we will consider is when A is the category of Oy—modules
on the lisse-étale site of an algebraic stack X in which case we write D'(X) for D'(A). In

this setting we will also consider the subcategory Dy, (X) C D'(X) consisting of systems K
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for which K~_,, is in D;—coh(‘)( ) for all n. If X is locally noetherian we also have the category

Déoh(X>‘

7.3. The shift functor (-)[1] : D(A) — D(A) is extended to D’(.A) by defining
K[1] = (- = Kxp[l] = Koyl — - = Ko[1] — (721K0)[1])

for K € D'(A) ([LM-B], 17.4 (3)). We say that a triangle of D'(.A)

(7.3.1) K —— Ky —— K3 —— Ki[1]

is distinguished if for every n > 0, there exists a commutative diagram

,U/

KLZ—TL L) KQ,Z—R — L Ll) Kl,Z—n[l]

(7.3.2) "dl idl lﬁ l'y

U v w
Kisp — Koz —— Kz>n —— Ki> npill]

where the top row is a distinguished triangle in D(A), 7 is the map obtained from the given
map K >_, — Kj>_,4+1, and the map

(733) TZ—TLL — K3,Z—Tl
induced by [ is an isomorphism. For example, if
Ly Ly Ls Lq[1]

is a distinguished triangle in D(A), then
(T2-nln) —— (T2onla) —— (T2nls) —— (T2nla)[l]
is distinguished in D’(A), where (7>_, L;) denotes the system with
(T>—nLi)>—n = T>_nL;.

Remark 7.4. In the context of (7.2), the notion of distinguished triangle on D’(X’) restricts to
give a notion of distinguished triangle in D, (X) and D[, (X). Observe that in (7.3.2) above,

if K15, and Ky>_,, are in D} (X) (vesp. D, (X)) and the top triangle is distinguished

qcoh coh

in DT(X), then L automatically is in the subcategory D . (X) (resp. DL (X)).

qcoh coh

Remark 7.5. The above definition of a distinguished triangle in D’(A) differs from that in
([LM-B]J, 17.4 (3)). In (loc. cit.), a triangle (7.3.1) is said to be distinguished if for all n > 0
and for all commutative diagrams

K — K, K3 Kl[”

(7.5.1) o | s | | [t

Kl,zfn L) KQ,an B L B Kl,zfn[l]a
where the bottom row is a distinguished triangle in D(A) and a; and ay denote the natural
maps, the map K3>_, — 7>_,L is an isomorphism. This definition is not suitable for this
paper. For example, suppose A is the category of R-modules for some ring R, and let M € A
be an object. Defining K; = 0, Ky = K3 = M (placed in degree 0), and v to be the zero
map, we obtain a triangle in D'(.A)

(7.5.2) 0 M —— M 0[1]

v w
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for which there does not exist a diagram as in (7.5.1) for any n (exercise). Hence the tri-
angle (7.5.2) is distinguished in D’(A) according to ([LM-B]|, 17.4 (3)) even though it is not
distinguished in D(A).

7.6. The cohomology functors

H' :DHA) — A

extend naturally to D'(A): for K € D'(A), the pro-object “@”%i(KZ_n) is essentially
constant, and we define H(K) to be “the” corresponding object of A under the natural
equivalence between A and the category of essentially constant pro-objects in A. It follow

from the definition of a distinguished triangle in D’(.A) (7.3) that a distinguished triangle
(7.3.1) induces a long exact sequence of cohomology groups

c— HY(K) — H(Ky) — H(K3) — HTHK) — -

7.7. Suppose now that A has enough injectives and let M be an object of A. Then the
functor

RHom po( 4)(—, M) : D*(A) — DT (Ab),
where Ab denotes the category of abelian groups, induces a natural functor
RHom p( 4)(—, M) : D"(A) — D"(Ab%)
defined as follows. For K € D"(A), define
RHom v 4y (K, M) <y, := T<n RHom pp 4y (K> _p, M).
There is a natural map
RHom 4y (K, M) <, — RHom pw ) (K, M)<pi1
which induces an isomorphism
RHom 4y (K, M) <, ~ T<p,RHom p 4y (K, M) <1

We write RHompn(4)(K, M) for the ind-object {RHompn4) (K, M)<,} in D(Ab). In the
case when K = (7>_,L) for some L € D’(A), the object RHompm(4) (K, M) is simply the
inductive system {7<,RHomp (L, M)}.

For any integer i, the ind-group H*(RHompn 4) (K, M)<y) is essentially constant and we
define Ext’(K, M) € Ab to be the limit. For any n > i the natural map
Extyy 4 (K>, M) — Ext'(K, M)
is an isomorphism.
It follow from the definition of a distinguished triangle in D’(.A) (7.3) that a distinguished
triangle (7.3.1) induces a long exact sequence

- — Ext' (K3, M) — Ext’(Ky, M) — Ext'(Ky, M) — Ext"™ (K3, M) — - - - .

7.8. Let X be an algebraic stack and P : X — X a smooth cover with associated 0-coskeleton
X, — X. Let D! (X) (resp. D! . (X)), etc.) denote the category of projective systems

qcoh qcoh e ct

(781) K:("'—>K2_n_1 —>K2_n—>"'—>K20)
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where each K_,, € D[_n’oo[(th_et) (resp. K_,, € Dgyeon(Xd,

qcoh e.ct
map

(782) TZ—nKZ—n—l — KZ—’n

), etc.) and for every n the natural

is an isomorphism. We view these categories as categories with triangles using the definition
of triangles given in (7.3) above.

Lemma 7.9. Let f : X — Y be a quasi—compact morphism of algebraic stacks. For any
integer a € Z, the functor Rf, : Dgifﬁ[()dis_et) — D([if;[(yhs_et) has a left adjoint denoted
(abusively) T>,Lf*.

Proof. Choose a commutative square

(7.9.1) Pl l@

x 1.y

where P and () are smooth, surjective, quasi-compact and quasi-separated, and the map
X — Y xy & induced by f is smooth. Applying the O-coskeleton functor we obtain a
commutative diagram

XOLYX.L)K

(7.9.2) idl o l lﬂ

X. L) X L) y?
where X, denotes the O—coskeleton of X — X, Y, denotes the O—coskeleton of Y — Y, and
Yye denotes Y, xy X. Note that since X — Y Xy & is smooth, the map ¢ induces a smooth
map X,, — Yy, for every n. In particular, g induces a morphism of topoi X, .+ liset — Y;.’hs_et.
The diagram (7.9.2) induces a 2-commutative diagram of triangulated categories

Rg*
Dg:oh(X:flis—et) - D(;:oh<Y)jo,lis—et)

a Ra. |

RB.
(793) D(Ycoh (Xilis—et) - D(jcoh(‘)(lis-et) D(Tcoh(ylis-eo

| ‘| g

Ry« Rh
(Xj,_lis—et) - Dc—;coh<Y;o,lis-et) - Dc—;coh(yro—ﬁis—et)’

Rf*

D+

qcoh

where the isomorphism Rg, ~ a* o Ra, o Rg, is obtained from the natural map o*Ra, — id
which the same argument used in the proof of (4.8) shows is an isomorphism. It follows that
via the equivalences in (4.7) the functor Rf, is identified with the functor

(794) Rh’* © Rg* : D(j_coh(Xilis—et) - D(—;coh(yrﬁis—et)‘

Since g, is obtained from a morphism of topoi, the functor g, takes injectives to injectives. It
follows that there is a natural isomorphism of functors Rf, ~ Rh, o Rg,. On the other hand
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it follows from the definitions that the diagram

Rf.
Dc—;coh (Xj,_lis—et) - Dc—l_coh( o—,’iis—et)
(7,9,5) resl lres
+ + R + +
choh(Xo,et) - choh(}/;,et)
commutes. Hence it suffices to show that the functor Rfe" : Dg‘lﬁﬁ[(lﬁ:t) — Dgac’(f;[(Yj‘et) has

a left adjoint. This follows from Spaltenstein’s theory ([Sp]) which shows that one can define
Lf*** on the unbounded derived category Dgeon(Yehi) (see ([Sp], Theorem A). Though (loc.
cit.) is stated only for topological spaces the definition of L f* for unbounded complexes works
equally well for simplicial schemes with the étale topology. For a more detailed discussion of
this see also ([KS], 2.4.12, 1.7.8, Exercise 1.23, and the discussion on page 110). The functor
RfE* therefore has a left adjoint 7>,L f™. O

7.10. It follows from the construction that for any integer a’ > a there is a natural isomor-
phism of functors

(7.10.1) Toa Lf* > Tog Lf " Tsyr.

In particular, given an object

(7.10.2) K=(—Ks_p1—->Ks_, — - — K
in Dacoh(yhs_et), we obtain an object Lf*K € D! . (Xiset) by defining

qcoh
(7103) (Lf*K)Z—n = TZ—an*KZ—n'
We thus obtain a functor

(7.10.4) Lf*: Deon(Vris-et) — Digeon (Xiis-et)-

qcoh
It follows from the construction that this functor takes distinguished triangles to distinguished
triangles.

7.11. If F is a quasi-coherent sheaf on Y, then 7>¢L f*F is isomorphic to the pullback f*F
defined in (7.3). In particular, for any a > 0 there is a natural morphism 7>,Lf*F — f*F

Corollary 7.12. If the morphism f : X — Y is flat, then the map 7>, Lf*F — f*F is an
isomorphism for every a > 0.

Proof. This follows from the proof of (7.9.2) by observing that in (7.9.2) we can choose g and
h to be flat. O

Corollary 7.13. If X and Y are locally noetherian, then for any F € D([f)’ﬁ](y) the derived
pullback T>,Lf*F is in DL?)’IZI)](X).

Proof. This follows from the construction of 7>, L f*F and the corresponding result for schemes
([EGA], 111.6.5.13). O
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8. THE COTANGENT COMPLEX

We explain how with the above notion of derived pullback the theory of cotangent com-
plexes for stacks developed in ([LM-B], Chapitre 17) can be carried through.

Theorem 8.1 ([LM-B], 17.3). Let f : X — Y be a quasi—compact and quasi-separated
morphism of algebraic stacks. Then to f one can associate an object Ly;y € Dflcoh()(hs_et)
called the cotangent complex of f such that the following hold:

(i) If X and Y are algebraic spaces, then Lyxy is canonically isomorphic to the object
{Tz_nﬂ'*L)(/y@t}n, where m @ Xjiger — Xet denotes the projection to the étale topos and Ly /y e
denotes the usual cotangent complex of the morphism of ringed topor Xy — Vet -

(ii) For any 2-commutative square of algebraic stacks

X A x
(8.1.1) r| |7
y —=y
there is a natural functoriality morphism
(8.1.2) LA*Ly;y — Ly

If the square is cartesian and either f or B is flat then this functoriality morphism is an
1somorphism, and the sum map

(813) LA*LX/y @ Lf/*Ly//y — LX’/)}
s an isomorphism.

(iii) If g : Y — Z is another morphism of algebraic stacks, then there is a natural map

(8.1.4) Lxjy — Lf*(Ly;z)[1]
such that
(8.1.5) Lf*Ly;z — Lx/z — Layy — Lf"Ly,z[1]

is a distinguished triangle in D}, (Xiis-et)-

The proof is in several steps (8.2)—(8.10).

8.2. To define Ly/y, let Cx/y be the category of 2-commutative diagrams
X — X

(8.2.1) l l

Y — ),

where X and Y are algebraic spaces, Y — ) is a smooth cover, and the map X — Y xy X
is smooth and surjective. We usually denote such an object of Cy/y simply by X/Y". Let X,
(resp. Y,) be the O-coskeleton of the morphism X — & (resp. Y — )), and let X, denote
the fiber product Y, xy X. There is then a natural sequence

(8.2.2) X, — &, =Y,
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where each X,, — X is smooth. Define Lig to be the complex on X, ¢ whose restriction
to X,, is the complex

0
(8.2.3) L, /yuet — 0 n/ X}
Here the map 0 is obtained from the map of differentials
(8.2.4) Ho(Lx, /vner) ~ Qx, v, — Qx,2,

and QY is placed in degree 1.

Lemma 8.3. The complex Lfég is in D(i{)h(X.yet).

Proof. For any Y,, — Y,_; corresponding to an injective morphism [n — 1] — [n] we have
commutative diagrams

Xn B Yn XYn_l anl B anl

(8.3.1) l l

Y, — Y, 1,

Xy — Xpa Xar X —— X

(8.3.2) l l
Xn-1 - Xé—p

(8.3.3) l l

n—1,
where the squares are cartesian.

If 6 : X, — X,—1 is the morphism induced by [n — 1] — [n], then chasing through these
diagrams we see that there is a natural morphism of distinguished triangle on X, ¢

* 1
5 LXn_l/Yn_l,et ? LXn/Yn,et ” QXTL/Xn—IXYn Y.

-1 n

(8.3.4) | | B

5*Q§( — s Ot — Ot

n—1/X;,_4 Xn/X], Xn/Xn-1Xy, _Yn"
This and ([Ill], 11.2.3.7) implies the lemma. O
We therefore obtain an object L%;’/ € D{con(Xiser) from the system {res(TZ_nngﬁ)} S
D} on(XJ) and the equivalences in (4.7). Moreover, for any commutative square
X' X X

(8.3.5) l l l

Y Y V,
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defining a morphism in Cy/y there is a natural morphism

X/Yy X'/Y'
(8.3.6) Ly — Lyjy ™
We therefore obtain a functor

(8.3.7) L7 O

xX/y x/y - D, (')Ciis-et)-

qcoh

Lemma 8.4. The map (8.3.6) is an isomorphism and is independent of the choice of the
morphism X'/Y' — X/Y in Cx)y.

Proof. Let
x 2. X
(8.4.1) l lf
vy 2.y

be the commutative square defining the morphism (X'/Y’) — (X/Y) in Cy;y. It then
suffices to consider the following two cases: (i) When B is the identity; (ii) The square (8.4.1)
Is cartesian.

For case (i), note that there is a natural morphism

A*LX./Y.,et — LXL/Y.,et

(8.4.2) | |

A*QL

Xeo/ Xy Q5

Xo/Xq

which we claim is an equivalence. To verify this it suffices to verify that it becomes an
equivalence after base change by a smooth surjective morphism U — X. If we denote by
Xye and Xy the base changes of X, and X, to U, then we have a natural morphism of
distinguished triangles

1
LX./Y.,et|XU. LXU./Y.,et QU/X|XU.

(8.4.3) | |

~

1 ~ 1
QX./X; ’XU. QXU./UXyY.7
and a similarly a morphism of triangles on X,

1
Lxijveetlxy,, ——  Lx jveee — Qualxy,

(8.4.4) | |

1 = 1
QX‘/_X"X{]. QX{J./UXJ;Y.'

This reduces the problem to the case when X = U in which case the result follows from
consideration of the morphism of distinguished triangles

A*LX./Y.,et E— Lxg/y.,et E— LXL/X.,et

(8.4.5) l l idl

A*QL

1
Xo/X) ’ QXL/X; ? LXL/X.,et-
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For case (ii) it suffices to show that the natural map A*Lx, v, et — Lx;/vies 1S & quasi-
isomorphism. This can be verified locally in the flat topology on X,. In particular, if U — Y
is a smooth cover, it suffices to consider the base change to U. We may therefore assume that
Y is equal to an algebraic space. Furthermore, if X — X is a smooth morphism, and X — X
the base change of X — X', then there is a natural morphism of distinguished triangle

T A Lx, /vy et — AL — A*QL

Xo/Yeet Xo/Xe
(8.4.6) | | |=
T Lxyviee — Lgiyie ’ Qﬁ?g /X’

where X, and X/ denote the base changes of X, and X/ to X and 7 : X, — X/ denotes the
projection. From this it follows that it suffices to consider the case when both X and ) are
algebraic spaces. Assuming this, let Z, (resp. Z.) denote Y, Xy & (resp. Y, xy X). Then
there is a natural morphism of distinguished triangles

Laoyveetlxy —— A Lx,veer —— A Q.

(8.4.7) | | |=

1
Lzijyviee —— Lxiyyviee — ng/zgv

which shows that we may further assume that X, = Z, and X = Z.. In this case the result
is clear for the morphisms Y] — ) and Y, — ) are both flat, and hence by ([Ill}, 11.2.2.3)
the complexes Lx, /v, e and Lx; vy e are both quasi-isomorphic to the pullback of Ly /y et

To prove that the map is independent of the choice of the morphism X’/Y’ — X /Y, note
that if f,g: (X'/Y’) — (X/Y) are two morphisms in Cy/y, then there exists a morphism

(8.4.8) I (X')Y) — (X xx X/Y x3Y)

such that pr; o' = f and pr, o I' = g. Hence to prove that f and g induce the same map it
suffices to consider pr; and pr,. In this case we also have the diagonal map

We thus obtain a diagram of isomorphisms in D, (Xlis-ct)
X/Y XxxX/YxypY A" L X/Y
(8.4.10) Ly = Ly ™ 7 =Ly

such that the two composites Lﬁg — Lﬁg are the identity. Since A* is an isomorphism

this implies that the maps induced by pr; and pr, are equal.
O

8.5. The opposite category O3, is not filtering (as asserted in ([LM-B], 17.6)) as equalizers

Xy (L
do not exist. It is however connected. Define a new category Cy/y whose objects are the
same as those of Cy/y and for which Hom(a,b) = {*} if there exists a morphism a — b in

Cx/y and the emptyset otherwise. The category U(:\f/y is filtering as C’;p/y is connected.
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There is a natural functor Cy/y — Cx/y, and (8.4) implies that the functor L;(’/’y factors
through Cy/y. It follows that

(8.5.1) Lyyy = lim Ly,

Oy
exists in Dfp, (Xiser) and that for any object X/Y € Cx/y the map
(8.5.2) LYy — Layy

is an isomorphism.

8.6. Observe that property (8.1 (i)) follows immediately from the construction as we can take

X/Y = X/Y in the above.

8.7. (Functoriality morphism) Consider a 2-commutative square as in (8.1, (ii)), and for any
object X/Y € Cx/y let Dx,y denote the category of commutative squares

X 25 X

(8.7.1) l l

t

Y — Y

over the square (8.1.1) with X'/Y" € Cy/ /3. The category Dx/y is nonempty and connected.
Let X'e (resp. X,, Y/, Y,) denote the O—coskeleton of X' — X’ (resp. X — X, Y’ — )/
Y — ), and let Z, (resp. Z,) denote Y] X3 X’ (resp. Y, Xy X). Then there is a commutative
diagram

X! Z. Y]

(8.7.2) l l l
Xe Ze Y.
which induces a morphism
(8.7.3) (Lxuyvaet = xuz)xs = (Lxgpvier = Qxyyz)-

The following lemma shows that this map is independent of the choices, and hence these
maps induce a canonical map LA*Ly;y — Ly /yr.

Lemma 8.8. The induced morphism LA*Ligg — Lic(:;;/, 15 independent of the choices of the

morphisms s and t.

Proof. Given a second pair of morphisms (s',t') defining a commutative square

!

X 25 X

(8.8.1) l l

t/

Y — Y
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over (8.1.1), there exists a commutative square

X 9 X xy X

(8.8.2) l l

Y s Y xyY
over (8.1.1) such that (s,t) (resp. (s',t')) equals (pryog,pr;oh) (resp. (pryog,prsoh)). The
result therefore follows from (8.4). O

8.9. (Proof of additional statements in (8.1 (ii)))

To verify that the base change morphism (8.1.2) is an isomorphism when the square (8.1.1)
is cartesian and either f or B is flat, note first that it follows from the construction of the
cotangent complex above that it holds in the case when ) is representable by an algebraic
space.

This special case implies the general case, for if Y — ) is a smooth cover with Y’ an
algebraic space, then we have

(8.9.1) L ylasyyr = Lyxyyryyr = Lars, vy o2 Ly | xrs v

To prove that the sum map (8.1.3) is an isomorphism note first that by the base change
property just shown, it suffices to prove the result after base changing by a smooth morphism
Y — Y. We may therefore assume that ) is an algebraic space. Note in addition that if
X — X is a smooth cover, then there is a natural morphism of distinguished triangles

1
Lxyylxxyy @ Ly ylxxyy — Lx/ylxxyy ® Ly yylxsyy —— Dy xlxxyyr

(8.9.2) | | |

1
LX’/))|X><3;))’ —_— LXny//y E— QX/X|Xny"

This problem reduces the question to the case when X is an algebraic space, and the symmet-
ric argument shows that we can also assume that )’ is an algebraic space. It thus suffices to
consider the case when X, ), and )’ are all algebraic spaces in which case the result follows
from ([I11], 11.2.2.3).

8.10. (Distinguished triangle) Consider a diagram

(8.10.1) ¥ J y 4.,z
of algebraic stacks. We construct a morphism Lx/y — Lf*Ly/z[1] in D:](:oh(‘)(lis-et) such that
(8.10.2) Lf*Ly;z — Lx/z — Layy — Lf"Ly,z[1]
is a distinguished triangle. For this choose first a commutative diagram
X — X

< —

(8.10.3)

W — <L

|

N —
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where X/Y € Cy;y and Y/Z € Cy,z. Note that this implies that X/Z € Cx/z. Denote by
X., Y,, and Z, the associated simplicial algebraic spaces. Consider the commutative diagram

X —— X XzZy — X xyY, — X,

! ! |

(8.10.4) Y —— YV Xz, —— Y.
| |
Z — L.

From this diagram and the construction of ([Ill], II1.2.1.1) it follows that there is a natu-
ral commutative diagram of simplicial modules (here it is necessary to view the cotangent
complex as a simplicial module as in ([Ill], I1.1.2.3) rather than applying the normalization
functor)

0 —— Ly./Z.

5105 | | l

0 Q%/o/yXZZo‘X’

xe —— Lx,z, —— Lx,yv, —— 0

— Ot — 0.

1
> ) Xo/XXyYe

Xo/XxzZs
Normalizing, taking total complexes, and using the equivalences in (4.7) we then obtain
the desired distinguished triangle (8.10.2). That the resulting map Lx/y — Lf*Ly z[1] is

independent of the choices follows from an argument using the diagonal as in the proofs of
(8.4) and (8.8).

9. CONSTRUCTIBLE SHEAVES

Let S be a scheme and X'/S an algebraic stack. Throughout this section A denotes a
torsion noetherian ring annihilated by an integer invertible in S. For the definitions of locally
constant sheaves and constructible sheaves on a scheme see ([SGA4], IX.2.3).

Lemma 9.1. Let F be a cartesian sheaf of sets on Xjs.et. Then the following are equivalent.

(i) For every U € Lis-Et(X) the sheaf Fy is a locally constant (resp. constructible) sheaf of
sets on Ug.

(ii) There exists a presentation P : X — X such that the sheaf Fx on X is locally constant
(resp. constructible).

Moreover, the analogous statement for locally constant (resp. constructible) sheaves of
A-modules also holds.

Proof. 1t is clear that (i) implies (ii).

For (ii) implies (i), note that for U € Lis-Et(X) the sheaf Fy is locally constant (resp.
constructible) if and only if its restriction to an étale cover U’ — U is locally constant (resp.
constructible). It follows that it suffices to verify (i) for smooth morphisms U — X which
factor through X. Choosing any morphism p : U — X over X we obtain an isomorphism
Fu =~ p*Fx, and since Fx is locally constant (resp. constructible) it follows that F; is also
locally constant (resp. constructible).
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The same argument gives the statement about A-modules. O

Definition 9.2. A sheaf of sets (resp. A—modules) on X oy is constructible if it is cartesian
and if the equivalent conditions in (9.1) hold.

We denote the category of constructible sheaves of A—-modules on X eq by Mod.(Xis.et, A)-

Let P : X — X be a smooth surjection with X a scheme, and let X, denote the 0—coskeleton
of P.

Definition 9.3. A constructible sheaf of A-modules on X[ . (resp. X, Xet) is a
cartesian sheaf of A-modules F in the sense of (4.3), such that for every [n] € A the restriction

F,, of F to X, jiset (resp. X, et) is a constructible sheaf.

We denote the category of constructible sheaves of A-modules on X .+ liser (T€SP. X ,+ ot
by Mod.(X [ s A) (resp. Mod. (X[, A), Mod.(Xee, A)).

o lis-et? e ct)

Remark 9.4. As in (6.10), a cartesian sheaf of A-modules F' on X

o lis-et
is constructible if and only if the sheaf [y on X is a constructible sheaf.

Xo,et)

(resp. XJo, Xeet)

e.ct)

Lemma 9.5. The natural restriction functors

(9.5.1) Mod.(Xjget, ) — Modc(X:Hs_et, A) — ModC(X:et, A),

and

(9.5.2) Mod (Xiset, A) = Mod.(Xeet, A) — Modc(X:fet, A)

are all equivalences.

Proof. This follows form (4.4) and (9.4). O
9.6. It follows from (4.8) that the category of constructible sheaves of A—modules on A et
(resp. X :“ lisots Xaets Xeet) 18 closed under the formation of kernels, cokernels, and cokernels.
For x € {b> +, -, [avb]} let D:(‘X‘lis-etaA) (resp' D:(Xj:lis—et?A)? D;:k(Xj,_etaA)7 D:(XO,etaA)) de-
note the triangulated subcategory of the derived category D*(Xis.et, A) (resp. D*(X f lisets V),

D*(X S, ), D*(X. e, A)) consisting of complexes with constructible cohomology sheaves.
As in (4.6) let

(961> T Xj,—lis-et — Kliget; € Xj:lis-et - X;’,—et
be the natural morphisms of topoi.

Theorem 9.7. The functors

(971) T D:(Xlis—eta A) - Dj(Xj:lis—et’A)
and

(972> € D;r(Xie‘w A) - DC+<X:flis—et7A)7

are both equivalences of triangulated categories with quasi—inverses given by Rm, and Re,
respectively. For any F € DI (Xiset, A), the maps

(9.7.3) H* (Xiiger, F) = H (X[ oy, m°F) — HY (X,

o lis-et? et

Re,m*F)

are isomorphisms, and these isomorphisms are functorial with respect to smooth base change
X' — X.
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Proof. This follows from (4.7). O

Proposition 9.8. (i) Let f : Y — X be a representable morphism of algebraic stacks and
F a sheaf of A—modules on Yiser- Then for any object U € Lis-Et(X) and integer i > 0
the restriction (R'f.F)y of R'f.F to Uy is canonically isomorphic to R’ fu., «Fyx v, where
fuet : (¥ Xx U)et — Uy denotes the morphism of topoi induced by base change.

(ii) Let f : Y — X be an arbitrary morphism of algebraic stacks, and let Y — Y be a smooth
surjection with Y a scheme. Let U € Lis-Et(X) be an object, let Yo denote the 0—coskeleton
of Y = Y, and let fu, : Y, XxU — U be the morphism induced by f. Then for any cartesian
sheaf of A—modules F' on Vst there is a canonical spectral sequence

(9.8.1) EY = R fynFy,x v = (RPYILF)y.

Proof. For (i), note that R'f,F is by ([SGA4], V.5.1) equal to the sheaf associated to the

presheaf which to any U € Lis-Et(&X') associates Hi(y|ym, F') in the notation of (3.5). It

therefore suffices to show that there is a natural isomorphism
(9.8.2) Hi(y\yXXU, F)~ H (Y X2 U)et, Fysv)-
For this note that by (3.5) there is a canonical isomorphism

(9.8.3) HY(Y| F)~ H((Y xx Uset, F).

yX)(U7

On the other hand, if ¢ : (Y X xU )iis.et — (VX2 U)o denotes the morphism of topoi induced by
the inclusion Et(Y xxU) C Lis-Et(Y x xU), then ¢, is exact so there are natural isomorphisms

(9.8.4) H((Y xx Utigeet, F) =~ H' (Y X3 U)et, ¢ F) = H(Y ¥ Uty Fysepv)-

For (ii), note that as in the proof of (i) the sheaf R’ f, F' is isomorphic to the sheaf associated
to the presheaf which to any U € Lis-Et(X') associates Hi(y|yXXU, F). By (4.7), this sheaf

is isomorphic to the sheaf associated to the presheaf which to any U € Lis-Et(X') associates
HY (Y Xx U)et, Fy o). The spectral sequence (9.8.1) is then induced by the spectral
sequences (2.7)

(9.8.5) EY" = HYY, xx U, Fy,xyu) = HPY((Y %y U)et, Fyz v vr)-

g

Proposition 9.9. Let f : YV — X be a quasi-compact morphism of algebraic stacks. Then
for every integer 1 > 0 and cartesian sheaf of A—modules F' in Wiset, the sheaf R'f.F is a
cartesian sheaf in X et

Proof. By (3.8) and (3.5), it suffices to verify the result after replacing X' by a smooth cover.
We may therefore assume that X is a quasi-compact scheme. Choose a smooth surjection
Y — Y with Y a quasi-compact scheme, and let Y, — ) be the 0—coskeleton. Consideration
of the spectral sequence (9.8.1) then shows that it suffices to prove the result for each of the
morphisms Y,, — X. This reduces the proof to the case when X" is a scheme and ) is an
algebraic space. Repeating this reduction argument with an étale cover of ) further reduces

the proof to the case when ) is also a scheme. In this case the result follows from ([SGA4],
XVI.1.2). O
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Theorem 9.10. Let f: Y — X be a morphism of algebraic stacks of finite type over S, and
let F' be a constructible sheaf of A-modules on Y. Then for every i > 0 there exists a dense
open subscheme S° C S such that the following hold:

(i) The restriction of R f.F to S° xg X is constructible.
(ii) The formation of R'f.F is compatible with arbitrary base change S’ — S°.

Proof. Choose a smooth surjection X — X with X a quasi-compact scheme. Then as in
the proof of (9.9) it suffices to prove the Theorem after replacing f by Y xx X — X. We
may therefore assume that X is a quasi—compact scheme. Also choose a smooth surjection
Y — Y with Y a quasi-compact scheme, and let Y, be the O—coskeleton. Consideration of
the spectral sequence (9.8.1) then shows that it suffices to prove the result for each of the
morphisms Y,, — X. Repeating the argument with an étale cover of Y,, we are then reduced to
the case when ) and X" are both schemes. In this case the result is ([SGA4.5], [Th. Finitude],
1.9). 0

For an algebraic stack X' /S we can also consider the big étale topos Xg; defined in (10.1).

Definition 9.11. A sheaf of A-modules F' € X is constructible if for every X—scheme U
the restriction Fy; of F' to Uy is a constructible sheaf of A—modules, and if for every morphism
p:V — U over X the natural map p*Fy — Fy is an isomorphism.

We denote the category of constructible A—modules in X, by Mod.(Xg, A).

Lemma 9.12. The restriction functor

(9.12.1) res : Mod.(Xg, A) — Mod.(Xs.et, A)

15 an equivalence of categories.

Proof. The same argument used in the proof of (10.5) reduces the proof to the case when X

is a scheme. In this case the result follows from observing that both categories are equivalent
to the category of constructible sheaves on the small étale site of X. U

Proposition 9.13. Let f : Y — X be a morphism of algebraic S—stacks, and let F' be a
constructible sheaf of A—modules in Vgi. Then for every i > 0 there is a natural isomorphism

(9.13.1) resy (R fF'F) — R'f.(resy(F)),

where f* : Yp — Xg denotes the morphism of topoi induced by f and resy : Xgy — Xiset
and resy : Vit — Viset are the restriction functors.

Proof. The arrow (9.13.1) is defined as in (10.6) by observing that there is a natural isomor-
phism of functors

(9.13.2) resy o f&' ~ f, oresy,

and that resy(RfF*(—)) is a universal cohomological 5—functor.

The same reduction argument used in the proof of (10.7) shows that to prove the Proposi-
tion it suffices to prove that if X is an S—scheme and I is a constructible sheaf on Xg, then
the natural map

(9133) H*(XEtyF) - H*(XetaF|Xet)
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is an isomorphism. For this let 7 : Xgy — X be the morphism of topoi induced by the
inclusion of the small étale site of X into the big étale site. The functor m, is exact, so we
have

(9.13.4) H*(Xgy, F) ~ H*(Xep, 7 F) = H (X, F

Xct)'
O

Theorem 9.14. Let f : Y — X be a proper morphism of algebraic S—stacks, and let F
be a constructible sheaf of A-modules on Yiset. Then for every i > 0 the sheaf R f.F
is a constructible sheaf on Xis.ex whose formation is compatible with arbitrary base change
X — X.

Proof. We abusively write also F' for the constructible sheaf on the big étale site Vg obtained
from F' using the equivalence (9.12). For a morphism W — X', let fiy : Yy =Y xx W — W
be the morphism obtained by base change.

First we claim that it suffices to prove the Theorem after replacing X by a smooth cover
X — X by a scheme.

For this note that by (9.9) the sheaf R'f,F is a cartesian sheaf on Xjc;. Hence to verify
that R'f,F is constructible it suffices to show that R’ fx,F|y, is constructible. Furthermore,
since any morphism g : W — X from a scheme W étale locally factors through X, to prove
that the natural map

(9.14.1) 9* R f.F — R fw.(Flyy)

is an isomorphism, it suffices to consider morphisms ¢ : W — X which admit a factorization
g: W — X. But in this case the arrow (9.14.1) is identified with the morphism

(9.14.2) IR fxe(Flyy) = R fw.(Fly,)
which is an isomorphism if the Theorem holds for Vx — X.

We may therefore assume that X is an affine scheme in which case there exists by ([Ol],
1.1) a proper surjection Y — ) with Y a scheme proper over X. Let Y, be the 0—coskeleton
of this surjection, and let f,, : ¥,, — X be the map induced by f. Let q : Yo gt — Vg be the
morphism of big étale topoi induced by the map Y, — ).

Lemma 9.15. For any constructible sheaf G on Vg, the adjunction map G — Rq.q*G is an
isomorphism.

Proof. 1t suffices to show that for every morphism U — ) with U a scheme and integer ¢ the
natural map

(9.15.1) H'(Ugy, G) — H'((Ye xy U)er, ¢°G)

is an isomorphism. Let € : Ugy — Uy and €, @ (Ye X U)gy — (Yo Xy U)ot be the projections to
the small étale sites, and let G : (Yo Xy U)oy — U be the natural morphism of topoi. There
is then a commutative diagram of topoi

(Yo xy D) —— (Yo Xy U)ot
(9.15.2) ql Jq
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Since the functors €, and ¢,, are exact, there are isomorphisms
(9.15.3) H'(Uni, 9) = H'(Uet, Glvn,), H((YexyU)m, ¢"G) = H((YoxyU)et, ¢ Clivaxyv)a)-

Since G is cartesian, ¢*G|y, xyv).. =~ 7 (Glu,,) and via these isomorphisms the arrow (9.15.1)
is identified with the natural map

(9.15.4) H'(Uet, Glu) = H((Ye Xy U)et, 7*Glun,)
which is an isomorphism by ([SGA4], V*.4.3.2). O

From this it follows that Rf®'F € D% (Xg, A) is isomorphic to R(f* o ¢).F. By (2.9),
there is therefore a spectral sequence

(9.15.5) EY = RN (Fly,,,) = RPYUSI(EF).
Restricting this spectral sequence to X, and using (9.13), we obtain a spectral sequence
(9.15.6) EY" = R fou(Fly, o)) = RPYUL(F).

Furthermore, by construction this spectral sequence is functorial with respect to base change
X — X.

From this it follows that it suffices to prove the Theorem for each of the morphisms f, :
Y,, — X. This reduces the proof to the case when X is an affine scheme and ) is an algebraic
space. Repeating the above argument with a proper surjection to ) from a scheme further
reduces the proof to the case when both X and ) are schemes. In this case the result follows
from ([SGA4], XIL.5.1 and XIV.1.1) and (9.8 (i)). O

9.16. Let S be a scheme and X an algebraic S-stack. For * € {b,+, [a, b]} let D!, (Xiset, A)
be the full subcategory of the triangulated category of A-modules in A} consisting of
complexes whose cohomology sheaves are cartesian in the sense of (3.7). Let p: X — X be
a smooth surjection with X a scheme, and let X, be the 0-coskeleton of p. Let D, (XJ[)
denote the subcategory of the derived category of A—-modules on X: o« Whose cohomology
sheaves are cartesian in the sense of (4.3). Then by (4.7) restriction induces an equivalence

of triangulated categories

(9.16.1) D:

cart

(‘)C'lis—e‘m A) = D:art<X+

e.ct)

A).

Let f : Y — X be a quasi-compact morphism of algebraic S-stacks. The equivalence
(9.16.1) enables us to define a functor

(9162) f_l : D:art(‘/vlis-et’ A) - D:art(ylis-et7 A)

for x € {b,+, [a, b]} as follows. Choose a commutative diagram
y L. x

(9.16.3) QJ lp
y - x,

where X and Y are schemes, P and () are smooth and surjective, and f is quasi—compact, and
let f, : Yy — X, be the morphism of simplicial spaces obtained by applying the 0—coskeleton
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functor. Define f~! to be the composite
(9.16.4)

D*

cart

A 2 D

cart

(‘X‘lis—emA) m) D*

9.16.1)
_—
cart

(X, A) -

e et

(Vi

e.ct)

D::kart (ylis—et ) A) )

where f;! denotes the usual pullback functor obtained from the morphism of topoi f. :
Y — X7

e.ct et

Lemma 9.17. The functor f=' : DL, (Xiset, A) — DL (Viser, A) is left adjoint to the

functor Rf, (note that by (9.9) this functors takes values in DS (Xiser, A)). In particular

cart

the above definition of f~! is independent of the choice of the diagram (9.16.3).

Proof. This follows from the construction and the fact that for a diagram (9.16.3), the functor
(9.17.1) ftDE (XF,, A — DEL(YEA)

cart eo.ct) e.ct)

is left adjoint to the functor Rf,(—). O

Remark 9.18. With the above results in hand, the remaining parts of ([LM-B], Chapter 18)
apply essentially verbatim. In particular, the discussion of the functor RF) and Bernstein—
Lunts stacks in (loc. cit.) can now be carried through as written.

10. COMPARISON WITH BIG ETALE AND FLAT TOPOLOGIES, AND FINITENESS OF
COHERENT COHOMOLOGY

10.1. Let X be an algebraic stack, and define ringed topoi (Xipqge, Oxy,,.) and (Xei, Oxy,) as
follows. The ringed topos (Xgpqc, Oxy,,.) is obtained from the site whose objects are all quasi-
compact and quasi—separated X—schemes and whose topology is generated by finite families
{U; — U} of flat morphisms such that the induced map [[, U; — U is surjective (note that
since we restrict to quasi—-compact X—schemes the morphisms U; — U are automatically
quasi—compact). The ringed topos (Xgg, Oy, ) is obtained from the site whose objects are all
quasi—compact X'—-schemes and whose topology is generated by finite families {U; — U} of
étale morphisms such that the induced map [[, U; — U is surjective.

Definition 10.2. (i) A sheaf M of Oy, -—modules (resp. Ox,,~modules) on Xy (resp. Xiy)
is quasi—coherent if for every quasi—compact X'—scheme U the restriction My of M to Uy is
a quasi—coherent and if for every X—morphism f : U’ — U the natural map f*My — My
is an isomorphism.

(ii) If & is locally noetherian, a sheaf M of Oy, ~modules (resp. O, —modules) on X,
(resp. Afgy) is called coherent if it is quasi—coherent and if for every locally noetherian X—
scheme U the restriction My is a coherent sheaf on Ug;.

We denote by Qcoh™a(X) (resp. CohP%(X)) the category of quasi—coherent (resp. co-
herent) sheaves of Oy, —modules, and by Qcoh™(X) (resp. Coh™ (X)) the category of

quasi—coherent (resp. coherent) sheaves of O, —modules.

Remark 10.3. Any sheaf M € Qcoh™ (X) is by descent theory for quasi-coherent sheaves
automatically a sheaf for the fpqc topology. Hence there are natural equivalences of categories

(10.3.1) QcohPe(X) ~ Qcoh®' (X)), CohP*(X) ~ Coh®' (X).
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10.4. The functor which restricts a sheaf on Xg; to Xt induces a functor

(10.4.1) Taeon : Qeoh™ (X) — Qcoh(X),
and in the locally noetherian case also a functor
(10.4.2) Teon : COR™ (X)) — Coh(X).

Lemma 10.5. The functor rqcon 1S an equivalence of categories and in the locally noetherian
case the functor reon is also an equivalence of categories.

Proof. The statement that 7. is an equivalence follows from the statement that rqcon is an
equivalence and the observation that a sheaf M € Qcoh™ (X) is coherent if and only if the
restriction rqeon(M) is coherent.

Thus to prove the Lemma it suffices to prove that rq.n is an equivalence. Fix a smooth
cover X — X, let X’ denote X x y X, and write py, ps : X’ — X for the two projections. For
any quasi—compact X—scheme T, there exists étale locally on T' a factorization s : T" — X
of T" — X through X, and for any two such factorizations s; and s, there exists a map
p: T — X' such that s; = p; o p. From this we conclude that the category Qcoh®(X)
is equivalent to the category Des™(X/X) of pairs (M,:), where M is in Qcoh™(X) and
L: piM — p3M is an isomorphism satisfying the usual cocycle condition (as in the proof of
(4.4)) on X xxy X xx X. If Des(X/X) denotes the category defined in the proof of (4.4),
then restriction also defines a functor

(10.5.1) Tpes : Des™(X/X) — Des(X/X)
such that the following diagram commutes
Des®'(X/X) ~2<5 Des(X/X)
(10.5.2) :l l:
Qcoh® (X)) = Qcoh(X).

Thus it suffices to prove that rp.s is an equivalence which reduces the proof of the Lemma
to the case when X is an algebraic space. Applying the same argument to an étale cover of
X then further reduces the proof to the case when X’ is a scheme. In this case the result is
immediate. Il

10.6. If f: X — ) is a quasi-compact morphism of algebraic stacks, then there is a natural
isomorphism of functors

(10.6.1) resy o [ — f, oresy,

where fE': Xz — g denotes the morphism of topoi induced by f and resy (resp. resy)
denotes the functor which restrict a big étale sheaf to the lisse-étale site. Since the functor
resy is exact, the cohomological —functor {resy R’ f¥*(—)} is isomorphic to the cohomological
d—functor { Ri(resy o fE*)(—)}. In particular, the cohomological 6—functor {resy R’ fF*(—)} is
universal. Since { R f,(resy(—))} also forms a cohomological §—functor, it follows that there
exists a unique morphism of cohomological d-functors

(10.6.2) {resy R'f7 (=)} — {R'f.(resx(-))}
which agrees with the map (10.6.1) for ¢ = 0.
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Theorem 10.7. For any quasi—coherent sheaf M on Xgy and v > 0, the map
(10.7.1) resy R’ fF' (M) — R'f.(resy(M))

induced by (10.6.2) is an isomorphism.

Proof. 1t suffices to prove that for every smooth Y-scheme U the map
(10'7'2) Hz((‘X Xy U)Et7M) - Hl((X Xy U)liS-etvM’(XXyU)hs-et)

defined as in (10.6.1) is an isomorphism. Thus by replacing X by X’ x5 U it suffices to show
that for every M € Qcoh® (X) the natural map

(1073) HZ(XEt,M) - Hi('X.lis—ehrqcoh(M))

is an isomorphism. Let P : X — X be a smooth presentation with X a scheme, and let
P, : X — X be the 0—coskeleton of P. We can then furthermore compose the restriction
functor rqeon with the restriction functor from sheaves on Xjiser to sheaves on X, . We then
obtain a commutative diagram

HZ(XEt,M) — Hi(Xo,EtaM’X.,Et)

(10.7.4) l lﬁ
Hi(‘)(lis—etyrqcoh(-/\/l)) i) Hi<Xo,et7M‘X.,ct)

where the top horizontal map is an isomorphism since P : X — X defines a covering of the
final object in Xg: ([SGA4], V.2.3.4) and the bottom horizontal map is an isomorphism by
(2.3) and (4.7). Thus to prove the Theorem it suffices to prove that the arrow labelled [ is
an isomorphism. It follows from the construction of the map ( and the argument of (2.9)
that ( extends to a map of spectral sequences

Eft == Ht<XS,Et7M XS) — Hs+t(Xo,Et7M)

(107.5) |
Eft - Ht<XS,et7M Xs,ct) — H5+t<X.’et7 M|X"'Ct).

This reduces the proof of the Theorem to showing that if X’ is an algebraic space and M a
quasi—coherent sheaf on Xg; then the natural map

(10.7.6) H' (X, M) — H'(Xep, M| ,,)

is an isomorphism. This is clear because by the construction this map is obtained by first
choosing an injective resolution M — I°® in the category of abelian sheaves on Xy, and then
observing that the restriction M|y, — I*|x,, is again a resolution. Then the map (10.7.6)
can be described as

(10.7.7) H'(D(Xet, I*]x,,)) — H'(D(Xey, Tot(J*?))),

where I°|y,, — J** is an injective resolution in the category of abelian sheaves on X and
Tot(J**)) denotes the total complex of the double complex J**. But since restriction from
Xgt to Xy is an exact functor with an exact left adjoint (since there is a morphism of topoi
Xgy — Xet), the complex I°|x, is a complex of injective sheaves, and hence in the above we
can take J** = I°|x,,.

U
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Corollary 10.8. Let f : X — Y be a quasi—compact morphism of algebraic stacks. Then for
any M € D} (Xg;) the restriction to Vs of RfEY (M) lies in DY _ (V) (here we extend

qcoh qcoh
the restriction functor to D;rcoh(XEt) by observing that it is an exact functor).

Proof. Considerations of the distinguished triangles associated the truncations of M reduces
the Corollary to the case when M € Qcoh™ (X) in which case the result follows from (10.7)
and (6.20). O

10.9. To understand cohomology of sheaves in the flat topology, note first that for any
algebraic stack X there is a morphism of ringed topoi 7 : Xgqc — X since the flat topology
is a finer topology than the étale topology on the category of X—schemes.

Lemma 10.10. Let F' be a sheaf of Oy, . —modules on Xy such that for every X —scheme U
the restriction Fyy of F to U is a quasi—coherent sheaf and such that for any flat X -morphism
g:U — U the map g*Fy — Fy is an isomorphism. Then R'n.(F) =0 for every i > 0.

Proof. The assertion is local on X so it suffices to consider the case when X is a scheme. In
this case the result follows from the same argument used in the proof of ([Mi], I11.3.7). O

Lemma 10.11. Let f : X — Y be a quasi—compact morphism of algebraic stacks, and let
fP s Xy — Vipge be the induced morphism of ringed topoi. The for any quasi—coherent

sheaf M on Xgpqe and i > 0 the sheaf F := R' fP9°(M) satisfies the hypotheses of (10.10).

Proof. The assertion is local on Y so we can without loss of generality assume that ) is a
quasi—compact scheme. Furthermore, if P : X — X is a smooth cover by a quasi—compact
scheme X with associated O—coskeleton X, — X', then as in (2.9) we have a spectral sequence

(10.11.1) Ej' = R'f2™°(Mx, p,,.) = R fP(M),

where f° : Xy — ) denotes the projection. From this we conclude that it suffices to prove
the result for each X which reduces the proof to the case when X is an algebraic space.
Repeating the reduction argument with an étale cover of X we further reduce to the case
when X is a scheme.

s,fpqc

In this case the result can be seen as follows. The sheaf F' is the sheaf associated to
the presheaf which to any affine Y-scheme U associates the T'(U, Oy)-module H'((X Xy
U)pge; M). On the other hand, by ([Mi], II1.3.7) this sheaf is naturally isomorphic to the
sheaf associated to the presheaf which to any U associates H' (X Xy U)zar, M|(xxy0)50:)-
The result therefore follows from ([SGA6], IV.3.1.0). O

Corollary 10.12. Let f : X — Y be a quasi—compact morphism of algebraic stacks and
M € Qcoh®€(X) a quasi—coherent sheaf. Then for any i > 0 the sheaf R f.(M|x,_..) is
naturally isomorphic to the restriction of R'fPI(M) to Vig.et-

Proof. Consider the commutative diagram of ringed topoi
Xquc W_X> XEt

(10.12.1) fqucl me

ny
yquc — yEtv
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and let A : Xipqe — Vie denote ny o fP9 = fEt oy By ([SGA4], V.5.4) there is a Leray
spectral sequence

(10.12.2) EY = RPpy, RIfPI(M) = RPTIAL (M),

which by (10.10) and (10.11) degenerates to give an isomorphism 7y, R? fiP4(M) ~ R'A, (M)
for every i. By (10.10) there is also a natural isomorphism R'A,(M) ~ R fE*(nxy.(M)) so
we have

(10.12.3) Ny« R LPE(M) = RIA(M) = R (e (M)
The Corollary therefore follows from (10.7). O

Theorem 10.13 ([LM-B]|, 15.6 (iv), [Fa], [Ol]). Let f : X — Z be a proper morphism
between locally noetherian algebraic stacks. Then for any coherent sheaf M on X and i > 0,
the sheaves R'f,M on Zyee are coherent. More generally, the functor Rf, induces a functor

(10.13.1) Rf.: D} (X) — DI (2).
Proof. First observe that we may work locally on Z and hence can assume that Z is a quasi—
compact scheme. This observation also implies that the theorem holds when f is representable
by the corresponding result for algebraic spaces ([Kn|, IV.4.1).

Assuming that Z is a quasi—compact scheme, we now prove the Theorem using the “de-
vissage Lemma” (6.7). Conditions (6.7 (i)) and (6.7 (ii)) hold trivially. Hence it suffices to
prove that if I : J) < X is an integral closed substack and N is a coherent Oy—module with
support all of Y, then there exists an object N € D} ()) such that the Theorem holds for
I.N and a morphism « : N’ — N which is an isomorphism over some dense open substack of
Y. For this choose using ([Ol], 1.1) a proper surjective map p : Y — ) with Y a scheme, and
let ps : Yo — Y by the O—coskeleton of p. Consider the sheaf p;A on Y, g; whose restriction
to Y, g is the quasi—coherent sheaf obtained by pullback from the quasi—coherent sheaf N

(identified with a sheaf on the big étale site via (10.5)). Let
(10.13.2) Dot Yort — Vit

be the natural morphism of topoi.

Lemma 10.14. Let N denote the restriction of RpepiN t0 Viser- Then N is in D, (V)
and the map o : N — N induced by adjunction is an isomorphism over some dense open
substack of Y.

Proof. Using the argument of (2.9) and the fact that restriction is an exact functor, there is
a spectral sequence

(10141) Eigt = (Rtps*p:N) ylis—et :> Rs+tp.* (pf'/\/’) .ylis—et7
where p; : Y ge — Vgt denotes the projection. Thus to prove that N is in Dt (V) it suffices

coh
to show that each (R'ps.piN)|y,.., is coherent. This follows from the comparison Theorem

(10.7) and the representable case already considered.

Since ) is integral, there exists a dense open substack U C ) over which p is flat. We claim
that the map N' — Rpe.piN becomes an isomorphism over I. For this note that for any
i > 0 the sheaf Ripy.piN |l is the sheaf associated to the presheaf which to any U—scheme U
associates the group H'(Yye g, N vy, 5 ), Where Yy, denotes the base change of Y, to U. Since
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restriction to the small étale site is an exact functor that takes injectives to injectives (since
it is induced by a morphism of topoi Yire gt — Yire et and hence has an exact left adjoint), this
sheaf is isomorphic to the sheaf associated to the presheaf which associates to U the group
H (Ypeet, Nlvi, o). By ([SGA4], VP=.4.2.1), if U is affine this group is zero for ¢ > 0 and
isomorphic to N (U) for i = 0. O

Part (iii) of the following Lemma (which we state in slightly greater generality for other
applications) combined with (6.20) implies that (10.13) holds for I.N and hence by the
devissage Lemma (6.7) completes the proof of (10.13). O

Lemma 10.15. Let f : Y — Z be a quasi—compact morphism of algebraic stacks with Z a
quasi—compact scheme, and let Y — Y be a proper surjection with associated 0—coskeleton
Pe:Ye = Y. Let g% : Yoo — 2ot be the natural morphism of topoi, and N a quasi—coherent
sheaf on' Y. Let N denote the restriction of RpJ(Ny, z,) to the lisse-étale site of Y, where

et Yo me — YVre denote the morphism between the big étale topoi.

(i) For any integer i there is a natural isomorphism

(10.15.1) R'f.(N)|z, = R'g Ny, o0)-

(ii) There is a spectral sequence
(10152) Eft = Rtggf*<N|Ys,et) = Rif*(N)’ZeH

where ¢ : Yo — Ze denotes the morphism of topoi induced by the composite gs : Yy —

Yy — Z.

(iii) If the map Y — Z is proper, Y and Z are locally noetherian, and N is coherent, then
for any integer i the sheaf R'f.(N)|z., is coherent.

Proof. Note first that (ii) follows immediately from (i) and the construction of (2.9). Fur-
thermore, if ) — Z is proper, then each g, : Yy — Z is proper and each term nggf* NMy,eo)
in the spectral sequence (10.15.2) is coherent by ([Kn|, IV.4.1). Hence (iii) follows from (ii).

To prove (i), proceed as follows. First note that we have
(10153> Rig:t<'/\[|yo,et) = RigEt(N|Yo,Et>|Zet = (RZfEt<RpEEk(N Yc,Et)))

where f® : Vg — Zg; denotes the morphism between the big étale topoi (here we use the
fact that restriction from the big étale site to the small étale site is exact and takes injectives
to injectives since it has an exact left adjoint). Write N for RpJ,(Nly, ), and let resz be
the restriction functor from sheaves on Zg; to Z. Since resz is exact, we have isomorphisms

Zet Y

(10.15.4) Rresz o RfF(—) ~ R(resz o f)(—),
and
(10.15.5) Rrész o Rf.(—) ~ R(1ész o f.)(—),

where resz denotes the restriction from the lisse-étale site of Z to the étale site. If res), denotes
the restriction functor from sheaves on Vg to Vis.et, then there is a natural isomorphism of
functors

(10.15.6) resz o fi* ~ 168z o f, ores),.
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By the universal property of derived functors we therefore obtain a map

(10.15.7) R(resz o f*)(N) — R(1&sz o f.)(res)(N))
which via the isomorphisms (10.15.3), (10.15.4), and (10.15.5) give a map
(10.15.8) RgZ (Nly,) = R fo(N)|z,-

That this arrow is an isomorphism follows from the following sub—lemma applied to N: O

Sub-Lemma 10.16. Let C be the full subcategory of the category of sheaves on Vg, consisting
of sheaves M whose restriction to Vst 1S quasi—coherent. Denote by DZ{ (Vgt) the full subcat-
egory of the derived category of bounded below complexes of Oy, -modules whose cohomology

sheaves are in C. Then for any N € D} (Vi) the map (10.15.7) is an isomorphism.

Proof. The category C is closed under kernels, cokernels, and extensions, and hence by con-
sidering the distinguished triangles associates to the truncations of NV we are reduced to the

case when N is an object of C. Furthermore, the assertion is local on Z so it suffices to show
that the map

(10161) Hi(th N) - Hi(:);lis—etv N ylisfet)

is an isomorphism for every integer ¢. Let U — ) be a smooth cover and U, the 0—coskeleton.
There is a commutative square

Hi(yEt, ]’\7) — Hi(ylis—eta ]/\7|ylis—et)

(10.16.2) l l
Hi(Uo,Eta N‘U.’Et) L) Hi(Uo,etv N

Uc,et)?

where the left vertical arrow is an isomorphism by ([SGA4], V.2.3.4) and the right vertical
arrow is an isomorphism by (2.3) and (4.7). That the diagram commutes can be seen by noting
that it commutes for i = 0 and that (10.16.2) is obtained from a diagram of cohomological
0—functors

H Ve, (2)} —— {H Wiseet, ()
(10.16.3) | |
{Hi(UO,Et; (_)|U0,Et>} I {Hi(UO,eta (_)|Uo,et)}’
where {H(Vgt, (—))} is universal.

Thus it suffices to show that the arrow v is an isomorphism. This follows from the observa-
tion that the restriction functor from U, g to U, ¢ is exact and takes injectives to injectives
since it is obtained from a morphism of topoi Us gy — Ul et- ]

ylis—ct ) }

11. THE GROTHENDIECK EXISTENCE THEOREM, GROTHENDIECK’S FUNDAMENTAL
THEOREM FOR PROPER MORPHISMS, AND ZARISKI’S CONNECTEDNESS THEOREM

Theorem 11.1. Let A be a noetherian adic ring and let a@ C A be an ideal of definition.
Let X /A be a proper algebraic stack, and for every n > 0 let X, denote the stack X Xgpec(a)
Spec(A/a™t1).
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(i) The functor sending a coherent sheaf to its reductions defines an equivalence of cate-
gories between the category of coherent sheaves on X and the category of compatible systems
{M, }n>0 of coherent sheaves on the X,,.

(ii) If M is a coherent sheaf on X with reductions { My }n>0, then for every i > 0 the natural
map

(11.1.1) H'(X, M) — lim H*(X,,, M,,)

n

is an isomorphism. If the finitely generated A-module H' (X, M) is viewed as a topological A~
module with the a—adic topology and the right hand side of (11.1.1) is viewed as a topological A—
module with the inverse limit topology, then this is an isomorphism of topological A—modules.

Proof. Statement (i) follows from ([Ol], 1.4). To prove (ii), we modify the proof of (loc. cit.
3.2). Let Uy — X by a hypercover ([Fr], 3.3) with each U,, an affine A-scheme of finite type,
and let U, denote the simplicial formal scheme obtained by completing the U,, along a. There
is a natural morphism of ringed topoi ¢ : (7.7% — U, et. For a coherent sheaf M on X we
write M for the sheaf on (7.7et obtained by restricting M to U, ¢ and then pulling back to
ﬁ.,et. The morphism ¢ induces a map of cohomology groups

(11.1.2) HI(X, M) — H(U,, M)

which by ([O]], 3.2) is an isomorphism (actually in (loc. cit.) the hypercover U, is assumed to
be obtained as the 0—coskeleton of a morphism U — X but the proof works fgr an. arbitrary
hypercover). Since each U, is assume to be affine, the cohomology group H*(U,, M) is equal
to the i—th cohomology group of the complex

(11.1.3) = D(Un, M) = T (U, M) — -

obtained from the normalized complex of the cosimplicial A—module [n| — T'(U,, M).
Define

(11.1.4) L" =T (U, M), Li = T(Uy @4 (A/a"), Myt 0, (470+1)),
(11.1.5) K" = Ker(f" — Z”H), K} = Ker(L} — Ly,
(11.1.6) " =Im(L" " — L"), I}:= Im(L} " — L}).

We then have L" = lim Lj. Again since each U, is affine, we have H' (X, M) = H'(L})
and the arrow (11.1.1) is identified with the natural map

(11.1.7) HY(L*) — lim H'(L}).

k
Lemma 11.2. Let § denote the graded ring ®gsoa®/a**1, and let i be an integer.
(i) The graded 8-module ®p>oH (X, a* M /a*T1 M) is of finite type.

(i) The projective system {H'(Xy, My)}r satisfies the Mittag—Leffler condition (henceforth
abbreviated ML condition).
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Proof. For (i), note that by ([A-M], 10.22 (iii)), the sheaf ®x>oa* M /aF ' M on Spec(8) X spec(4)
X is coherent. Hence (i) follows from (10.13) applied to the proper morphism
(11.2.1) Spec(8) Xgpec(a) X — Spec(8).

Statement (ii) follows from (i) (applied with i and ¢ + 1) and ([EGA], O;.13.7.7) applied
to 8 and the projective system { My} of sheaves on X. d

To prove that (11.1.7) is an isomorphism, it suffices to show that the systems {K}'}; and
{I}'}1. satisfy the ML condition and that the natural maps

(11.2.2) K" = lim K}, I" — lim I}
— —
k k

are isomorphisms. For if the systems {]' }; satisfy the ML condition, then we have a morphism
of exact sequences

o~ ~

O— " —— K' ——s H" (WA M) —— 0

(11.2.3) al bl l

0 — lim I} —— lim, K} —— lim B"(%, My) — 0,

where the bottom row is exact since {I}'}; satisfies the ML condition. If the maps a and b
are isomorphisms it follows that the map ¢ is an isomorphism as well.

Now observe that not only do we have L" ~ lim Ly, the system {Lj}; has the property

that for every k the map " — L} is surjective since each U, is affine. This implies that the
systems {I}} also satisfy the ML condition, and in fact have the stronger property that for
any k the map I}!, ; — I is surjective. Now consider the exact sequences

(11.2.4) 0 I Kp —— H"(X, M) —— 0.

By (11.2 (ii)) the system {H" (X}, My)} satisfies the ML condition. Therefore, for each &
there exists an integer kg > k such that the groups H™( Xy, My/) for k' > ko all have the
same image in H" (X, My). We claim that for &' > ko the groups K7, also all have the same
image in K}'. To see this let Jiy C K}' denote the image of K},. We show that Jy = Jy44
for every k' > kqo. For this let n € J be an element. Since the images of Ji, and Jy 41 in
H™( X}, My,) are equal, there exists an element ¢ € Ji/ 41 such that n—¢ € I}'. Replacing n by
n — ¢ we may therefore assume that n € I}’ N Ji». But in this case the result is clear because
the map I}, — I} is surjective for all £’ > k. In particular, I} is contained in Np>pJi.

We conclude that in particular the systems { K]} satisfy the ML condition. Since mk is a

left exact functor, it is also clear that the natural map K" — link K} is an isomorphism. Now
since the system { K7}« satisfies the ML condition, we have a morphism of exact sequences

0 — K —— I —— I
(11.2.5) :l :l l
0 —— lim Ky —— lim, Lp — @kll?Ll — 0

from which we conclude that the map I+t @k I,?H is an isomorphism. This completes
the proof of the Theorem. O



SHEAVES ON ARTIN STACKS 49

Theorem 11.3. Let f : X — Y be a proper morphism of locally noetherian algebraic stacks.
Then f.Ox is a coherent sheaf on'Y. Let)' := @y(f*ox) be the relative spectrum of f.Ox
and let f': X — Y’ be the canonical factorization of f. Then f" is proper, f.Ox = Oy, and
the geometric fibers of f' are nonempty and connected.

Proof. The proof is essentially the same as in ([EGA], [11.4.3.1). That f.Ox is a coherent
sheaf follows from (10.13). That f’ is proper is clear because the map f is proper and ' — Y
is separated. That f.Oy = Oy is immediate from the construction since )’ is affine over ).

It remains only to see that the geometric fibers of f” are non-empty and connected. For this
we may as well replace ) by V" and hence may assume that f,Ox ~ Oy. Furthermore, note
that the formation of )’ commutes with arbitrary flat base change Y — )). Therefore, we
can without loss of generality assume that ) is the spectrum of a complete noetherian local
ring A with separably closed residue field. Since f.Oy = Oy the map X — ) is dominant
and since it is proper it is also surjective. Let s € Spec(A) be the closed point and X; the
fiber. If X, = [[?_, Z;, then for each n > 0 the reduction &, = X Xgpec(4) Spec(A/mi*1) is
naturally a disjoint union ]_[f:1 Z; , where each Z;,, reduces to Z;. It follows that there is an
isomorphism

p
(11.3.1) lim H°(X,, Ox,) ~ [[T(Zin, Oz,,)-

i=1
Since the natural map A — th H°(X,,Ox,) is an isomorphism by assumption and A is local,
this implies that p = 1 which proves the Theorem. Il

The factorization X — )’ — Y is called the Stein factorization of f.

APPENDIX A. A THEOREM OF GABBER

The results of this appendix were communicated to us by Ofer Gabber and are entirely due
to him. Though it is technically not used in the text, Theorem A.6 below is a natural result
to consider when studying the lisse-étale topos.

A.1. Let S be a site with associated topos §~, and S’ C S a full subcategory. We view S’
as a site with the topology induced by that on S ([SGA4], 111.3.1) Assume that the following
conditions hold:

(A.1.1) The final object of S~ is covered by objects of S'.
(A.1.2) For every object X € & and covering family {Y; — X} in S, there exists a refinement
{Z;j = X} of {Y; — X} such that the objects Z;; are in S'.

(A.1.3) If X € & is an object and {Z; — X} is a family of morphisms in &’ which form a
covering in S, then for any W — X in &’ the fiber product Z; x x W exists in &’ and is also
a fiber product in S.

(A.1.4) There exists a full subcategory §” C &’ satisfying (A.1.1)-(A.1.3) such that binary

products in §” are representable and are also products in S.

Example A.2. The case of interest in this paper is the following. Let X be an algebraic stack
and f : V — X a smooth morphism from a scheme V. Take S to be the site Lis-Et(X)|y
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consisting of V-schemes U — V for which the composite U — V — X is smooth, and let
S’ C S be the full subcategory Lis-Et(V') of smooth V—schemes. The topology on Lis-Et(X)|y
is that induced by the topology on Lis-Et(X').

Lemma A.3. A family of morphisms {Z; — X} in S’ is a covering if and only if the induced
family of morphisms in S is a covering. The inclusion 8" C S is cocontinuous in the sense

of ([SGA4], T11.2.1).

Proof. By definition, the topology on &’ is the finest topology making the inclusion &' C S
continuous. Since the topology on &’ defined by the morphisms {Z; — X} whose image in S
are coverings is a topology making &’ C S continuous, every family of morphisms as in the
Lemma is a covering family in &’. The converse follows from ([SGA4], I11.1.6).

The last statement follows from (A.1.2). O
Lemma A.4. For any F € §~, the natural map
(A4.1) H°(S,F) — H(S',F|s)

s an isomorphism.

Proof. By (A.1.1), there exists a family of objects {X;} in §” covering the initial object e of
S~. Let R denote [[ X; X, [[ X, which is a disjoint union of objects represented by objects
of §” since binary products exist in S”. We then have

(A.4.2) H(S, F) = Eq(] [ F(Xi) = F(R)) = H'(S', Fls).
O

A.5. Since the restriction functor S~ — 8" is exact by (A.1.2), the functors sending F' € S~
to HY(S'™, F|s/) form a cohomological 6—functor on the category of abelian sheaves on S. The
map (A.4.1) therefore extends to a unique morphism of cohomological §—functors

(A.5.1) {H(S, =)} = {H" (S, (5)ls)}-

Theorem A.6. The morphism of cohomological d—functors (A.5.1) is an isomorphism.

For any object X € 8™ define S|y and S’|x to be the categories of objects over X. We
view S|x as a site as in ([SGA4], IIL.5.1).

Lemma A.7. Let X € 8™ be a sheaf isomorphic to a coproduct of sheaves representable by
objects of 8”. Then the subcategory S'|x C S|x satisfies (A.1.1)<(A.1.4). In particular, for
any F € (S|x)~ the natural map

(A.7.1) H°(S|x, F) — H(S'|x, F)

s an isomorphism.

Proof. Write X = [[Z; with Z; € S”. Then the family {Z;, — X} defines a covering
of the initial object of (S|x)~. Axioms (A.1.2) and (A.1.3) follow immediately from the
corresponding axioms for & C §. For (A.1.4) consider the category of consisting of the
Z; — X and all morphisms U — X in §” which appear in a covering family {U; — Z;}
for some . Then properties (A.1.1)—(A.1.3) are immediate from the definition, and for two
morphisms U — Z; and V' — Z; the fiber product U x z, V is representable by (A.1.3) and is
the product in S|x. O
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It follows that if (A.6) is true, then for any object X € &~ isomorphic to a coproduct of
sheaves representable by objects of §” and abelian sheaf ' € (S|x)~ the natural map

(A.7.2) HY(S|x, F) — H(S'|x, F)
is an isomorphism.

To prove (A.6), we proceed by induction on gq. The case ¢ = 0 has already been shown,
so we prove the result for ¢ assuming the result holds in degrees < ¢ — 1. By the preceding
observation, for any object X € &~ isomorphic to a coproduct of sheaves represented by
objects of §” the map (A.7.2) is an isomorphism for j < ¢ — 1.

Fix one such sheaf X ~ [[ Z; € 8™ covering the initial object, and let X, be the simplicial
object in 8~ obtained as the O—coskeleton of X — e. Since the subcategory S” has binary
products, for every n € N the sheaf X, is isomorphic to a coproduct of sheaves representable
by objects of §”. Consider the simplicial topoi §™|x, and §~|x,. By ([SGA4], V.2.3.4
(1)), for any abelian sheaf I there is are natural isomorphisms (here and in what follows we
simplify the notation by just writing F' instead of F|g),, etc.)

(A.7.3) HY(S|x.,F) ~ HY(S, F), HYS|x.,F)~ H(S'F).

Furthermore, the natural map H9(S|x,, F) — HY(S'|x., F) extends naturally to a morphism
of spectral sequences (2.9.2)

Ejt = HY(S|x., F) = H*'(S

(A.7.4) l

Ejt = HY(S'|x., F) = H*'Y(S|x.,,F) ~ H*"'(S', F).
Let Kx C HY(S, F) (resp. K% C HY(S', F)) be the first step of the filtration on the abutment
so there is a commutative diagram

0 — Ky —— HYS,F) —— HYS|x,F)

(A75) .| | |

0 — K\ —— HIS,F) —— HY(S|x,F)

with exact rows. Since the map on Ej'~terms H'(S|x,, F) — H'(S'|x,, F) is an isomorphism
for t < ¢—1 by the induction hypothesis, for any r > 1 the maps on E*~terms in the spectral
sequences are also isomorphisms for ¢ < ¢ — 1. This implies that the map a : Kx — K% is
an isomorphism.

xo F) = H*(S, F)

The construction of this morphism of spectral sequences is functorial with respect to mor-
phisms X’ — X, where X’ € 8™ is also isomorphic to a disjoint union of sheaves representable
by objects of §”. For any element o € H%(S, F') there exists by (A.1.2) a covering X' — X,
where X' is isomorphic to a disjoint union of objects of S”, such that the image of « in
HY(S|xs, F) is zero. This implies that the map H(S, F) — H(S', F') is injective since by
the above discussion the map

(A.7.6) Ker(H(S, F) — HY(S|x, F)) — Ker(HU(S', F) — H(S'|x:, F))

is injective. Similarly, if 5 € HY(S', F) is a class, there exists by (A.1.2) an object X
isomorphic to a disjoint union of objects of S” such that 3 lies in K. Since the map a is an
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isomorphism it follows that (3 is in the image of H9(S, F'). This completes the inductive step
and hence the proof of (A.6). O
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