UNIVERSAL LOG STRUCTURES ON SEMI-STABLE
VARIETIES

MARTIN C. OLSSON

ABSTRACT. Fix a morphism of schemes f : X — S which is flat,
proper, and “fiber-by-fiber semi-stable”. Let IV LS be the functor on
the category of log schemes over S which to any T associates the iso-
morphism classes of pairs (Mx, f°), where Mx is a log structure on
X xsT and f° : pry My — Mx is a morphism of log structures making
(X xsT,Mx) — T alog smooth, integral, and vertical morphism. The
main result of this paper is that IV LS is representable by a log scheme.
In the course of the proof we also generalize results of F. Kato on the
existence of log structures of embedding and semi-stable type.

1. INTRODUCTION

In light of the powerful tools of logarithmic geometry developed in recent
years, an important question to ask when given a singular morphism f :
X — S of schemes is whether there exist fine log structures on X and S
making f a log smooth morphism. In addition, if such log structures exist
one would like to know to what extent they are unique. This paper is an
attempt to understand the situation for morphisms which are fiber-by-fiber
semi-stable (see below for the precise definition). Our inspiration comes
from the well-understood case of semi-stable curves, and the main result
of this paper can be viewed as a generalization of the statement that the
Deligne-Mumford compactification of the moduli space of curves of genus
g > 1 is a moduli stack for certain log curves ([11]). This work was heavily
influenced by the papers of F. Kato ([10], [11]).

Let f: X — S be a flat and proper morphism of schemes of finite type
over an excellent Dedekind ring, and suppose that for every geometric point
5 — S the fiber X; is a semi-stable variety in the sense of the following
definition:

The contents of this paper grew out of a portion of the author’s 2001 dissertation
written under the supervision of Professor A. Ogus at UC Berkeley. The author thanks
Professor Ogus for his very helpful advice and suggestions. This research was partially
conducted by the author for the Clay Mathematics Institute.
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Definition 1.1. A scheme Y /k over a separably closed field is a semi-
stable variety if for each closed point y € Y there exists an étale neigh-
borhood (U, v') of y, integers r > [, and an étale morphism

Q—>k[Xl,...,Xr]/(Xl"'Xl),

sending ¢’ to the point X; = --- = X, = 0 (we make the convention that if
[ =0 then (Xl B Xl) = (0))

Let F'Log denote the category of fine log schemes over S, and define the
functor of integral and vertical log structures

IVLS : FLog — Set

as follows: for any fine log scheme T over S, IVLS(T) is the set of iso-
morphism classes of pairs (Mx,., f%), where My, is a fine log structure on
Xp =X xgT and f% s proMr — Mx, is a morphism of log structures
making
(pr27filly‘) : (XT7MXT) — T

a log smooth, vertical, and integral morphism (recall that a morphism is
vertical if Mx,. p := Cok(prs M — Mx,) is a sheaf of groups). The main
result of this paper is the following theorem:

Theorem 1.2. The functor IVLS is representable by a log scheme, and the
map on underlying schemes IVLS — S is a monomorphism of finite type.

The paper is organized as follows.

Section 2 is devoted to showing that if f : X — S is a proper, log smooth,
integral, and vertical morphism all of whose geometric fibers are semi-stable
varieties, then there exists a canonical cartesian diagram

XLXﬁ

"
5 2, st

where f#: X* — S% has a special form and the underlying maps of schemes
of ¢ and ¢ are isomorphisms. This result will be used to show that the
functor IV LS is equivalent to the functor defined by a pair (F, Mf), where
F'is a functor on the category of S-schemes and Mg is a “log structure” on
F.

More precisely, let Logs denote the fibered category over the category
of S-schemes whose fiber over an S-scheme T is the groupoid of fine log
structures My on T'. It is shown in ([16], 1.1) that Logg is an algebraic
stack. By definition, a log structure on a fibered category & is a morphism of
fibered categories 8 — Logg. Viewing functors on the category of S-schemes
as fibered categories, we get a notion of a log structure on a functor.
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Now suppose (F, Mp) is a functor with a log structure. Then for any
element ¢t € F(T') over some S-scheme T, we get a log structure t*Mp on T'
by viewing ¢ as a morphism of functors T’ — F' and defining t* M g to be the
log structure obtained from the composite Mpot : T — Logs. This enables
us to define a functor F'9 on FLog as follows: for any T = (I, Mr),
F'°9(T) is the set of pairs (t,t?), where t € F(T) and t* : t*Mp — My
is a morphism of log structures. To say that IV LS is equivalent to the
functor defined by a pair (F, M) means that there exists an isomorphism of
functors IV LS ~ F'9. The importance of this is that the proof of theorem
1.2 is reduced to showing that the (ordinary) functor F' is representable by
a scheme, and that F' — S is a monomorphism of finite type.

In section 3 we generalize results of F. Kato ([10]) on the existence of log
structures of semi-stable and embedding type (see the text for definitions)
to an arbitrary base scheme. Our generalization of F. Kato’s work includes
cohomological obstructions for the existence of log structures of semi-stable
and embedding type and so might also be of some interest for schemes over
fields. This section can be read independently from the rest of the paper.

In section 4 we use the results of sections 2 and 3 to prove a theorem
about effectivity of certain formal log schemes. This theorem will be used
in section 5.

Finally in section 5 we bring it all together to prove theorem 1.2. The
proof is based on M. Artin’s method ([5], 5.4) and the results of ([16], [17]).

1.1. Conventions. Throughout this paper we denote schemes by under-
lined letters (e.g. X) and log schemes by unadorned letters (e.g. X). For
a log scheme X, we denote the underlying scheme by X. The reader is as-
sumed to be familiar with logarithmic geometry at the level of ([9], [12], or
[16]). Our conventions about algebraic stacks are those of ([13]), except we
only assume that our stacks are locally quasi-separated and not necessarily
quasi-separated (Logg is not quasi-separated).

2. SPECIAL ELEMENTS OF IV LS

Let f: X — S be a smooth, proper, integral, and vertical morphism of
noetherian log schemes, and suppose that for every geometric point § — 5,
the underlying scheme of X5 is a semi-stable variety (in the sense of definition
1.1). The purpose of this section is to show that under these assumptions the
log structure M x on X is induced by base change from a smooth morphism

fHXP - sF

of a special form whose underlying morphism of schemes is that of the orig-
inal f.
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Definition 2.1. A log smooth morphism f : X — S is essentially semi-
stable if for each geometric point z — X the monoids ( f_lij\/l s)z and
Mx ; are free monoids, and if for suitable isomorphisms ( f*Mg)z ~ N
and M x ; ~ N"*5 the map
(f"Ms)s = Mxz

is of the form

' €; ife#r
(21) CZH{€T+6T+1+...+€T+S ifi:r’
where e; denotes the i-th standard generator of N".
Lemma 2.2. If f : X — S is essentially semi-stable, then étale locally on
X and S there exist charts N° — Mg, N'T5 — Mx such that the map
N — N"*$ given by formula 2.1 is a chart for f, and such that the map

Os ®Z[Nr) Z[NT+S] — Ox

18 smooth.

Proof. Observe that if s € S is a point, then the stalk Mg 5 is a free monoid
and hence in some étale neighborhood of s there exists a chart N — Mg
such that the induced map N" — Ms’g is bijective. If x € X is a point lying
over s, then by ([15], 2.25) there exists in some étale neighborhood of z a

chart
P —— My

| I

N' —— Mg
such that the induced map

Os @z Z[P] — Ox

is smooth and such that the map P — MX@ is bijective. From the bijec-
tivity of P — MX@ we conclude that P is a free monoid, and that the map

N" — P has the desired form (after perhaps applying an automorphism of
N™). O

Lemma 2.3. An essentially semi-stable morphism f : X — S is integral
and vertical.

Proof. To see the integrality we have to check that the map N" — N"ts
described in formula 2.1 is integral. For this observe that if A : N — N*+1
is the diagonal map, then there exists a natural cocartesian diagram

N er—ep N”

2| !

s+1  CiTCitr—s ]
Nstl ST7Cre s
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and since the map A is integral so is the map N" — N"*5 ([12], 4.1 (i)). To
see that it is vertical, let @ be the cokernel of N* — N5 By definition of
cokernel, to give a map @ — M to an integral monoid M is equivalent to
giving a map N"*¢ — M such that the composite N — N"T% — M is zero.
A map N"*¢ — M is equivalent to giving elements

M1y .o, Mpys € M

and the condition that the map N — M be zero means that

mp=mg=--=Mmp_1=mp+ -+ mpys =0.
Thus giving an arrow ) — M is equivalent to giving elements m,., ..., M4
in M* such that m, 4+ --- + my4+s = 0. This in turn is equivalent to giving
elements m,.,...,my4s—1 € M*. But the functor on the category of integral
monoids
M +— {r + s — 1-tuples of elements m € M*}
is represented by Z"*~!, and hence Q ~ Z"+5~ 1. O

Recall that if P is a sharp monoid (this means that P* = {0}), then an
element p € P — {0} is irreducible if for any equality p; + p2 = p in P we
have p; = 0 or po = 0. The basic results about irreducible elements is the
following proposition whose proof we omit (see [9], 1.2.1.2):

Proposition 2.4. If P is a fine sharp monoid, then the set Irr(P) of irre-
ducible elements in P is a finite set which generates P.

Suppose S = Spec(k), where k is a separably closed field, and that f :
X — S is essentially semi-stable. Let © € X be a singular point. Then by
lemma 2.2 there exists a chart

Nrts — Mx —— OX

| I [

N — Mg —2— Q
in an étale neighborhood of x such that
k @z ZINTT®) ~ k2, weys] /(2 - s — a(er)) — Ox

is smooth. Since z is a singular point it follows that a(e,) = 0 and hence
the map

ﬂs — HXJ‘
is of the form N — N™'*% as in definition 2.1 for some 7/ < r. It follows

that there is a unique element in the set of irreducible elements / rr(Mg) of
M whose image in M x z is not irreducible. This defines a canonical map

sx : {singular points of X} — Irr(Mg).
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Definition 2.5. An essentially semi-stable morphism of log schemes f :
X — S is special at a geometric point 5 if the map

sx, : {singular points of X5} — Irr(Mgs)

induces a bijection between the set of connected components of the singular
locus of X5 and Irr(Mg;). If f is special at every geometric point 5 — S,
then we call f a special morphism.

Theorem 2.6. Let f : X — S be a smooth, proper, integral, and vertical
morphism of noetherian log schemes, and suppose that for every geometric
point § — S the underlying scheme of X3 is a semi-stable variety. Then
there exists a pair of log structures (Mﬁs, Mg() on S and X respectively and
a morphism

Xt = (X, MY) — SF = (S, M)

which is special, together with morphisms of log structures
¢: My — Mg, ¢ My — My

which make the diagram
X —— X/

fl fﬁl
S —— ot

cartesian. Moreover, the datum (M%,M&—,qb, W) is unique up to unique
isomorphism.

The proof occupies the remainder of this section.

Let us begin by considering the case when S is the spectrum of a strictly
henselian local ring O, and Mg admits a chart ) — Mg such that Q —
ﬂ&so is bijective (here sy denotes the closed point). Denote by 7' the set
of connected components of the singular locus of the closed fiber.

Recall ([9], I.1.1) that if P is a monoid, then a congruence relation on
P is a subset E C P & P which is both a submonoid and a set-theoretic
equivalence relation. A subset S C E generates the congruence relation
FE if F is the smallest congruence relation on P containing S. For any
equivalence relation E on P, the surjection P — P/FE induces a structure
of a monoid on P/FE if and only if F is a congruence relation. Therefore,
there is a natural bijection between isomorphism classes of surjective maps
of monoids P — P’ and the set of congruence relations on P.

Lemma 2.7. Let P be a fine sharp monoid, QQ — P an integral morphism
(such a morphism is automatically injective by [12], paragraph preceding
4.7), and let w: P — P/Q be the projection map.

1. For each i € P/Q, there exists a unique element p; € P such that
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7 (i) = {pi +dala € Q}.
2. If p € P is an irreducible element not in Q and if i = 7(p), then p = p;
(notation is in part 1).

3. If {piy, - .., pi, } denotes the set of irreducible elements of P which are not
in Q (we index these irreducible elements by their images in P/Q)), then the
congruence relation on QQ & N defined by the surjection

Q&N"— P, (g,(n) —q+ > np;,
j=1

is generated by equalities

n n
ijpz']- =q+ Z n;jpi;
j=1 J=1

in P, where for each j either mj or nj is equal to 0.

Proof. 1. Since P is fine and sharp, there exists a partial ordering on P*
defined by p; < py if there exists ps € P such that p; + ps = p2. By ([9],
1.2.1.5.3) the set 7~1(4) contains a unique finite set of minimal elements with
respect to this partial ordering.

Suppose p1,p2 € 7 (i) and suppose pj is a minimal element. By con-
struction of the quotient, there exists g1, g2 € Q such that p1 + g1 = p2 + ¢o.
Since the map is integral, there exists q3,q4 € Q and p € P such that

PL=q3+p, P2=q4+DpP, q1+4qg3=q2+qu.

By definition of quotient, p € 7~!(i) and p < p;. Since p; was minimal it
follows that p; = p and that ps = p1 + ¢4.

2. By definition of p;, there exists ¢ € @ such that p = p; + ¢. Since p is
irreducible and has non-zero image in P/ this means that ¢ = 0.

3. Since Irr(P) generates P, the congruence relation is generated by equal-

ities
g+ Y iy, =d + Y mip;
j j

in P. By the integrality of Q — P, for any such equality there exists p € P
and g3, q4 € @ such that

> nipi,=ptas, Y mip; =p+a, ¢+d=q+an
j j

In addition, writing p = ) b;;pi; + g5 we see that the congruence relation
on @ @ N" defined by the surjection

QoeoN'— P
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is generated by equalities in P of the form
Z nijpij = Z b’ijpij +4q.
J J
Moreover, since P is cancellative we can assume that for each j either n;; =0
or b; , =0. O

Corollary 2.8. Let t be a singular point of X, and let n € Mx,g;. Then
there erists a unique element p, € ﬂxf such that

wH(n) = {pa +alg € Mg, }-
Proof. The map M&SO — ﬂX,t_ is integral by assumption. O

As above let sy denote the closed point of S, and let X, denote the fiber.
By ([15], 2.25), for every singular closed point ¢ of X, there exists a chart

PLMX

(2.2) T T

Q _s Mg
in some étale neighborhood of ¢ such that

(1) P — Mz is bijective.

(2) The map
@) ®z[Q] Z[P] — Ox
is smooth.
Let {pi,,...,pi,} be the set of irreducible elements in P which are not in

Q@ (as in lemma 2.7 we index these irreducible elements by their images in
P/Q). If i € P/Q is any element and p; is as in 2.7, then p; can be written

as
pi = Z m;jpi;-
Indeed writing p; as a sum of irreducible elements we have

pi = ijpij +4q¢, ¢€@
and by definition of p; we must have ¢ = 0. Hence the map
v: O, .., Vi, ] = O®gq Z[P], Y, — 1®e(p;)
is surjective. Let J be the kernel of ~.
Proposition 2.9. (1) There exists an element qy € Q such that

n
Z Pi; = qo-
j=1
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(2) J is generated by the element

n

11, - alq).

j=1
(3) Let Q &y N" be the pushout of the diagram

N —2 ., N»

Q.
Then the natural map
Q@NNn_)-Pa (Q7 (@z]))HQ+ZnZJp2J
s an isomorphism.
Proof. We first reduce to the case when O = k(sp). The reduction step is

trivial for (1) and (3). Let us show that (2) holds if the proposition is true
on the closed fiber. Since

n
> pi,=dq, wEQ
j=1

there is an inclusion of ideals
(H Yi, —alq)) € J
which defines a closed immersion
Spec(OYi,., ..., Yi,1/J) < Spec(OYi,, ..., Vi, /(][ Vi, — elao))-

Since both of these schemes are flat over O and the reduction is an iso-
morphism, the closed immersion is an isomorphism also by ([1], VIL.1.9).
Therefore (2) holds and hence it suffices to consider the case when O = k
for some separably closed field k.

Lemma 2.10. The ideal J = Ker(y) is generated by elements of the form
11V —a@]]Y; "
J J
where
Zn’ijpij = Zmijpij +q, S Q
J J
in P and for each j either n;; or m;, is equal to 0.

Proof. This is a restatement of 2.7.3. Indeed it suffices to show that the
kernel of the map

ZIQ & N"] — Z[P]
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induced by the surjection
QON' =P, (q () —aq+ > npi
J

is the ideal defined by any set of generators for the congruence relation on
@ @ N™. This follows from the universal property of monoid algebras: for
any algebra R, there is a natural bijection

Hom 14(Z[P), R) — Hompron(P, R)
where R is viewed as a multiplicative monoid. O

Lemma 2.11. (1) The completion @X,t is tsomorphic to
k[[Th?TS’}/Zl? a}/’LnH/(Y; Yv@n)

where {11, ...,Ts} are independent variables.
(2) Let L C P be the submonoid generated by the set {p;| i € P/Q}.
Then L is isomorphic to N™.

Proof. Let Y’ be the log scheme with underlying scheme Spec(k ®z;q) Z[P])
and log structure induced by P — Z[P]. Then there exists a diagram of log
schemes

X "y S

where h is log smooth and strict. Since h is strict, the map

1 1
Qx/s — Ly
is surjective, so in some neighborhood of ¢ there exist elements f1,..., fs in
the maximal ideal of ¢ such that dfy, ..., dfs map to a basis for Qk/y, ®Ek(t).
This defines a map
B X —-Y' xg Ag
of log schemes which is strict, and for which the map
*)1 1
h' Vyrggag/y ® k(t) = Qx /vy @ k(1)
is an isomorphism. It follows that in some neighborhood of ¢ the map A’ is
étale ([15], 2.20).
Thus we can extend the map v to an étale map
X — Spec(k[Th,...,Ts) @ (k[Yiy,..., Y, ]/J))
sending ¢ to the point 11 =---=T;=Y;, =---=Y;, =0.
First we claim that the resulting map
KT, T, Yay, ., Y]] — Oxy
induces an isomorphism

k[[Tla'"7T8)Y;1)'"7}/in]]/(Tla"'7Tsa}/’i15"'7Yin

)2 ~ (/D\X,t/mZ.
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To see this it suffices to show that a set of defining equations for J are
contained in the ideal (Y;,,...,Y; )2. But J is generated by equations arising
from non-trivial equalities

Z ni;pi; = q+ Z m;pi;

in P. If 3 n;; =1, then the equality is

Pijy =4+ Z my;Pi;
for some jo. By the irreducibility of p;;, this implies that the equation comes
from an equality

pi; =q Or Dpi; =Dpi,.

J
Since p;; ¢ Q we must have p;, = iy and hence the equation is trivial.

Fix an isomorphism
Oxt =~ k[[X1,..., X/]]/(X1-- Xp)

for some [ and h (this is possible by assumption), and let m denote the
maximal ideal of Ox ;. It follows from the above that

| = dim(m/m?) = n + s.

For each k > 1, the dimension of m” /mkJrl is equal to the number of mono-

mials of degree k in X7, ..., X; which do not contain the string Xi --- Xp. In
particular, the dimension of m” /th is equal to one less than the number
of monomials of degree h in [ = n+ s variables. This implies that we have at
least one equation involving monomials in the Y;, of degree h. Fix one such
equation f(Y) = 0. By lemma 2.10, we can choose our equation so that it
is either of the form

fY) =Yi, o Yi, = Yy o Vi,

ho T
or of the form
Let R be the ring

K(T1, .. T, Yy, Y )1/ (F),

and let ¢ : R — @X,t be the natural map.

Sub-Lemma 2.12. Let ¢ : A — B be a surjective local homomorphism
between complete noetherian local rings. If the induced map

gr(¥) : gra,(A) = gra, (B)
is an tsomorphism, then v is an isomorphism.
Proof. Because A and B are complete with respect to m 4, it suffices to show

that A/m’y — B/m} is an isomorphism for all n. We may therefore assume
that A and B are artinian.
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Since the map 1 is an isomorphism modulo m 4, it is enough to show that
B is flat over A (by Nakayama’s lemma). The result therefore follows from
the local criterion for flatness ([1], page 91). O

To prove that v is an isomorphism, it therefore suffices to show that for
every integer k the dimensions of m%/m?l and m*/m**! are equal. But
we can compute these dimensions: if we define N(k,[) to be the number of
monomials of degree k in [ variables, then the dimensions of m’f{ / m’f{rl and
mF /m*+1 are both equal to

N(k,l) = N(k—h,l)=N(k,n+s)— N(k—h,n+s).
Hence 1) is an isomorphism.
Next we claim that f cannot be of the form
JY)=Yi, oY, = Yy Yy

Since P/Q is a group, for every pi; € P there exists an element p_;; such
that

ﬂ-(pij) + Tr(p—ij) =0
in P/Q. Writing p_;; = > n.pi, we conclude that there exists natural
numbers n, such that

n
pi,+ Y napi, €7 H(0).
a=1

By lemma 2.7, 7~(0) = Q and hence there exists an element ¢ € Q such
that

n
pi; + Z NaPiq = q-
a=1
Since p;; is not a unit, ¢ is non-zero, and hence there exist natural numbers
n, such that Yij HZ:1 YZZG = 0.

Since @th is reduced, if Hj YZTJ = 0 with the m; > 1 then Hj Y;, = 0.
It follows that [[;Y;; = 0. This is impossible if

fY)=Y; "‘Yih—Yi/l“‘Y;;n-

Therefore we have an isomorphism

~

BT T Vi, il (Y, i) = O,
for some h.

We claim that A = n. To see this note that

h
> pi,=ptq
j=1
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for some p € P and a nonzero q € (). If p;, is another irreducible element
with @ > h, then since P/Q is a group there exists an element p_;, as in 2.7
such that p;, + p—;, maps to zero in P/Q. Write

n
Piy = Z bi; pij-
j=1

Then at least one of the bij with 1 < 7 < h must be zero since otherwise we
can write

h h h
Poin = _pi;+ Y (b, =)pi,+ Y bipi; =p+a+ Yy bipi,+ Y (b, —1)pi,
j=1 j=1

j=1 i>h j>h
b; .
contradicting the minimality of p_;,. It follows that []; Y’ ¢ J. On the
other hand p;, +p_;, € 7~ 1(0) = Q and since p;, is not a unit p;, +p_;, is

. bi; .
a non-zero element in Q. Therefore Y;, [[; Y7 € J, and hence Y;, is a zero
divisor in the ring

k[[Tla"‘7T87E17'-~7Yin]]/(}/; }/Zh)

This is a contradiction so we must have h = n. This completes the proof of
part 1 of the lemma.

To see the second part, suppose we have an equality

Z m;pi; = Z m}pij

in P. Since P is cancellative, we can assume that at least one m; = 0 and

hence we get
ms m/.
[Iv =10 #o

in the ring

k(so)[Th- ., T, Yy, Y3 )1/ (T 5))-
It follows that m; = m; for all j. This completes the proof of lemma
2.11. O

From lemmas 2.7.3 and 2.11 it follows that the congruence relation on
@ @ N defined by the map to P is generated by equalities

Z ni,;Pi; =4
J

where all the n;; are greater than 0. In addition, from 2.11 we see that we
must have an equality

n
Z Pi; = Qo
j=1
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for some gy € Q. This proves (1) of the proposition. Now suppose we had
an equality in P
Z Ni;Pi; = q
J

for some ¢’ € @ and all n;; > 1. Then after perhaps reordering the p;; we
can assume that n;, is the smallest of the n;,. This gives

q/ = Z nijpij = N4, 40 + Z(nlj — Ny, )plj
J J
The integrality of @ — P now implies that },(n;; — n;,)p;; is in @ which
from above is only possible if n;; = n;, for all j. This implies (2).
To see (3), note that the map
Q DN N* - P

surjective by the definition of the p;;. To see that it is injective, suppose
(¢,(n;)) and (¢, (m;)) map to the same element. Without loss of generality,
we may assume that at least one n; = 0 and at least one m; = 0 (since
there exists gop € @ such that (go,0) = (0, (1,...,1)) in Q &y N"). Then we

get an equality

QY mipi, =4+ mp,
in P, and by the integrality we get that there exists p € P and ¢3,q4 € Q
such that

> nipy; =p+as, Y mpi,=p+a, @rq=q+d.
Since ) p;; € Q we may assume that p = ; bi;pi; with at least one b;; = 0.

If g3 is non-zero we get that [| Y;j = 0in k[Y;,,...,Y;,]/J which from above
is impossible since at least one n; is zero. Thus g3 = 0 and hence

By the same reasoning using the fact that at least one m; = 0 we conclude

that ¢4 = 0 and hence ¢ = ¢’ and (n;) = (m;). This completes the proof of
proposition 2.9. U

Let L C P be the submonoid of 2.11.2, and define K C @ to be the
submonoid generated by the element » ; Di- Equivalently

K=LNQCP

If ' € X is another singular point lying over some ¢ € Spec(0O), then the
above shows that the submonoid Ly C M x p generated by the irreducible

elements of ﬂxf not in the image of MS,C_ is isomorphic to N” for some
r, and that the intersection Ky = Ly N Mgz is a free monoid of rank 1.
To check this one may base change to an algebraic closure k of k({) and
hence can assume that there exists a chart Q — Mg such that Q — Mg
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is bijective. If ¢’ is a closed point the result now follows from the above
discussion. If ¢’ is not a closed point, then choose a specialization t” of t/
and note that the stalk at ¢’ is obtained by the cospecialization map from
t" (9], 11.2.3).

Lemma 2.13. Suppose a chart as in 2.2 has been chosen over some étale
neighborhood of t which we also denote by X. Let Ly and K; be the sub-
monoids of P and Q respectively given by the above construction. Then for
any other singular point t' of X lying over some ¢ € Spec(O), the sub-
monoids Ly C Mx,{/ and Ki C MS,E are equal to the images of Ly and
K.

Proof. By proposition 2.9, there is an isomorphism
Q Pk, Ly ~ P,
and hence an isomorphism
My g~ Mgz @k, (Li/(pi; = 0if p;; maps to a unit in Ox 7).

This implies the lemma. U

Let D be a connected component of the singular locus of the closed fiber.
For any point t € D we get from the above construction a free monoid K; C
ﬂ& so Of rank 1. Proposition 2.13 implies that this monoid is independent of
the choice of t. To see this suppose ¢’ € D is a second singular point. Choose
étale covers {U;} of D and singular points ¢; in the image of U; such that
over each U; there exists a chart as in 2.13 using ¢;. We can also assume that
t1 =t and t, =t for some 7. Since D is connected, there exists a sequence
Ui, ..., U, such that for each i there exists a singular point x; of U; X x U;4+1
mapping to D. It follows from 2.13 that the submonoid K;, C Mg defined
by t; is equal to the submonoid defined by x; and x;_1. We conclude that
Kt == Kt/.

Lemma 2.14. There exists a unique fine sub-log structure Kp C Mg whose
image in HS,SO is equal to Ky for some t € D (and hence all). Also, there
exists a unique fine sub-log structure Lp C Mx whose image in ﬂxﬂg/ 4
any point of X ) is equal to the image of Kp if t' is not singular or if t'
does not specialize to a point of D and is equal to Ly (notation as in 2.13)
otherwise.

Proof. Kp and Lp are uniquely determined if they exist since we have speci-
fied their values on stalks, and Kp exists since S is the spectrum of a strictly
henselian local ring.

To show that L exists, we first claim that the set of singular points of X
which specialize to D is a connected component of the singular locus of X.
To see this, let X*"9 be the closed subset of singular points of X with the
reduced subscheme structure. Then X*" is a proper scheme over Spec(Q),
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and hence by ([2], 3.1) there is an equivalence of categories between the

category of finite étale schemes over X 9 and the category of finite étale
schemes over X" (the reduction of X*™). In a neighborhood of any point

of the closed fiber, X is isomorphic to
SpeC(O[Xh . 7Xd]/(X1 e Xy — t))

for some d,r € Z and t € O, and hence X" is equal to the singular locus
of the closed fiber X with the reduced structure. Now by the above equiv-
alence, the connected component D C X§™™ lifts to a finite étale scheme
D — X*"™_ Since the reduction of this map is of degree 1, this is in fact
a closed immersion, and since it is also étale the scheme D is a connected
component of X*"9 (D is connected by [2], 3.3). Moreover, the points of D
are precisely the singular points which specialize to points of D.

It follows that if we choose a chart as in 2.2 in some étale neighborhood
of a point ¢ of D, then the log structure defined by L; (see 2.13) has the
properties required of Lp. Moreover, these locally constructed log structures
will glue since they are sub-log structures of Mx. O

Define Mg to be the amalgemation over all D
@ogf(p
and similarly define Mg( to be
@O}ED-

Then the natural diagram
Mftx Y My

I I

FME 2 oM.

is co-cartesian. By construction f¥ is smooth, essentially semi-stable, and
the pullback to the closed fiber is special .

Lemma 2.15. Suppose (M'y, M's,¢',9)') is a second collection of data for

which
f/ : (XM/VI/X) I (§7Mi§)

is essentially semi-stable and special at sg, and for which the diagram
M/X L) My

I I

FMy —2 M.
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is co-cartesian. Then there exists a unique pair of isomorphisms € : M, ~
‘s andn: M ~ '« such that the diagram

(X, M)
Y’ \
X v - (X, M%)
, (S, M)
/ \
! o)

S - (S, M)

commutes.

Proof. If we apply the above construction to (X, M )/(S, MY), then it
follows from chasing through the construction that we recover the data
(Mg, My, ¢',¢"). Hence M’y and M’y have canonical decompositions

M's = o3 Kp, My = @05 L.

In addition the images of L/, and K%, in Mx and Mg are the sub-log
structures obtained by applying the construction to X/S. From this the
existence of (e,n) follows. The uniqueness follows from the fact that any
pair of isomorphisms (e, 7) as in the lemma must preserve the decompositions
together with the fact that the K p and f/D are sub-log structures of Mg
and M x respectively. O

To complete the proof of proposition 2.16 in the case when S is the spec-
trum of a strictly henselian local ring O, and Mg admits a chart @ — Mg
such that Q — Mg 4, is bijective, it suffices to show that the morphism

(XE ME) — (8%, M)

constructed above is special at all points of S and not just at sg. For later
use, we prove a slightly stronger statement:

Proposition 2.16. Let f : X — S be as in 2.6 (we no longer assume that
S is the spectrum of a strictly henselian local ring), and suppose in addition
that f is essentially semi-stable. Then the set

V= {s € S|f is special at 5}



18 MARTIN C. OLSSON
1S open.

Proof. By ([1], V.4.4) it suffices to show that V is a constructible set and
that if s € V' then every generization of s is also in V.

Lemma 2.17. V is constructible.

Proof. The condition is local on S so we may assume that S = Spec(A) for
some ring A and that Mg is induced from some map

N — A.
Let t1,...,t, € A be the images of the standard generators. For each integer
n and for each choice of n distinct elements 41,...,4, € {1,...,7} let A, ;

be the ring

Atiytin [ () in,in-
Let Sy, = Spec(Ay ;). Then each S,; is a constructible subscheme of S,
and the union of the S, ; is all of S. To prove the lemma it therefore suffices

to consider the case of the S, ;. This reduces us to the case when the log
structure on S is given by a map

N — A

sending all elements to zero. In addition, by base changing to the irreducible
components with the reduced structure we may assume that A is an integral
domain. In this case, X is étale locally isomorphic to

AlXy, ., X))/ X X

for some [ and s. Let X*™ be the singular locus of X with the reduced
induced structure. From the local descriptiqn of X we see that the geometric
fibers of X*"™9 are all reduced and that X*" is flat over A. It follows that
the function

s — number of connected components of X ?"9
can be identified with the function

S hO(XSZTLg Xs Spec(k(s)), OXSZ‘”QXSSPQC(]C(S)))'

By the semi-continuity theorem ([8], II1.12.8), we conclude that the function

sing

s — number of connected components of X

is upper semi-continous. It follows that the set of points s where this number
is equal to 7 is constructible. On the other hand, the set of points s where
the map in definition 2.5 is surjective is open by the description of the charts
in lemma 2.2. Therefore the set of points where the map in 2.5 is bijective
is constructible. ([

Lemma 2.18. V is stable under generization.
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Proof. We can assume that S = Spec(A), where A is a local ring and that
we want to prove that if the closed fiber is special then the fiber over some
prime p C A is also. Replacing A by A/p we may assume that A is a local
integral domain and that we wish to prove that the generic fiber is special
if the closed fiber is special. In addition by replacing A by an étale cover we
may assume that we have a global chart

NT — Mg
where T is the set of connected components of the singular locus of Xg .
Let n; € N7 be an irreducible element such that a(ng) = 0, and let Z denote
the set of singular points of X which map to n; under the map in definition
2.5. Z is a closed set, and we view Z as a subscheme with the reduced

structure. What has to be shown is that the generic fiber of Z is non-empty
and geometrically connected.

Let to be a point of the closed fiber whose corresponding element of N”
is n¢. In an étale neighborhood of ty there exists an étale morphism

U — Spec(A[X1,..., X,/ X1 Xs)

for some n and s. From this it follows that the generic fiber of Z is not
empty. From this local description it also follows that for each point s € §
the fiber Z, is reduced and that Z is flat over A. Therefore, the generic
fiber of Z is geometrically connected if and only if

hO(Z ®A Frac(A), OZ(X)AFTac(A)) =1

where Frac(A) denotes the field of fractions of A. This number is at least
1 since Z ® 4 Frac(A) is not empty. On the other hand, the semi-continuity
theorem ([8], II1.12.8) combined with the fact that the closed fiber of Z is
geometrically connected implies that the generic fiber of Z is geometrically
connected. This implies the lemma. O

Proposition 2.16 now follows from the two lemmas. ([l

We can now complete the proof of theorem 2.6. By the uniqueness we may
assume that S is affine. Note first that if s is a point and Sy = Spec(Og5),
then by ([16], 4.3) there is an equivalence of categories
(2.3)

h_rr}l (fine log structures on X xg U) — (fine log structures on X xg S,)

U—S
where the limit is taken over étale neighborhoods U — S of s.

It follows that if we have two collections of data

(M, M dn,an), (M5 MK, 60, 400)

then there exists exactly one isomorphism between them. Indeed if s € S is
a point then after replacing S by an fppf-cover we can assume that we have
a chart @ — Mg such that the map ) — Mg g is bijective. Over the strict
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henselization of the local ring of s there is a unique isomorphism, and this
isomorphism can by the equivalence 2.3 be extended to some étale neigh-
borhood of s. It follows that fppf-locally there exists a unique isomorphism,
and since a faithfully flat morphism of finite presentation is a morphism
of effective descent for fine log structures ([16], 2.13) there exists a global
isomorphism.

To prove existence, it suffices by ([16], 2.13) to prove existence in some
fppf-neighborhood of a point s € S. Thus we may assume that there exists
a chart Q@ — Mg such that Q — Mg ; is bijective. We have shown that

there exists data (/\/lg,/\/lg(, ¢,1) over the strict henselization of the local
ring at s. From the equivalence 2.3 it follows that we can extend the data
(./\/lti ,Mg(, ¢, 1) over the henselization to some étale neighborhood of s. Af-
ter perhaps shrinking S we can assume that the resulting morphism is still
log smooth. We claim that after perhaps shrinking S some more the mor-
phism f* will be essentially semi-stable. For this we may assume that there
exists a chart N7 — Mns where T' denotes the set of connected component
of the singular locus of X .. Consider the set V of points ¢ € X for which
the map

(F M) — My
is as in the definition of essentially semi-stable. By lemma 2.2, the set V is
open and by construction V contains every point of the fiber over s. Since f
is proper the image of V¢ in S is a closed set not containing s. Therefore by

replacing S by the complement of f(V¢) we may assume that f* is essentially
semi-stable everywhere.

It was also shown above that the set of points where the morphism f*
is special is open on the base, and hence after shrinking S some more we
have constructed datum (Mg, M&, ¢, 1) satisfying the conditions of 2.6 in
an fppf-neighborhood of s. This concludes the proof of theorem 2.6.

3. LOG STRUCTURES OF EMBEDDING AND SEMI-STABLE TYPE

Fix a scheme S and a global section t € I'(S, Og). Let Mg denote the
log structure on S associated to the map N — Og sending 1 to ¢, and let
S be the log scheme (S, Mg). We propose the following definition as a
generalization of F. Kato’s notion of a log structure of semi-stable type:

Definition 3.1. A log smooth morphism f : X — S is t-semi-stable if for
every geometric point Z — X the stalk M x z is a free monoid and the map
N — Mss) — Mxz

is the diagonal map. If the morphism f : X — S is fixed, then we will also
refer to a morphism of log structures f*Mg — Mx making (X, Mx) — S
t-semi-stable as a t-semi-stable log structure on X.
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Remark 3.2. For any integer r > 0, the diagonal map N — N" is invariant
under all automorphisms of N”, and hence for any free monoid M there
is a canonical diagonal map N — M. This is the map referred to in the
definition.

We will also study a generalization of F. Kato’s notion of a log structure
of embedding type:

Definition 3.3. Let f : X — S be a morphism of schemes. A log struc-
ture Mx on X is of embedding type relative to t if the morphism
(X, Mx) — (S, 0%) factors étale locally through a t-semi-stable morphism
(X, Mx) = S. If f: X — (5,0%) is a morphism of log schemes, then we
also say that f is of embedding type relative to t if Mx is a log structure
of embedding type relative to t on X.

It follows from ([15], 2.25) that if f : X — S is t-semi-stable (resp.
[+ X — (8,0%) is of embedding type relative to t), then in an étale
neighborhood of any closed point the log structure M x admits a chart of
the following form:

Definition 3.4. Suppose My is a t-semi-stable log structure (resp. a log
structure of embedding type relative to ¢) on X. A standard chart for
Mx at a closed point x € X is a strict, étale morphism of log schemes over
S (resp. over (5,0%))

(X, Mx) — (Spec(Og[X1,..., X))/ (X1 -+ X, — t)), standard log str.)
for some [ and r, which sends x to the point X1 =--- = X; =0 if r > 1,
and sends = to the point X1 =t Xo=---=X;=0ifr =1.

Remark 3.5. The standard log structure referred to in the definition is that
induced by the map

N'— Og[X1,..., X)] /(X1 X, — 1), (ny)joy = [ X
j=1
The diagonal map N — N" naturally gives
(Spec(Og[ X1, ..., X))/ (X1 -+ X, — t)),standard log str.)

the structure of a log scheme over S.

For the remainder of this section we will fix a morphism of schemes f :
X — S such that étale locally on X there exists a log structure Mx of
embedding type relative to .

Proposition 3.6. Any two log structures on X of embedding type relative to
t are locally isomorphic. Moreover, if ¢ : Mx — Mx is an automorphism
of a log structure of embedding type relative to t, then the induced map
¢ : Mx — My is the identity.
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Proof. Let M7 and My be two log structures of embedding type relative to
t, and let x € X be a closed point. We construct an isomorphism My ~ Mo
in some étale neighborhood of x.

To do this, we may assume that we have standard charts
7 X — Spec(Og[X1,..., Xa]/(X1--- X, — 1))

my : X — Spec(Os[Y, ..., Yyl/(Y1--- Y — 1))
sending x to the points X; = --- = X;=0and Y] =--- =Yy = 0. We
show that d = d’, r = 7/, and that there exists a unique automorphism o
of the set {1,...,7} such that in some étale neighborhood of = there exists
solutions to the equations
(31) W{(Xz):Uzﬂ';Ya(z)» U,L‘/Zzl, 1= 1,...,7".
By the Artin approximation theorem ([2], 1.10), it suffices to show that there
exists solutions in the completion Ox ;. Let m denote the maximal ideal of
Ox 2, B 1o the ideal in Ox , generated by the maximal ideal of Og (y),
and let
(b : OS,f(x)[[Xla ce ,Xd]]/(Xl . -XT—t) ~ OS,f(x)[[lea ey Yd’]]/(Yl s le—t)
be the isomorphism induced by m; and 7. By looking at the dimension of
%) N 2 _
OX””/(mOS,f@)’m ) we see that d = d'.
Consider first the case when ¢t = 0. In this case, the ring
Og ¢(@)Y1, - Y]l /(Y1 V)
is naturally graded by degree in the Y;. For ¢ = 1,...,r write
¢(Xi) = Li(Y) + Hi(Y)
where L;(Y) consists of linear terms and H;(Y') consists of terms of degree
2 or greater.

Lemma 3.7. 1. For any ring A and any i € {1,...,r}, the kernel of mul-
tiplication by Y1---Y;---Y, on

AYi, o Yal /(Y- y) (resp. A[lYa, ..., Yall/(Yi -+ ¥,)
is equal to the ideal generated by Y;.

2. There exists a unique permutation o of {1,...,r} such that for each i €
{1,...,r} there exists a unit u; € OF f(a) Such that Li(Y) = uiY, ).

Proof. 1. As a module over A, the ring A[Y7,...,Yy]/(Y1 - -Y,) is isomorphic
to the direct sum

@le]AZL,

where I C N? is the subset of d-tuples (I1,...,1;) with at least one I; = 0 for
1 <1 <r. Part 1 follows from the fact that multiplication by Y;---Y;---Y,
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preserves this decomposition. Moreover, the case of A[[Y1,...,Yy]]/(Y1---Y})
also follows since this ring is flat over A[Y7,...,Yy]/(Y1---Y;).

2. Let n be the maximal ideal of @S, f(x)- We first reduce to the case when
n = 0. Evidently it suffices to prove the uniqueness of ¢ in this special case.
Now suppose we have found units u; € (Og, f(;)/n")* such that

Lz(X) = uiYg(i) mod n".
We construct units uj € (Og,¢(z)/n")* such that

Lz(Z) = U;Yo(z‘) mod n"“
and such that there exists an integer ng which is independent of n for which
n—ngo

u; = u, mod n

To do this, choose a lifting @; of u; to @:g () and let Di(Y) = Li(Y) —
4;Y5(;)- Then we get

0= Z@l ey U D (Y)Y "i}o(i) .Y, mod ("t (Yy---,Y,)" ).
1=1

Since the D;(Y) are linear, this implies that
Dz(Z) = Yo(z)Fl mod n”“

for some F; € Og f(;). By the Artin-Rees lemma, there exists an integer no,
which is independent of n, such that

(Ya(z)) nn"- 6X,x Cn"mo. (Ya(i))a

and hence we may choose F; to be in n"~"0. We define u} to be u; + F;.
This proves that it suffices to consider the case when n = 0.

Assuming now that n = 0, observe that the X; map to non-zero elements
in m/m?, and hence the terms L;(Y) are non-zero. Since t = 0 we find that

0= H¢(Xi) = HLi(X) + terms of degree > r + 1.
=1 i=1

From this we conclude that > 7’ and hence by symmetry r = r’. Moreover,
by looking at degrees in the Y;, one finds that L;(Y) = u;Y;) for a unique

~

permutation o of {1,...,7} and some unit u; € OF F@) U

Remark 3.8. Part 1 of the lemma implies that the kernel of multiplication by
Yy Y Y on Og[Yh, ..., Yy /(Y1 Y, —t) is equal to the ideal K; - (Y;),
where K is the kernel of multiplication by ¢t on Og. Indeed the case t = 0
implies that any element killed by Y7 - -- 2 ---Y, can be written as

AYi+ fot = (fi+ foY1--- Y- Y)Y,

where t(f1+ foY1 -+ Y-+ ¥;) = 0. Since Og[Y1,...,Yy] /(Y1 -+ Y, —t) is flat
over Og, this implies that (f; + foY7---Y;---Y,) isin K; - Ox.
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Next we show that every term in H;(Y') can be written as a multiple of
Y,(:)- We proceed by induction on the degree of monomials. Suppose true
for monomials of degree smaller than n in H;(Y). Then we can find a unit
u; which is a polynomial of degree less than or equal to n — 2 such that

¢(Xi) = u;Yo; mod (Yi,...,Ye)"

By looking at monomial terms of degree r — 1+ n in [[;_; ¢(X;) we find
that Y7 --- Ya(i) .-+ Y, kills the degree n part of H;(Y). From this it follows
that the degree n part of H;(Y) can be written as a multiple of Y, ;). This
completes the induction step and the proof of the case when ¢ = 0.

Next suppose t # 0. By the Artin-Rees lemma there exists an integer mg
such that for all n

n n—m,
(Ya(z)) N m@S,f(w) C mé&f((;) . (YO'(’L))

Given an integer n and units u; such that

Xi) = uiYy(; d m7
(b( ) U (@) mo mos,f(m)

we construct units u; such that

O(X;) = ujY,; mod m%H!
Os,#(2)
and such that

;o _
u; =u; mod m’%y M0
Os,1(2)

Let HZ(X) = gf)(Xl) — UzYa(z) Then

r T
t= Huiyo'(i) + Zul ceedl e up Y ..Yg(i) Y, H;(Y) mod m%:t(z)’
i=1 i=1 7

and hence

Y- '}}U(i) Y, H;(Y)=0 mod (t,m%:;(z>).

Since t € (Y,(;)), it follows that

H;(Y)=0 mod (V) Nm% ntly)
i(Y) (Yor) Bs 10 ™,
Hence by definition of mg, there exists F; € m%_mo such that
5,f(x)

H,(Y) =Y, F mﬁmgl.
S, f(z)

This completes tAhe proof of the existence of solutions to equations 3.1 in
the completion Oy, and hence the proof of existence of an isomorphism
between M and Ms in an étale neighborhood of x. The second statement
in the proposition follows from the uniqueness of o. O

The proposition and its proof implies that there are various canonically
defined sheaves on X:



UNIVERSAL LOG STRUCTURES ON SEMI-STABLE VARIETIES 25

Construction 3.9. The uniqueness of ¢ in the proposition implies that for
any log structure My of embedding type relative to ¢, the sheaf My is
invariant under all automorphisms. Hence there is a canonically defined
sheaf M on all of X since there exists a log structure of embedding type on
X étale locally.

Construction 3.10. If
(3.2) 7 X — Spec(Os[X1, ..., Xgl /(X1 X, — 1))

is a standard chart for a log structure of embedding type relative to ¢t on X,
then the ideal R

J=0(. X1 X5 Xpy )i
is independent of the choice of chart, and hence there exists a globally defined
ideal sheaf J C Ox. We let D C X be the resulting closed subscheme.

Construction 3.11. If ¢ is a chart as in 3.4, let G C O% be the subsheaf of
units u which locally can be written as

T
w1+ aX KX,
=1

where ta; = 0. Then G is independent of the choices and has a natural
structure of a group: if we define Z C X to be the closed subscheme defined
by J times the kernel of multiplication by ¢t on Ox, then G is the kernel of
the map Oy — O7,.

The following is the main result in this section about log structures of
embedding type relative to ¢:

Theorem 3.12. 1. There is a canonical class o € H*(X ;, G) whose vanish-
ing is necessary and sufficient for there to exist a log structure of embedding
type relative to t.

2. If o = 0, then the set of isomorphism classes of log structures of embedding
type is naturally a torsor under H*(X,,, G).

3. If Mx is a log structure of embedding type, then there is a natural iso-
morphism of sheaves
Aut(Mx) ~ G.

Proof. 1t suffices to prove the third statement since we have already seen
that any two log structure of embedding type are locally isomorphic. For
then the stack over the étale site of X whose objects are log structures of
embedding type relative to ¢ is a gerbe ([14], IV.2) bound by G. Statements
1 and 2 therefore follows from 3 and ([7], IV.3.4).

Lemma 3.13. Fiz a standard chart for Mx as in 3.4, and let Ky =
Ker(xt: Og — Og).

1. Ker(xX; : Ox — Ox) =Ky - (X1 X; -+ X;.).



26 MARTIN C. OLSSON

2. The natural map
@Kt'(Xr-')?i'“Xr)HZKt-(Xl'”X}-”Xr)
i=1 i=1

s an isomorphism.

Proof. All sheaves involved are quasi-coherent sheaves so it suffices to con-
sider the ring Og[X1,...,X4|/(X1- - X, —t). As a module over Og, this
ring is isomorphic to

(3.3) P osxt

ler

where I C N? is the subset of d-tuples (ly,...,l5) where I; = 0 for some
i € [1,7]. For each ¢ € [1,7], let I; C I denote the subset of d-tuples [ for
which [; = 0 and I # 0 for all ¢/ € [1,7] — {i}. Then
Ky (X1 X X,) ~ P KX
lel;

From this 2 follows.

To see 1, observe that multiplication by X; preserves the decomposition
in 3.3 if ¢ = 0, and hence the result is clear in this special case. For the

general case, note that the case ¢ = 0 implies that if f € Ker(xX;), then
there exists fi and fs such that

f:lelXer+f2t:(fl+f2Xz)X1)?er

Since X is flat over S and f is killed by X;, the element f; + foX; is in
K- Ox. (|

Let A : N — Mx be the diagonal map and let ¢ : Mx — Mx be an
automorphism. Then for any lifting A(1) of A(1) to Mx

S(A(L)) = Au) + A(1),

—~

where v is a unit independent of the choice of A(1). This defines an element
u € O%. Now if we choose a chart as in 3.4, then locally the automorphism
¢ is induced from solutions {u;} to the equations

UzXz:Xza UZ‘/Z:L z:l,r
Hence u; — 1 € Ker(xX; : Ox — Ox). From the lemma we conclude that

where ta; = 0, and hence
T T
UZH(l—FCLin'--XZ'”-X,.):l-i-Zain'--Xi”-XrEG.
=1 =1



UNIVERSAL LOG STRUCTURES ON SEMI-STABLE VARIETIES 27

Conversely, given an element
-
1+ZaiX1"'Xi"'Xr
i=1

with ta; = 0 we can define an automorphism of Mx by sending an element
m € Mx with a(m) = X; to A(1+a; X5 --- X;--- X,) +m. This proves the
theorem. (]

Let H be the kernel of O% — O7,. There is a natural inclusion G — H
which is an isomorphism if ¢ = 0. The following proposition explains the
relationship between theorem 3.12 and the results of F. Kato ([10], theorem
11.7):

Proposition 3.14. 1. The sheaf Sxt}QX(Qﬁ(/S,OX) is an invertible Op-
module. -

2. Let o € H*(X,;,G) be the class constructed in theorem 3.12, and let
o € H' (X, O7})) be the class of the invertible Op-module

’Hom@D(Ext}gX(le/ﬁ, Ox),0p).
Then the image of o in H*(X,, H) is equal to §(0') where

ety
0 Hl(letaO*D) - Hz(ietvﬂ)
is the map obtained from the exact sequence
0 H O% (@) 0.
In particular, if t =0 so that G = H, then o = 0 if and only if there exists
a line bundle L on X such that

L® Op ~ Ext' (D5, Ox).

Proof. 1. The question is local so we may assume that we have a standard
chart
X — Spec(Os[X1,..., Xa] /(X1 X, — 1))

for Mx. Let R = Og[X1,..., X4 and let I be the kernel of R — Ox. Then
the conormal sequence gives an exact sequence

Lemma 3.15. The conormal sequence 3.4 is exact on the left.

Proof. The module Q}{/OS ® Ox is a free Ox-module with basis {dXi}?zl,

and I/I? is a free Ox-module with basis X;--- X, —t. The map I/I? —
Q}%/OS ® Ox is the map induced by

T
X Xp =t Y Xy X XpdX,
j=1
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and therefore the kernel can be identified with
{(f€Ox|fXi-- XX, =0, foralll <j<r}.

Now the kernel of multiplication by X --- )?j -+ X, is equal to K{¥ - (X;)
where KX denotes the kernel of multiplication by ¢ on Oy, and therefore
the kernel of I/I% — Q}%/(’)S ® Ox is isomorphic to

h K- (X0).
j=1

Using the notation of the proof of lemma 3.13, the ideal K;* - (X;) is equal
to the ideal

Dier; KX

where L; denotes the subset of I consisting of elements [ with [; # 0. The
lemma therefore follows from the statement that

It follows that there is a natural map
(3.5) Hom(I/I?,0x) — 5xt5x(915/§, Ox)
which sits in an exact sequence

0 — Der(X/S) — Der(R/Os)®Ox — Hom(I/I?,0x) —
— Emtéx(ﬂi/i,(’)x) — 0.

As mentioned above, the sheaf I/I? is an invertible sheaf with basis the
image of X --- X, —t, and the map

Der(R/Og) — Hom(I/I?, Ox)

is the map which sends aiXi to the map

IJI? - 0x, Xi-Xp—t XX, X,

From this it follows that the map in equation 3.5 becomes an isomorphism
when tensored with Op.

2. If we view H?(X ,, H) as the group of equivalence classes of gerbes bound
by H on X, ([7], IV.3.1.1), then 6(0’) can be described as the class of the
gerbe on X, whose objects are pairs (£, €), where £ is an invertible Ox-

module and

€: Homo, (L£,0x) ® Op =~ Sa:t%gx (Qli/ﬁ, Ox)
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is an isomorphism of Op-modules ([7], IV.3.4). Thus to prove the proposi-
tion it suffices to exhibit a functor

(stack of log structures of embedding type relative to t)
|
(stack of pairs (£, €))

such that for any two log structures M; and My of embedding type relative
to t, the natural map

Isom(M1, Mg) — Isom(F (M), F(Mas))
induces an isomorphism

Isom(My, My) x¢ H — Isom(F(My), F(Ms)).

To define F', suppose M x is a log structure of embedding type relative to
t. We define £ to be the invertible sheaf associated to the torsor of liftings
of A(1) € Mx to Mx.

To define € consider first the case when a standard chart is chosen and
define R and I as in the proof of part 1 of the proposition. The choice
of chart defines trivializations of I/I? and £ and hence an isomorphism
I/I1? ~ L. From the map 3.5, we therefore get an isomorphism

Hom(L,Ox) ® Op =~ Exty, (g, Ox)-

By a local calculation (which we leave to the reader), this isomorphism is
independent of the choices, and hence we get a global isomorphism e. ([

Define a second sheaf
Go = {u € Ox|ut = t}.
Any log structure of embedding type M x defines a Ga-torsor
Puy = {m € Mx|m maps to A(1) in My and a(m) = t}.

By definition, a map f*Mg — Mx making Mx a t-semi-stable log struc-
ture is equivalent to a trivialization of Py, .

From the proof of 3.12.3 it follows that the action of G on Py, induced
by the isomorphism G ~ Aut(Mx) is simply the action obtained from the
inclusion G — G9. It follows that a t-semi-stable log structure admits no
automorphisms, and hence the presheaf on X,

SS': U + {isomorphism classes of t-semi-stable log structures on U}

is a sheaf. The sheaf G5 is naturally identified with the sheaf of automor-
phisms of f* Mg, and hence G5 acts naturally on SS? by

(ffMsg —— Mx)? = (f*Mg —— f*Mg —— Mx).
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Again because any two log structures of embedding type are locally isomor-
phic, this action of G is transitive. Moreover, from above we see that this
makes SS? a torsor under the sheaf Go/G. Thus we obtain:

Theorem 3.16. There is a canonical obstruction o € HY(X,G2/G) whose
vanishing is necessary and sufficient for there to exist a t-semi-stable log
structure on X. If o = 0, then the set of isomorphism classes of t-semi-
stable log structures is canonically a torsor under H°(X, Go/G).

It will be useful to have a better description of the sheaf G2/G:

Proposition 3.17. Let K; C Og (resp. KX C Ox) be the kernel of multi-
plication by t on Og (resp. Ox ), and let (t) C Ox be the ideal generated by
t. Then there is a natural exact sequence
(3.6)

0 - (Kf¥nt)®0p — G3/G — 05 — (Op/K{-Op)* —0.

Moreover, the image of o under the natural map
H'(X,G2/G) — H'(Xy, Op)
s equal to the class of

Homo,, (Exto, (x5 Ox), Op).

Proof. To see the exactness of 3.6 we may work locally and hence can assume
that a standard chart as in 3.4 has been chosen. Moreover, the exactness of

Gy/G —— Of —— (Op/K{-Op)* —— 0
is by definition of Gs.
Lemma 3.18. 1. KX NJ = Ker(xt: (t) — () + S0 K& (X1 X; - X,.).
2. (N KX (X X X)) = ML (EE N (1) - (X X X).

Proof. Note first of all that since X /S is flat, KtX = 0Ox ®og4 K;.

Since all sheaves involved are quasi-coherent, it suffices to consider the
ring Og[X1,..., Xq]/(X1--- X, —t). In terms of the decomposition given in
equation 3.3, K;¥ is equal to the ideal

P KX,
lel
and J has a decomposition
@ O St6 (Dxl
lel

where
5(1) = 0, ifl e I; for some i € [1,7]
= 1 otherwise '

From this 1 follows.
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To see 2, note that multiplication by X; on KX (X - )?Z - X,) is the
zero map. Hence

T
ZKtX(X1-~-)?i-~-Xr):@KtXL
=1 ler’

where I’ C I is the subset of elements [ for which there exists exactly one
i € [1,r] such that [; = 0. O

It follows from the first part of the lemma that the kernel of Gy — O,
can be described as units v which can be written as

,
(3.7) 1+ft+ZGiX1-~)AQ---Xr
i=1

where t2f = ta; = 0. Define a map K;* N (t) — G2 by
ft 1+ ft.

Then by the second part of the lemma the map induces an injection (KX N
(t) ® Op) — G3/G, and since any element as in 3.7 can be written as

T
A+ A+ aX X Xy)

i=1
we get the exactness of the rest of the sequence 3.6.
To get the second statement, recall (proof of proposition 3.14) that to any

log structure M x of embedding type relative to ¢ we associated a pair (£, €)
where L is an invertible sheaf and € is an isomorphism

€ : Homo, (£,0x) ® Op ~ Extp (Qli/g, Ox).

Now from the proof of proposition 3.14, a map f*Mg — M x making M x
t-semi-stable defines a trivialization of £. Hence we get a map

§S" — Isom(Op, Homo,, (Extp, (V5 Ox), Op))
compatible with the actions of G/G and O7,. O

4. A THEOREM ABOUT EFFECTIVITY OF FORMAL LOG STRUCTURES

Theorem 4.1. Suppose A is the completion at a point of a scheme of finite
type over an excellent Dedeking ring, and let f : X — Spec(A) be a proper
morphism of schemes such that all the fibers of X are semi-stable varieties
in the sense of definition 1.1. For each n > 0, let A, = A/mﬁJrl and
X, = X Xgpec(a) Spec(Ay) be the reductions and let f, : X, — Spec(Ay)
be the natural map. Fiz a log structure M4 on Spec(A) and let M 4,, be the
pullback of M4 to Spec(A,). Then any compatible family of pairs (M., f2),
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where M., is a log structure on X,, and f8 : fi My, — M, is a morphism
of log structures making the map

(fns F) (X, Mn) — (Spec(An), Ma,)

log smooth, vertical, and integral, is induced by a unique pair (M, fb), where
M is a log structure on X and f*My — M is a morphism of log structures
making

(fo f*) + (X, M) — (Spec(A), M)

log smooth, vertical, and integral.

Proof. By theorem 2.6, it suffices to consider the case when all the mor-

phisms (f,,, f2) are special in the sense of definition 2.5. Moreover, by de-

scent theory we may assume that the residue field A/m4 is separably closed.

Let I denote the set of connected components of the singular locus of the
closed fiber X,. Then by the definition of a special morphism (2.5) there is
a canonical isomorphism NI ~ M 4 . Since A is strictly henselian and local,
there is an isomorphism

H(Spec(A), M4) =~ Ma,.
Moreover, H!(Spec(A),0%) = 0, and hence from the exact sequence
0 0% M MY 0
we see that the map
H°(Spec(A), Ma) — H°(Spec(A), Ma)

is surjective. Therefore,there exists a chart 3 : NI' — M, inducing fy. By
the construction in the proof of theorem 2.6, there is a canonical decompo-
sition for all n

M,, ~ 69761“,(9;(” M.

Let t, be the image of the standard generator of N7 — NI under the map
N' — My — A. Then each M, is a t,-semi-stable log structure on any
open set of X, not intersecting the components I' — {7}. We denote by M,
the log structure defined by the map N — A, 1+ ¢,.

Next we claim that for any closed point zg € X in the closed fiber, there
exists an étale neighborhood U of xg and an étale morphism

(4.1) U — Spec(AlXq,..., X4/ (X1 X — ty))

for some d,r and . To see this, choose an affine étale neighborhood Uy of
xo and a standard chart (see 3.4)

QO — Spec(Ao[Xl, - ,Xd]/(Xl cee XT))

for M;’(O. For each integer n, there is a unique étale X, -scheme U,, reducing
to Uy. We inductively lift the standard chart over U, to a compatible family
of standard charts over U,,.
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For each n, view Spec(A,[X1,...,Xq)/(X1--- X, —ty)) as a smooth log
scheme over (Spec(Ay), M), ), and note that giving a lifting to U,, of a
standard chart over U,,_; is equivalent to finding a dotted arrow filling in
the diagram of log schemes

(U1, Mx, ) — (Spec(An[X1, ..., Xa] /(X1 -+ X, — t,)), standard log str.)

Y

U, Mx,) (Spec(An), M7} ).

This is because a map between flat schemes over A, is étale if and only if
its reduction to Ay is étale. Since the map labelled a in the diagram is log
smooth, such a dotted arrow exists. It follows from the Artin approximation
theorem ([2], 2.5) that there exists an étale neighborhood U of zp and a
map as in 4.1 approximating our formal solution in O X,z Obtained from the
charts over the U,,. Since the resulting map is formally étale (and hence
étale) at o, we obtain the claim.

To prove the theorem, it suffices to show that there exists a t,-semi-
stable log structure on X inducing M. The fact that X /A is locally t-
semi-stable for some ¢ implies that the singular locus of X has a natural
scheme structure: define X*™ to be the closed subscheme defined by the
annihilator of the sheaf

Ext' (R /4, Ox)-

If we choose a map as in 4.1, then X*"9 is by proposition 3.14 the closed
subscheme defined by the ideal

(o Xy Xi X )

From this local description it also follows that the reduction of X sing to X n
is equal to the disjoint union of the D7 where D is the closed subscheme
defined in 3.2 applied to any open set of X, not containing the other com-
ponents I' — {7}. Now by the Grothendieck existence theorem ([6], IIL.5),
the functor which sends a closed subscheme of X to its reductions induces
a bijection

(closed subschemes of X)

l

(compatible families of closed subschemes of the X ).
Therefore, X*™ has a canonical decomposition

Xsmg — H D'y
~yel
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where D, reduces to DY over X,. Now to construct a log structure M7
inducing the M}, we may as well replace X by X — U,2,D,. We apply
the results of section 3 to U.

Let G, G2, and D (resp. G", G%, and D") be as in section 3 applied
to U/A (resp. U, /A,). Note that D is proper over Spec(A), flat over
Spec(A/ty), and that there is a natural isomorphism

D™ = D Xgpec(ay Spec(An).
By theorem 3.16, it suffices to show that the map
(4.2) H'(X,G/G) — lim H'(X,,, G} /G")
is injective, and that the map
(43) HO(X, G»/G) — lim HO(X,,, G}/G")
is bijective.
Lemma 4.2. For any A/(t,)-module M of finite type, the natural map
M — H°(U,M & Op)

18 an isomorphism.

Proof. Since D is proper over A, the natural map

HY(U,M ® Op) — lim H*(U, M @ Opn) ~ lim H*(U, M ® A, ® 4, Opn)
n n
is an isomorphism by ([6], III.5.1.2). Therefore, it suffices to consider the

case when A is an Artin local ring. Since A is noetherian and artinian, there
exists a filtration of M by A/t,-modules

0=M,Cc---CMyCMy =M

such that for each i, M;/M;+1 ~ A/m4. Now if the results holds for M =
A/my and M;, then the snake lemma applied to the commutative diagram

0 — Mi — Mi+1 — A/mA — 0

! ! !
0 — HUM;®Op) — HYU Mi1®0p) — H(U,Opo)

obtained from the exact sequence (D is flat over A/t,)
0 — M;®0p —— Mi11®0p —— Opo —— 0

yields the results for M;, ;. Therefore, it suffices to consider the case when
M = A/m,. In this case we may even base change to an algebraic closure
of A/m4, and hence we may assume that A/my is algebraically closed. But
then DY is a reduced proper scheme over an algebraically closed field, and
hence HY(D°, Opo) = A/ma. O
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Let K¢, (resp. K7') be the kernel of multiplication by ¢, on A (resp.
on A,), and let F (resp. F") be the image of the map Gy — O}, (resp.
G5 — O%n). Note that since U is flat over A, we have in the notation of
proposition 3.17

(K, NtyA) @4 Op ~ (Kfi Nt,0u) ®o, Op

and
(K7, NtyAn) @4, Opn = (K" N1,0y,) @0y, Opr.

Corollary 4.3.
H(U,F) ={u€ A*|uty =t,}/{u € A*|l —u € K; Nt A}
and

HU,, F") = {u € Ai|ut, =t} J{u € ALl —u € K Nty A}

Proof. Since X is flat over A, there are natural isomorphisms

Op/K{*Op = Op @ap, (A/ty)/ Ky, - (A]1)),
and
Opn /K" Opn = Opn @4, 1, (An/ty) /K] - (An/ts)).
Hence lemma 4.2 and the exact sequences

(44) 0 F 05 —— (Op/K{¥Op)* —— 0

(45) 0 Fn 0% —— (Opn /K" Opn)* —— 0
give exact sequences
0 —— HU,F) —— (A/ty)* —— ((A/ty)/ Ky, - (A/ty))*

0 —— H(U,,F") —— (An/ty)" —— ((An/ty)/ KL - (An/ty))".
From this the corollary follows. ([

The corollary implies that HO(U,G2/G) — H°(U,F) is surjective, and
hence there is a commutative diagram
(4.6)
0 — K Nt A — HY(U,Gy/G) — HOU,F) - 0

!
0 — lmK} Nt,A, — lLmHU,,G3/G") — lmHU,,F")

with exact rows. The following lemma implies that the map 4.3 is bijective.

Lemma 4.4. Let L} := Im(Ky, NtyA — Ki8 NtyAy). Then there exists
integers ng and n{, such that:

1. For each n, the map
(I(t7 N t'YA) X® An+n0 e (Kt“/ N t,yA) X An

factors through ij"o .
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2. For every n, the map

KN, A

/—>Ktn
¥ o

n+ng

n+ny,
ty

factors through L

3. The natural map
HY(U, F) — lim H(U,,, ")

s an isomorphism.

Proof. By the Artin-Rees lemma there exists an integer ng such that
Ki Nty ANmi™ c mi(Ky, Nty A)
for every n. From this 1 follows.

Similarly, the Artin-Rees lemma implies that there exists an integer ny
such that

(t,)2 Nm’, "0 C w(t,)2.

Suppose t, f € Kﬁjrna N t,yAm_n{) and let f € A be a lifting of f to A. Then

t2f € mfr“noj“l, and hence 2 f € m 1 (t5)2. Let g € m";*! be an element

such that t2f = t2g. Then t,(g — f) € K, N (t,), and hence the image of
bl Y v ¥ Y

n+ng n

is contained in L?jno. This implies 2.
To prove part 3, let A, be the group
{ue ALl —ue K Nty A}

Then by corollary 4.3 there are exact sequences
0 — A, —{ueAi|ut,=t,} — H'U,,F*) — 0,
and by part 2 the A,, satisfy the Mittag-Leffler condition. Hence if A denotes
the group
{fue A1 —ue Ky, Nt A},
there is a morphism of exact sequences

0 — A - {ueAffuty=t,} — H(U,F) — 0

~

0 — limA, — lim{ue€ A4}futy =t} — @HO(QW}'”) — 0.

Part 3 of the lemma now follows because part 1 implies that the left vertical
arrow is an isomorphism. O
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The preceding lemma also implies that the natural map
H' (U, (Kt, Nty A) @ Op) — lim H' (U, (K{ Nty An) ® Opn)
is an isomorphism. By corollary 4.3, the maps
HY(U, (K, NtyA) ® Op) — HY(G,/G)
HY (U, (K" NtyAy) ® Opn) — HY(GE/G")

are injective. From this and the diagram
0 0

HY(U, (K¢, NtyA) © Op) —— lim H'(U,,, (K}, Nty An) @ Opny

HY(U,G2/G) — lim H'(U,,, G3/G")
HY(U,F) — lim AN(U,,, F™)

we see that to verify that 4.2 is injective it suffices to show that the map
labelled € in the diagram above is injective.

The exact sequences 4.4 and 4.5 together with lemma 4.2 imply that there
is a commutative diagram

HYU,F) —— HY(UO0p)

| !

thHl(Qnafn) - linHl(Qnao*D”)

where the horizontal arrows are injections. Therefore, to verify that e is
injective it is enough to verify that the map

H'(U, 05) — lim H'(U,,, Op)

is injective. This follows from ([6], II1.5.1.6), and hence the proof of theorem
4.1 is complete. O

5. PROOF OF THEOREM 1.2

We now prove theorem 1.2. Let IV LS be the fibered category over the
category of S-schemes which to any T — S associates the category of triples
Mp, Mx,., f%) where M is a log structure on T, My, is a log structure
on X xgT, and f% s pryMr — Mx, is a morphism of log structures making

(f’ fb) : (XTvMXT) - (IvMT)
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a special morphism in the sense of definition 2.5. There is a natural log struc-
ture on the fibered category IV LS (see the introduction for the definition
of a log structure on a fibered category)

M :IVLS — Logs,0s), (Mo, Mxyp, ) — Mr.

Since IV LS classifies sheaves for the étale topology, IV LS is a stack over S,
and by ([16], 4.3) IVLS is limit preserving. By theorem 2.6, if (T', M/.) is a
log scheme, then to give an element of IV LS over (T, M) is equivalent to
giving an object (Mg, Mx,., f2) of IVLS over T together with a morphism
of log structures My — M/.. Hence to prove theorem 1.2, it suffices to show
that IV LS is representable by a scheme, and that the map IVLS — Sis a
monomorphism of finite type.

Now any algebraic space which admits a quasi-finite map to a scheme
is also a scheme ([4], 3.3), and hence it suffices to show that IV LS is an
algebraic space. We proceed in two steps (theorems 5.1 and 5.4).

Theorem 5.1. IV LS is relatively representable and IV LS is equivalent to
the stack defined by a sub-functor of S.

Proof. Suppose (Mr, Mx,., f&) and (M, g ) are two objects of
IV LS over some scheme T. What has to be shown is that there exists
unique isomorphisms o : My ~ Mz and ¢ : Mx, ~ M’XT such that the
diagram

FMr s My,
‘| s

!/ fb/ !/
My —— My,

commutes. Let us begin by showing the uniqueness of the pair (o, ¢). For

this it suffices to consider the case when T = Spec(A) is a complete local
ring.

Let SS((T, Mz)) be the set of isomorphism classes of pairs (My, f?),
where M x is a log structure on X and fb : ffMp — Mx is a morphism
of log structures making

a special morphism (in the sense of definition 2.5).

Let
p: Aut(Mr) — End(SS((T, Mr)))

be the action given by
(fMr —— Mx)"?) = (frMr —— ["Mr —— Mx).

The following proposition implies the uniqueness of (o, ¢).
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Proposition 5.2. 1. For a pair (Mx, fb) as above, there are no automor-
phisms of Mx compatible with the map f°.

2. The action p on SS((T, Mr)) is simply transitive.

Proof. 1. It suffices by descent theory to consider the case when A has sepa-
rably closed residue field. In this case, any object (Mx, f°) € SS(Spec(A))

has a canonical decomposition
(5.1) Mx =~ @yer 0, My

where I' denotes the set of connected components of the singular locus of
the closed fiber. Moreover, (Mx, f*) induces a decomposition

(5.2) Mp ~ @WGF,O}M%-

This implies 1 for any automorphism of M x must preserve the above de-
compositions and hence induces automorphisms of the log structures M7
over M7.. But by the discussion preceding theorem 3.16, there are no such
automorphisms other than the identity.

2. We first reduce to the case when A is an artin local ring with separably
closed residue field. Let My, be the reduction of Mr to A,, := A/ mzﬂ. By
theorem 4.1 and the fact that Aut(Mr) is representable, the natural maps

Aut(Mr) — lim Aut(Mr,), SS(Spec(A)) — lim SS(Spec(Ay))

are bijective, and hence it suffices to consider the case when A is an artin
local ring. Moreover by 1, both Aut(Myr) and SS(Spec(A)) are sheaves on
the étale site, so we can by descent theory assume that A has separably
closed residue field.

In this case, any object (M, f*) € SS(Spec(A)) has a canonical decom-
position as in 5.1 and induces a decomposition of Mt as in 5.2.

Suppose given two objects
(Mx, f%), (M, f¥) € SS(Spec(A))

inducing two decompositions
My =~ Syer 0z M} ~ @VEF,O}M;{!-

The following lemma, applied to the completion of Ox at a point in 7,
shows that M. and ./\/l;}/ are isomorphic as log structures (not as sub-log
structures of Mr):

Lemma 5.3. Suppose t,t' € A are two elements such that there ewists
d,d',r,r" € Z and an isomorphism

6 Al[X1se o Xal) (X1 Xy = t) = AV, Y]l /(Y- Y — 1),

Then there exists a unit uw € A* such that ut =t'.
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Proof. If the result holds with A replaced by A/(t'), then ¢t € (#') and by
symmetry (t) = (t'). Therefore it suffices to consider the case when t' = 0.
Moreover, in this case it suffices to consider the reduction modulo t?. Write

o(Xi)=c+ fY), i=1,...,m

where ¢; € A and f(Y) consists of terms of degree > 0 (as in the proof
of proposition 3.6, A[[Y1,...,Yy]]/(Y1---Y,) is graded since ¢ = 0). By
proposition 3.6 ¢; € (t), and hence since we are assuming that t> = 0 we
have [[;_, ¢; = 0. Thus

t=1Jox)=]]ci+9=9
i=1

where g € (Y1,...,Yy). If t # 0 this is a contradiction since
AN (Yy,...,Yy) ={0}.
([

Thus there exists an automorphism o of M7 such that the decompositions
of Mt obtained from

["Mp — Mx
and
ffMp —— f*Mp —— My
are the same. Decompose
Mx = Grer oy My, My = Grer o MY

Then to prove the theorem it suffices to show that there exists a unique
automorphism o : MJ. — MJ. and an isomorphism ) : M7} ~ M}(/ such
that the diagram

MG —— M

d v
fMy —— M
commutes. For this we may as in the proof of theorem 4.1 replace X by an

open set U which contains the component v but does not intersect any of
the components I' — {7}, and we can also choose a chart

N — M7.
Let t, € A be the image of 1. Then using the notation of the proof of
theorem 4.1, we want to show that the natural map
{ue AMuty =t} — HO(U,G2/G)

is bijective. This follows from the exactness of the first line in equation 4.6
and corollary 4.3. O
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In light of the uniqueness of (o, ¢), to prove theorem 5.1 it suffices to
prove the existence of (o, ¢) étale locally. If T is the spectrum of an artinian
local ring, then it follows from lemma 5.3 that M7 and M/, are étale locally
isomorphic, and hence by proposition 5.2 a pair (o, ¢) exists in this case. By
passage to the limit using theorem 4.1 a pair (o, ¢) also exists in the case
when T is the spectrum of a complete noetherian local ring.

For general T', let t € T be a point. Then from above there exists a pair
(0,) over the completion C/Q\T,t. By the Artin approximation theorem ([3],
1.6), there exists a pointed T-scheme v € V together with an isomorphism
51,1; ~ (5T,t and a pair (oy, ¢y ) over V inducing the pair (o, ¢) over @T,t-
By construction V /T is étale at v, and hence after shrinking V we can
assume that V is an étale T-scheme.

This concludes the proof of theorem 5.1. ([l

Theorem 5.4. IV LS admits a smooth cover.

Proof. It suffices to show that for any map
the product

T X tog5 o) LVLS

is representable by an algebraic space. If My is the log structure corre-
sponding to the map 5.3, then the product is the functor

SS : (I — schemes) — Set
which to any h : T/ — T associates the set of special elements in
IVLS(T',h*Mr7)).

We prove that SS is representable by verifying the conditions of ([5], 5.4).
For a T-scheme h : T' — T denote by MT\Z/ the pullback h* My and let

X7/ denote the product T xp X.

By proposition 5.2, SS is a sheaf for the étale topology, and S is limit
preserving by ([16], 4.3).

Lemma 5.5. Suppose A" — A is a surjective morphism of rings with square-
zero kernel, and suppose Mx, € SS(Spec(A)). Then to give a lifting of
Mx, to SS(Spec(A")) is equivalent to giving a 1-morphism

MXA/ X — L’Og(Spec(A’),/\/lT\A/)

filling in the diagram
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X, U - X

Mx,

‘A

Log(spec(A),Mr|a) Log(spec(ar), Ma| 41)

Spec(A) Spec(A”)
(that is, a I1-morphism Mx,, together with an isomorphism i*Mx,, =~
Mx, ).

Proof. To give a 1-morphism as in the lemma is equivalent to giving a
lifting of Mx, to X, and a morphism of log schemes (X, Mx,,) —
(Spec(A’), Mr|ar) lifting the map from (X 4, M4). Thus the lemma is
equivalent to the statement that any such lifting is a special morphism. Now
by ([12] 4.1 and [16] theorem 4.4)), any such lifting M 4/ factors through the
maximal open substack U C Log(spec(ar), M|, flat over Spec(A’). Since
X a/A" is flat, this implies that Mx ,, is smooth since its reduction to A
is smooth. The other conditions in the definition of a special morphism
evidently only depend on the reduced structure of the base; hence the
lemma. ([

It follows from the lemma and ([17]) that Schlessinger’s condition (S1)
holds, and that for any A-module I, the module SSxq, , (A[I]) is isomorphic
to

Extd (M, L7, f11),

Log(spec(ag). Myl a,)/A0
where LEO_Q 4, denotes the truncated cotangent complex of the
9(Spec(Ag), M| a,)/ A0
algebraic stack Log(spec(Aq),Mr|a,) (see [17] or [13]). Moreover, ([17]) shows
that the modules
Exth, (M, L7,2  f1)

Log(spec(ag),Mrlay)/A0

define an obstruction theory for SS. To see that the conditions on D and
O of ([5], (S2) and 4.1) are satisfied use ([6], I11.3.1.2 and II1.4.5) and ([3],
lemmas 6.8 and 6.9).

Next we claim that if Ag is a reduced ring, and if M x A0 and M’y 14 A€ two

elements of SS(Spec(Ap)) which are equal at a dense set of points of finite
type, then they are equal on a dense open set. To see this observe that by
theorem 5.1 there exists a unique pair of isomorphisms o : Mr|4, — Mr|4,
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and ¢ : Mx, — M/ such that the diagram
0 Ag

[ Mrlay —— Mx,,

)| lqs

[*Mela, —— My,

commutes. The condition that Mx, and M’y define the same element of
0
SS is therefore the same as the condition that o = id. Now since Log(LO%)

is algebraic, if 0 = id for a dense set of points of Spec(Ay) of finite type,
then o equals the identity on some dense open set by ([5], page 182).

Finally observe that if A is a complete local ring with residue field of finite
type over T', then the map

SS(A) — lim SS(A/m™)

is bijective by theorem 4.1. It therefore follows from ([5], 5.4) that SS is
representable by an algebraic space over 1. This completes the proof of
theorem 5.4. 0

To complete the proof of theorem 1.2, it remains only to see that IV LS
is of finite type over S. For this it suffices by the argument given in ([3],
page 59) to show the following: given an integral domain Ay, and a dense
set of points & C Spec(Ap) of finite type such that IVLS(Spec(k(p)) is
non-empty for all p € &, there exists a dense open set U C Spec(Ay) for
which IVLS(U) is non-empty. Let Ko = Frac(Ap). Then by assumption,
Xk, is étale locally isomorphic to

Ko[Xy,..., X4/ (X1 X)),

and so we can replace Ag by an affine open set so that X4, is étale locally
isomorphic to

AolX1,. ., Xa /(X1 X)),

Let M 4, be the log structure on Spec(Ap) associated to the map N — Ay,
1 +— 0. By theorem 2.6, to prove the IV LS is non-empty over some dense
open set of Spec(Ap), it suffices to prove that there exists a 0-semi-stable
log structure (in the sense of section 3) on X 4 .

By theorem 3.6 there exists such a log structure if and only if the invertible
Op-module
101
Ext (QXAO/A()’ Ox)

is trivial (where D is defined as in section 3). By ([3], page 70) this holds
over some dense open set in Spec(Ap), and hence there exists a dense open
set U C Spec(Ap) for which IVLS(U) is non-empty. This completes the
proof of theorem 1.2. O
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