SEMI-STABLE DEGENERATIONS AND PERIOD SPACES FOR
POLARIZED K3 SURFACES

MARTIN C. OLSSON

ABSTRACT. Modular compactifications of moduli spaces for polarized K3 surfaces are con-
structed using the tools of logarithmic geometry in the sense of Fontaine and Illusie. The
relationship between these new moduli spaces and the classical minimal and toroidal com-
pactifications of period spaces are discussed, and it is explained how the techniques of this
paper yield models for the latter spaces over number fields. The paper also contains a dis-
cussion of Picard functors for log schemes and a logarithmic version of Artin’s method for
proving representability by an algebraic stack.
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The purpose of this paper is to introduce certain new moduli spaces obtained as solutions
to moduli problems involving “semi-stable K3 surfaces”, and to investigate their relationship
with minimal and toroidal compactifications of period spaces as well as automorphic forms.

To give a feeling for the types of moduli problems we study, let us give a set theoretic
description of the simplest of the stacks considered in this paper. This stack, which depends
on the choice of an integer £ > 0, will be denoted by My, and will be defined over Q. The
stack My, is quite a large stack, but it will be used to construct various other stacks which
perhaps are more interesting (our approach is analogous to the situation for elliptic curves
where one constructs various interesting stacks from the moduli stack of generalized elliptic
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curves ([13])). Though the natural description of My is using logarithmic structures (see
below), we can describe the isomorphism classes in My, (C) without using this language.
Recall (]20], p. 2, (cf. [31])):

Definition 1.1. A combinatorial K3 surface over an algebraically closed field k is a scheme
X = J X, over k with local normal crossings such that the following hold:

(i) X has one of the following forms:
Type I. X is a smooth K3 surface.
Type II. X is a chain of elliptic ruled surfaces with rational surfaces on either end.

Type I1I. X is a union of rational surfaces. The double curves on each component form a
cycle of rational curves and the dual graph of X is a triangulation of S2.

(ii) (d-semistability) There is an isomorphism
Ext' (%, Ox) ~ Ox

sing *
(iii) The dualizing sheaf wx is trivial.

We say that X is stable if the singular locus is connected (cf. [16], (3.1)). Equivalently, X
is stable if X is of type I or I11 or of type II with no elliptic ruled components.

It is known that the above definition of stability is equivalent to X having no infinitesimal
automorphisms ([18], 3.5).

To define what is meant by a polarization on a combinatorial K3 surface X, suppose first
that we can find a semi-stable degeneration X — A over the disc with generic fiber a smooth
K3 surface and closed fiber X. Then the irreducible components X; of X are divisors on X.
We let G C Pic(X) be the subgroup generated by the images of the classes of the X;. It turns
out that G is independent of the choice of the degeneration (see the discussion in (3.2)).

Definition 1.2 (compare with ([16], 3.11)). A polarization on X is a class A in Pic(X)/G
which admits a lifting £ in Pic(X) such that for some N > 0 the map X — X C P" (for some
r) defined by £V contracts finitely many curves on X to points. The class \ is primitive if
A is not divisible in Pic(X)/G. The degree of ) is defined to be £? € Z, for any lifting £ to
Pic(X) (it turns out to be independent of the choices (3.10)).

It is known that for a smooth K3 surface, the class of a line bundle £ is a polarization in
the above sense if and only if £ is numerically effective and £ > 0 ([16], 0.6).

Some justification for this definition may be provided by the following observation. If
(X, L) is a combinatorial K3 surface with a line bundle as in the definition, then the class
c(L) € H*(X) corresponding to £ in the limiting mixed Hodge structure associated to a
smoothing of X (when X is endowed with a suitable log structure, H?(X) is the log de Rham
cohomology of X)) depends only on £ modulo G.

We can now state some of the basic properties of Myy:

(1.2.1) My, is a smooth Deligne-Mumford stack over Q (see (1.4) for our conventions about
algebraic stacks).

(1.2.2) My, has a natural open substack M5P C My, classifying smooth K3 surfaces with
primitive polarization of degree 2k. The complement My, — M3} is a smooth divisor.
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(1.2.3) The isomorphism classes in My (C) are naturally in bijection with the isomorphism
classes of stable K3 surfaces over C with primitive polarization of degree 2k.

To construct My, we need to make sense of a family of stable, polarized K3 surfaces. This
will be done using the tools of logarithmic geometry in the sense of Fontaine and Illusie ([28]).
The basic idea is that a combinatorial K3 surface admits a natural structure of a smooth log
scheme (in fact d-semi-stability is equivalent to the existence of a certain kind of log structure
([27], 11.7 (2))), and the notion of polarization is naturally defined using the log structure.
The stack My, with its log structure coming from the divisor at infinity is then the moduli
stack over the category of log schemes classifying polarized log K3 surfaces. In particular,
there is a universal polarized log K3 surface (X', \) over My, which induces the bijection
(1.2.3).

It should be noted here that the class of log schemes we consider in this paper is very
restrictive, and it would also be interesting to consider more general log smooth morphisms.
Our justification for restricting to stable log K3 surfaces is a theorem of Shepherd-Barron
([44], Theorem 2) which implies that any point on the boundary of a toroidal compactification
of the period space for polarized Hodge structures coming from K3 surfaces corresponds to
the polarized mixed Hodge structure of an element in My, (C). Thus if one is interested in
limits of families of smooth K3 surfaces, it is reasonable to restrict attention to stable log K3
surfaces. For example, as we now explain the stacks My, contain enough information about
degenerations of polarized K3 surfaces to capture in a purely algebraic manner the minimal
and toroidal compactifications of period spaces.

To understand the relationship between My, and period spaces, denote by A the unique
even unimodular lattice of signature (3,19) ([42], 1.1), and fix a primitive vector h € A with
h? = 2k. Let Dy, be the set of filtrations on A ® C defining a Hodge structure with Hodge
numbers those of a K3 surface for which A is of type (1,1). Such a filtration is determined by
aline C-v C A®C such that v2 = 0 and v-7 > 0. Let I'y;, denote the group of isometries of
A fixing the element h. The orbifold quotient '\ Doy, viewed as a stack over the category
of smooth complex manifolds, has the following modular interpretation (see for example
the proof of ([33], 2.12)). For any smooth complex manifold S, the fiber (I'yx\Doy)(S) is
equivalent to the groupoid of data (V(Z), F, < -, >, \) where

(1.2.4) V(Z) is a local system of free Z-modules on S.
(1.2.5) F' is a holomorphic filtration on V(Z) ®z Os.
(1.2.6)

< > V(Z)xV(Z)— L
is a bilinear symmetric pairing.
(1.2.7) X is a global section of V(Z).
(1.2.8) For each point s € S, there exists an isometry

B:(V(Z)s, < - >5) A

such that B(\s) = h and such that G(F) defines a point of Doy (here (V(Z)s, Fs, < -, - >4, As)
denotes the pullback of (V(Z), F, < -,- >, \) to the point s).
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If S/C is a smooth variety and f : X — S a smooth K3 surface with primitive polarization
L of degree 2k, and if f*" : X* — 52" denotes the associated map of analytic spaces, then
we obtain a quadruple (R%2fZ, F, < -,- >, c¢(L™)) as above on S* by letting F' be the Hodge
filtration on

(1.2.9) (Rf™Z) @ Ogan = R [ Dm0,

< -,+ > the pairing defined by cup-product, and ¢(£*") the first Chern class of £*". Hence
we obtain an analytic map

(1210) Psan © S — ng\ggk.

Now the orbifold I'y;\ Do has a natural structure of an algebraic stack over C by (9], 10.11),
and by ([10], 3.10) the map (1.2.10) is induced by a unique algebraic map pg : S — Do\ Day.
If (X',L') is a second primitively polarized smooth K3 surface over S and if p : S —
[ox\Dax denotes the associated morphism, then an isomorphism (X, L) ~ (X', £') induces
an isomorphism of functors pg =~ p', and hence we obtain a morphism of algebraic stacks

(1.2.11) p: M3 ® C — Ty \ Doy,

which we refer to as the period map. The global Torelli theorem ([16], 1.2) implies that (1.2.11)
is representable, étale, generically an isomorphism, and a bijection on geometric points. More
generally, if I' C I'y;, is an arithmetic subgroup, the quotient I'\ Dy, has a natural structure
of an algebraic stack and receives a representable, étale morphism from a stack classifying
polarized K3 surfaces with suitable level structure.

It is not quite true, however, that M3} ® C is isomorphic to ['gx\Dax. As mentioned above,
the map (1.2.11) is étale and the two stacks have the same C-valued points. However, the
objects of I'g\ Doy have more automorphisms than the objects of M3} (because of so-called
—2-curves; see ([16] 1.2)). The philosophy of this paper is that for many questions the
difference between the two stacks can be neglected.

This is at least true with regards to defining automorphic forms. If w denotes the universal
line bundle on I'y;\Dag, then the pullback p*w is isomorphic to (f.Q3%. /Marlg) ® C where f :
X* — M3R is the universal K3 surface. We show (8.3) that for every integer [, the natural
map

H®(Poi\ Doy, w®') — H (M5}, (f.05 */M;r,g)®l) ®C

is an isomorphism. Moreover, if X — My, is the universal log K3 surface, then the natural
map

H (Mg, (feQ% p,,) ") — H (MR, (feQ%e juagm)™")
is an isomorphism as well (8.4). This result enables one for example to think of a cusp form
of weight [ with respect to 'y, as a “rule” which to any polarized log K3 surface f: X — T
over some log scheme T associates a section of (f.Q5 /T)®l (where Q% 7 denotes the second

wedge product of the log differentials) which vanishes at the points ¢t € T' over which the fiber
is singular (in the usual sense).

Once we have this interpretation of automorphic forms as sections over the moduli stack of
log K3 surfaces, we can also construct minimal and toroidal compactifications of the period
spaces (([9]) and ([8])). To explain this, let us consider the situation of a neat arithmetic
subgroup I' C I'yx so that I'\Dy is a scheme and not only an algebraic stack. We will
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construct a Deligne-Mumford stack Moy r, which will be defined over a certain number field
Fr C C, classifying polarized log K3 surfaces with “I-level structure” (7.10-7.13). Over
My, there is a universal log K3 surface f : X — My, and if Qg( Mg ¢ denotes the second

wedge product of the log differentials, then we show that ( f,Q3 /M%’F)@ is generated by global
sections for suitable [ and that I'(Mag, (f.Q5 /MQk,l")®l) is finitely generated. The image of
the map to projective space defined by f.Q53 Mg 1 then a model (I'\Dyy)};. for the minimal
compactification of I'\ Dy, over Fr. In particular, the image is a normal projective scheme.

Once we have the minimal compactification, we can construct certain toroidal compactifi-
cations by blowing up sheaves of ideals on (I"'\Dy;)¢ and normalizing (see the discussion in
(8.6)). However, we will show that the relevant sheaves of ideals are already defined over Fr,
and hence we obtain models for toroidal compactifications over Fr. In fact we show more.
Let ¥ denote the data needed to define a projective toroidal compactification of I'\Dyx (a
“I-admissible collection of fans”), and let (I'\Dy) be the associated compactification. We
associate to X a quasi-separated algebraic space My, r 5; over Fr with the following properties:

(1.2.12) There is a polarized log K3 surface over My 1y, which is the universal solution to a
certain moduli problem.

(1.2.13) There is an étale quasi-finite map pr. : Mogr s — (I'\Dax)m. to a proper scheme
(I"\Dax.) . which comes equipped with a canonical isomorphism (I'\Day) . @ C =~ (I'\ Dyy).

(1.2.14) If V. C (I'\Dak) i denotes the image of pp., then (I'\Dax)m — V' has codimension
> 2, and the map p : Mgy r», — V' is universal for maps from My, r 5, to separated algebraic
spaces.

Moreover, the relationship between My, r 5y and V' is well-understood in terms of elementary
modifications ([19], 12-14) just as in the case of M5} ® C and 'y \ Doy

The paper is organized as follows.

In section 2 we review some results from the paper ([40]) which will play an important role
in what follows.

In sections 3 and 4 we define the log Picard functor of a morphism of log algebraic spaces
and study its basic properties. In section 3 we study the geometric points of this functor which
have a natural structure of a group. Moreover, in the case of a surface we show that there is
a natural intersection pairing on this group (3.9). This will enable us to speak of the degree
of a polarization in what follows. In section 4 we consider the case of an arbitrary base. We
define the log Picard functor for an arbitrary morphism and prove that it is representable by
an algebraic space (4.6) when the morphism satisfies a logarithmic analogue of cohomological
flatness in dimension 0. This is a logarithmic analogue of a theorem of M. Artin ([5], 7.3).
We have also included a brief discussion in section 3 of the logarithmic Picard group for log
curves which may be of some independent interest. The log Picard group for log curves has
previously been studied by T. Kajiwara (]26]).

We introduce the notion of a polarized log K3 surface in section 5, and discuss some basic
properties. Then in section 6 we define the stack My, and prove that it is a Deligne-Mumford
stack using the results of appendix B.
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Once we have My, we can define various other algebraic stacks classifying log K3 surfaces
with level structure. This we do in section 7.

Finally in section 8 we discuss the minimal and toroidal compactifications of I'\Dys. We
also show that the Hodge bundle with logarithmic connection and Hodge filtration on My r 5
obtained from the universal family descends to the scheme (I'\Dax)p. (notation as above).
The results of this section are perhaps more naturally viewed in the context of Shimura
varieties (i.e. replace I'\'Dy by an appropriate Shimura variety), but in order not to introduce
too much machinery into the paper we have chosen not to discuss this. We hope that it is
clear how to proceed for the reader familiar with this subject.

We have included two appendices, the results of which are used in the proof that My, is
algebraic. The first appendix discusses a version of M. Artin’s theorem ([2], 5.3) with an
algebraic stack as a base. The main result is (A.12). In the second appendix we reformulate
(A.12) in the case when the base is Log (see (1.4), and we obtain a logarithmic version of
(2], 5.3).

1.3. Acknowledgements. We would like to acknowledge the strong influence on this paper
of the work of R. Friedman ([16]) and R. Friedman and F. Scattone ([20]) on partial com-
pactifications of period spaces for K3 surfaces. In addition, we found N.I. Shepherd-Barron’s
paper ([44]) very helpful.

Much of this work was done at the Mathematical Sciences Research Institute in Berkeley,
CA. The author would like to thank this institution for its excellent working conditions.
Thanks are also due to A. Abbes, L. lllusie, and A. Ogus for their encouragement which led
the author to return to the subject of K3 surfaces. Special thanks are due to J. Starr for
numerous enlightening conversations. We also want to thank the referee for helpful comments.
The author was partially supported by an NSF post—doctoral research fellowship.

1.4. Conventions and Prerequisites. We assume that the reader is familiar with loga-
rithmic geometry at the level of the paper ([28]) as well as the stack-theoretic approach
introduced in ([39]). We freely use the notation of these two papers. In particular, if S is a
fine log scheme, we denote by Logg the algebraic stack whose objects are morphisms of fine
log schemes X — S, and whose morphisms are given by strict morphisms over S. We some-
times write Log for Log(Spec(Z),ngeC@))' Only fine log schemes are considered in this paper, so
we often omit the adjective “fine”.

Regarding algebraic stacks we follow the conventions of ([32]), except we do not assume
that our stacks are quasi-separated. More precisely, by an algebraic stack we mean a stack
X in the sense of ([32], 3.1) satisfying the following:

(1.4.1) The diagonal
A: X — X xX

is representable and locally of finite type;
(1.4.2) There exists a surjective smooth morphism X — X from a scheme.

We call an algebraic stack X for which there exists an étale surjective cover X — X a
Deligne-Mumford stack.

The reader is assumed to be familiar with algebraic stacks.
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In sections 5-8 all algebraic spaces are defined over Q unless we state otherwise.

2. Canonical log structures on semi-stable schemes

In this section we review some definitions and results from ([40]) which will be used in
what follows.

2.1. If R is a complete discrete valuation ring with uniformizer mw, and X/R is a regular
algebraic space with smooth generic fiber and closed fiber Xy a divisor with normal crossings,
then the morphism X — Spec(R) can naturally be viewed as the underlying morphism of
algebraic spaces of a log smooth, integral, and vertical morphism of log algebraic spaces by
endowing Spec(R) and X with the pushforwards of the trivial log structures on the generic
fibers ([28], 3.7 (2)). The purpose of the paper ([40]) was to investigate to what extent the log
structures on X and Spec(R) are intrinsic invariants of the above situation, and to generalize
to other bases.

Definition 2.2. A morphism f : X — S is semi-stable if it is flat and if for every geometric
point § — S the fiber X5 is étale locally isomorphic to

K(S)[x1, ..., xn) /(21 )

for some n and r.

We will often consider the following class of log morphisms in what follows:

Definition 2.3. A morphism (f, f°) : (X, Mx) — (S, Mg) from a log algebraic space to a
log scheme is log semi-stable if f is log smooth, integral, and vertical and if the underlying
morphism f : X — S is semi-stable (recall that a morphism of fine log schemes ¢ : (U, My) —
(V, My) is called vertical if the cokernel in the category of sheaves of integral monoids of the
map ¢*My — My is a sheaf of groups).

2.4. Fix a proper semi-stable morphism f : X — S from an algebraic space to a scheme S of
finite type over an excellent Dedekind ring, and consider the functor

IVLSx/s : (log schemes over S) — (Set)

which to any log scheme (T, Mr) associates the isomorphism classes of pairs (Mx.,., ),
where M. is a log structure on X7 := X x5 7T and f°: prs Mz — My, is a morphism of
log structures such that

(Xp, Mx,) — (T, Mr)
is log semi-stable. The following theorem is proven in ([40], 1.2) (the result is stated there
only for the case when X is a scheme, but the argument generalizes verbatim to the case of
an algebraic space):

Theorem 2.5. IVLSy/g is representable by a log scheme over S. The tautological map from
the underlying scheme of IVLSx /s to S is a monomorphism of finite type.

Remark 2.6. If S = Spec(k) for an algebraically closed field &, then IVLSx/g is non-empty
if and only if X is d-semi-stable in the sense of ([17], 1.13). This follows from ([40], 3.14) or
([27], 11.7 (2)).

The theorem prompts the following definition:
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Definition 2.7. A proper log semi-stable morphism (f, f°) : (X, Mx) — (S, My) is special
if the tautological map (S, Mg) — IVLSx/g is strict (recall that a morphism of log schemes
f:Y — Z is strict if the map f*Mz — My is an isomorphism).

2.8. It follows from (2.5) that if (f, f°) : (X, Mx) — (S, Mg) is a proper log semi-stable
morphism, then there exists a cartesian diagram in the category of log algebraic spaces

(X>MX) a—X> (X7 Mg()
(2.8.1) (f,f”)l l(ftfbﬁ)
(SaMS) S (S>Mﬁs>7

where the morphisms ag and ay are the identity morphisms and (f%, f%*) is special. In
fact, it is shown in ([40], 2.6) that the additional data of the diagram (2.8.1) is unique up to
unique isomorphism (and not just unique up to isomorphism). In other words, given a second
cartesian diagram

(X, Mx) —2 (X, N%)

(fvfb)l l(g”y””)

(S, Msg) —= (S,NE),

where bx and bg are the identity maps and (g, g**) is special, there exists a unique isomor-
phisms

il:(X7N)ﬂ()—>(X7Mg()v 22(S7N£‘>—>(S7Mg)
such that iy o (gﬁ,gbﬁ) = (fﬁ, fbﬁ) o1y, 13 0 by = ax, and iy 0 bg = ag. This has the following
corollary:

Corollary 2.9. Let (X, Mx)/(S, Ms) be a proper and special log semi-stable morphism.
Then there are no non-trivial automorphisms of (X, Mx) over (S, Mg) which are the identity
on X.

2.10. If (f, f°) : (X, Mx) — (S, Mg) is a proper log semi-stable morphism and if (g, ¢°) :
(S, Mg) — IVLSx/s denotes the tautological morphism of log schemes, then by ([28], (1.4.1))
the morphism (f, f°) is special if and only if the induced map g° : gflﬂIVLsx/s — Mg is an
isomorphism. Therefore, (f, f°) is special if and only if for every geometric point 5 — S, the

fiber (X5, Mx.) — (8, M;) is special (here M; denotes the pullback of Mg to the point 5).

Now in the case when S is the spectrum of a separably closed field k, we can give an
alternate description of what it means for (f, f°) to be special. First of all, it follows from
the proof of (2.5) that Mg is a free monoid of finite rank and that for every geometric point
z — X the monoid My is also free of finite rank. Moreover, for suitable isomorphisms
Mg ~ N and My ; ~ N+ the natural map

fb : MS — HX,:E
is of the form

€; ifi#?“
(2101) eiH{ €T+€r+1+"'+er+s ifi=r.
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In particular, if T is a singular point of X, then there exists a unique element among the
irreducible elements of Mg whose image in M x ; is not irreducible. Thus we obtain a map

s Xging — {irreducible elements of Mg}.

The condition that (f, f°) is special is then equivalent to the statement that the map s induces
a bijection between the set of connected components of the singular locus of X and the set
of irreducible elements in Mg. In other words, if (f, f*) is special, then s induces a canonical
isomorphism Mg ~ N¢(X) where C(X) is defined as follows:

Notation 2.11. If X is a scheme over a separably closed field, then we denote by C(X) the
connected components of the singular locus of X.

2.12. Suppose now that S is the spectrum of a complete local ring A with separably closed
residue field and that (f, f°) : (X, Mx) — (S, My) is special. Then by the preceding
paragraph, we have a canonical isomorphism H°(S, Mg) ~ N¢X0) where X, denotes the
closed fiber of X. For each ¢ € C(Xy), let M, C Mx be the subsheaf of sections m € Mx
such that étale locally there exists n € My such that m + n is a multiple of the image of the
c-th standard generator of N¢(Xo) ~ M. Denote by M. C Mx the inverse image of M,. It
follows from a local calculation that there is a canonical decomposition in the category of log
structures on X (here the sum denotes pushout over O%)

(2.12.1) My~ P M.,

ceC(X0),0%
and that the map f~'Mg — My is compatible with the C(X,)-grading.

Example 2.13. If z € X is a point of the ¢-th component of the singular locus, then in an
étale neighborhood of z we can find a chart

X — Spec(Alar, ..,z /(w2 — 1)), te A
sending z to the point {z; = 0}";. In this neighborhood M, is simply the log structure
associated to the map N” — Ox sending ¢; to z;.

2.14. Tt will also be useful later to observe that the set of points Z of X where f is not smooth
has a natural structure of an algebraic space. Let Z. be the c-th connected component of Z
(note that by ([4], 3.1) the connected components of Z are again indexed by C(Xj)). Then
the sheaf

(2.14.1) Ext (R, 4, Ox)

is supported on Z, and we let J. be the ideal sheaf which in a neighborhood of z € Z, is equal
to the annihilator of (2.14.1) and trivial elsewhere. It follows from ([40], 3.14 (1)), that if we
choose an étale neighborhood U of z and an étale morphism giving a chart to

~

Spec(Alzy, ..., x,] /(2120 — 1))

for some n, r, and t. € my, then J, is the ideal

(ml"'/x\j"'$r);:1,

and the closed subspace of X defined by J. is set theoretically equal to Z..
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In the case when t. = 0, this also gives a description of M,. Let v, : X’C — X be the
blow-up of the ideal J..

Proposition 2.15. Assume that t. = 0. Then there exists a unique isomorphism o : M, ~
Ve« N with the property that for every geometric point © — X with inverse images Ty, ..., %, €
Xc, the induced map

Mz — (VaN)z ~ @5, Ny,

sends a primitive element e € M,z with lifting € € M,z to the generator of Ny, for the
unique point T; for which é maps to zero in O, . .

Proof. Tt suffices to prove the proposition after replacing X by an étale cover so we may
assume that

~

X = Spec(Alzy, ..., x,]/(x1 - 2))
with the natural log structure, and that Z. is equal to the singular locus. Let X; C X be the
closed subscheme defined by z; = 0. In this case, X; is equal to

1R
j=1

Define a map v, 'N" — N by sending the j-th generator e; to 1 on X; and all the rest of the
generators to zero. The resulting map N” — v, N then induces the required isomorphism o
on X which is easily seen to be unique and hence defined globally. O

3. The log Picard functor: first observations

3.1. Let
(311> (fa fb) : (X’MX) - (S7MS)

be a special log semi-stable morphism, with S the spectrum of a separably closed field k.
In this section we make some basic observations about the group H*(X, M%). This group
had previously been suggested as a good candidate for a logarithmic Picard group ([25],
3.3), and is naturally identified with the r-valued points of the logarithmic Picard functor
Pic((X, Mx)/(S, Mg)) defined in the next section (4.5). The discussion of curves (3.4)-(3.8)
is not used anywhere else in the paper and may be omitted. For a more thorough discussion
of the log Picard group for curves see Kajiwara’s paper ([26]).

Observation 3.2. For each ¢ € C(X), let v, : X. — X be the blow-up of the ¢-th connected
component of the singular locus of X as in (2.15), so that we have an exact sequence

(3.2.1) 0— 0% — MY — PwaZ — 0.

Since H'(X,,Z) = 0 ([7], 1X.3.6), the sequence (3.2.1) identifies H'(X, M%) with the quo-
tient of the usual Picard group Pic(X) by a map

®.H(X,,Z) — Pic(X).
Choose an isomorphism M, ~ N" @ k* (for some r), and let

(3.2.2) (X, M'y) — (Spec(k), N @ ")
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be the log algebraic space obtained from (X, Mx) by base change via the map
(Spec(k),N® r*) — (Spec(k), N" @ k*), sum:N" — N.

If v : X — X denotes the normalization of X, then by the same reasoning as in the proof of
(2.15) there is a natural isomorphism My ~ v,N. For each ¢ € C(X) there is a natural map
X — X., and hence natural maps S. : VexN — 1,N. Moreover, from the commutativity of the
diagram

00— Oy — M¥ — ®dwaZ — 0

1 |

0—>O§(—>M/§p—> v, —— 0

we conclude that H'(X, M%) is the cokernel of a map
(3.2.3) (Z){connected components of X} L HY(X,0%).

This map has the following interpretation. Suppose X has a smoothing X'/R over some
discrete valuation ring R with residue field k. Then the different irreducible components X;
of X are divisors in X and the image of the generator corresponding to X; in (3.2.3) is equal
to the image of the class of the divisor Xj.

Observation 3.3. Continuing the discussion in the previous observation, let Lx, € H'(X, O%)
be the image of the class corresponding to X; under (3.2.3). Even without the existence of a
smoothing, we can show in the following way that Ly, |x; (j # %) is isomorphic to Ox, (—D;),
where D;; denotes the intersection X; N X;. Let ¢; € ﬂ%? be the section corresponding to
X; so that Ly, is the O%-torsor of liftings of ¢; € My to M%. Let U — X be an étale
morphism, and suppose we have a lifting é; of e; over U. Then a(é;) € Ox(U) pulls back to
a generator of Oxj(—Dij) on U xx Xj. Indeed this can be verified étale locally so it suffices
to consider the case when U is étale over

Spec(k[zy, ..., x,]/(x1 - )

and X; (resp. X;) is defined by the equation x; = 0 (resp. x; = 0). In this case it is clear
that (a(é;)) = (x;). If g : X; — X denotes the inclusion of X in X, we therefore obtain a
map of sheaves

{liftings of e; to MY} — g, {trivializations of Ox,(—D;;)},
and this map is compatible with the natural action of O% (where O% acts on the right hand
side through the map O% — ¢.0%). From this it follows that Lx,|x;, ~ Ox,(—D;).

Moreover, note that ®;Lyx, ~ Ox since the image of 1 under the natural map Z — v,.Z
lifts to M. Indeed, the image of 1 € N under the map N — M/ obtained from the
structure morphism (3.2.2) is such a lifting. Hence the restriction of Lx, to X; is isomorphic

to Ox, (22,4 Dij)-
3.4. The degree map when X is a curve.

Though we do not need any results about the log Picard functor for curves, we include
some basic observations and sketch an example to motivate the definition.
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Suppose all the components X; of X have dimension 1, and let Y; C X be the inverse image
of X;. For any line bundle £ on X define the degree of £ by the formula

(3.4.1) deg(L) := Z degy, (V" Lly,).

A corollary of the discussion (3.3) is the following:

Corollary 3.5. If Lx, denotes the line bundle associated to a component X; as in (3.3), then
deg(Lx,) = 0. Hence the degree map descends to a map

HY (X, M%) — Z.
Proof. By (3.3),

deg(Lx,) = degy, (Oy,(Y_ D)) + > _ degy, (Oy,(=Dy;)),
J#i J#i
where D;; := X; N X (since Y¥; — X is an isomorphism over D
as a subscheme of Y;). Since

degy, (Oy,(Dy;)) + degy, (Oy, (D)) = 0,
the result follows. U

ij, we also abusively view D;

Example 3.6. Suppose X is the standard N-gon for some N > 2 ([13], II.1.1). That is, X is
a chain of PVs glued together at 0 and oco. By ([27], 11.7 (2)), there is a natural log structure

My on X and a special morphism from (X, Mx) to (Spec(k), M,), for some log structure
M, on Spec(k). Let Pic’(X, Mx) be the kernel of the map

deg : H' (X, M%) — Z.

Denote by X,e; C X the smooth locus of X, and choose a point e € X, (k). For any other
point ¢ € X,e(k), the sheaf Ox((¢) — (e)) defines a class in Pic’(X, M), and so we obtain
a map

Xreg(K) — Pic’(X, M)
which we claim is an isomorphism of groups.

To see this, let Picl(X) be the kernel of the degree map Pic(X) — Z, and note that by
([13], I1.3.4) there exists a surjective homomorphism

(3.6.1) Pic(X) — X,ee(r)

with the property that Ox((t) — (e)) maps to t. Denote by Ky the kernel of (3.6.1). If e;
denotes the point “1” on the i-th P! (so e = ¢). Then the elements F; := Ox((e;) — (eg))
(i=1,...N) map to a basis for

Picl®(X) := Ker(deg : Pic(X) — 7).

and hence induce a natural exact sequence

0 K* Pic(X) —— oM'Z-F, —— 0.
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Since the composite of the inclusion x* — Picl” (X) with (3.6.1) is injective, the projection
Ky — ZM~! is an inclusion. Moreover, there is a natural commutative diagram

0 K* Picl(X) —— @NJ'Z-Fi —— 0
I | d
0 K* Xyeg(k) ——  Z/NZ —— 0,

where p is the map which sends F; to .

By (3.5), the degree of the Ly, is zero, and we define K; C Picl(X) to be the subgroup
generated by the Lx, so that we have an exact sequence

0 — K; — Picd(X) — Pic®(X,Mx) — 0.

To prove that (3.6.1) is an isomorphism it suffices to show that Ky = Kj. This follows from
the following two lemmas whose proofs we leave to the reader.

Lemma 3.7. In Pic(X), Lx, = 2F — Fliy1) — Fli—1), where for an integer j we denote by
[7] the congruence class of j modulo N and Fy := 0.

Lemma 3.8. The kernel of the map p : ZVN~' — Z/NZ is generated by the elements 2F ) —
Friv) — Fli-)-

3.9. Intersection product when X is a surface.

Suppose now that all components of X have dimension 2, and let {Y;} be the connected
components of the normalization v : X — X of X. On Pic(Y;) we have the usual intersection
pairing < -, - >y, and for two elements L, Lo € H (X, O%), we define

(391) < £1,£2 >1= Z < £1 Ym‘CQ

y; >V, € 7.

The following proposition shows that this defines a pairing
(3.9.2) <> HY (X, M) x HY (X, M%) — Z.
Proposition 3.10. The pairing (3.9.1) descends to a pairing on H*(X, M5).

Proof. Let G be the free abelian group on generators Ly, corresponding to the components
X; of X. The group H'(X, M%) is the quotient of H'(X, O%) be the image of G under the
map (3.2.3). Thus since the pairing (3.9.1) is symmetric, it suffices to show that for every
L e H(X,0%),
< Lx;, L>=0.

Denote by D;; the intersection v(X;)Nv(X;). The curves D;; have at most nodal singularities,
so it makes sense to speak of the degree degp, (L) of a line bundle on D;; ([13], 1.3.3.4).
Moreover, (3.3) shows that

< Lx,L>==Y degp (L) =) <L,
j#i j#i

Ywﬁ

Y; Y,

which equals

- Z degDij (£) — Z(—degDiJ_(ﬁ)) = 0.

J#i J#i
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4. The log Picard functor: general definition and representability

4.1. Turning now to the general case, let
(4.1.1) (f, f*) : (X, Mx) — (S, M)
be a proper special log semi-stable morphism with S a scheme. In this section we define

a logarithmic Picard functor Pic((X, Mx)/(S, Ms)) and prove that it is representable by

an algebraic space. In the case when S = Spec(k) for a separably closed field &, the set
Pic((X, Mx)/(S, Ms))(x) will be in natural bijection with the group H'(X, M%) discussed
in the previous section.

Before defining the log Picard functor, however, it will be useful to consider the following
stack:

Definition 4.2. The Picard stack of (X, Mx)/(S, Ms), denoted Pic, is the stack over the
category of S-schemes whose fiber over any g : T' — S is the groupoid of M%fT—torsors over
X1 et, where (X7, My, ) — (T, 9" Mg) denotes the morphism obtained by base change.

Just as in the case of algebraic spaces ([5], p. 67), we need to impose a condition on (4.1.1)
in order to understand the deformation theory of Pic.

Definition 4.3. The morphism (4.1.1) is cohomologically flat in dimension 0 if for any
nilpotent closed immersion Spec(Ag) < Spec(A) of affine schemes over S defined by a square-
zero ideal, the natural map

HO(XA7 M%?A) - HO(XAW M%?A())

is surjective.

The following theorem is the main result of this section.

Theorem 4.4. If (4.1.1) is cohomologically flat in dimesion zero, then Pic is an algebraic
stack locally of finite type over S.

Before giving the proof of (4.4), let us note some consequences pertaining to the log Picard
functor.

Definition 4.5. For a special log semi-stable morphism as in (4.1.1) which is cohomologically
flat in dimension 0, we define the log Picard functor, denoted Pic((X, Mx)/(S, Mg)) (or just
Pic if no confusion seems likely to arise), to be the sheaf associated to the presheaf which to
any 7' — S associates the isomorphism classes of objects in Pic(T).

Corollary 4.6. The functor Pic is representable by an algebraic space.

Proof. If A € Pic is an object over some S-scheme T, then the group of automorphisms of
A in Pic(T) is the group H(Xp, M% ). Thus the corollary follows from our assumption of
cohomological flatness in dimension 0 and the following general result. U

Proposition 4.7. Let 'Y be an algebraic stack such that for any object z : Z — Y over some
scheme Z, the group algebraic space Aut, over Z representing the functor of automorphisms
of z is smooth. Then the sheaf Y associated to the presheaf which to any scheme T associates
the isomorphism classes of objects in Y(T') is representable by an algebraic space.
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Proof. This argument can be found in ([2], Appendix). We repeat it for completeness. Let
u: U — Y be a smooth cover, and let V = U xyU, R =V Xyxy V. Then R defines an
equivalence relation on V. Indeed to give a map 7" — V is equivalent to giving data (¢, ts,¢),
where t; : T — U are morphisms and ¢ : tju ~ tiu is an isomorphism in Y(7'). R is the
sub-functor of V' x V consisting of pairs of data

{(th t27 L), (tl, tQ, Ll)}.
The fact that the Aut-functors are smooth implies that R is a smooth equivalence relation
on V. Denote by V = [V/R] the resulting algebraic space. The space V represents the
functor over U x U which to any scheme T associates {x} if pju|r and pju|r are étale locally
isomorphic and () otherwise. Hence V' C U x U is the equivalence relation defining Y, and
by construction it is a smooth equivalence relation. Hence Y is representable by an algebraic
space. ]

It will also be useful to define a log Picard functor for morphisms which are not special:

Definition 4.8. If (f, %) : (X, Mx) — (S, Mg) is a (not necessarily special) proper log
semi-stable morphism, we define the log Picard functor, denoted Pic((X, Mx)/(S, Mg)) (or
just Pic), to be the functor Pic((X, M&)/(S, /\/lﬂs)), where /\/l& and Mﬁs are as in (2.8).

In the rest of this section, we prove (4.4) by first reducing to the case when S is an affine
scheme of finite type over an excellent Dedekind ring, and then verifying the conditions of
(2], 5.3).

4.9. Reduction to the case when S is affine and of finite type over 7Z.

With out loss of generality, we can assume that S = Spec(A) is affine. Write A as a filtering
inductive limit @Ai of Z-algebras of finite type. Since X/ is special, the stalks of Mg are
all isomorphic to N” for some r. By ([39], 5.14), there is an open substack U C Log classifying
such log structures, and since U is locally of finite presentation over Z, we can approximate
Mg by a log structure My, on one of the Spec(4;) for which the stalks of M, are all
free monoids. Moreover, by ([39], 3.5) there exists an open substack 8 C Log(spec(a,) M.,
classifying morphisms of log schemes g : T — (Spec(4;), M4,) with the property that for

every geometric point ¢ — T the map My, ;5 — My is as in (2.10.1). Now since X /S

is of finite presentation, we can approximate X by a proper scheme f; : X; — Spec(A4;)
after possibly increasing ¢, and since § is locally of finite presentation over A; we can by
([32], 4.18) also find an approximation £ : X; — 8 for the map X — § induced by the

log structure on X. Let Z C X; be the closed subset of points where £ is not smooth.
Since f; is proper, fi(Z) C Spec(A4;) is a closed subset which does not meet the image
of Spec(A) — Spec(4;). Hence after increasing i, we can assume that Z = () in which

case the map f; : X; — 8 is smooth. We have now found a proper log smooth morphism

X; — (Spec(4;), My,) inducing X/S. Moreover, for every geometric point z — X; in the
singular locus, the map My, sz — Mx, 7 is asin (2.10.1). From this and ([40], 2.2) it follows
that X; — (Spec(4;), M,) is a proper special log semi-stable morphism.

4.10. Pic is limit preserving.
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We have to show that if {A;} is a filtering inductive limit of noetherian rings over S, then
the natural functor
(4.10.1) lim Pic(A;) — Pic(lim A;)
is an equivalence of categories. To see that this functor is fully faithful, suppose given two
objects A1, Ay € lii>anic(Ai). After replacing S by one of the A;, we may assume that the \;
are induced by objects, which we also denote by \;, in Pic(S). Let Spec(R) — X be an affine

étale cover such that the restrictions of the A; to Spec(R) are trivial, and let Spec(R') =
Spec(R) x x Spec(R). We then have a natural commutative diagram

limIsom(A1|x,,, Ao[x,,) — limIsom(Ai[g;, Aelr,) = limIsom(Ai|r;, Ao|r:)
(4.10.2)
Isom(A1]x.., A2l x..) —  Isom(M|p., Aolr.) = Isom(Ai|m, Aalr ),

where X4, (resp. R;, R}) denotes the base change of X to Spec(4;) (resp. R®oqAi, R ®o04A;)
and Xo (resp. Roo, R.) denotes lim X, (resp. lim R;, lim R}). Since the rows in (4.10.2)
are exact, the following lemma proves the full faithfulness of (4.10.1).

Lemma 4.11. Let {R;} be a filtering inductive system of noetherian rings with compatible
log structures Mp,. Then the natural map

lim H°(Spec(R;), M%) — H°(Spec(Ra), MT)
is an isomorphism, where Mg denotes the log structure on Spec(R..) obtained from the

M,

Proof. From the exact sequences
0—>0;;i—>/\/t%g—>ﬂ§§—>o
we obtain a commutative diagram with exact columns
0 0

lim H%(Spec(R;),0f) — H"(Spec(Rw), O%_)

@HO(Spec(Ri),M%) — HO(Spec(Roo),M%;)

lim H%(Spec(R;), M) — H°(Spec(Ra), M)

lim H' (Spec(R,), 03,) —  H'(Spec(Roc), O )
By standard properties of G,,, the first and fourth horizontal arrows are isomorphisms, and by

([7], VIL.5.7) the third horizontal arrow is an isomorphism also. Hence the second horizontal
arrow is an isomorphism. O

To see that (4.10.1) is essentially surjective, suppose given an object A € Pic(lim 4;).
Let Spec(Rw) — Xo be an affine étale cover for which A g, is trivial. After replacing
S by Spec(A;) for ¢ sufficiently big, we can find an étale cover Spec(R) — X such that
Spec(Ry) = Spec(R) X x Xoo. Let Ag denote the trivial torsor on Spec(R) and choose an
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isomorphism Agr|r. >~ Aoo|r.. By (4.11), we can after perhaps replacing S by Spec(A;) for
an even bigger ¢, find an isomorphism o : piAgr ~ piAg over Spec(R) X x Spec(R) inducing
the tautological isomorphism piAoo|r., = P5Aoo| Ry, OVer Spec(Ry) X x.. Spec(Ry). Moreover,
by (4.11) the equality
Pia(0) = () 0 Pia(o)

holds over Spec(R) X x Spec(R) X x Spec(R) after possibly base changing to another A;. In
this case, the pair (Ag, o) induces by descent an object A € Pic(X) whose image in Pic(X,)
is isomorphic to Ao. Thus (4.10.1) is essentially surjective.

4.12. Obstruction theory.

Suppose A — Ay is a surjection of rings over S with square-zero kernel I. Let

(XAO7'MXAO) - (XA?MXA)

l |

(Spec(Ap), M4,) —— (Spec(A), My)
be the resulting diagram of log algebraic spaces. Suppose further that
No € H' (X4, MZ, )
is a class representing a torsor. Define a map
€:1®O0x, — MY,
by sending i ® f to 1+if, where f is a lifting of f to Ox,. Then, as in the case of the usual

exponential map ([5], p. 69), this does not depend on the choice of f and is a homomorphism.
Moreover, there is a natural exact sequence

(4.12.1) 0 — I®0x, —— MY, — M, —— 0
from which it follows that the obstruction to lifting Ay to X 4 is a class
o(Xo) € H*(X4,, 1 © Ox,, ).

In this way we obtain an obstruction theory, in the sense of ([2], 2.6), for Pic. Moreover, the
conditions ([2], 4.1) are satisfied by standard properties of cohomology.

4.13. Schlessinger’s conditions.
Let us first make a general observation. If A — Ajq is a surjective morphism with square-
zero kernel I, then the sequence (4.12.1) gives rise to an exact sequence
0 — H'(Xa0, I ® Ox,,) — H' (X4, M%) — H'(Xay, MT, )
by our assumption of cohomological flatness in dimension 0. Thus given any A\g € Pic(X4,),
the isomorphism classes of liftings of Ay to X 4 are naturally a torsor under H'(X4,, I®Ox 40 ).

Suppose now that
B

|

A A Ay
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is a deformation situation as in ([2], 2.2), and fix A € H'(X4, M¥,). Recall that B — Ay is
surjective, A — Ay and A’ — A are surjective with nilpotent kernels, and I := Ker(A’ — A)
is an Ag-module of finite type.

Proposition 4.14. The natural functor
F. fPiC,\(AI XA B) I :])iC)\(A/) X :PZC)\(B)
is an equivalence of categories. Here for any ring R with a map | : R — A, we denote by

Pica(R) the category whose objects are pairs (N, 1), where X' € Pic(R) and v : I*N ~ X is an
isomorphism in Pic(A).

Proof. To see that F'is fully faithful, let A\, Ay € Picy(A’ x4 B) be two objects and consider
the map

(4.14.1)  Isompjc, (arx ,B) (A1, A2) — Isompic, (ar)(A1|ar, A2lar) X Isomapic, (y(A1]B, A2|B)-

If the left hand side of (4.14.1) is non-empty, then the choice of an element in the set
Isompc, (a7x 4 B)(A1, A2) identifies the map (4.14.1) with the natural map
(4.14.2)

Ker(H* (X, MR, ) = H' (X4, M)

|

Ker(HO(XA/,MggA/XAB) — HY(X 7, M%) ® Ker(H(Xp, M) — H°(Xa, M%)
Since the kernel of
Ker(HO<XA/XAB>M§<PA/xAB) - HO(XA7M§?A>) - Ker<HO<XBaM§?B) - HO(XA7M§?A))
is by the exponential sequence (4.12.1) isomorphic to H*(X 4,1 ® Ox, ) as is
Ker(HO(XAUM%?A/) - HO(XAv %&))7

the map (4.14.2) is an isomorphism. Hence to prove that (4.14.1) is bijective it suffices to
show that the left hand side is non-empty if there exists an isomorphism

(Ll : )\1’A/ - /\2|A’7L2 : )\1|B - )\Q‘B)
in Picy(A") x Picy(B).
To see this, view \; as a lifting of A\y|p via t5. Then the obstruction to lifting t5 to A’ x4 B
lies in H'(X4,,1 ® OXAO), and is equal to the class defined by the liftings Aj|4 and Ag|ar.

Hence this class is zero, and we can find an isomorphism ¢ : \; >~ A\s inducing t5. Thus F' is
fully faithful.

To see that F' is essentially surjective, let (A1, Aa) € Picy(A’) x Picy(B) be an object. Then
the obstruction to lifting Ay to X« ,p lies in H?(Xy,, I ® OXAO), and this obstruction is
by functoriality equal to the obstruction to lifting A to X .. Hence A, lifts. Choose such a
lifting . Then \|x » 1s isomorphic to A; in Picy(A’) if and only if the corresponding class
ce H (X4, I®O0x 4,) 18 zero. But as mentioned above, the isomorphism classes of liftings of
Ao is canonically in a torsor under this same group. From this we conclude that there exists a
unique lifting A € Picy(A’ x 4 B) of (A1, \s), and hence F is an equivalence of categories. [
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From this and standard properties of cohomology we conclude that conditions 1 and 3 of

([2], 5.3) hold.

4.15. Quasi-separation condition.

We have to show that if Ay is a noetherian integral domain over S, and if A € Pic(Ay)
admits an automorphism o € H°(X AO,M%}’AO) which induces the identity in Pic(k) for a

dense set of points Ay — & of finite type, then there exists an open dense subset of Spec(Ay)
over which o is the identity. By ([39], 3.5 (ii) and (iii)), the set of points # € X4, for which

the image of ¢ in M%?oni is zero is an open set. Let Z C X4, be its complement. Since

Xa,/Ao is proper, the image of Z in Spec(Ay) is a closed set whose complement contains a

*

dense set of points. Hence after shrinking Spec(4y), we may assume that o € H°(X 4, Xag ).

Since X 4, is flat over Ay by ([28], 4.5), the open set Z(o — 1)¢ C X4, maps to an open set in
Spec(Ap) whose complement is dense by assumption. Hence Z(o — 1) = X4, and since Xy4,
is reduced we must have o = 1.

4.16. Compatibility with completion.

By ([2], 5.3) the following proposition completes the proof of (4.4).

Proposition 4.17. Let A be a complete noetherian local ring with separably closed residue
field x and mazimal ideal m, and let A, = A/m" ™. Then the natural functor

A A

Pic(A) — lim Pic(A,)

is an equivalence of categories.

Proof. The proof of (4.17) occupies the remainder of this section. Let
5P 8P
MXA - @ M;
iGC(XAO)
be the decomposition given in (2.12).
Lemma 4.18. For each i € C(X4,), the natural map
HY(X 3, M") — lim HO(X 5 , M)
s an isomorphism, and
HY (X3, M) =0=H"(X; ,M,)

for all n.

Proof. Let Z; C X; be the connected component of the singular locus corresponding to
i € C(Xa,). By (2.12) there is a canonical isomorphism HO(SpeC(A),MSpCC(A)) ~ NC(Xao),
where MSpec( A) denotes the pullback of the log structure on S. Let ¢; € A be the image in
A of a lifting of the i-th standard generator of N¢(X40) to MSpec( A The element t; € A is

well defined up to a unit. Since the sheaf pr has support on the closed subscheme of X ;
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defined by t; = 0, we can replace A by A/(t;), and hence can assume that t; = 0. In this
case, we can find an étale neighborhood of the form

A~

Alzy, .o x| /(2 xy)
around any point z € Z;, and the ideal J; of Z; is equal to

(w1 B2 )y.

Let v; : X; — X be the blow-up of J;. Then by (2.15) the sheaf pr is isomorphic to v, Z.
Thus H°(X 4, Mf’p) is isomorphic to a direct sum of Z’s indexed by the connected components
of X;, and similarly for the reductions. Thus the first isomorphism follows from ([4], 3.1) which

implies that the connected components of X; are in bijection with the connected components
of the reductions of X;. The statement about the H'’s follows from ([7], IX.3.6). O

Define K (resp. K,) to be the image of
HY(X 5, M) — HO(X 3, MY) (vesp. HO(X; M, ) — HO(X; MY )),

and let @ (resp. @,) be the cokernel. Our assumption of cohomological flatness implies that
the natural maps K,, — K, _; are all isomorphisms, and hence there is a morphism of exact
sequences

0 — K — H(X;My) — Q ——0

(4.18.1) l 'yl l

0 —— ImK, —— lmH(X; ME ) — lImQ, —— 0,
where the map labeled v is an isomorphism by (4.18).

Lemma 4.19. Suppose Y/A s a proper algebraic space which has the property that for any
surjective morphism R — Ry of A-algebras with square-zero kernel, the natural map

HO(YR’ O;R) - HO(YRm O;RO)
s surjective. Then the natural map
H'(Y,05) — lim H'(Y,, 05,

is an isomorphism, where Y, denotes the reduction of Y modulo m™*1,

Proof. The Grothendieck existence theorem ([14], I11.5.1.6) implies that to give an invertible
sheaf £ on Y is equivalent to giving a compatible family of invertible sheaves {L£,} on the
reductions. From this it follows that it is enough to show that if {£,,} and {L!} are two
compatible families such that for all n, £, and L] are isomorphic, then in fact the two
families are isomorphic. For this it is enough to show that any automorphism of some £,, can
be lifted to £,,1. In other words, that the map

H0<Yn+17 O;LH) - HO(Y”’ O;n)

is surjective. U
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Note that the lemma applies to spaces obtained by pullback from X/S. Indeed if
Spec(Ry) — Spec(R)
is a closed immersion over S defined by a square zero ideal in R, then the map
HO(XR,M%’R) — HO(XRO,MﬁfRO)

is surjective by the assumption of cohomological flatness, and since the diagram of sheaves

on XR
Ox, — Ox,,

l l

gp gp
—
Xr XRy

is cartesian by the definition of a log structure it follows that the map
H°(Xg, 0%,) — H"(Xg,, Ok, )
is surjective.
Lemma 4.20. (i) The natural maps
(4.20.1) K —lmkK, @-—lm@,
are isomorphisms.
(ii) The maps
(4.20.2)  H°(Xy, M) — lim H°(X,,, M), HI(XA,M§§’A) — lim (X, MT)
are isomorphisms.

Proof. To see (i), note that it follows from (4.19) that the map @ — lim @, is injective since
there is a natural commutative square

i1 (v, (O
Q - H (XAa(/)XA>

limQ, —2— lim H'(X,,, 0% ),
— — n
where the maps i; and iy are injective. Combining this with the five lemma applied to (4.18.1),

it follows that the maps (4.20.1) are isomorphisms.

Statement (ii) follows from (i) and (4.19) by considering the natural morphisms of exact
sequences

* 0 R gp
0 A H (XA’MXA) — K —F 0
0 A lim H°(X,,, M} ) —— limK,, —— 0,
P n —

0 — Q — Hl(X/bO;(A) - H1<XA7M§(PA> — 0

l | |

0 — lmQ@, — limH'(X,,0%,) — lim H'(X,, M¥) — 0.
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|

~

4.21 (Completion of proof of (4.17)). Suppose given a compatible family {A, }, € lim Pic(A,).

~

By the second isomorphism in (4.20.2) we can find an object A € Pic(A) whose reduction
mod m™*! is isomorphic to A, for each n. We claim that in fact we can choose a compatible
family of isomorphisms. It suffices to show that any isomorphism ¢, : A|; — A, can be
lifted to an isomorphism ¢, 1 : | Apir Ant1. By assumption there exists an isomorphism
1 Al4,,, = Aut1, and choosing one such isomorphism we obtain an automorphism ¢, o 7|4
of A|; . Now by our assumption of cohomological flatness this automorphism can be lifted
to flnﬂ and twisting 7 by a lift we obtain ¢,,,. This proves that the functor is essentially
surjective.

To see that is it fully faithful, observe that the second isomorphism in (4.20.2) combined

A

with the argument of the preceding paragraph show that two elements A\j, \y € Pic(A) map

~

to isomorphic objects in lim Pic(A,) if and only if 1|4, =~ Xo|4, for every n. This combined
with the first isomorphism in (4.20.2) implies that the functor is fully faithful.

g

5. Polarized log K3 surfaces

Definition 5.1 (cf. [29] or [35]). A morphism of log algebraic spaces f : X — S is a log

K3 surface if it is proper, log semi-stable, and if for all geometric points s — S the second
exterior power Q% of the log differentials is isomorphic to Oy, and H'(X;, Ox,) = 0. A log
K3 surface X/S is special if the morphism f is special in the sense of (2.7).

Remark 5.2. If X/S is a log K3 surface and S is isomorphic to the spectrum of an alge-
braically closed field, then X is a scheme. This follows from ([24], appendix B.3.4), which

shows that the normalization of each component of X is a scheme, combined with (5.13) and
(5.14 (i)) below.

Remark 5.3. It follows from the argument of ([35], 3.4) that the underlying algebraic space
of a log K3 surface X over a separably closed field is a combinatorial K3 surface in the sense
of (1.1).

Definition 5.4. A log K3 surface X/S is stable if the geometric fibers of X /S are all stable
in the sense of (1.1).

Proposition 5.5. Let X/S be a stable log K3 surface with § ~ Spec(k) for some field k of
characteristic 0. Then the Hodge numbers h*? = dim, H1(X, Q%) are as follows:

1 0 1
0 20 O
1 0 1

Proof. Since k has characteristic 0, one can reduce in a standard way to the case when k = C.
In this case the result follows from ([29], 2.5 and 4.1). O
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Corollary 5.6. If f : X — S is a log K3 surface, then f is cohomologically flat in dimension
0, and hence by (4.6) the associated logarithmic Picard functor Pic is representable by an
algebraic space.

Definition 5.7. Let X/S be a log K3 surface, and let Pic be the associated Picard space

(4.8). A polarization on X/S is a map A : S — Pic of algebraic spaces such that for each
geometric fiber Xj, there exists a lifting £ of As to H'(X;, O%.) such that for some N > 0 the
sheaf £V is generated by global sections and the map Xz — Xz C IP" (for some r) defined by
LY contracts only finitely many curves on Xy to points. \ is primitive if for every geometric

point § — S, the corresponding element \; € Pic(3) is a primitive element.

Remark 5.8. Here Pic(s) has a group structure from the isomorphism
Pic(s) ~ H' (X5, M),

5.9. Let k be an algebraically closed field of characteristic 0, and let X/(Spec(x), M,,) be
a special stable log K3 surface (where Spec(x) has the log structure associated to N — &,
1 +— 0). Assume given a line bundle £ on X which is generated by global sections and
let 7 : X — X C P (for some r > 0) be the map to projective space defined by L.
Here X denotes the scheme-theoretic image of X. We assume that 7 only contracts finitely
many curves on X to points (so in particular 7 restricted to each component of X defines a
birational map onto its image). The following technical result will play an important role in
what follows:

Theorem 5.10. For N sufficiently big, the map 7 : X — X defined by LN is étale locally on
X relatively projective.

The proof occupies the remainder of this section.

Let us begin with some general remarks about contractions. Recall the following result due
to Artin:

Theorem 5.11 ([3], 6.1). Let X be an algebraic space, Y C X a closed subspace andY — Y’
a finite morphism. Then the coproduct X := XTIy Y’ in the category of algebraic spaces
exists and is the unique maximal modification of X along Y — Y’ (see ([3], p. 88) for the
definition of a modification). Moreover, if U — X is étale, then U = Xy [y, Yor (where
XU =X XyU €tC.).

5.12. The proof of (5.11) also provides a description of the completion of the local ring of X
at a geometric point. It shows that the formal completion of X along Y’ can be described as
follows. Let Spec(A’) — Y’ be an étale morphism and let Spec(A) — Y be the base change
to Y. Because of the invariance of the étale site under infinitesimal thickenings ([23], 1.8.3),

we can lift A to an étale map of formal schemes Spf(A) — X where X denotes the formal
completion of X along Y. Then the proof of (5.11) shows that the formal completion of X
along Y is étale locally isomorphic to Spf(fl x 4 A"). Moreover, this étale local description of
the formal completion of X along Y’ completely characterizes X by ([3], 3.1). The uniqueness
part of (loc. cit.) also implies that if X = Spec(R), Y = Spec(A) and Y’ = Spec(A’) are all
affine then

X TV = Spec(R x4 A).
Y
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Lemma 5.13. Let X and Y be schemes of finite type over an algebraically closed field k and
Jillde :YIIY — X a closed immersion. Suppose that for every point p € Y there exists an
affine open U C X containing the two points j;(p) (i = 1,2). Then the coproduct X ]_[YHY Y
in the category of algebraic spaces is a scheme.

Proof. Let X be the ringed space (| X| Iy Y] 9:0x %, h.Oy), where g : | X| —
|X| and h : |Y]| — |X| denote the natural morphisms of topological spaces. We claim that
X is a scheme, and that the natural map of ringed spaces X — X induces a map of formal
schemes as in (5.12). This will prove the lemma by the uniqueness part of ([3], 3.1). Let
p € Y be a point, and let Spec(A) C Y be an affine neighborhood of p. Then it follows
from our assumptions that we can find an affine open Spec(B) C X containing the points
Ji(p) such that Spec(B) N (Y][Y) C Spec(A x A). Let f € A be an element such that
D(fx f) C Spec(Ax A) is contained in Spec(B)N(Y [[Y), and let g € B be a lifting of f x f.
Then replacing B by B, and A by Ay, we see that we can find an affine open neighborhood
Spec(A) C Y of p and an open set Spec(B) C X such that Spec(B)N(Y ][Y) = Spec(Ax A).
In this case, Spec(B X 4xa A) defines an open neighborhood of p in X which is a scheme.
Hence X is a scheme, and the above local description of X proves that the associated map
of formal schemes has the desired properties. Il

Oy 1y

Lemma 5.14. (i) Let X be a semi-stable surface over an algebraically closed field k, and let
X be the normalization of X. Let Y C X be the singular locus (with the reduced structure)
and let Y C X be the inverse image of Y. Then the natural map

(5.14.1) X[y —Xx
Y

s an isomorphism.

(ii) Let V' be a smooth surface (possibly disconnected) over an algebraically closed field k. and
let Y/k be a smooth curve. Suppose given an inclusion

‘]1H']2?:YHY;>V

such that each inclusion j; : Y C 'V udentifies Y with a smooth divisor on V. Then the
algebraic space V :=V [[3 Y is semi-stable.

Proof. To see (i), note that the question is étale local on X, so we may assume that X =
Spec(k[x,y, z]/(zy or xyz)). In this case it follows that the map (5.14.1) is the one induced
by the isomorphism

K[z, y, 2]/ (xy) — K[z, 2] X4 KlY, 2],

or
"f[% Y, z]/(:vyz) - (K[i‘, y] X K[yv Z] X ’%[ZE7 Z]) X (k[z,y] [ (xy) % &[y,2) [ (yz) x K[z,2]/ (2)) /ﬁ?[fL‘, Y, Z]/(l‘y, Yz, :L‘Z).

As for (ii), it suffices to look at the formal completion of V at a point P € Y. Since Y
is smooth, we can find an étale neighborhood (Spec(R), P') — (Y, P) of P together with
an étale morphism Spec(R) — Spec(k[t]) sending P’ to the origin. Let A; (i = 1,2) be
the unique liftings of R to formal étale neighborhoods in V' of the preimages P; (i = 1,2)
of P in V, where Spec(R) is viewed as an étale neighborhood of P; € Y via the inclusion
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ji : Y = V. Then by (5.12), the formal completion of X at P is isomorphic to the completion
of (A; X Ay) Xgxpr R. Since V' is smooth, we can find étale maps

alt[e]] — Av, o s[[lY]] — Ao

reducing to the specified map x[t] — R (send ¢ to a lifting of ¢t € R and send z and y to
elements such that the image of (¢,z) and (¢,y) generate the ideals of P, and P, respectively).
Then by ([41], 3.2.2) the induced map

rltllz, yll/ (zy) = (s[t]{[2]] x &[[[Y1]) Xamxain K] — (A1 X A2) Xpxr R

is étale and hence induces an isomorphism on completions. Il

With these technicalities we can prove (5.10) treating in turn each of the different possi-
bilities for the fibers as described by the following definition and result of Shephard-Barron.

Definition 5.15 ([44], p. 145). Let V be an irreducible component of X and let C' C V be
an irreducible curve. C'is called a

(i) (§)-curve if C is isomorphic to P!, is disjoint from all double curves, and C[2, = —2.

(ii) (T)-curve if C is isomorphic to P!, meets the locus of double curves in exactly one point
which is not a triple point, and C ]?/ = —1.

(iii) (*)-curve if C' is a double curve (possibly equal to a curve of self-intersection of V') such
that C' ~ P! and C? = —1 on each irreducible component on which it lies (in the case when C'
equals a curve of self-intersection of V' this means that each of the two connected components
of C|y C V has self-intersection —1).

Proposition 5.16 ([44], 2.7). Let V' be an irreducible component of X andletC = {C4,...,C,}
be a connected configuration of curves contracted by m on'V'. Then C is of one of the following
forms:

(i) C = {C} where C is a (*)-curve.
(i) C1 is a (})-curve and Cy, . . ., C, are (§)-curve such that the dual graph of C is the following:

° *———eo

Cy Ca C3 Cr1 Cy

(iii) C is a negative definite configuration of (§)-curves.

Lemma 5.17. For N sufficiently big, the map m has connected fibers.

Proof. We can without loss of generality assume x = C. By ([20], 5.5) and ([16], 4.3), there
exists a smoothing (X, £) of the pair (X, L) over the disc A such that for N suitably big

~ o

LY is generated by global sections. Let f : X — X C P, be the image of the morphism to
projective space defined by LY. To prove the lemma, it suffices by the analytic version of
Zariski’s main theorem ([22], p. 213) to show that for suitably big N the space X is normal.
To verify this we may make a finite base change A — A as in ([44], 2.10) and perform
permissible elementary modifications in the sense of (loc. cit., page 145) by (loc. cit., 2.1).
Thus the result follows from (loc. cit, proof of theorem 2W). U
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For the rest of the proof we assume that N is chosen so that 7 has connected fibers. Since
the assertion of (5.10) is étale local on X, we can without loss of generality assume that
X = Spec(A) and that 7 : X — X is an isomorphism away from some point P € X. We
consider the various possibilities for 7=1(P).

5.18. m1(P) = {C} is a (*)-curve.

Proof. 1t follows from the “triple point formula ” ([19], p. 8) that C' cannot be a nodal curve
lying in the intersection of a smooth component and a component with self-intersection. This
implies that there exists a component U of X which meets C' but does not contain C'. Let
Ly be the line bundle on X corresponding to the component U (3.3). Since C'is rational and
Lulc =~ Oc(UNC), Ly defines a relatively ample invertible sheaf in some neighborhood of
P by ([14], TIT.4.7.1). g

5.19. 7~ 1(P) is a negative definite configuration of (§)-curves.

Proof. Since every smooth proper surface over « is projective ([24], appendix B.3.4), the map

X — X is Zariski locally on X a proper morphism between quasi-projective schemes, and
hence is a blow-up by ([14], I11.2.3.7). O

5.20. 7 Y(P) meets two smooth components and the restriction of 7~1(P) to each component
is a configuration as in (5.16 (ii)).

Proof. Let V and U be the two components of X and let {C,...,C,} (resp. {C],...,C".})
be the curves on U (resp. V') contracted by . Let Y C V N U be the locus of intersection.
We can then contract the curves {C1,...,C.} on V to get a smooth space V' (first contract
(1, then Cy ete. ) and similarly contract {C],...,C%} to give a space U’. Then the strict
transforms of Y in V’ and U’ are isomorphic to Y, and we can form the space X' = V'[[, U’
By the universal property of coproduct we obtain a map

(5.20.1) X' — X

It suffices to show that the map X — X’ obtained from (5.14 (i)) is projective. For then
(5.20.1) is proper, and since it is bijective on points it is an isomorphism.

We prove by induction on r + s that the map X — X' is projective. So consider first the
case when r = 1 and s = 0. Let V' be the space obtained by contracting C; on V', and let
P € X' be the point which is the image of C;. By assumption X’ is quasi-projective. Thus
there exists an effective Cartier divisor D on U such that ordp(D) = 1 and such that D meets
Y transversally. We view D as a Cartier divisor on X’. We claim that there is a natural
closed immersion X < B, where B denotes the blow-up of X’ along D. By the universal
property of blow-up, this assertion is étale local on X’. Since X' is semi-stable by (5.14 (ii)),
we may assume that X’ = Spec(k|z,y,z|/(zy)) and that P is the point (z,y,2). We can
further assume that V' is the component y = 0, U is the component z = 0, and D is the
closed subscheme defined by (z,z). Then V' is the blow-up of V' at P and it is elementary
to check the assertion. This proves the case when r + s = 1. To get the general case, assume
without loss of generality that » > 1. Then contract C; on V to get V' and let X' = V'[],. U.
Then by induction X’ is projective over X and the case r + s = 1 shows that X — X' is
projective. U
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5.21. Case 4: 7= Y(P) contains a (t)-curve and X is irreducible.

Proof. By shrinking X, we may assume that the singular locus Y C X is smooth. Let X be
the normalization of X and let Y C X be the inverse image of Y (so Y ~ Y [[Y). The inverse
image of P in X then consists of two connected components {C},...,C,} and {C},...,C"}
as in (5.16 (ii)). Let X, be the space obtained by contracting the configuration {Cy,...,C,}
on X and let X; = X, [[; Y. By (5.14 (ii)), the space X, is semi-stable. We claim that if
s > 1, then the map X — Xj is projective.

In the case when s > 1, C] defines a divisor on X; whose restriction to Y is equal to the
divisor of P. The map X — X; is the blow-up of a sheaf J on X; with support equal to
one of the points in the inverse image of P ([24], ex. 7.11 (c)). We denote the subscheme of
X, defined by J by Z;. Let r be the order of vanishing of .J at P, and let rC} C X; be the
closed subscheme defined by r times the ideal of C]. If Z C Y denotes the closed subscheme
corresponding to the divisor 7P, then we let W := (Z1[[rC7)[[,;,Z. By construction
there is a natural map W — X;. We claim that this map is a closed immersion and that if
B denotes the blow-up of X; along W, then there is a natural closed immersion X — B.

These assertions can all be verified étale locally on X;. Thus we may assume that X; is étale
over Spec(k|x,y, z]/(xy)) and that X is affine, say equal to Spec(A). We can further assume
that C7 is defined by the ideal (y,z). Let Ay = A/(z), Ay = A/(y), and let B = A/(z,y).
Since A is étale over k[z,y, z]/(xy), it follows that

A= (A; x Ay) Xpep B, A=A x A,.

The ideal J is then an ideal of A; such that J induces the ideal (") in B. W is the spectrum
of

((Al/j) X AQ/(ZT)) XB/(Z’I‘)XB/(ZT) B/(ZT)
From this it is clear that the map W — X is a closed immersion, and that W is defined by
the ideal

From this description it also follows that the natural projection map I — J is surjective as
is the map I — (z"). This implies that there is a natural closed immersion X — B.

To complete the proof of this case, it therefore suffices to consider the case when s = 0. We
construct X as in the preceding paragraphs. Then the map X; — X is proper and injective;
hence an isomorphism. Thus X is semi-stable by (5.14 (ii)). Replacing X by an étale cover
we may therefore assume that X = Spec(A) is affine and étale over Spec ([, y, z]/(zy)). The
argument now proceeds as in the preceding paragraph using the ideal (z) instead of C]. O

6. The stack of polarized log K3 surfaces

6.1. Fix an integer k£ > 1, and let My, /Q be the fibered category whose fiber over a scheme
T is the groupoid of triples (Mr, X, \), where Mr is a log structure on 7', X/(T, Mr) is a
special stable log K3 surface, and X is a primitive polarization on X/(T, Mr) such that for
cach geometric point ¢ — T the restriction A; of A to Xj satisfies A? = 2k. A morphism

(Mg, X, \) = (M, X' N)
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consists of a pair (¢,7), where ¢ : M/, — Mz is an isomorphism of log structures on 7" and
~v: X — X' is an isomorphism of log algebraic spaces such that the diagram

X . X

l l

(id,e)

(T, Mzg) —— (T, M7)
commutes, and such that v is compatible with the polarizations. We denote by
Mgy, : Mgy, — L0g(spec(@).07)
the functor (Mg, X, \) — Mr.

Theorem 6.2. My, is a smooth Deligne-Mumford stack. There is a natural open substack
M5P € My classifying smooth (in the usual sense) polarized K3 surfaces, and the complement
My, —MS}! is a smooth divisor. Moreover, the functor My, s that induced by the log structure
associated to the divisor My, — M3;.

Remark 6.3. Before proving the theorem, let us remark how the stack My, viewed as a log
stack (B.1) with log structure My, coming from the divisor at infinity can be interpreted
as a solution to a moduli problem on the category F'Log of fine log schemes over Q. If T is
a fine log scheme over Q, then we define (Mg, My, )(T) to be the groupoid of morphisms
of log stacks 7' — (May, M, ) (B.3). There is a natural notion of pullback, so this defines
a fibered category over F'Log. Theorem (2.5) and (2.8) imply that this fibered category is
equivalent to the fibered category whose fiber over T is the groupoid of pairs (X, ), where

X/T is a log K3 surface and X\ : T" — Pic(X/T) is a map of algebraic spaces such that for

every geometric point ¢ — T the element \; € H'(X7, M%) is a primitive polarization of
degree 2k. If we give F'Log the topology where coverings are given by strict étale morphisms,
then (Myy, My, ) is even a stack.

We prove the theorem by verifying the conditions of (B.12).

6.4. My 1s limit preserving.

Suppose {A; }ic; is a filtering inductive system of noetherian rings and consider the functor
where Ao :=lim A;. To see that (6.4.1) is fully faithful, suppose given two objects (/\/lﬁi, X6

177

(¢ = 1,2) over some Spec(4;). For each morphism A; — A;, let (J\/lﬁj,Xf, Af) be the data

obtained by base change, and let (Mﬁlw, Xt X\Y) be the induced data over A,,. We have to
show that the map

(6.4.2)
@IsomMgk(Aj)((M}élyX}a )‘]1)7 (M124J ) X;a )‘32)) - IsomMgk(Aoc)((leéloo ) X;oa /\<1>o)7 (M12400a Xgo? )‘go))

J
is bijective. Suppose first that (s, 7¢) (¢ = 1,2) are two isomorphisms over some A; which
become equal in the limit. Then since the stack Log is limit preserving (it is locally of finite
type over Spec(Z) by ([39], 1.1)), we can after passing to some sufficiently big j assume that

t1 = Lo. Moreover, since the spaces X f are of finite presentation over A;, we can by a standard
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limit assume that ')?1 = '52, after passing to some even bigger ;7. In this case it follows from
(2.9) that «; = 2. Hence (6.4.2) is injective.

To see that (6.4.2) is surjective suppose (¢, ) is an isomorphism over A,,. Once again since
Log is limit preserving and X /Aoo is of finite presentation, we can approximate (¢, 7) be
some (¢, y j) over some A;. Then (X }, vj *Mx2) and X ]1 are two proper special semi-stable log

J

schemes over (Spec(4;), M}4j) and hence by (2.5) and (2.9) the pair (¢;, 70]) extends uniquely
to an isomorphism (¢;, ;) inducing (¢,7). Moreover, since Pic is limit preserving, it follows
that for some sufficiently big j the isomorphism (¢;,7;) is compatible with the polarizations,
and hence (6.4.2) is bijective.

To see that (6.4.1) is essentially surjective, let (MAOO,X A) be an object over As. Since
X /A is of finite presentatlon we can approximate X by some proper space X ;/A; for some

J. Moreover, since X is étale locally isomorphic to
Az, ..y xy]/(xy - — )
for some t € A, one shows by a standard limit argument that after increasing j, we can as-

sume that X;/A; is proper and semi-stable. In this case we can define the functor IVLS . W
i/A;

and since this functor is of finite type over A; there exists for some sufficiently big j an element

in IVLS & ) inducing the morphism of log schemes X — (Spec(As ), M, ). Moreover, since

X/ A
Pic is limit preserving we can also approximate A by some A;. By (6.17) below, the set of
points in Spec(A;) where J\; is a primitive polarization of degree 2k is an open set, and hence

after passing to some bigger j we obtain the desired object (My,, X, A;) over some A;.
6.5. Schlessinger’s conditions (S1°8) and (S2!°8).

Lemma 6.6. For any logarithmic deformation situation as in (B.6), and log smooth, integral
morphism X — Spec(A), the natural functor

(log smooth liftings of X to A’ x 4 B)

l

(log smooth liftings of X to A") x (log smooth liftings of X to B)
is an equivalence of categories.
Proof. Tt suffices to prove the following: for any log smooth lifting Xz of X to B the natural
functor
(6.6.1)  (log smooth liftings of Xp to A" x4 B) —— (log smooth liftings of X to A’)

is an equivalence of categories. Now this statement is étale local on Xp, so it suffices to
consider the case when X is affine. In this case both categories in (6.6.1) are non-empty and
groupoids ([28], 3.14 (1)), so it suffices to show that for any lifting X of X inducing a lifting
X v of X, the map

(6.6.2) Auty, (X) — Auty (X )
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is bijective. But by ([28], 3.14 (2)), the map (6.6.2) is naturally identified with the isomor-
phism
Hom(Q%B/B, I) ~ Hom(Qk/A, I).
O

Combining (6.6) with the fact that Pic is an algebraic space, we conclude that the functor
in condition (S1°8) is an equivalence.

To see that (S2'°¢) holds, let A — Aj be a surjective morphism of noetherian log rings as
in (B.6) and let I be an Ap-module of finite type. Suppose given a special polarized log K3
surface (X, \) over A. Denote by (X 4, Aay) the polarized log K3 surface over A obtained
by pullback via the retraction A — A[I]. Since H'(X,I® Ox) = 0, the exponential sequence
(4.12.1) shows that the map

(6.6.3) H' (Xan, MR, ) — H'(X, M)

is injective. From this we deduce that any automorphism of X 47, viewed as a log smooth
deformation of X to A[I], is compatible with the polarizations. Hence by ([28], 3.14 (2))
there is a natural isomorphism

Autx (Apl7]) ~ Hom(Qx/ 4, I ©® Ox);
in particular, Auty (Ao[I]) is of finite type.
To describe the tangent space T iy, ry,, )/(Spec(@),0%),x (1) (Which we henceforth abbreviate
Tx (1)), note that the injectivity of (6.6.3) implies that Tx (/) is in bijection with the set of
log smooth liftings of X to A[I] to which A lifts. By ([28], 3.14 (3)), we thus have a natural

inclusion

Tx(f) C Eth(Qﬁ(/A, I® Ox)
Since the Ag-module Ext'(Q% /4,1 ®Ox) is finitely generated and Ay is noetherian, it follows
that Tx (1) is of finite type.

6.7. My is formally log smooth.

Let A/ — A — Aj be a diagram of artinian local log rings as in (B.6), and let [ :=
Ker(A" — A). We claim that for any special polarized log K3 surface (X, \) over A, there
exists étale locally on Spec(A) a lifting of (X, ) to A"

To prove this, we can without loss of generality assume that A is induced by a line bundle

L on X.

Lemma 6.8. Let X'/ A’ be a log smooth lifting of X to A’". Then X\ lifts to X' if and only if
A lifts étale locally on Spec(A) to X'. Moreover, X lifts to X' if and only if L lifts to a line
bundle on X'.

Proof. First observe that the condition that £ lifts to X' is étale local on Spec(A). Indeed
consider the stack F over the étale site of Spec(A) which to any étale U — Spec(A) associates
the groupoid of liftings of L]y, to X|, (where Xy = )2 Xgpec(4) U and X7, denotes the unique
lifting of Xy to an étale )? /—scheme). From the exponential sequence

0 — I®O0x 0% Oy — 0
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and the fact that H'(X,I ® Ox) = 0 (this follows from (5.5)), we see that any two liftings
of £ to X’ are isomorphic. Moreover, for any lifting £ of £ to X', the group of infinitesimal
automorphisms of £’ is canonically identified with

Hom(L, I ® £) ~ H*(X,I ® Ox).
Thus if there exists étale locally on Spec(A) a lifting of £, then F'is a gerbe under the coherent

sheaf f,(I®Ox) on Spec(A) (where f : X - Spec(A) denotes the structure morphism). Since
H?(Spec(A), f.(I ® Ox)) =0, it follows from ([21], IV.3.4) that F is trivial.

Thus to prove the lemma it suffices to show that if A lifts étale locally on Spec(A) to X',
then £ also lifts étale locally to X’. To show this, we can replace Spec(A) by an étale cover,
and hence may assume that we have a class N € H' (X', M%) inducing A. Since we have a
lifting of A, the image of A\ under the map

HY (X, M%) — H*(X,I ® Ox)
obtained from the exponential sequence
0 — I®0x — M¥P — MY —— 0
is zero. On the other hand, there is a natural morphism of exact sequences
0 — I®0x — 0%y, —— 0y —— 0
- | |
0 — IQ0x — MY —— MP — 0,
from which we see that the image of the class of £ under the boundary map
(6.8.1) HY(X,0%) — H*(X,I ® Ox)
is zero. From this it follows that £ also lifts to X”. U
Now by ([29], 2.5), there exists a log smooth lifting X’/ A" of X. Let 0 € H*(X,I ® Ox)
be the image of £ under the resulting map (6.8.1), and let
(6.8.2) dlog: Oy — Q4

be the map which sends u to v 'du. If X” is a second log smooth lifting of X to A’ with
associated obstruction o' € H*(X,I ® Ox) to lifting £, then one shows as in the classical
case (see for example ([38], 1.14)) that

o =< [X"] - [X'],dlog(L) > +o,

where [X"] — [X'] € Ext'(Q% /4,1 ® Ox) denotes the class obtained from the torsorial action

of Ext'(Q% 41 ® Ox) on the isomorphism classes of log smooth deformations of X ([28],
3.14 (2)), and

<> Extt Q) 4, T © Ox) @ HY (X, Q% 4) — H*(X,1 ® Ox)

is the natural pairing. The following lemma therefore shows that there exists a lifting of

(X, \) to A'.
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Lemma 6.9. The map
(6.9.1) < -, dlog(L) >: Ext'(Q/ 4, I ® Ox) — H*(X,1 ® Ox)

1S surjective.

Proof. Let k be the residue field of A. Since we are working in characteristic 0, we reduce
in a standard way to the case when x = C. Moreover, since [ is a k-vector space, we can
without loss of generality assume that I = k, and so we need to show that the map

(6.9.2) < -, dlog(L) >: Ext'(Q ,Ox,) — H*(X,, Ox,)

is surjective, where X, denotes the reduction of X to x and Qﬁ(ﬂ denotes the log differentials of
X, over Spec(x) with the log structure induced by M 4. Since H?(X,, Ox,) is a 1-dimensional
k-space by (5.5), it suffices to find a class in Extl(Qkﬁ, Ox,. ) whose pairing with dlog(L) is
Nnon-zero.

Let Q. denote the usual differentials of the space X, over x. By ([46], 4.4), the flat
Xk

deformations of X . to the dual numbers x|e] are classified by the space Ext'(Q!, ,Ox,_). The
Xk

natural map Q!, — QL induces a map
K

K

(6.9.3) Ext'(Qy_,0x) — Extl(Q} ,Ox)

which has the following modular interpretation. Let M,y be the pullback of M, to kle]
via the natural retraction £ — kle]. Then the left hand side of (6.9.3) classifies log smooth
deformations of X to (Spec(x[e]), M) and the map (6.9.3) is obtained by sending a log

smooth deformation X'/(Spec(k[e]), M,q) to the underlying space X’. By (2.5) and (2.8),
two log smooth deformations X; and X, of X, to (Spec(x[e]), M,q) induce the same element
in Ext'(Q ,Ox) if and only if there exists an automorphism o of Mg which induces the

identity on H./\/l,.C such that X, is isomorphic to the deformation X{ of X, whose log scheme
is equal to X; but whose structure morphism is the composite

X1 —— (Spec(k[e]), M) o), (Spec(kle]), Majq)-

In other words, the kernel of (6.9.3) is naturally identified with the group of infinitesimal
automorphisms of Mg, which is a 1-dimensional subspace isomorphic to

Hom(M,, k) ~ Hom(N, k) ~ k.
From this and (5.5), we conclude that the image of (6.9.3) is 19-dimensional. On the other
hand, it follows from (proofs of ([16], 4.3) and ([20], 5.5)) that the map

(6.9.4) < -, dlog(L) >: Extl(Q} ,Ox) — H*(X,,Ox,)

is surjective with 19-dimensional kernel. Thus to prove the lemma, it suffices to show that
there is an element in the kernel of (6.9.4) which is not in the image of (6.9.3). This follows

from ([16], 4.3) and (]20], 5.5), which imply that there exists a smoothing of the pair (X, £).
Indeed the underlying space of any log smooth deformation of X, to (Spec(k[e]), M) is
étale locally of the form

klel[z,y, 2]/ (vy or zyz),
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and hence is not isomorphic to the reduction mod #? of a smoothing of X, to &[[t]].

6.10. The additional conditions (B.11).

Let A — Ay and I be as in (B.6). A polarization A on a special log K3 surface X/ A defines
in a natural way a class dlog(\) € H'(X, QY ,). Indeed, the map
(6.10.1) dlog : M§ — Q4
obtained from the universal log derivation ([27], 5.1) induces a map of presheaves
(U/Spec(A) — H'(Xy, M%) — (U/Spec(A) — H'(Xy, Qx, /0r),
where U/Spec(A) is a strict étale morphism and Xy denotes the base change of X. If

f X — Spec(A) denotes the structure morphism we therefore obtain a map of sheaves on
the étale site of Spec(A)
Pic — R'f.Q%/ 4
and hence a map
dlog : Pic(A) — H' (X, Q,4)-
It follows from the proof of (6.8) that T'x(I) is isomorphic to
Ker(< -, dlog(\) >: Ext!(Q 4, I ® Ox) — H*(X,1® Ox)).

From this, standard properties of cohomology, and the description of the module of infinites-
imal automorphisms given in (6.5) we deduce that the additional conditions (B.11) hold.

6.11. Compatibility with completion.

Let A denote a complete noetherian local ring A with residue field & together with a log
structure M 4. Denote by A, the reduction modulo m"™'. We show that the natural functor
(see (B.3) for the notation)

(6.11.1) (Mg, My, ) 4 — Hm(Mog, My, ) 4,

is an equivalence of categories. For this we may by descent theory assume that x is separably
closed.

To see that (6.11.1) is fully faithful, suppose given two polarized log K3 surfaces (X, A!)
and (X5, A\?) over A, and a compatible family o, of isomorphisms between the reductions.

By ([14], 111.5.4.1) there exists a unique isomorphism X; ~ X, inducing the isomorphisms

o o

On : Xin ~ X5, By (2.5) and (2.9) this isomorphism can in fact be extended to an
isomorphism of log algebraic spaces inducing the o,. This proves fullness of the functor. As
for faithfulness suppose o is an automorphism of a polarized log K3 surface (X, A). Then the

corresponding automorphism of X must be the identity since its graph I' C X x X is a closed
subspace, and hence determined by its reductions by ([14], I11.5.1.8). The fact that ¢ must
also be the identity on the log structure of X then follows from another application of (2.9).

To prove the essential surjectivity of (6.11.1), we use a modification of the argument given
in ([1], proof of 2.2). Suppose given a compatible family of polarized, stable special log K3



34 MARTIN C. OLSSON

surfaces (X,,, A,) which we wish to algebraize. Fix a chart N — M ; (such a chart exists étale
locally). Then the functor over the category of Artinian local x[[t]]-algebras with residue field
x which to any such algebra B associates the isomorphism classes of liftings of (Xg, \g) to B
with log structure induced by t, is pro-representable and formally smooth by Schlessinger’s
criteria ([43], 2.11). Say the algebra

sl llas - - 5 anl]

pro-represents this functor. Then the family (X,,\,) is obtained from a family over the

~

reductions of this ring, and so we may assume that A is in fact equal to this ring.

Lemma 6.12. Let X/(Spec(k), M,) be a special log K3 surface, where k is an algebraically
closed field, and suppose X is a polarization on X. Let L be a representative line bundle for

X for which LV defines a map f : )2 — X C P7. contracting only finitely many curves. Then
for N sufficiently big,

(i) the natural map O — Rf.Ox is an isomorphism.

(ii) the group H' (X, LN) is zero.

Proof. By (5.17), we may assume that f has connected fibers. By a standard application of
([14], T11.4.2), to prove (i) it suffices to show that if F' denotes the fiber of f at a point x € X,
then

HY(F,0p) = k(x), H'(F,0p)=0, i>0.

This follows from the classification of the fibers given in (5.16). Indeed the case of a negative
definition configuration of (§)-curves follows from ([6]), and in the other cases one can show
the result by a standard calculation (left to the reader).

To see (ii), let O«(1) be the tautological very ample sheaf on X. By ([24], I11.5.3), there
exists an integer M such that H' (X, Ox(1)®™) = 0. Hence it suffices to show that the natural
map

Ox(1) — Rf.LY ~ R f*Ox(1)

is a quasi-isomorphism. Since Ox/(1) is locally free this follows from (i). d

By the lemma we can choose a representative line bundle £, for Ay and an integer N such

that £} is generated by global sections, the induced map X, — X, C P" contracts only
finitely many curves and satisfies (6.12 (i)), and H'(Xy, L)) = 0. Moreover, by (6.8), we can
then extend Ly to a family {£,} of invertible sheaves on the X,, inducing {\,}.

Lemma 6.13. Let f, : X,, — Spec(A,) denote the structure morphism.
(i) For each n, the module H°(X,,, LY) is flat over A, and

HO(Xna 'CnN) R4, A = HO(Xn—l’Eiy—l)'

(i) If X,, denotes the scheme-theoretic image of the natural map

o

fn: X — Proj(Sym*H°(X,,, £)),
then fn.Ox, = O%., X, is flat over A,, and X, @4, An_1 = Xp_1.
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Proof. We proceed by induction on n. The case n = 0 follows from (6.12), so we suppose the
result holds for n — 1 and prove it for n.

Since X n/ A, is flat, there is a natural exact sequence
0 — m"/m"'oL) — LN —— £V —— 0,
and since H'(Xy, L)) = 0 it follows that the map
H (X, £3) — H(Xpo1, £374)

is surjective. From this it follows that £ is generated by global sections, and by the local
criterion for flatness ([14], Or1.10.2.1) the module H%(X,,, £Y) is flat over A,,. Moreover, there
is a natural morphism of complexes

mg/mgﬂ & OXO _— Oyn E— Oy _ — 0

| LT

0 —— foum /w1 @ Ox)) —— fuuOx, —— fu1.0x, , —— 0,

where the bottom row is exact since R'f3,Ox, = 0 and (6.12 (i)) holds. From this it follows
that the sequence

(6.13.1) 0 — m"/m"Me0, — O, — O, , —— 0

—1

is exact, and hence by the local criterion for flatness the scheme X, is flat over A/m”Jrl

Moreover, the sequence (6.13.1) implies that X, ®4, A,—1 = X, 1. O

6.14. Choosing a compatible set of bases for the H°(X,,, L), we obtain a compatible family
of flat subschemes X,, C P, (for some 7). By the Grothendieck existence theorem ([14],
I11.5.1.4) this family is induced by a flat projective scheme X/ A. Note also that X is integral.
Indeed since X is proper over fl the local ring of every point is a localization of the local
ring at a point in the closed fiber, and the integrality of X at points in the closed fiber can be
verified after passing to the formal completion X of X along m ; i Nowifg: X — X denotes
the map of formal schemes, obtained from the X, then there is an inclusion Oy — ¢,Ox,
and hence it suffices to Verify that X is integral. But for any point p € X, there exists an
étale neighborhood Uy of p and an étale morphism

(6.14.1) Uy — Spec(k[z,y, z|/(xzy or zyz))
inducing the log structure M x, restricted to Up. Since each X, is log smooth over Spec(.A4,,),
we can extend the map (6.14.1) to a compatible family of étale maps
U, — Spec(Ap|z,y, 2] /(xy — t or zyz — t)),
and from this it follows that X is integral.

6.15. Next the issue of finding a proper algebraic space X / X inducing X n/ X, is étale local
on X. To see this, suppose we can find an étale cover U — X and a proper IIlOl"phlSIIl U—U

inducing the family {U, := X X5 U}. Then we claim that we can find X /X inducing X
Indeed note that for each point p € Uy in the exceptional set and lifting p € Uy of p we
have k(p) = k(p) since k is algebraically closed. Choose A C X a closed subscheme whose
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reduction Ay is set-theoretically equal to the exceptional set of X/X,. Since U/X is étale
and k(p) = k(p) for each point in the exceptional set, we can lift A to a closed subscheme
of U which we denote by the same symbol. Thus if U and X denote the formal completions
along A, we have an isomorphism U ~ X. If U denotes the formal completion of U along
the inverse image of A, then U — U ~ X is a formal modification in the sense of ([3], 1.7);

hence by ([3], 3.2) there exists a unique proper morphism X — X inducing U/U and hence

also X,,. Thus to construct the space X we may replace X by any étale neighborhood of the
exceptional locus.

Now choose an étale morphism U — X such that 7 : Uy — U, is relatively projective and
such that U = Spec(B) is affine. Denote by Jy a relatively ample line bundle on Up. Let
BY = lim B/m". B and let W — U := Spf(B') be the formal scheme obtained from the U,.

Since Uy is affine and the fibers of Uy — U, have dimension < 1, the spectral sequence
EY! = HY(Uy, RP10.Oy,) = H""(Uy, Oy,)

shows that H?(Uj, Op,) = 0. As discussed in the proof of (6.8), the obstruction to lifting
Jo to the U, lies in H Q(QO, Ou,), and hence there exists a formal line bundle J on U which
is relatively ample over U ([14], 4.7.1). It follows from the Grothendieck existence theorem

([14], 111.5.1.4) that U is induced by a proper scheme ﬁ/BT. The map U — Spec(BT) is
an isomorphism outside of some closed subscheme I' C Spec(B") whose reduction is set-

theoretically contained in the exceptional locus. It follows that I' is finite over A and hence
is induced by an isomorphic closed subscheme (which we denote by the same letter) I' C

Spec(B).
Since U — Spec(BT) is projective and U has no embedded components lying over I' (this

can be checked after reduction), U is the blow-up of some sheaf of ideals J C BT ([14],
111.2.3.7). Set I = (ideal of I') NmB C B.

Lemma 6.16. Let B} denote the I-adic completion of B. Then the natural map B} — Bl is
an 1somorphism.

Proof. Let K denote the ideal of ', and consider the exact sequences

0 — m"B/I" —— B/I" —— B/m"B —— 0.
Since A is noetherian and m"B/I" is a B/K™-module, m"B/I" is a finitely generated A-
module, and hence N,m"(m"B/I") = 0. Thus lim m"B/I" = 0 and Bl — B is injective.

For the surjectivity, suppose {f,} is a compatible sequence of elements in B/m", and for
each n choose a lifting g, € B/I" of f,. For each r > 0, the image of g,1,+1 — gnir In
B/I" is contained in m"(m"B/I"). Since m"B/I" is finitely generated over A it is m-adically
complete, and so we can define elements

T'n 1= Z Im(gn+r+1 - gn+7") € mnB/[”

r>0

Letting ¢ := g, + 7, we obtain a compatible family {g¢’} inducing {f,}. O
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Let B be the henselization of the pair (B,I) ([15], 0.1). Then by ([15], page 574) there
exists an ideal J C B inducing J. Let U be the blow-up of J so that U ®pz B ~U. We can
now descend U to some étale neighborhood of V(1) in Spec(B). Since the problem of finding

X — X inducing X was shown to be étale local on X, U yields such an X

The space X is étale locally of the form
(6.16.1) Alz,y, 2]/ (xy —t or zyz —1).
Indeed it was shown in (6.14) that for every point p € Xy, there is an isomorphism
Oy~ Allz,y, 2]}/ (vy — t or wyz — 1),

That X is étale locally of the form (6.16.1) then follows from the Artin approximation theorem
and the properness of X /A ([4], 2.6).

Now by the representability of the functor IVLS in (2.5), X has a unique structure of a

special log smooth algebraic space X over Spec(fl). By ([14], I11.5.1.4) Q?XM ~ Oy, and the

family {\,} defines a map A : Spec(A) — Pic which defines a primitive polarization of degree
2k at every point of Spec(A) by the following proposition:

(o]

Proposition 6.17. Let X — S be a special log K3 surface, and let A € Pic(S). Then
the condition that X defines a primitive polarization of degree 2k is represented by an open

subscheme of S.

The proof is in several steps (6.18)—(6.21).

Note first that by the argument used in (6.4), we may assume that S is noetherian. Fur-
thermore, by base changing to the irreducible components of S with their reduced structure,

we reduce the proof of (6.17) to the case when S is integral. Let p € S be a point for which
the restriction of A to the fiber X, is a polarization of degree 2k.

Lemma 6.18. In some étale neighborhood of p there exists a line bundle L representing A
and an integer N such that the following hold:

(i) The natural map f*f.LN — LY is surjective, where f : X — S denotes the structure
morphism and f.LN is locally free.

(ii) The non-trivial fibers of the induced map
(6.18.1) f: X — Proj(Sym®(f.L"))
consists of curves on X, and the scheme theoretic image X is flat over SO

Proof. First note that it suffices to verify the lemma in the case when S = Spec(Qg,,). Indeed

suppose we construct a line bundle L over X x SSpec(@Svp) satisfying (i) and (ii). Then by the
Artin approximation theorem ([4], 2.2), we can after replacing S by an étale neighborhood
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of p find a line bundle £ on X inducing L. Then the support of the cokernel of the natural
map f*f.LY — LV is a closed subset of S, and since f is proper its image under f is a
closed subset of S which does not contain p. Thus after shrinking S we can assume that
LN — LN is surjective. Moreover, the condition that f,L" is locally free is an open
condition on S, and by assumption f,£" is locally free in a neighborhood of p. Hence after
shrinking S some more condition (i) holds. Similarly, the condition that the fibers of the
resulting map (6.18.1) have dimension < 1 is an open condition on X by the following (6.19),

as is the condition that X is flat over S ([14], IV.11.1.1). Thus since X /S is proper we can

after shrinking S some more ensure that (ii) holds.

Sub-Lemma 6.19. Let f: X — Y be a proper morphism between schemes of finite presen-
tation over a scheme S/Q, and let r be an integer. Then the set of points y € Y for which
dim(Xy) < r is an open set.

Proof. Since X and Y are of finite presentation over S, one reduces by a standard limit
argument to the case when S, and hence also X and Y, are of finite type over Q. Moreover,
by base changing to the irreducible components of Y with their reduced structure we may
assume that Y is integral. Let {X;} be the irreducible components of X with their reduced
structure. For each i, let U; C Y be the set of points y for which dim(X;,) < r. Then the
set of points y € Y for which dim(X,) < r is equal to NU;, and hence it suffices to show that
each of the U; are open. Thus we may also assume that X is integral. Let E be the set of
points x € X for which there exists an irreducible component Z of X,y containing = such
that dim(Z) > r + 1. By ([24], [1.3.22 (d)), the set E is closed. Since f is proper, f(Z) CY
is a closed set, and hence its complement is open. Il

Thus suppose S = Spec(A) is the spectrum of a complete noetherian local ring A and that
p is the closed point. Denote by X,, the reduction of X modulo m}“. After replacing A by
an étale cover, we can by the definition of a polarization find a line bundle £, representing A
over X, such that (i) and (ii) hold for the morphism Xy, — Spec(x(p)). Moreover, by (6.12)

we may assume that H'(Xo, £)') = 0 and f.Ox, = Ox,, where X, denotes the image of Xj.

In this case, we can by (6.8) find a family {£,} on X,, inducing {\,} such that (i) and (ii)
also hold for X,,. By the Grothendieck existence theorem ([14], I11.5.1.4), the family {£,}
is induced by a line bundle £ on X which induces A\. Now by ([14], 111.4.2), H°(X, LN) =
lim H°(X,, £Y), and hence the module H°(X, £N) is flat over A, and the map f*f,.LN — £V
is surjective at every point in the closed fiber of X. Since f is proper, it follows that (i) holds

over S. Similarly, the reduction of X modulo mzﬂ is isomorphic to X, and hence by (6.19)
and the fact that each X, is flat over fl/mz condition (ii) also holds. 0

Continuing with the proof of (6.17), we may now assume that we have a line bundle £ on
X representing A such that (6.18 (i)) and (6.18 (ii)) hold. In this case, for each geometric

point § — S, the number A? is simply the degree in projective space of the fiber X; divided
by N2. Hence by ([24], 111.9.10), this number is constant in families. Thus the following
completes the proof of (6.17):
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Lemma 6.20. The set of points s € S for which Az is primitive is an open and closed subset

0f§.

Proof. 1t suffices to prove the following two statements:
(6.20.1) The set of points where A is not primitive is an open set.

(6.20.2) The set of points where A is primitive is stable under generization.

To see (6.20.1), suppose that for some point p € S there exists an element A in the
group Pic(Spec(x(p))) such that r\' = X in H' (X}, MF). We claim that A’ can be lifted to

E(SPGC(@\S#})). Since Pic is an algebraic space, it suffices to show that A’ can be extended to
an object \' in lim Pic(Spec(Os,)), where Og, denotes the reduction of Og, modulo mggl, and
for this it suffices to show that if A/, € Pic(Spec(Qg, ,)) is a lifting of X, then there exists
a lifting A/, € Pic(Spec(Qg,)) of A/,_,. This follows from the discussion of the obstruction

theory (6.7) which shows that the obstruction to lifting A/, ; to S, is a class
o € H*(X,, mg,/mit ® Oy,),

and that ro is the obstruction to lifting the reduction of A modulo mY . Since A lifts and we
are in characteristic 0, it follows that o' = 0.

Note also that by (6.8), we can assume that we have a line bundle £ on X xg Spec(@gyp)

inducing . By the Artin approximation theorem ([4], 2.2), we can extend L to a line bundle
L in some étale neighborhood of p. Then A and L" define two maps S — Pic which induce
the same map Spec(@g,p) — Pic. Hence after replacing S by another étale neighborhood
we find that A and £" define the same map to Pic, and hence the condition that A is not
primitive is an open condition.

As for (6.20.2), it suffices to show that if A is a complete local integral domain with a
log structure M 4 and (X, \) is a special polarized K3 surface over (Spec(A), M ;), then the
restriction A¢ of A to the generic fiber is primitive if the restriction Ay of A to the closed fiber
is primitive. After possibly replacing A by an extension, we can assume that we have a chart
N — M ; and that x(p) is algebraically closed. Let s : x[[t]] — A be the map induced by the
chart. Consider the functor D on artinian local x[[t]] algebras with residue field x which to
any

sp : K[[t]] B K

associates the isomorphism classes of liftings of (Xo, Ag) to (Spec(B), Mp), where (Xo, Ao)
denotes the reduction of (X, ) and Mg is the log structure induced by the map sg. It
follows from the discussion following (6.11) that D is pro-representable and formally smooth.
Hence D is pro-represented by an algebra of the form x[[t]][[q1, - ., ¢n]]- Moreover, as shown
above there exists an effective universal object (X, \) over [[t][[q1, ... ,qx]], and by the full
faithfulness already shown (note that the proof that (6.11.1) is fully faithful did not use
the primitivity of A) the pair (X, ) is obtained by base change from ()/5 , 5\) via the map
&[[t)[[q1,- - -, qn]] — A induced by the reductions of (X, ). Thus it suffices to consider the
case when A = &[[t]][[q1, . .., qn]] and (X, \) = (X, \). Now the condition that a polarization
on a smooth (in the usual sense) K3 surface is primitive is well known to be an open and
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closed condition. Hence it suffices to show that the restriction of A to some smooth fiber is
primitive. Considering the map

cl[tllar,- -, an)] — w[[t])], @+— 0

we are thus reduced to the following sub-lemma. O

Sub-Lemma 6.21. Let M, be the log structure on Spec(k[[t]]) induced by t, and let
X/(Spec(k[[t]]), Mypy) be a special log K3 surface. Then the natural map

HY (X, MY) — Pic(Xy(@))
15 bijective.

Proof. Since X is regular, Pic(X,u))) is the quotient of Pic(X) by the subgroup generated
by divisors with support in the closed fiber of X. This is by (3.2) precisely H'(X, M). O

6.22. Local quasi-separation condition (B.12 (iii)).

Let Aj be as in (B.12 (iii)), and let (X, \) be a polarized log K3 surface over Spec(.Ap).
Suppose given an automorphism o of (X, \) which induces the identity over a dense set of
points Ay — k. Consider the open subspace U = X —T'J1(Ax,) C Xo, where T, denotes the

graph of 0. Then since X is flat over Spec(Ay) the image of U in Spec(Ap) is an open set
whose complement contains a dense set of points. Hence U is the empty set which implies

that o induces the identity on the underlying space X. Thus ¢ is just an automorphism
of My over M,,. By (2.9), 0 must equal the identity. This completes the proof of the
statement that My is an algebraic stack.

6.23. My, admats an étale cover.

By ([32], 8.1), it suffices to show that the objects of My, admit no infinitesimal auto-
morphisms. Now suppose A — Ag is a surjective morphism with square-zero kernel and
(M4, X, A) is an object of My over Spec(A). If o is an automorphism of (M4, X, \), then it
follows from (2.9) that the automorphism of the underlying space of X must be non-trivial.
Thus the claim follows from ([18], 3.5) which shows that the underlying space of a stable log
K3 surface admits no infinitesimal automorphism.

6.24. My, is smooth and My, — M3} is a smooth divisor with normal crossings.

By ([39], 5.14), the open substack of Log classifying log structures M which étale locally
admit a chart N — M is isomorphic to [A'/G,,] which is smooth over Spec(Z). By (6.7),
My, is smooth over [A'/G,,]g, and hence is smooth over Q. Moreover, My, — M5 is equal to
the inverse image of the smooth divisor BG,, C [A!/G,,] corresponding to the origin 0 € A,
and hence is a smooth divisor.

7. Log K3 surfaces with level structure

7.1. In this section it will be most useful to view My, with its natural log structure My,
as a stack over the category F'Log of fine log schemes over Q. As remarked in (6.3), the
stack (Mo, My, ) can be viewed as the stack which to any fine log scheme 7" associates the
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groupoid of pairs (X, A), where f : X — T is a log K3 surface and A is a primitive polarization
of degree 2k.

To any such (X, \) and integer n, we obtain a sheaf R?f,(Z/nZ) on the log étale site of
T (see ([37]) for the definition of the log étale site). This sheaf is locally constant and its
formation is compatible with arbitrary base change by ([36], 4.3) and ([37], 5.1). In particular,
the sheaf R?f,(Z/nZ) is obtained by pullback from a universal sheaf Al°¢ on the log étale site
(Mg, My, )iog-et Of (Mg, My, ). The sheaf Ae comes with additional structure. Indeed it
follows from ([36], 2.2) that the adjunction map

As — Rj,j*Als
is an isomorphism, where j : M5, — (Mag, My, )iog-et denotes the natural morphism of
topoi. The fact that A8 ~ j,j*Al°® implies that the sheaf
Isom(A ® Z/nZ, A°%)

of isomorphisms between A8 and the constant sheaf A ® Z/nZ is also locally constant and
isomorphic to
Jslsom(A ® Z/nZ

- A log
MR, J AE).

7.2. Let A; := ], Q, be the ring of finite adeles, and let O, C Ay be the subring 7 ~ 1, Zt.
For any smooth (in the usual sense) polarized K3 surface (X, \) over an algebraically closed
field , we get an A -module H?(X, A ;) by taking the restricted direct product over the l-adic
cohomology groups of X. H?*(X,Af) comes with the additional structure of an Oy ;lattice
H?*(X,04,) and an inner product (see for example the discussion in ([12], p. 18)).

Let A be the lattice with inner product defined in the introduction and let h € A be a fixed
vector with h? = 2k.

Definition 7.3. A full level-n-structure on (X, \) is an isomorphism
n:A/nA ~ H* (X, Z/nZ)

for which there exists a lifting 77: A® Oy, ~ H 2(X,0, f) of 7 which preserves inner products
and maps h to the class of A. If T is a scheme and (f : X — T, \) is a polarized K3 surface
over T', then a full level-n-structure on (X, A) is an isomorphism ¢ between the constant sheaf
A/nA and the sheaf R?f,(Z/nZ) which defines a full level-n-structure at each geometric point
of T.

Lemma 7.4. Let T be a Q-scheme and let (f : X — T, \) be a polarized K3 surface over
T. For any isomorphism ¢ : A/n\ — R%f.(Z/nZ), the condition that v defines a full level-n-
structure is an open and closed condition on T'.

Proof. The assertion is local on 7" so we may assume that 7" = Spec(R) for some ring R.
Write R = lim R; as a filtering inductive limit of rings of finite type over @, and note that
since My is limit preserving by (6.4), we can by ([7], IX.2.7.4) find an approximation for
the data (X, A,¢) over some R;. Thus we are reduced to the case when T is locally of finite
type over Q. By base changing to C we see that it suffices to consider the case when T' is
a C-scheme of finite type, and in this case it suffices to show that the set of points where
t defines a full level-n-structure is open and closed in the analytic topology. Now in this
case the assertion that ¢ defines a full level-n-structure at a point t € T'(C) amounts to the
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statement that there exists a lifting 7 : A ® Oy, — (R*f2"Z); ® Oy, compatible with the
inner products and the polarizations. This is evidently an open and closed condition since
R? {27, is a locally constant sheaf. O

7.5. Define

ISﬂ*(A/TLA Mgr}?,]*/\l?g) - ISﬂ(A/TLA M;‘,?aj*Ai—?g)
to be the subsheaf of isomorphisms ¢ which define full level-n-structures. It is a locally
constant sheaf by (7.4). Therefore, the sheaf

Isom*(A/nA, Al°8) := j,Isom*(A/nA, A1)

is a locally constant subsheaf of Isom(A/nA, Al%®).

Denote by Aut”(A/nA) the group of automorphisms of A/nA which can be lifted to auto-
morphisms A ~ A preserving the lattices, h, and pairings, and let
H C Aut”(A/nA)
be a subgroup.

Definition 7.6. Let T be a log scheme and (f : X — T, \) a polarized log K3 surface over
T. An H-level structure on (X, \) is an element of

H°(Tioget H\Isom7, ~ (A/nA, R*f.(Z/nZ))).

Remark 7.7. Here Isomp,  (A/nA, R?f.(Z/nZ)) denotes the sheaf Isom*(A/nA, Al8) pulled

back to the log étale site Tioger Of T via the map T — (Myy, My, ) defined by (X, \) (or
equivalent the sheaf of full level-n-structures on (X, \)). H acts on this sheaf via its action
on A/nA.

Consider the fibered category F over FLog which to any T associates the groupoid of
triples (f : X — T, \,¢), where (X, \) is an object of (M, My, )(T) and ¢ is an H-level
structure on (X, A).

Theorem 7.8. The fibered category F is equivalent to that defined by a smooth Deligne-
Mumford stack Moz with a fine log structure My, ,,. Moreover the natural map

(MZk,Ha MM%,H) - (M2k7 MM%)
is representable, finite, and log étale of Kummer type (see ([37], 2.1.2) for the definition of
Kummer type). If M5y C My, g denotes the substack classifying triples (f : X — T, A1)

with f : X — T smooth, then Moy i — Mg‘;H 18 a smooth divisor.

Proof. The stack F “is” the sheaf H\Isom*(A/nA, Al8) on the big log étale site of (M, My, )-
This is a locally constant sheaf, and hence is representable by a relative log scheme, log étale
and of Kummer type over (May, My, ) by a result of 1. Vidal ([45], 1.1.2.3). This and the
following lemma proves the theorem. O

Lemma 7.9. Let X be a log scheme smooth over (Spec(k), OF) for some field k. Assume that
M étale locally admits a chart N — Mx. Then for any Kummer-étale morphism Y — X

the underlying scheme Y is smooth over k, the locus of points y € Y where ﬂy@ #0is a
smooth divisor, and My admits étale locally a chart N — My .
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Proof. By the same reasoning as in (6.24), it suffices to prove the last statement. For any
geometric point ¥ — Y, the group Mi‘j’g is by the definition of Kummer type isomorphic to
Z. Since My@ is saturated, it follows that ng is isomorphic to N. Thus we can find a map
N — My, such that the induced map N — My is an isomorphism. By ([28], 2.10) this
map extends to a chart in some étale neighborhood of . O

7.10. Let I' C I'y; be the inverse image of H in Aut(A), and let My g ¢ denote the base
change to C of My, . Consider the substack M5y« C MY,  (notation explained below)
whose objects over some C-scheme T' consists of triples (f : X — T, \,¢) defining an object
of M5y ;; o(T') such that for each point ¢ € T(C) the element

1 € H\Isom*(A/nA, H*(X,,Z/nZ))

can be lifted to an isomorphism A ~ H?(X? Z) compatible with the polarizations and
pairings. It is straightforward to verify that this is an open and closed condition so that
M3k c 1s an open and closed substack of M3y ;..

7.11. The justification for the notation My - is as follows. To define Mgy - it suffices to
restrict Mgy, i ¢ to the category of smooth C-schemes, since the stack My, i ¢ is smooth. Now
if f: X — T is a smooth polarized K3 surface over a smooth scheme 7', then to give X /T the
structure of an object of M3}'1 ¢ is equivalent to giving a I'-equivalence class of isomorphisms
between the constant sheaf A and R?f,(Z) compatible with the polarizations and cup-product
on the analytic space T?". It follows that there is a natural map of Deligne-Mumford stacks

(see the introduction for the definition of Dyy)
(7.11.1) skrc — [\ Doy
such that the diagram

Mg]?,r,c —— [\ Dy

(7.11.2) l l

Mzk,cc s sz\@%

is cartesian. In particular, the map (7.11.1) is étale, surjective, and generically an isomorphism
since this is true of p.

7.12. Let Aut®(A/nA) denote the group of isomorphisms which can be lifted to isomorphisms
A® Oy, ~ A®Oy, preserving the polarizations and pairings, and note that there is a natural
inclusion
Aut?(A/nA) — Aut*(A/nA).

The natural action of Aut*(A/nA) on Isom*(A/nA, j*Al°8) induces an action of Aut*(A/nA)
on My, pc. For g € Aut*(A/nA), we will denote this action by (X, A\ t) — (X, 9).
Then if ¢1,...,9, € Aut*(A/nA) denote left coset representatives for Aut*(A/nA) modulo
Aut?(A/nA), we get an isomorphism

. sm sm
g1 H T ng : HM%,F,(C — Yop e

gi
This map extends in a natural way to an isomorphism

91 H E ng : HM2k,F,<c — Moy nc,

gi
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where My, r ¢ denotes the closure of M3t c in Mok me.

7.13. This observation enables us to define a model My, for My, ¢ over a canonically
defined number field Er. To do so, let Q denote the algebraic closure of Q in C (so fix an
embedding Q — C), and observe that the connected components of My, g are in bijection
with the connected components of My g7.c, so at least we get a model

Mzk,r,@ - M2k,H,@

for Mok r,c. Let It € Gal(Q/Q) be the subgroup of elements which map My, 15 to itself

under the natural action of Gal(Q/Q). Then Er is the fixed field of I+ and My, p is the stack
over Er obtained by descent. There is a natural closed and open immersion

Moy r — Moy .5y

The connected components of My, may still not be geometrically connected. For this
we introduce another field extension Fr/Epr. Let J C Gal(Q/Er) be the subgroup of ele-
ments which preserve the decomposition of My, g into connected components, and let Fr
be the fixed field of J. Then the connected components of My 5. are all geometrically
connected. This also implies that the irreducible components of the boundary of My 1 7. are
geometrically irreducible (exercise left to the reader).

Note that by construction the fields Er and Fr come with specified embeddings into C.
Also the degree [Fr : Ep| is either 1 or 2. This follows from the fact that Dy, has two
connected components ([16], 0.9), and hence I'\ Dy, has 1 or 2 connected components. Since
the natural map MEp . o — '\ Dy is generically an isomorphism it follows that M3}y » has
either 1 or 2 components.

7.14. Now suppose D C Mg g is a connected (and hence irreducible) component of the
boundary. We will associated to D a I'-equivalence class of nilpotent endomorphisms N :
A — A. Since D remains connected and irreducible after base change via the map Fr — C,
it suffices to associate such data to the base change Dc.

Suppose (X, A, ¢) is a collection of data corresponding to a point in D¢(C). By (7.8), we
can find a log smooth deformation (X, X, 7) of this data to a family over the disk A with log
structure Ma defined by the function x € C{{z}}. Then for any point t € A* := A—{0} we
obtain an automorphism 7" of H Z(Xt, Z) by considering the path on A “turning once around
0 counter-clockwise”. It is known that 7" is a unipotent endomorphism and that its logarithm
N is an integral matrix ([20], 0.5). Now we are given a specified class

n: € D\Isom(A, H*(X;, 7)),

and if we choose a representative isomorphism 7; : A ~ H 2()N(t,Z) we obtain a nilpotent
endomorphism of A. If [N] denotes class of this endomorphism in the set of T-equivalence
classes of endomorphisms of A, then [N] is independent of the choice of 7;.

Lemma 7.15. The class [N] is an invariant of the divisor Dc.

Proof. To prove this we may work locally in the analytic topology on My r c. Now locally this
space is isomorphic to A” x A, where r is some integer, and D¢ is the divisor A" x {0}. Let
Marya be the log structure defined by the divisor De. If g : (A, Ma) — (A" X A, Marga)
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is any strict map and ¢t € A* is a point, then the strictness implies that the induced map on
fundamental groups

T (A1) — m (A" x A% g(t))

is an isomorphism. Hence for any local system V on A" x A* the automorphism of V)
obtained from the composite

Z, ~ 7T1(A*,t) L Wl(AT X A*,g(t)) — Aut(Vg(t))
is independent of the choice of ¢g. From this the lemma follows. O

Definition 7.16. Let ¥ = {[N],...,[N,]} be a set of I'-equivalence classes of endomorphisms
of A. Define My rs; C Moy r 5. to be the open substack consisting of M3j'r . together with
the components D of the boundary whose associated ['-equivalence class of endomorphisms
of A lies in 3.

8. Minimal and Toroidal compactifications

Throughout this section we will work with a fixed neat arithmetic subgroup I' of 'y, and
leave it for the reader to make the necessary modifications in the case when I' is not neat.

8.1. We begin with a discussion of the minimal compactification (sometimes also referred to
the Satake or Baily-Borel compactification) of I'\Dy ([9]). On the analytic space Doy, we
have the universal filtration on A ® Op,, which in our situation is just a line £ C A ®¢ Oop,,,

and the action of I" on Dy, extends (tautologically) to an action on these bundles. We denote
by w the bundle on I'\ Dy, descended from ¢. By ([9], 10.14), w is an algebraic bundle. Define
a graded algebra 2 by

A = @ZZOHD(F\QQIW w®l)7

(here we mean algebraic sections, but in fact one can also work analytically by Koecher’s
principle (][9], 10.14)).

Theorem 8.2 ([9], 10.11). The C-algebra 2 is finitely generated, and (I'\Dax)* := Proj(A) is
a projective variety. Moreover, there is a natural inclusion (I'\Dayy) — (T'\Dax)* identifying
[\Doy with a dense open sub-scheme.

Now let
T Moo — M\ Doy
denote the period map (7.11.2), and notice that
T w Rof*Qism/M%m,
where X*™ denotes the universal polarized K3 surface.
Proposition 8.3. For alll > 0, the map
H°(T\ Doy, w®') — H( 311?,1“,@“*”@)

s an isomorphism.
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Proof. The map is injective since 7 is generically an isomorphism. Thus we have to show that
it is surjective.

Suppose we are given a global section n € T(M;r,?,nc,ﬂ*w@). We can think of n as a
rule which to any K3 surface f : X — T over some scheme T' associates a global section
nx € D(T, (f.0% /T)®l) such that the association X +— 7y is functorial. By this we mean
that if f/ : X’ — T is a second polarized K3 surface with level structure, then for any
isomorphism o : X — X’ compatible with the polarizations and level structure, o*(nx/) =
nx € T(T, (f.Q%,7)®). On the other hand, to give an element in H°(I"\Dgy,,w™) is by the
Torelli theorem and the modular interpretation given in I'\ Dy equivalent to giving for each
such K3 surface f : X — T a global section of (f,Q5% /T)®l which is not only compatible with
isomorphisms of K3 surfaces but also with any isomorphism of the associated variations of
Hodge structure. More precisely, if f': X’ — T is a second polarized K3 surface as above,
and

01 (R L, [ Axs tx) — (RPFIZ, FLQ% s Axrs L)
is an isomorphism of variations of Hodge structure compatible with all the additional struc-
ture, then o(nx) = nx,. Now to verify that any n € HO(M3} o, m*w®) has this stronger
property, we may assume that X — 7 and X’ — T are suitably versal families. In this case
the result is clear, because we know that there exists a dense open set U C T over which o is

induced by an actual isomorphism of polarized K3 surfaces with additional structure, by the
Torelli theorem ([16], 1.2). O

If f: X — My, c denotes the universal log K3 surface with polarization, and if Qﬁ( Mok 1
denotes the sheaf of log differential forms on X' /Moy r ¢, then we obtain the following:

Corollary 8.4. The natural map
HO(MQk’F’(C’ (f*Q?Y/MQk,F,C)®Z) - HO( ;II?,D(C? 7T*C«J®l)

is an isomorphism, and for | sufficiently big (f*Qg(/M% FC)®l s generated by global sections.

Proof. Since My r ¢ is smooth and M3 is a dense open subset of My, c, the map is
injective. Thus it suffices to show that every section of 7*w®' has at most logarithmic poles
along the boundary. This assertion is local on My r ¢, and we may even work locally in the
analytic topology. Thus it suffices to consider the situation arising from a family over A" x A
whose restriction to A” x A* is smooth. We may also assume that the map A" x A* — T\ Dy
is a local isomorphism. In this case it follows from ([8], p. 279) that the period map can be
extended to a map from A" x A to one of Mumfords toroidal compactifications. This implies
that the map is surjective, for it is known that any section of H°(T'\ Dy, w®') extends to a
section over any of the toroidal compactifications by ([9], 10.14) and ([8], p. 254).

The same argument yields the second assertion. For it follows from the construction of the
minimal compactification that for some integer [ the sheaf w®' extends to all of (I'\Dy;)* and
is generated by global sections. Since all the toroidal compactifications map to the minimal
compactification the above argument yields the result. U

Corollary 8.5. The period map M3y o — I\ Dy extends naturally to a map
7 : Morrc — (I'\Dap)™
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8.6. Next we turn our attention to the toroidal compactifications of Mumford et. al. ([8]).

Recall that a toroidal compactification of I'\Dy, depends on the choice of a so-called “I'-
admissible collection of fans” A = (Ap); one for each “rational boundary component” ([§],
I11.3.5). Each A is a fan in a certain unipotent subgroup U¥ of the group of automorphisms
of A®R compatible with the inner product and the polarization, and the fans satisfy certain
compatibilities. Here U is given the structure of a vector space by identifying U* with its
Lie algebra using the logarithm map. For any one-dimensional cone ¢ in some Ag we obtain
a cone in UF which we always assume to be integral. That is, viewing U as a subspace of
End(Ag), we assume that c NEnd(A) is non-zero and generated by a single element N,. Thus
to any A we associate a set of I'-equivalence class of endomorphisms of A. We denote this
collection by ¥(A), or just 3 if no confusion is likely to arise.

We will always in this paper assume that A is “smooth” so that the associated toroidal
compactification (I"'\Dyy) is a smooth algebraic space with boundary a divisor with normal
crossings ([8], p. 293). The divisors of the boundary are in natural bijection with the I'-
equivalence classes of one-dimensional cones ¢ in the Ap.

Let us fix a ['-admissible collection of fans A and let (I'\"Dy) denote the associated toroidal
compactification. There is a natural map

(8.6.1) pr: (M\Day,) — (T\Doz)*

to the minimal compactification ([8], p. 254). We will assume that A is a so-called “smooth
projective” collection of fans ([8], p. 310). In this case, (I'\Day) is a smooth algebraic variety,
and the map (8.6.1) can be constructed as follows ([8], chapter IV). This construction depends
on the choice of a so-called polarizing function which determines an invertible sheaf of ideals

I on (I'\Dyy) ([8], p- 312). This ideal I has support on the boundary of (I'\Dy), and is
determined by its order of vanishing [, on each divisor on the boundary corresponding to

a I'-equivalence class [o] of one-dimensional cones in A. Let J = pr, /. Then (I"'\Dyy) is
obtained from (I"\ Dy )* by blowing up the ideal J and normalizing. The main point of this

section is that the ideal J may be constructed using the stack My ry instead of (I'\ Do),
and that J will be defined over the field Fr.

In fact, define Iy to be the sheaf of ideals on My 15, associated to the divisor Zg lig1 D61
where D, denotes the divisor on the boundary of My r s corresponding to the class [o].

Proposition 8.7. Over C, J ~ mw, Ly, and 7w, Ly = Ly.

Proof. By (]20], 6.2) and ([16], 3.8) there exists locally in the analytic topology a factorization
of the map My ry ® C — (I'\Dg)* through an étale map to (I'\Dyy). From this it follows
that there exists a morphism in the analytic category Moy rs ® C — (I'\Dy) (which we
will see below is in fact algebraic) covering the maps to (I'\Dgx)*. By ([44], theorem 2)
the image of this map meets every irreducible component of the boundary. Thus a function
J € Or\D,,)~ vanishes with the correct multiplicity along each component of the boundary
if and only if f is in pr,/ = J. From this it follows that m.ly = J. The same argument

combined with the fact that pr*pr, I = I ([8], IV proposition 5) implies that 7*m, Iy = y. O
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By the universal property of blowing up and normalization we obtain a map

T MQk,F,E X C B (F\ﬁgk)
This map is étale, for this can be verified locally in the analytic topology in which case the
result follows from ([16], 4.2.4) and (]20], 3.8 and 6.2).

Proposition 8.8. (i) Myyry ® C is an algebraic space with separated diagonal, and 7 is
quasi-finite.

(i) If V C (I'\Dax) denotes the image of 7, then (I'\Dax) — V' has codimension > 2, and the
map Mo,y ® C — V induced by T is quasi-finite and universal for maps from Moy rx ®@ C
to separated algebraic spaces.

Proof. Statement (i) follows from the following three lemmas.

Lemma 8.9. The diagonal A : My, — My, x Moy satisfies the valuative criterion for sepa-
ratedness.

Proof. This is equivalent to saying that if A is an integral domain with a log structure M 4 and
(X, Mx)/(A, M) is a special log K3 surface, then any automorphism o of the corresponding
A-valued point of My, which is generically the identity is in fact equal to the identity. This
is an étale local issue on Spec(A) so we may assume we have a chart N — A, 1+ ¢, for M 4.
The automorphism ¢ induces an automorphism of M 4 which is the same as giving a unit
u € A* such that ut = t. Since A is an integral domain, u = 1. The lemma now follows from
the argument given in (6.22). O

Lemma 8.10. Let X be a Deligne-Mumford stack which admits an étale morphism f : X — Y
to an algebraic space Y. Then the automorphism space Aut(x) of any object x € X is smooth.
In particular, if f is generically an isomorphism and if the diagonal of X satisfies the valuative
criterion for separatedness, then X is an algebraic space.

Proof. Let k be an algebraically closed field, x € X(x) an object, and let @x:c be the com-

pletion of the local ring of X at z. If & € X(@xx) denotes the tautological object, then we
show that every automorphism of x can be lifted to an automorphism of z.

The ring @xa: can also be viewed as the ring pro-representing the functor of deformations
of z. Let o : |, ~ x denote the specified isomorphism. If a is an automorphism of z,
then we obtain a formal deformation ' by considering the object & over O together with the
isomorphism « o 0 : Z|, ~ x. By the universal property there exists a unique isomorphism
1:0 — O and an isomorphism & : t*T ~ 2z inducing «. On the other hand, since the map
f X — Y is étale, the ring O is isomorphic to @y} f(z)- The above construction of the action
of Aut(z)(k) on O is functorial and so the induced action on @K f(z) 18 just the action of

Aut(f(x))(x) = {id}. Thus the action of Aut(z)(x) on O is trivial, and the automorphism o
can be lifted to an automorphism of #. This implies that Aut(x) is smooth.

Now suppose the diagonal of X satisfies the valuative criterion for separatedness and that
f is generically an isomorphism. Since the Aut-spaces are smooth, to verify that they are
all trivial we may base change to Y,.q and hence can assume that X and Y are reduced.
Moreover, it suffices to show that any automorphism o of an object x € X over a separably
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closed field k is trivial. Since & is separably closed, there exists an étale morphism v : U — X
and a lifting & : Spec(k) — U of x. Since Aut(u) is smooth, we can after replacing U by an
étale neighborhood of Z lift the automorphism ¢ to an automorphism & of u. We claim that
¢ is trivial. To verify this we may base change to the irreducible components of U and hence
may assume that U is integral. Since ¢ is generically trivial by assumption it follows from
the fact that Aut(u) satisfies the valuative criterion for separatedness that & is trivial. O

Lemma 8.11. The map 7 is quasi-finite.
Proof. Tt suffices to consider the fibers of 7 over points P = Spec(C) — (I'\Dax) on the
boundary. Suppose (X;, Ai,¢;) (¢ =1,2) are two points of My, r»: in the fiber over P.

Choose a representative line bundle £; of A\; such £V is generated by global sections and

defines a map X; — X C P’ contracting finitely many curves to points.

Choose a map Spec(C[[t]]) — (I'\Dax) mapping the closed point to P and the generic point
to a point of I'\ Dy in the open set over which 7 is an isomorphism. Since 7 is étale, we
can lift this map to two maps p; : Spec(C|[[t]]) — Maxrx ® C corresponding to deformations
(Xi, i, ;) € Moy ® C of (X;, A;, ;) which are generically isomorphic. Moreover, by (6.8),
we can find a representative L1 of \ lifting £ such that E]lv is generated by global sections
and defines a birational map X; — Y C P& pec(cyy) Which in each fiber contracts only finitely

many curves. Let g : X; --» X, by the birational map obtained from the fact that the
the two points p;(C((t))) are equal. By the proof of ([44], 3.1), the map ¢ is a composite
of elementary modifications ([19], 12-14) along curves in the closed fiber contracted by £,
Moreover, by (6.21) the polarization Ay is that induced by the strict transform of A;, and
1y is the level structure induced by ¢; since they agree on the generic fiber. Now since £
contracts only finitely many curves forming configurations as in (5.16), the set of possible
birational modifications of X; which one can make using these curves is a finite set. U

To see (ii), consider the closed subspace
Moy ® C xy Mogry ® C C My, py ® C x Mo,y @ C.

It is the étale equivalence relation on My, r > ® C which defines V. On the other hand, the fact
that 7 is generically an isomorphism implies that My, r s ® C Xy My ry ® C is equal to the
closure A of the diagonal A of My r» ®C. Now if My, r s ® C — T'is any map to a separated
algebraic space, the inverse image of the diagonal Ap of T'in Mg, py, ® C x Moy ® C is
closed, and hence the map

Moy ® C xy Mo ry @ C — T x T
factors through Ap. From this it follows that My, ry ® C — T factors through V. ]

Since Iy is defined over FT, the ideal .J is also defined over F1 and we obtain the following;:

Corollary 8.12. Define (I'\Day)p. to be the normalization of the blow-up of J := m.ly
on (I'\Day)* (over Fr). Then all the assertions of (8.8) are valid over Fr when we replace
(T\ Do) by (F\@gk)FF and Mo, 1y ® C by Moy r s, in the statements.
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8.13. Finally we remark that the various naturally occuring sheaves on My s descend to

(I\Dar) .- More precisely, let f : & — My, s be the universal log K3 surface. Denote by
(R 1.2, Mgy 157 V) the relative logarithmic de Rham-cohomology of X', and let F*® be the

Hodge filtration on R? ., Y

Proposition 8.14. The triple (RQf*Q'X/M%FE, V, F*) is obtained by pullback from a unique

triple (H,V, F'*) over (I'\Dag) p.-

Proof. Let us first consider the situation over C. On I'\'Dy, we have a tautological module
with integrable connection (H, V). (H,V) has unipotent monodromy along the divisor at
infinity since this can be verified on My, rx. Thus there is a unique extension of (H, V) to a
module with logarithmic connection on (I"\'Dy;) (the canonical extension in the sense of ([11],

p. 92)). By the uniqueness of the extension this pair (H, V) bulls back to (RQf*Q'x/M% o V)

on My, ry ® C. The canonical global section n € H over I'\ Dy, extends to a global section
over (I'\Dyy) since this can be verified on an étale cover of an open set U C (I'\"Dyr) whose
complement has codimension > 2 (in our case My, rs ® C). By the same reasoning, the
cup-product pairing on H over I'\ Dy can be extended to a pairing on H over all of (I'\Dyy).
Now once we have the cup-product pairing on H, to give the Hodge filtration on H it suffices
to give the line F? since F! is the dual of F'2. Since we have such a universal line over the
minimal compactification we obtain an invertible sheaf over (I"'\Dsy.). To extend the inclusion
F? — H over '\ Dy, to all of (I'\Dy;) it again is enough to work in an étale neighborhood of
a subset whose complement has codimension > 2. Thus we also obtain the Hodge filtration
F* on 'H. This completes the proof over C.

Lemma 8.15. Let € be a locally free sheaf on (I'\Day). Then the natural map € — 7, 7*E is
an tsomorphism.

Proof. Since 7 is generically an isomorphism the map is injective. To see that it is surjective,
it suffices to show that if U — (I'\ D) is étale, and if Uy := U X (F\yr) My rx ® C, then any
section of £ over Uy maps to the same section of £ over Uy Xy Uy via the two projections.
For since the image of Uy — U has complement of codimension > 2, any section of £ over
Uy with descent datum relative to Uy — U will descend to a section over U. Thus the result
follows from the fact that over some dense open subset of Uy, the two maps Uy Xy Uy = Um
are the same and open immersions (since Uy — U is generically an isomorphism). U

The lemma enables to construct (H,V, F'*) over Fr. Indeed the lemma implies that the
sheaves ﬁ*RZf*Qk/Mmz and 7, F" on (I'\Dgy)p. induce the sheaf H with its Hodge fil-
tration over C. Thus by descent theory these sheaves are locally free. Moreover, since

~ ~x0)1l ~ 1 ~x ()1 _ Ol :
T2 T Q (Do) and 72 B vy, 15> We see that the Gauss-Manin con-

nection induces a connection on 7, R*f, Q) IMapr5° Thus we define (H,V, F'*) simply to be
the pushforward via 7 of the triple (R?f.Qy py, .V, F*). O
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Appendix A. A relative version of M. Artin’s method

A.1. In this section we prove a version of Artin’s theorem ([2], theorem 5.3) with an algebraic
stack as a base. Our motivation for this is the following. In our study of degenerate K3
surfaces, we have considered a stack F' whose objects over a scheme 7" are triples (Mr, X, \),
where Mr is a log structure on T, X/(T, Mr) is a log K3 surface, and A is a polarization
(see section 5 for definitions). We would like to conclude that F' is algebraic. Since the
deformation theory of log algebraic spaces is well-understood and the notion of polarization
depends on the log structure, it is most natural to view this situation via the functor

F— LOQ, (MTaXa )‘) = MT-

Thus we are naturally led to look for a version of Artin’s theorem with an algebraic stack as
a base.

Let S be a scheme of finite type over an excellent Dedekind ring, and let § — S be an
algebraic stack locally of finite type.

Definition A.2. An S-stack is a stack F' over the category of S-schemes with the étale
topology together with a morphism of stacks m : F' — 8§ (we often write simply F' instead
of (F,m)). A morphism of 8-stacks F; — F3 is a morphism of stacks ¢ : F; — F5 together
with an isomorphism of functors ¢ : my o ¢ >~ m;. An 8-stack (F,m) is algebraic if F is an
algebraic stack. Viewing schemes as stacks we get notions of S-schemes and morphisms of
S-schemes.

A.3. Fix an S-stack (F,m). If X is an 8-scheme define a groupoid Fx as follows. The objects
of Fx are morphisms of 8-stacks X — F. If (f, f*) and (f’, f*) are two objects of Fy, then
a morphism
(f', f°) — (f. )
in Fx is an isomorphism of functors « : f* — f such that the two isomorphisms
P floa:mof —u
are equal, where x : X — 8 denotes the structure morphism. Since F' is a fibered category,
Fx is a groupoid. If (¢,¢) : X’ — X is a morphism of 8-schemes, then there is a natural
pullback functor
(¢, 0)" : Fx — Fx,
which sends a pair (f, °) to (¢*(f), ¥ 0 ¢*(f*)). In this way F defines a fibered category over
the category of 8-schemes.

If a € Fx we denote by F, x the category whose objects are pairs (@', ) where a’ € Fy and
a: (¢,¢)*a’ ~ a is an isomorphism in Fx,. Morphisms in F, x are defined to be morphisms
in F'x which are compatible with the morphisms to a. We denote by F,L x the isomorphism
classes of objects in F, x.

A.4. The category of 8-schemes has an étale topology. Covering families {U; — U} are
collections of morphisms of 8-schemes U; — U such that the underlying family of morphisms
of schemes {U; — U} is an étale cover of U. The condition that F' is a stack with respect to
the étale topology on S-schemes is equivalent to the statement that the corresponding fibered
category over the category of 8-schemes is a stack with respect to this topology (details left
to reader).
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A5. By a 8-ring A we mean a ring A together with a structure of a 8-scheme on Spec(A).
We usually denote 8-rings by script letters (e.g. .A), and their underlying rings by the
corresponding roman letter (e.g. A). It follows from the fact that 8 is locally of finite type
over S that the stack F'is limit preserving (in the sense of ([2], p. 167) if and only if for all
filtering inductive limits of 8-rings {A;} the natural functor

i Fg; — Flin 4,
is an equivalence of categories.

Definition A.6. An S-deformation situation is a diagram in the category of S-rings

B

|

A A Ay

such that

(i) Ap is reduced.

(i) A" - A and A — Ay are surjections with nilpotent kernel.

(iii) The composite B — Ay is surjective.

(iv) The kernel I = Ker(A” — A) is an Ag-module of finite type.

A.7. For any map of rings p : R — A, let §, p denote the groupoid of pairs (ag, ), where

ar € Sg and « : p*(ag) ~ a is an isomorphism in 84. Since 8 is an algebraic stack, for any
deformation situation as in ([2], 2.2) and a € S, the functor

Sa,A’XAB - Sa,A’ X 8a,B

is an equivalence of categories ([2], converse of 5.3 on p. 182). It follows that for any 8-
deformation situation as above, the product A’ x 4 B exists in the category of S-rings.

The following conditions (S1%) and (S2°) will be referred to as Schlessinger’s conditions.

Condition (S1%). Given an §-deformation situation as in (A.6) and a € Fj, the natural
functor
Fa,A’XAB I Fa,A’ X Fa,B
is an equivalence of categories.
A8. If Ais an 8-ring, and if I is an Ag-module of finite type, let A[I] be the ring whose
underlying group is A @ I and whose multiplication law is given by
(a,i) - (a',i") := (ad', ai’" + a'7).
There is a natural retraction
SpeC(A[I]) - SpeC(A>7 A— AU]? ar— (CL, 0)

which gives A[I] the structure of an 8-ring which we denote by A[I]. It follows from the
definition of A[I] that

AT} x4 AT = AT & T,
and so just as in the case when § is a scheme ([43], 2.10), A[I] has the structure of an
Ag-module object in the category of 8-rings. It follows from this that if (S1°%) holds, then
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given ag € Fy, the isomorphism classes of objects in Fj; 4,1 has a natural structure of an
Ap-module. We denote this module by Tp/s 4, (). Similarly, if Aute,(Ao[/]) denotes the set
of automorphisms of ag|4,;;y Which induce the identity on ag then Aut,,(Ay[/]) also has a
natural structure of an Ag-module.

Condition (S2%). The Ag-modules T s, (1) and Aut,,(Ao[]) are of finite type.

Remark A.9. Applying the above discussion to F' — S one obtains conditions (S1°) and
(S2%). These conditions are denoted (S1’) and (S2) in ([2], 2.3 and 2.5), and we follow the
notation of (loc. cit.) in this situation. If (S1’) holds, then we obtain modules

(A.9.1) Tr/s.a0(I) and Autg, (Ag[1])

which are denoted D, (/) and Auty, (Ao + I) in (loc. cit., 2.4 and 5.3). In the rest of the
paper, we use the notation (A.9.1) for these modules.

We will also need a generalization of the notion of an obstruction theory ([2], 2.6):

Definition A.10. An obstruction theory for F'/§ consists of the following data:
(i) For every morphism of 8-rings A — Ag as in (A.6) and a € F4, a functor
O, : (Ag-modules of finite type) — (Ag-modules of finite type).
(ii) For every diagram A" — A — A as in (A.6), an element 0,(A") € O,(I) which is zero if
and only if there exists a lifting of a to A’

This data is required to be functorial and linear in Ay and 1.

A.11. We will consider the following additional conditions on the modules Tr/s 4., Ou([), and
Aut,, (Aoll]):

(1) Compatibility with étale localization: With notation as above, if A — B is an étale mor-
phism of 8-rings (i.e. A — B is étale), then for any a € F 4 with image b € Fjp

TF/vaO<I ® BO) = TF/S,a()(]) ® B07
Auty, (Bo[I ® Bo)) ~ Autg, (Ao[I]) ® Bo,
and
Ob([ & Bo) >~ OQ(I) ® BO,
where By (resp. by) denotes B ®4 Ay (resp. the pullback of b to By).

(ii) Effectivity of formal objects: If m C Ay is a maximal ideal and A the completion of A
along m, then

Tr/s,a0(I) @ A = lim Tpys.4,(1/m"1),
Autg, (Ag[I]) ® A ~ lim Auty, (Aol /m"1]),
and A
Oup (1) @ A 1im Oy (I /m" ).

(iii) Constructibility: There exists an open dense set of points p in Spec(Ay) with x(p) of
finite type over S such that

TF/S,ao(I) ® ’f(p) = TF/s,aO(I ® ’f(p)%
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Aut,, (Ao[I]) ® K(p) = Auty, (Aol ® K(p)]),
and

O.(I) ® k(p) C Ou(I ® K(p)).

Theorem A.12. Let m : F' — 8§ be a limit preserving S-stack (A.5), and suppose an obstruc-
tion theory O is given. Then F' is an algebraic stack if the following conditions hold:

(i) The conditions (S1%), (S2%), and the conditions on Trysq,(I) and Aute,(AglI]) in (A.11)
hold.

(ii) If A is a complete local $-ring with residue field of finite type over S, then the natural
functor

is faithful and has dense image.

(iii) The obstruction theory O satisfies the conditions in (A.11). In addition, for every reduced
noetherian ring Ao, ag € Fa, and I an Ag-module of finite type, the map

Sm(ao),Aolr] — Oy (1)
which sends a lifting b of m(ag) to Ag[I] to the obstruction
0ay ((Ao[1], b)) € Oy (1)

is an Ag-module homomorphism. Here (Ag[I],b) denotes the 8-ring induced by b which comes
with a natural morphism of §-rings

(Aol1],0) — Ay

where Agy denotes the S-ring obtained from Ay via m(ag). The Ag-module structure on

Sm(ao),A0l1] @5 that described in (A.8).

(iv) If Ay is of finite type over S, ay € Fa, an object, and ¢ an automorphism of ag which
induces the identity in F,, (k viewed as a S8-ring) for a dense set of points Ay — k with k of
finite type over S, then ¢ is the identity over some dense open subset of Spec(Ay).

Proof. We show that F' is relatively representable by verifying the conditions of the following:

Proposition A.13. A limit preserving stack F/S is relatively representable if the following
conditions hold:

(i) Schlessinger’s conditions (S1') and (S2) hold, and in addition the modules Aut,,(Ao[l])
are Ag-modules of finite type.

(i) If Ais a complete local ring with residue field of finite type over S, then the natural
functor

(A.13.1) F(A) — lim F(A/m")

~

is faithful. In addition, given two objects x,y € F(A) and a compatible family of isomorphisms
&n 0y — yYp between the reductions modulo m™, there exists for every n an isomorphism
& x — y inducing &,.

(iii) The modules Tp/ga,(I) and Aute,(Ao[l]) satisfy the conditions for D in ([2], 4.1).
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(iv) Ifag € F(Ap) is an element over a ring of finite type over S, and if ¢ is an automorphism
of ag which induces the identity in F'(k) for a dense set of points Ay — Kk, then ¢ is the identity
over some dense open subset of Spec(Ap).

Proof. This follows from ([2], 5.3) applied to the Isom-functors. O

A.14 (Verification of (S1’)). Given a deformation situation as in ([2], 2.2) and a € Fl, we
have to show that the natural functor

(A141) Fa,A’XAB — Fa,A/ X Fa,B
is an equivalence of categories.

To see that (A.14.1) is essentially surjective, suppose given o' € F, 4 and b € F, 5. The
map
moa: Spec(A) — 8
gives A the structure of an 8-ring A, and similarly a’ and b define 8-rings A’ and B. Moreover,
the isomorphisms a'|4 ~ a and b|4 ~ a define morphisms of S-rings

A — A B— A,

and hence we have a 8-deformation situation as in (A.6) and an object in F, 4 X F, 5. By
(S1%), there exists an object in F,, 4x ,5 inducing this object, and hence (A.14.1) is essentially
surjective.

For the full faithfulness, suppose aj,a2 € F,ax,p. Given an isomorphism (f’, fg) in
Foa x Fy g, we get an isomorphism (m(f’), m(fg)) in 8pma),ar X 8m(),5, and hence by (S1’)
for § an isomorphism f : m(a;) ~ m(az) in 8, 4/x,5. The element a; gives in the same
manner as in the preceding paragraph A’, A, and B the structure of 8-rings A’, A, and B and
the morphism f allows us to view a, as an object in F, 4« s and the morphism (f’, fg) as a
morphism in F, 4 x F, 5. From (S1°) it therefore follows that (A.14.1) is full. Similarly, given
two isomorphisms fi, fo : a1 = ag in F, a4/« , g Which define the same morphism in F, 4 X Fy, g,
we must by (S1’) for 8§ have m(f;) = m(f2). Therefore we can view f; and f, as morphisms
in F, 4% 5, where we give A’, A, and B the structure of 8-rings via a;. Therefore, (S1°) also
implies that (A.14.1) is faithful. This proves that (S1’) holds.

A.15 (Verification of (S2), finiteness of Aut,,([), and (A.13 (iii))). Let Ay be a reduced
noetherian S-ring, and let ag € Fj,. The composite m o ay gives Ay the structure of a S-ring
which we denote by Ay. We claim that there is a natural 8-term exact sequence of Ag-modules

(a) (b)
Attty (Ao[1])

0 Autao (AO [I]) AUtm(ag) (AO [I])

(A.15.1)

(d) (e) - (f)
Tr/sa0I) — Sm(ao),Aoll]

Tr/s,a0(1) Ouy (1),

where Aut,,(40)(Ao[I]) is the module of infinitesimal automorphisms of m(ag) € 8. The maps
(a), (b), (d), and (f) are the maps induced by functoriality. The map (c¢) is defined as
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follows. Let h : Spec(Ag[l]) — 8, f : Spec(Ao[I]) — F, n: h~mo f be the data defining
the element over Ag[I]| defined by ay. The map sends an automorphism ¢ : h — h to the
element in Tp/s 4,7 defined by the maps h and f together with the isomorphism 7 o ¢. It
follows from unwinding the construction of the module structures that this in fact is an Ag-
module homomorphism. The map (f) is described in (A.12 (iii)). The exactness of (A.15.1)
is tautological.

Since all the modules in (A.15.1) except Aut,,(Ao[I]) and Tp/g4,(I) are known to be of
finite type, it follows that (S2) holds and that Aut,,(Ao[l]) is of finite type. Moreover,
combining a diagram chase with the fact that the additional conditions ([2], 4.1) hold for
At n(ae) (AolI]) and 8,40y (Ao[I]) ([2], converse to 5.3 on p. 182), one sees that (A.13 (iii))
holds.

A.16 (Verification of (A.13 (ii))). The faithfulness of (A.13.1) can be shown as follows. If
ai,as € Fj and fi, fo : a1 = ag are morphisms which define the same morphism in lln F; Jn
then m(f;) and m(f2) must be equal since (A.13 (ii)) holds for § by ([2], converse to 5.3 on
p. 182). View A as an $-ring via m(fi). Then f; and f, are morphisms in F; which induce
the same map in lim ;. and hence must be equal by (A.12 (ii)).

Next suppose ai,as € F; and that a compatible family of of isomorphisms &, : a1, ~ as,
are given. Since 8 is an algebraic stack, m(a;) xs m(az) is representable by an algebraic
space, and hence there exists a unique isomorphism m(&) : m(a;) ~ m(az) in 84 inducing
the isomorphisms m(&,). It follows that we can view a; and ay as objects in F4, where A
is the S-ring obtained via m(a;). Then by (A.12 (ii)), there exists for all n an isomorphism
¢ 1 ay ~ as inducing &,.

A.17 (Verification of (A.13 (iv))). If Ay is reduced and of finite type over S, ag € Fa,, ¢ an
automorphism of ay which induces the identity for a dense set of points, then there exists a
dense open set of Ay such that m(¢) is the identity automorphism of m(ag) over this open
set by ([2], converse to 5.3). Replacing Ay by the ring of a basic open set inside this open
set, we can assume that m(¢) is the identity map. Thus viewing Ay as an 8-ring via m(ag)
we are reduced to (A.12 (iv)). This completes the proof that F' is relatively representable.

A.18. To prove that F' admits a smooth cover, it suffices to show that for any smooth cover
b:S" — 8 the stack F' := F xg S’ is algebraic. For if T"— F’ is a smooth surjective cover,
then for any 1-morphism X — F' from an algebraic space all the arrows in

TXF/ (F/ XFX)—>F, XFX’:S/ XSX—>X

are smooth surjective morphisms of algebraic spaces. Hence T” also gives a smooth surjective
cover of F.

If s : Spec(A) — S is a morphism, then giving an object in F’; is equivalent to giving a
pair (f,h), where f : Spec(A) — F' is a 1-morphism and h : s*(b) ~ m(f) is an isomorphism
in 8. A morphism (f’,h') — (f,h) in F)) is the same as a morphism 7 : f' — f in F4 such
that m(n) o K’ = h. In other words, if we view A as a 8-ring A via the map b, the category
F; is naturally equivalent to the category Fj4.

This implies that all the hypothesis of ([2], theorem 5.3) hold, except possibly for the
existence of an obstruction theory. To construct an obstruction theory O’ for F’ proceed as
follows. An infinitesimal extension A — Ay over S’ can be viewed via b as an infinitesimal
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extension of 8-rings A — Aj. Moreover, an element a € F’ defines in a natural way an
element in F4 which we also denote by a. Define the functor O to be the functor O, of
(A.10) corresponding to this data. Given a deformation situation A” — A — Ay over 5,
we can view it as a 8-deformation situation, and hence get an element o,(1) € O, (I). It is
immediate that (O, 0,) satisfies the axioms of an obstruction theory ([2], 2.6) and ([2], 4.1).
This proves that F’ is an algebraic stack, and hence F' is also algebraic.

i

Remark A.19. From the proof it follows that it suffices to construct local obstruction the-
ories O, in the sense of ([2], 4.9) translated into the language of S-schemes.

Appendix B. Restatement using log geometry
In this section we restate (A.12) in the case when § = Logg, thereby obtaining a more
usable form of (A.12) for the application to log geometry. Throughout this section we work
over a fixed fine log scheme S whose underlying scheme S is of finite type over an excellent
Dedekind ring.
Definition B 1. A log stack over S is a pair F = (F Mp), where F' is a stack over the

category of S schemes and Mg : F — Logg is a morphism of stacks.

Remark B.2. In the case when F' is an algebraic stack, it follows from ([39], 5.8) that giving
the morphism M is equivalent to giving a fine log structure M on F' in the sense of (loc.

cit., 5.1) together with a morphism of log algebraic stacks (F, M) — S.

B.3. If Fis alog stack and t : T'— F'is a 1-morphism with 7" a scheme, then Mpot: T —
Logs induces a log structure denoted t* Mg on T together with a morphism of log schemes

(T, t*Mp) — S.

If f: X — Sis alog scheme over S, then we define a morphism X — F to be a pair (z, 2?),
where x : XO' — ]*2 is a 1-morphism and z° : 2* M — Mx is a morphism of log structures on
)?' such that the resulting morphism of log schemes

X — (X, 2" Mp)
is a morphism over S. If (z;,2?) (i = 1,2) are two morphisms X — F, then a morphism

(21,2%) — (z2,25) is an isomorphism € : ; — x5 in F ¢ such that the resulting diagram

b
x
ZL’TMF — MX

TsMp —2— Mx
commutes, where ¢ denotes the isomorphism induced by €. We denote by F'x the groupoid of
maps (x,2°) : X — F for which the map z°: 2*Mp — F is an isomorphism.



58 MARTIN C. OLSSON

Notational Remark B.4. One has to be careful in distinguishing between Fx and the
groupoid of all morphisms X — F' (not necessarily strict). We suggest the notation F'(X)
for the latter category since this is the fiber over X of the fibered category over the category
of log schemes defined by F'. The notation Fx for the groupoid of strict morphisms X — F
comes from the fact that Fx is isomorphic to the fiber product of

(o]

F

[

x Mx, Log.

B.5. Define the category of noetherian log rings C as follows. C°P is the subcategory of Logg
of log schemes whose underlying schemes are isomorphic to the spectra of noetherian rings
and whose morphisms are strict morphisms of log schemes. We denote the objects of C by
caligraphic letters and the underlying rings by unadorned letters (i.e. an object A € C has
underlying scheme Spec(A)). If A € C, and if I is an A-module of finite type, then we denote
by A[I] the object of C with underlying ring A[I] and log structure obtained from A by
pullback via the retraction A — A[I]. There is a canonical morphism A[I] — A in C. By
construction there is a contravariant functor

Spec : C — (category of fine log schemes over S).

Definition B.6. A logarithmic deformation situation is a diagram in C

B

|

A A Ao
such that the underlying maps of rings satisfy (A.6 (i))-(A.6 (iv)).

Remark B.7. As discussed in (A.7), for any logarithmic deformation situation as above the
product A’ x 4 B exists in C.

Rewriting condition (S1°%) in the case when § = Logg we obtain:

Condition (S1'°¢) For every logarithmic deformation situation and a € Fjy, the canonical
functor
Fo a5 — Fou X Fyp

is an equivalence of categories.

B.8. Suppose a logarithmic deformation situation is given, together with an object a € F4.
If the condition (S1'°#) holds, then for any Ap-module of finite type I, the set Trysq,(I) =
F 49,40 has a natural Ag-module structure (A.8). Similarly, if Aut,,(Ao[I]) denotes the set
of automorphisms of ag in Fl4,;; which induce the identity over Ay, then Aut,,(Ao[/]) has a
natural Ag-module structure.

Example B.9. In the case when F' is a fine log scheme, then ([28], 3.9) shows that there is
a natural isomorphism
Trys.a (1) ~ Homy, (CLSQ}?/& 1),

where Q1. /s denotes the sheaf of logarithmic differentials.
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Condition (52'°¢) The modules Tr/g 4, (1) and Auty,(Ao[l]) are Ag-modules of finite type.

Definition B.10. An obstruction theory for F'/S consists of data as follows:
(i) For every morphism A — A as in (B.6) and a € F4 a functor
O, : (Ap-modules of finite type) — (Ap-modules of finite type).

(ii) For each diagram A" — A — A as in (B.6), an element 0,(A") € O,(I) which is zero if
and only if F, 4 is not empty.
The data {O,,0,(I)} is required to be functorial and linear in I.

Let A — Ay be a morphism in C such that Ker(A — Ap) is nilpotent and Ay is reduced.
Suppose A — A is a surjection with kernel an Ap-module of finite type I and that a € Fy.
Then for each lifting of M4 to A’, we get a diagram as in (B.6), and hence via o, an element
of O,(I). In other words, o, defines a set map

(liftings of M4 to A') — O, ().

Since Logg is algebraic, if we take A’ = A[I], then the set of isomorphism classes of liftings of
M4 has a natural module structure. If we denote this module by T4 4(Z) then the above
defines a map

o1 = Trogs a(I) — Oy (1).
We make the following addition requirement of the obstruction theory:

(iii) py is an Ap-module homomorphism.

B.11. Let a € F4 be an object with A of finite type over S, and let the subscript Ay, By, etc.
denote the objects obtained by tensor product with A,.q.

(i) Compatibility with strict étale localization: 1f ¢ : A — B is a morphism in C whose
underlying morphism of rings is étale, and if b € F'g is the image of a € F4, then

Tr/spe(I) = Tr/sa, (1) @ Bo,
Auty, (Bo[I ® By]) =~ Autg,(Aoll]) ® By,

and
Op(I ® By) >~ O,(I) ® By.

(ii) Effectivity of formal objects: If m C Ap is a maximal ideal and A the completion of A
along m, then

Trsa0(I) @ A = i T (I/m" 1),
Autg, (Ag[I]) ® A ~ lim Auty, (Aol /m"1]),
and A
Ouo (1) @ A = lim O,y (I /m™I).
(iii) Contructibility: There exists an open dense set of points of finite type p in Spec(Ag) such
that
Trysa0(l) © K(p) = Trys.a, (I @ K(p)),
Autq, (Ao[1]) ® K(p) = Autq, (Aol ® K(p)]),
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and

Oa(I) ® r(p) C Oull @ k(p)).
Rewriting (A.12), we obtain the following:

Theorem B.12. Let F'/S be a log stack with F' limit preserving. Suppose that an obstruction

theory O for F as in (B.10) is given which satisfies the conditions in (B.11). Then F is an
algebraic stack if the following conditions hold:

(i) The conditions (S1'°¢), and (S2'°8) hold, and the associated modules satisfy the conditions
of (B.11).
(ii) For every log ring A such that A is complete and local with residue field of finite type over
S, the natural functor

F./l - lﬂl F.Z\/rrﬁL
18 faithful and has dense image.
(iii) Suppose given a reduced object Ay of C of finite type over S, an object ag € Fy,, and an
automorphism ¢ of ag. If ¢ induces the identity in F,, (k viewed as a log ring with the log

structure induced by M 4, ) for a dense set of points Ay — k with k of finite type over S, then
¢ 1is the identity over some dense open subset of Spec(Ap).

Remark B.13. As in (A.19) it suffices to construct local obstruction theories O,. For
example, one can always assume that a chart is given for the log structure on Ay, and the
obstruction theory may depend on a choice of chart.
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