THE BAR CONSTRUCTION AND AFFINE STACKS

MARTIN OLSSON

1. INTRODUCTION

The purpose of this note is to clarify a technical point which arose in our work on nonabelian
p-adic Hodge theory in [Ol]. While the main content of this paper is purely algebraic and
not concerned with p-adic Hodge theory, let us first recall the motivation.

1.1. Let V be a complete discrete valuation ring with perfect residue field of characteristic
p > 0 and fraction field K of characteristic 0. Fix an algebraic closure K C K. Let X/V
be a smooth proper scheme, and let D C X be a divisor with normal crossings over V.
Assume that X7 is connected. Let X° denote X — D and assume given a point x € X°(V).
We can then consider the pro-unipotent fundamental group of (X° z) in the various motivic
realizations (Betti, étale, de Rham, and crystalline). The étale realization 7f'(X3-, x) is the
pro-unipotent group scheme over Q, which is Tannaka dual to the category of unipotent Q,-
local systems on the geometric generic fiber X2.. There is a natural action of the Galois group
G = Gal(K/K) on Wft(X%, x), and it is shown in [O]] that the coordinate ring ﬁn§t(x%,x)
is an ind-crystalline representation (that is, a direct limit of crystalline representations).

Let us review what this means (see [Fo] for more details). Let W denote the ring of
Witt vectors of the residue field of V', and let Ky C K denote the field of fractions of W.
Let 0 : W — W be the canonical lifting of Frobenius, and write also ¢ for the induced
automorphism of Ky. Let Buis(V') denote Fontaine’s Ky-algebra defined for example in [Fo).
Recall that Bis(V) comes equipped with an action of Gk, and a semi-linear automorphism
¢. The ring Bis(V) is contained in a K-algebra Bggr(V') which is a discrete valuation field.
In particular, the valuation on Bqr (V') defines a filtration on Bagr(V'). For a continuous finite
dimensional G'k-representation M over Q,, define

D(M) := (M ®g, Beris(V)) %,

where the action of Gk on M ®q, Beis(V) is the diagonal action. Then D(AM) is a finite
dimensional Ky-vector space with a semilinear automorphism induced by the automorphism
of Beis(V). There is a natural map

Qpg ot D(M) QKo Bcris(v) — M ®Qp BCTiS(V>

which is always injective. The representation M is called crystalline if oy is an isomorphism.
In this case we obtain an isomorphism

D(M) ®K0 BdR(V) ~ M ®Qp BdR(V),
which induces a filtration on D(M) ®g, K.
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1.2. It is shown in [O]] that there is a canonical isomorphism of Hopf-algebras over K|
D(ﬁﬂ'ft (X%,a:)) = ﬁwirys (X°,x)»

where 777°(X°, ) denotes the Tannaka dual of the category of unipotent log isocrystals on
(X, D)/W. This isomorphism is compatible with the Frobenius automorphisms, where the
Frobenius automorphism on 77"**(X°, z) is induced by Frobenius pullback on the category of
unipotent log isocrystals.

We also have an isomorphism
crys ) ~ —~dR )
m (X% 2) @, K~ m (X, @),

where m{®(X%., z) is the Tannaka dual of the category of unipotent modules with integrable
connection on Xp. In particular, the filtration on D(ﬁﬁt( xo_2)) @K, K, obtained as above,
K’

induces a filtration on rar(xo -

1.3. On the other hand, Wojtkowiak has defined in [Wo] another filtration on @ arxo o)
using the bar construction. The main aim of this note is to show that these two filtrations
agree. We also treat the case of spaces of unipotent paths between two different points of X°.

The motivation for this verification comes from the work of Kim [Kil, Ki2, Ki3]. In
this work, one needs the p-adic Hodge theory of the fundamental group developed in [O]],
but Wojtkowiak’s definition of the Hodge filtration is the one used. The complete some of
the proofs in Kim’s papers, it therefore becomes necessary to know the equality of the two
filtrations.

1.4. The verification that the two filtrations agree reduces to an abstract statement about
differential graded algebras. Let k& be a QQ-algebra, and let dga, denote the category of
commutative differential graded algebras over k. Given an augmented object € : A — k of
dga,, there are at least two ways of producing a pro-unipotent group scheme from (A, €).

The first is to use the bar construction as explained for example in [Wo]. This construction
produces a simplicial dga T'(A, €). One can then take the total dga of this simplicial dga and
then

B(A,€) := H%(tot(T(A)))
has a natural Hopf algebra structure whose associated group scheme we denote by 72 (A, €).

The second approach is using Toen’s theory of affine stacks [To]. Here one first converts
(A, €) into an augmented cosimplicial k-algebra ¢’ : A" — k, and then applies a suitable
derived version of the functor Spec(—) to get a pointed simplicial presheaf RSpec(A) on the
category of k-algebras. One can then take the sheaf associated to the presheaf

R — m1(|RSpec(A)(R)|, *)

which by Toen’s theory is representable by a pro-unipotent group scheme 72 (RSpec(A), *).
Our main purpose in this paper is to establish a natural isomorphism

ﬂ’ar(A, €) ~ WTH(RSpec(A), %),

as well as a generalization to spaces of paths, and then use this isomorphism to establish the
equality of the two filtrations described above.
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Notation 1.6. For a category %, we write €° for the opposite category. If € and Z are
categories, we write €7 for the category of functors

9 — €.

We denote the category of simplicial sets by sSet. For a Q-algebra k we write SPr(k)
for the category of simplicial presheaves on the category Affy of affine k-schemes. So, the
category SPr(k) is the category of functors

Aff; — sSet.

For a ring k, we denote by dga, the category of commutative, Z-graded, differential graded
algebras, and by dga,fo the full subcategory of differential graded algebras A with A® = 0 for
1 < 0.

We write C'(k) for the category of complexes of k-modules (possibly unbounded in both
directions). By [Hi, 2.2.1] (applied to the identity functor C'(k) — C(k)) there is a model
category structure on C'(k) in which equivalences are quasi-isomorphisms, and fibrations are
level-wise surjections.

The standard simplicial category is denoted A. The objects of A are finite ordered sets,
and morphisms are order preserving maps.

2. THE MODEL CATEGORY STRUCTURE ON dga,

The main reference for this section is the paper [Hi].

2.1. Fix aring k. If A € dga, is a differential graded k-algebra, we write A* for the underlying
complex of k-modules. The functor

#:dga, — C(k)

has a left adjoint
F: C(k) — dga,,

sending a complex M to the free differential graded algebra generated by M (see for example
[Be, §1.2]). If M is a complex with zero differentials, we write also

Sym’' M
for F/(M). By the construction in loc. cit., there is a natural direct sum decomposition

If M = N|—i] for some k-module M, then Sym'M is the symmetric algebra on N if i is even,
and the exterior algebra on N if i is odd (and N is placed in degree 7).
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2.2. Define a morphism f : A — B in dga, to be an equivalence (resp. fibration) if the
underlying morphism of complexes A* — B is a quasi-isomorphism (resp. if A® — B is
surjective for every i).

As explained in [Hi, 2.2.1] there is a model category structure on dga, with the above
defined equivalences and fibrations, and cofibrations defined by the left lifting property with
respect to trivial fibrations.

2.3. In fact in [Hi, 2.2.3] there is also a description of cofibrations in dga,. Let M € C(k) be
a complex of free k-modules with zero differentials, and let o : M — A*f be a morphism for
some A € dga,. We can then form a morphism

A— AM, )
as follows. The underlying algebra of A(M,«) is the tensor product
A @y, Sym' (M[1]),
with the differential given by the differential on A, and such that
dly = o

Then A — A(M, «) is a cofibration. We call a morphism A — A(M, «) obtained in this way
an elementary cofibration. We say that a map A — B is a standard cofibration if it is a limit
of a sequence

A:A1—>A2—>A3—>"',

where each A; — A, is an elementary cofibration. By [Hi, 2.2.5] every cofibration in dga,,
is a retract of a standard cofibration.

2.4. For A € dga, let Mod, denote the category of differential graded A-modules. As in
[Hi, 3.1], the category Mod4 has a model category structure in which a morphism M — N in
Mod 4 is an equivalence (resp. fibration) if the underlying morphism in C'(k) is an equivalence
(resp. fibration). For M € Mod4 we write M* for the underlying object of C(k).

Cofibrations in Mod4 can also be described using the general recipe in [Hi, 2.2.4]. Let
M € Mody be an A-module, N € C(k) a complex of free k-modules with zero differentials,
and 3 : N — M* a morphism in C'(k). We define

MA{N, B}
to be the object of Mod 4 with underlying A-module
M @& (A ®;, N[1])

and differential given by the differential on M and the map § on N. We say that a morphism
M — M’ in Mod 4 is an elementary cofibration if M' ~ M{N, 3} for some pair (N, ), where
N is a complex of free modules with zero differentials, and f : N — M?* is a morphism
of complexes. A morphism M — M’ is called a standard cofibration if it is the limit of a
sequence

M:M0—>M1—>M2—>“‘7

where each M; — M, is an elementary cofibration. By [Hi, 2.2.5] every cofibration in Mod 4
is a retract of an elementary cofibration.
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Lemma 2.5. Let M € Mody be a cofibrant object. Then the functor
M ®gy (—) :Mody — C(k‘)

takes equivalences to equivalences.

Proof. Since any cofibration is a retract of a standard cofibration, it suffices to consider the
case when M is the limit of a sequence

O:MO—>M1—>M2—>"‘

Y

where each M; — M;,, is an elementary cofibration. Since a filtering direct limit of equiv-
alences is an equivalence, it therefore suffices by induction to prove that if M € Mod, is
an object such that M ®, (—) takes equivalences to equivalences, then for an elementary
cofibration

M — MA{N, 3}

the functor M{N, 3} ®4 (—) takes equivalences to equivalences. For this note that if S €
Mod 4, then
M{N, B} ©a 5~ (M ®45) & (N[1] & 95)
with differential induced by the map 3. That is, we have an isomorphism in C(k)
MA{N,(} ®4S ~Cone(f: N®@;S— M®®y5).

It follows that it suffices to show that the functor (—)®y IV takes equivalences to equivalences,
which is immediate as each N° is a free k-module. g

2.6. Let dgay 4, denote the category of morphisms A — B in dga,. There is a natural
forgetful functor
dgay, 4, — Moda, (A— B)w— B,

where BT denotes the underlying differential graded A-module of B.
Proposition 2.7. For any cofibration A — B in dga,, the module BT € Mod, is cofibrant.

Proof. By [Hi, 2.2.5], the map A — B is a retract of a standard cofibration, so it suffices to
consider the case when A — B is a standard cofibration. By induction it therefore suffices
to show that if A" € dgay 4,, M € C (k) is a complex of free k-modules with zero differential,

and o : M — (A’)* is a morphism in C(k), then the induced map
(A" — (A(M, )
is a cofibration in Mod 4.
Note that A’(M, a) is an inductive limit of a sequence
Al — A — AL —
where A} — Al is of the form A} — A}(M;, o;) for some M; = N|[—i] with N a free k-module.

Therefore we may further assume that M = N[—i] for some free k-module N.

For n > 0 define an object of Mod 4
2 = gr_ A @ SymF(N[—i]),
with differential given by the differential on A"T and the map
A @y, Sym*(N[—i]) — AT @, Sym*H(N[—i])
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induced by the map a. We then have a sequence in Mod 4 with limit AT — (A'(M, «a))!
At =20 (M) (@)

)

where each ) — X(+1 is a standard cofibration. It follows that A"t — (A(M,a))! is also
a cofibration. N

Corollary 2.8. Consider a diagram in dga,

(2.8.1) A——=C
lb
B,

where a is a cofibration. Then B®4C represents the homotopy colimit in dgay, of the diagram
2.8.1.

Proof. By 2.7, the object CT € Mod, is cofibrant, and therefore the functor
(=) ®4 CT: Mody — C(k)

takes equivalences to equivalences. In particular, given a factorization of b

A—>p-—2-B
where ¢ is a cofibration and d is an equivalence, the induced map

E®,C —-B®sC
is an equivalence. O
2.9. For M € Mody4, we can also compute the derived functor

M @4 (—) : Ho(Mod4) — D(k)

as follows (the following was also remarked in [Hi, §3.4]).

For a simplicial object P. € Mod4”, let tot(P.) denote the (sum) total complex defined by
(tt(P))" = Bipson P,

and the standard differential induced by the simplicial structure (see for example [I1, 1.1.2.1]).
The complex tot(P.) is naturally an object of Mod, with a € A* acting by the given multi-
plication maps

a- (—) : Pii — Pﬁjk
Proposition 2.10. Assume P. € Mod®” is a simplicial A-module, with each P; cofibrant.
Then the functor
tot(P) ®4 (=) : Mody — C(k)

preserves arbitrary equivalences. In particular, for any M € Mod 4 the complez tot(P.)@a M €
C(k) represents tot(P) @% M € D(k).
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Proof. Note first that if P. — P’ is a morphism in Mod4 such that the map P, — P! is an
equivalence for all 7, then the induced map

tot(P) — tot(P)
is also an equivalence. Furthermore, by construction we have
tot(P) @4 M =~ tot(P. ®4 M).
If M — M’ is an equivalence, we therefore get that the map
tot(P) ®4 M =~ tot(P. @4 M) — tot(P. @4 M") >~ tot(P) @4 M’
is an equivalence. U

2.11. If P. € dgaZ” is a simplicial object in dga,, then the total complex tot(P!) has a natural
structure of an object of dga,, which we will denote by tot(P.). The multiplication map is
given by the shuffle product (see for example [Wo, §2]).

Corollary 2.12. Suppose P. € dgaﬁi‘/ for some A € dga,,, and that for every i the underlying

object P; € Mody is cofibrant. Then for any morphism A — B the homotopy colimit in dga,,
of the diagram
A

tot(P)

B

is represented by tot(P) ®4 B.

Proof. Indeed it suffices to verify that (tot(P.))! @4 BT € C(k) represents (tot(P))" @4 BT
which follows from 2.10. U

3. FILTERED THOM-SULLIVAN COCHAINS

The content of this section is essentially contained in [N-A].

3.1. Let k be a Q-algebra.

For an object A € dgay, a filtration on A is a decreasing filtration F" on the underlying
complex of A such that for every i, j € Z we have

At FI c

A morphism (A, F) — (A, F’) of filtered differential graded algebras is a morphism [ :
A — A’ in dga, such that f(F') C (F')" for all i € Z. Let fdga, denote the category of
filtered differential graded k-algebras. A morphism f : (A, F) — (A, F’) is a filtered quasi-
isomorphism if A — A’ is an equivalence and if for every i € Z the map F* — F" is a
quasi-isomorphism.

Let Ho(fdga,) be the category obtained by inverting filtered quasi-isomorphisms.

The functor of Thom-Sullivan cochains, discussed in [Ol, §2], can be extended to the
filtereted context as follows.
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3.2. Let us begin by recalling the definition of the functor of Thom-Sullivan cochains. For
p >0, let V(p,e) € dga, denote the de Rham complex of

p

Spec(klto, ..., t,]/ (>t =1))

i=0
over k. As explained in [Ol, 2.13], as p varies we obtain a simplicial differential graded algebra

Q:A° —dgay, [p|— V(p,e).

Let Ma be the category whose objects are morphisms f : [i] — [j] in A, and for which a
morphism

(f: [l = UD) = (g: [ = 7))

is a commutative diagram in A

If A € dgakA is a cosimplicial differential graded algebra, we define
A @Q: Ma —dgay, (f:[i]—[j])— A®Q,.
The functor of Thom-Sullivan cochains
T : dgai® — dga,

is defined by
T(A) := liLnA. ® .
Ma

3.3. This construction also extends to the filtered context. View V(p, @) as an object of fdga,
with filtration given by

; Vip,e) if1<0
FVp.e) = {o( | ifi>0

With this definition the transition maps for €2 are compatible with the filtrations, so we obtain
a functor

QL A° — fdga,.
Furthermore, for a cosimplicial object A. € fdgakA we obtain a functor
A Q) Mp — fdga,
and we define
T/(A) :=1lim A @ € fdga,.
Ma

As explained in [N-A, 6.3], integration defines a natural filtered quasi-isomorphism of fil-
tered complexes

/:Tf(A,) . Tot(A).
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In particular, 77 passes to a functor

T! : Ho(fdgay) — Ho(fdgay,).

4. THE BAR CONSTRUCTION AND DERIVED TENSOR PRODUCT

4.1. Let A € dga, be a cofibrant object with two augmentations z,y : A — k. The bar
construction provides a representative for the homotopy pushout of the diagram (which will
be of special importance for spaces of paths)

(4.1.1) Aoy A%y,
A

where m denotes the multiplication map.
4.2. Let € and Z be categories, and let
U:¢—9, T:92—%,
be functors with 7" left adjoint to U. Write
a:idg — UT, b:TU — idy

for the adjunction morphisms. Given an object X € %, we can form its canonical simplicial
resolution (T,U).(X) € €2° as follows (for more details see [I1, I, §1.5]).

Define
(T, U)n(X) := (TU)"(X),
where we write (TU)™ for the n 4 1-fold composite
(TU)o (TU)o---0(TU).
For:=0,...,n+ 1, let
di = (T, U)n41(X) — (T, U)n(X)
be the map induced by the morphism of functors
id(TU)[O,i_l] obo id(TU)[i+1,n],
and for i =0,...,n, let
505 (T,U)a(X) = (T, U)ss(X)
be the map induced by the morphism of functors
id(TU)[O,i—l] oidroaoidy o id(TU)[iH,n].
We then obtain a simplicial object in € denoted by (7', U).(X).

The map b induces a natural augmentation

T (T,U).(X) — X.
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4.3. We will apply this construction as follows. Let A — A’ be a morphism in dga,. We can
then consider the restriction functor

U: dgak,A’/ - dgak,A/a
which has a left adjoint
A @4 (—): dgak,A/ - dgak,A’/-
Lemma 4.4. For any object B € dgay, 4, the map in dgay, 4,
tot((T,U).(B)) — B,
induced by the augmentation (T,U).(B) — B, is an equivalence.

Proof. Tt suffices to verify that the map in dgay, 4, obtained by applying the functor U is an
equivalence. This follows from [II, I, 1.5.3 (i)]. O

Lemma 4.5. Suppose A — B and A — A" are cofibrations. Then for every n the morphism
A" — (T,U),(B) is a cofibration in dga,,.
Proof. We proceed by induction on n.

For the case n = 0, note that (7,U)y(B) = A’ ®4 B, with A’-module structure given by
the morphism

A —-A@uB, 2—a2®l.

Since a pushout of a cofibration is again a cofibration, the assumption that A — B is a
cofibration implies that A" — (T, U)(B) is also a cofibration.

For the inductive step, assume that A" — (T, U),,_1(B) is a cofibration. Then the composite
A= A= (T,U), 1(B)
is also a cofibration, and (7', U),(B) is the pushout of the diagram
A A

|

(Tv U)nfl (B)

Corollary 4.6. Consider a diagram in dga,
(4.6.1) A —C
B,

and let A — A’ be a cofibration such that the composite A — A’ — B is also a cofibration.
Then the homotopy colimit of the diagram 4.6.1 in dga,, is represented by

tot((7,U).(B)) @4 C ~ tot((T,U).(B) @4 C).

Proof. Combine 2.7, 2.12, and 4.5. O
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4.7. A particular special case is the following. Let A be a cofibrant object in dga, with two
augmentations x,y : A — k. Then we can apply the previous corollary to the map

A—- AR A z—2®1,

and the diagram

(4.7.1) Aey A )
A

The simplicial differential graded algebra
tot((T,U).(A) @aga k)

is called the bar complex of (A, x,y), and will be denoted by B(A, x,y) (see for example [Wo,
§3]). It follows from the above discussion that B(A, x,y) represents the homotopy colimit in
the category dga,, of the diagram 4.7.1.

The simplicial differential graded algebra
(T,U).(A) @aga k
can be described more explicitly as follows (compare with [Wo, §3]). We have

(T.U)n(A) ®aga bk =AR A® - ® A

n

and the simplicial structure is given by the maps

dp(w; @ -+ @ wy) = x(w))ws @ -+ @ Wy,
dpi(W @ QW) =W ®+ QW; Wiy @+ Qw, 0<i<mn,

do(wy @ -+ - @ wy) = y(w,)wy @ -+ @ wy_1,
and
S @ Quwy) = @ QWy i L@ W11 @+ Rwy,, 0<i<n.
Remark 4.8. In the case when k is a field, the assumption that A is cofibrant in 4.7 is

unnecessary. Indeed in this case any complex M € C(k) is K-flat in the sense of [Sp, 5.1]. In
particular, if A" — A is an equivalence in dga;, then the induced maps

ApAQ 9A - ARA®---®A

are also equivalences, and so the map on bar complexes
B(A' z,y) — B(A,z,y)

is also an equivalence.
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>0
5. COMPARISON OF dga, AND dga;

5.1. Let A € dga,fo be an object with two augmentations xz,y : A — k. Assume that A is
cofibrant when viewed as an object of dga,. We can then consider the diagram

TRy

ARA——k
A,
which can be viewed either as a diagram in dga,?o or in dga,. We already know by 4.7 that

the homotopy colimit in dga, is represented by the bar complex B(A,x,y), whereas for the
spaces of paths we are interested in the homotopy colimit in the category dga,fo.

5.2. Let

J: dgafo — dgay,
be the inclusion functor. This functor has a left adjoint

T>o : dga;,, — dga,%o,
which sends A € dga, to the quotient of A by the differential graded ideal generated by
elements z € A%, for i < 0.
In particular, the forgetful functor
t:dga;’ — C(k)

has a left adjoint given by the composite
C(k) " dgay, —> dgaz®.

A straightforward verification, which we leave to the reader, shows that the assumptions of
[Hi, 2.2.1] are verified, so we obtain a model category structure on dga,fo in which a morphism
A — B is an equivalence (resp. fibration) if and only if the induced map A* — B* in C(k) is
an equivalence (resp. fibration).

5.3. Since the functor J clearly preserves equivalences and fibrations, the functor 7-¢ takes
cofibrations to cofibrations, and we have derived functors (see for example [Ho, 1.3.4])

LL7so : Ho(dga,) — Ho(dga;"), J:Ho(dga;’) — Ho(dgay,).

Given a diagram in dga,fO
A —- C
(5.3.1) 2: |
B,

let hocolim(2) (resp. hocolim=°(2)) be the homotopy colimit of 2 in dga,, (resp. dga;’).
There is then a natural map

(5.3.2) hocolim(2) — J(hocolim=°(2)).
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Lemma 5.4. Suppose there exists factorizations in dgafo
A _* . C’ _°c. C
and
A—"-p B
of A — C and A — B respectively, such that ¢ and d are equivalences, and a and b define

cofibrations in dga,. Then the map 5.3.2 is an isomorphism.

Proof. We may without loss of generality assume that C' = C' and B = B’. Then observe
that the maps a and b are also cofibrations in dgafo as the functor J takes trivial fibrations
to trivial fibrations. Therefore both sides of 5.3.2 are represented by B ®4 C. U

6. SPACES OF PATHS
6.1. Let X be a simplicial set, and let z,y : * — X be two points. The space of paths
between x and y can then be constructed as follows.

First we define a cosimplicial object X! in sSet. Namely let X’ be the functor
A° — sSet

[n] — H X.

Homa ([n],[1])

sending

Note that
XI([0]) = X x X,

so we obtain a diagram in (sSet)®
XI

|

XY
* — X x X.

Let ﬁx,y € (sSet)® be the fiber product of this diagram, and define P,, € sSet to be the

homotopy limit over A of P, ,. Then as explained in [Bo, X, 3.3 (i)] the simplicial set P,
has geometric realization the space of paths between the two points z and y of | X]|.

6.2. Either projection
X —= X x X 2% x

is a homotopy equivalence. Indeed it suffices to show this after applying the geometric
realization functor, in which case it follows from the immediate fact that if T" is a topological
space then the space of maps [0,1] — T is homotopy equivalent to 7. It follows that the
space of paths between x and y is equivalent to the homotopy fiber product of the diagram

X

lA
Xy

* — X x X.
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6.3. We can perform a similar construction in SPr(k), where k is a Q-algebra. Namely, let
SPr(k)? denote the category of cosimplicial objects in SPr(k). This category has a simplicial
model category structure in which cofibrations and equivalences are defined level-wise (see
for example [To, §1.2]). If X € SPr(k) is a fibrant object and z,y : * — X are two points,

then as above we can form X', and the fiber product P,, € SPr(k)®. We can then form
P,, := holim P,, € Ho(SPr(k)). By [To, 1.2.1], for every k-algebra R, the image of P, ,
under the evaluation map

Ho(SPr(k)) — Ho(sSet), F +— F(R)
is isomorphic to the space of paths between z and y in X (R).

As above we can also compute the space of paths between x and y as the homotopy fiber
product of the diagram

X

|s

XY
* —= X x X.

6.4. In the case when x,y : * — X is obtained from a cofibrant object A € AlgkA with two
augmentations €., €, : A — k, the path space P, , admits the following algebraic description.

Recall from [To, 2.2.2] that the functor
Spec(—) : Algs™’ — SPr(k)
sending A. € AlgkA to the simplicial presheaf
B v ([n] ~ Homy(A,, B))
is a right Quillen functor and has a derived functor
RSpec : Ho(Algs)° — Ho(SPr(k)).

The functor RSpec(—) preserves homotopy limits (being a right Quillen functor), and there-
fore it follows that the path space is given by applying RSpec(—) to the homotopy pushout
of the diagram in Algk,A

A A" A

k.

6.5. If D denotes the differential graded algebra obtained from A using the functor of Thom-
Sullivan cochains, and if we still write x,y : D — k for the augmentations, then it follows
that the differential graded algebra corresponding to P, , is given by the homotopy pushout,

in the category dga,fo, of the diagram

D&, D-"~D

k.
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6.6. For F' € SPr(k), let m5P(F') denote the sheaf associated to the presheaf
R — m(X(R)).
Let Sh(k) denote the category of sheaves on Affy, and let
j : Sh(k) — SPr(k)
be the inclusion, sending a sheaf F to the constant simplicial sheaf
n] — F.
The functor j is right adjoint to the functor 7§"(—).

Lemma 6.7. If A € Algy is an object such that the sheaf m5*(RSpec(A)) is representable,
then w3 (RSpec(A)) is represented by Spec(H°(A)).

Proof. 1f we view Sh(k) as a model category in which cofibrations are inclusions, fibrations are
epimorphisms, and equivalences are isomorphisms, then the projection Sh(k) — Ho(Sh(k))

is an equivalence of categories, and the functor j is a right Quillen functor. Note also that

mih(—) preserves arbitrary equivalences. We therefore obtain that for any F € Sh(k) and

G. € Ho(SPr(k)) there is a natural isomorphism
(671) HomSh(k)(Wgh(G.),}") >~ HomHo(SPr(k)) (G,](f))

Similarly we have an inclusion
1 Alg, — AlgkA
sending an algebra B to the constant cosimplicial algebra
[n] — B.

The functor 4 has a right adjoint sending A to H°(A). If we give Alg, a model category struc-
ture in which fibrations are epimorphisms, equivalences are isomorphisms, and cofibrations
are inclusions, then ¢ is a right Quillen functor. Note also that

A H(A)
preserves arbitrary equivalences. From this we obtain a natural isomorphism

(6.7.2) B, Aljo(aigs) = Homy (B, H(A)),

for any B € Alg, and A € Alg;.
Suppose S is a k-algebra such that Spec(S) represents the sheaf w5 (RSpec(A)). Then for
any k-algebra T" we have canonical isomorphisms
Homy(7,S) =~ Homag, (Spec(S), Spec(T))
~ Homgn) (F, Spec(T'))
~ [RSpec(A), Spec(T)]uo(spr(ky) by (6.7.1)
~ [T, Alyoags) by [To, 2.2.3]
~ Homy (T, H°(A)) by (6.7.2).
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6.8. Let x,y : A — k be an augmented object of AlgkA with associated augmented differential
graded algebra D. Suppose that there exists a field ky and a pointed object zq, yg : Ag — ko of
Alg? such that (A, z,y) is obtained by base change along a morphism ko — k from (Ao, o, yo)-
Then the sheaf 75*(P,,) associated to the presheaf

R mo(Ph, (R))
is representable, as this sheaf is a torsor under the sheaf associated to the presheaf
R +— m(RSpec(A)(R), ),
which is representable by [To, 2.4.5].
We conclude that the sheaf 75"(P,,) is represented by the spectrum of the ring
HO(E),
where E is the homotopy colimit is taken in the category dga,fo of the diagram

k.

7. CONSTRUCTING COFIBRANT REPRESENTATIVES WHEN k IS A FIELD.

7.1. In general, cofibrations in dga,fo are mysterious. However, in the case when k is a field
of characteristic 0, which we assume for the remainder of this section, one can construction
cofibrant representatives using the theory of minimal models (see for example [BG]). For
the convenience of the reader we recall the argument. The main result of this section is the
following proposition.

Proposition 7.2. If k is a field and a : A — B is a morphism in dgafo with H°(A) =
H°(B) = k, then there exists a factorization of a in dga,fo

A L_ A/ *b> B’
where a' is a cofibration in dga, and b is a trivial fibration.

Proof. The proof occupies the remainder of this section.

Lemma 7.3. Let A € dgafo be an object, let V be a k-vector space, and let o : V. — Z% be
a map to the closed elements Z% in A?. If the induced map

V — HYA)
15 1njective, then the natural map

induces an isomorphism
H'(A) — H'(A(V[-q], o))
fori <q.
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Proof. Let us first consider the case ¢ = 1. In this case
(A(V[=q], @))° = A° @, Sym'V.

For s > 0, let F* C Sym'V be the k-subspace generated by monomials of degree < s. Then
F*=! C F*, and the differential on A°(V[—q], ) sends A° ® F* to A' ® F*. In particular, if
we write gri for F*/F*~! then the differential on A(V[—¢|,a) induces a map

A’ @ gt — A' @ grF.
By construction this map is equal to ds ® 1.
Let z € A ® Sym'V be a closed element, and write
z=2+ 2+ -+ 2,

where z; € A°®Sym'V. Let [2,] € A°®gr’ be the image of z,. Then (d4®1)[z,] = 0 since 2
is closed. The assumption that H°(A) = k then implies that z, € k®,Sym"V C A°®Sym"V.
Let

0 :Sym™V — V ® Sym" (V)

be the map sending
VO @ Y V@U@ @ B vy).
i=1

Then it follows that the image under the differential of z, in A' ® Sym'V is equal to the
image of J(z,) under the inclusion

V®@Sym" 'V — A' @ Sym'V.
In particular, 9(z,) € A ® Sym™ V. Furthermore, since z is closed we must have [9(z,)] =
[—(da ® 1)[2n—1]] in
Al @ grit
View A ® gr' ! as a complex with differential d4 ® 1. Then
H(A g~ H(A)®grh .
In particular, since V' — H'(A) is injective, we must have d(z,) = 0. This is impossible if
n > 0. We conclude that z € A%, and therefore is in k.
Next consider the case ¢ > 1. Note first of all that the map
A" — (AV[=q], )’
is an isomorphism for ¢ < ¢ — 1 and injective for all 7. It follows that the map
H'(A) — H'(A{V[~q],a))

is an isomorphism for ¢ < ¢—1, and injective for ¢ = ¢—1. It remains to verify the surjectivity
on H? 1. For this observe that

(A(V[-gl,a)) ' =A@ A @ V,

and

(A(V[—q],@)q:{Aq@Al@V if g >2

AT A @V ANV ifg=2.
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Let (z,w) € A1 & A° ® V be a closed element. The image under the differential (the first
component in the caes ¢ = 2) is then equal to

(daz +a(w), (da @ )(w) e A& AT @V,

where we write a(w) for the image of w under the composite

AO®V&AO®A‘7;>A(1,
where the second map is multiplication. We conclude that w is in the kernel of the map
(da®1): AV - AV,
and therefore since H°(A) = k we conclude that w € V =k ®V C A° ® V. Therefore the
image of w under
a:V — A
is a boundary. Since V' — H'(A) is injective this implies that w = 0. Therefore the map
H*(A) — HHA(V[=q), o))

is surjective. U

We now construct inductively a sequence of morphisms in dgafo
with compatible morphisms p, : A} — B such that the composite

Pq

is equal to a, and such that the following hold:

(i) For all ¢ the map
A; — A

g+1
is a cofibration in dgay,.
(ii) The map
HY(AL) — H'(B),
induced by p,, is an isomorphism for 7 < ¢ and an injection for ¢ = ¢ + 1.
For ¢ = —1 we take A" ; = A.

So assume
Pq

A— A, —=B
has been constructed.
First choose a k-subspace j : W C Z?l such that the induced map
Hq“(A;) oW — H"Y(B)
is an isomorphism. Let oo : W — A%"2 be the zero map, and set
Cor = AL (W[—q — 2], a).
We then have a factorization of p,

/
Ay —= Cyp1 —= B,
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where the second map is induced by j. Furthermore the induced map
H'(Cy41) — H'(B)
is an isomorphism for i« < ¢ + 1. It then remains to arrange for the map on H%*2 to be
injective.
For this let V' C H?™(C,11) be the kernel of the map to H"*(B), and choose a lifting
a:V — Zgﬁl. We can then find a factorization of Cyyy — B as

Cyt = Cosa(V[-q — 2], 0) — B.

By 7.3, the map H'(Cyy1) — H(Cyy1(V[—q—2],)) is an isomorphism for i < ¢+ 1, and for
t = ¢+ 2 the map sends V' to zero. Repeating this construction inductively we get a sequence
of cofibrations in dgay,

Cop1=Do— Dy — Dy — - -+,
together with compatible maps o, : D; — B such that the following hold:

(1) For every t, the map H*(D;) — H'(Dyy) is an isomorphism for i < ¢ + 1.
(2) The map H*?(D;) — H%"%(D;, 1) sends the kernel of H9?(D;) — H%?(B) to zero.

We now define A; , to be lim D, with the map pg1 : Aly1 — B the map defined by the

O¢. D

The main application for us of this result is the following:

Corollary 7.4. Let k be a field of characteristic 0, and let R be a k-algebra. Let A € dgaﬁo
be an object with two augmentations x,y : A — R, and consider the following diagram, which
we shall denote 9,

TRy

A®RA4>R

i

Suppose further that (A, x,y) is obtained by base change from an object Ay € dgafo with two
augmentations xg,yo : Ao — k, and such that H°(Ay) = k. Then the natural map defined in
5.8.2

hocolim(2) — J(hocolim=%(2))
is an isomorphism. In particular, if mo(P,,) denotes the functor

Algp — Set, S+ (P, (5)),

where Py, is the path space of the augmented cosimplicial algebra associated to (A, x,y), then
there 1s a canonical isomorphism

70(Pyy) = Spec(HY(B(A,7,1))).

Proof. Note that we also have H(Ay®;Ag) = k. It then follows from 7.2 that the assumptions
of 5.4 are satisfied for the diagram Z. O
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8. APPLICATION TO P-ADIC HODGE THEORY

Let (X, D)/V be as in 1.1, and let 2,y € X°(V) be two points. Assume further that X is
geometrically connected. We can then consider various differential graded algebras associated
to X°.

8.1. De Rham realization. Let U — Xk be an étale hypercover with each U, affine. We
then obtain a cosimplicial differential graded algebra DR(U.) by

[n] = T(Un, 2, (10g)),

where €, / x(log) denotes the de Rham complex with log poles along the preimage of D.
We let Apgr denote the differential graded K-algebra obtained by applying the functor of
Thom-Sullivan cochains to this cosimplicial differential graded algebra. The cohomology of
Apgr is the de Rham cohomology of X¢ /K.

Write also x,y € X (K)° for the two K-valued points induced by the given V-valued points.
For suitable choice of the hypercover U, we can lift these points to morphisms

x,y : Spec(K) — U..

For example we can take the hypercovering associated to a Zariski covering of Xg. These
two points then define augmentations

T,y ADR — K.
Let Pfj{ be the space of paths obtained as in section 6 from (Apg, z,y) by first converting
Apgr into a cosimplicial algebra with augmentations, then applying the functor RSpec, and

then taking mo of the space of paths between z and y. It follows from [Ol, 8.30] that P,);* has
the following interpretation.

Let épr denote the category of unipotent modules with integrable connection on X¢.. It
is a Tannakian category. The two points x,y € X°(K) defines fiber functors

Wy, Wy : 6pr — Veck,
and the scheme le??f” represents the functor
(K -algebras) — Set, R — {set of isomorphisms of fiber functors w, ® R — w, ® R}.

8.2. The bar complex B(Apg,z,y) can be described as follows. By 4.8, it is given by the
total complex associated to the simplicial differential graded algebra

T(ADR,.T, y) : [TL] = ADR Q- AD%

described in 4.7. This simplicial differential graded algebra can also be described as follows.
Let (X, z,y) be the cosimplicial scheme

[n] — X7,
with transition maps given by
(8.2.1) d(x1,.. . 10) = (21,...,20,1), d"x1,...,2,) = (y,21,...,7,),
d(z1, ..., 20) = (T1, .o, Tpig 1, Tigds - - Tn), 0<i<m+1,

and the codegeneracy operators defined by the projections.
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We can then consider the de Rham complex of (X, z,y)%. This is again computed using
a hypercovering U. — X as above. Namely, we can also consider the cosimplicial simplicial
scheme
[n] — U".
Taking the de Rham complex with log poles of each U] defines a functor
A% x A dgag, ([n],[m]) — T'(Up k, QUZ,K/K)'

Applying the functor of Thom-Sullivan cochains in the cosimplicial direction we obtain a
simplicial differential graded algebra T'(U., x,y). Note that there is a natural morphism

(8.2.2) T(Apr,z,y) — T(U.,x,y)
which is a level-wise equivalence. We therefore obtain a canonical isomorphism
Pg;{ ~ Spec(H° (tot(T(U., z,y)))).
8.3. The advantage of considering the simplicial scheme U. is that each differential graded
algebra
(U Q'L%K/K)
is naturally an object of fdga,, with filtration given by the Hodge filtration. Applying the

functor of filtered Thom-Sullivan cochains, the simplicial differential graded algebra T'(U., z, y)
is naturally a simplicial object in fdga,. We conclude that

HO(tot(T (U, x,y))) =~ Oppx
has a natural filtration, which we call the Hodge filtration.

Remark 8.4. A straightforward verification, which we leave to the reader, shows that the
Hodge filtration on & PR 18 independent of the choices in the above construction.

8.5. Etale realization. Here we again start with an étale hypercover U. — X such that
each U2 is a K(m, 1) (see [O12, §5.1] for what this means). Given a collection £ of geometric
generic points of Xz, the construction in [Ol, §5] defines a cosimplicial differential graded
algebra

[n] —» GCU; %, E).
Applying the functor of Thom-Sullivan cochains we obtain a differential graded algebra Ae €
dgag,. Moreover, there is a natural action of Galg - on the image of this algebra in Ho(dgan)

Two points z,y : Spec(K) — X° define augmentations Ay — Q,. Let ijy be the affine
scheme associated to (A, x,y) as in section 4.

The Tannakian interpretation of P;fy is the following. Let % denote the category of
unipotent sheaves of Q-spaces on X2.. This is a Tannakian category and the two points x
and y define fiber functors

W, Wy : ey — Vecg,.
By [Ol, 8.30], the scheme Pg', represents the functor

(Qp-algebras) — Set, R +— {set of isomorphisms of fiber functors w, ® R — w, ® R}.

On the other hand, by our earlier discussion there is a canonical isomorphism
Pgt ~ Spec(H(B(Ae, ,y))).-
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8.6. We would like to again relate this to the cosimplicial scheme (X%, x,y)", and then con-
sider the p-adic comparison isomorphism for the cosimplicial scheme (X, z,y)". This, however,
requires some care with base points so let us begin by making some general observations.

Let
f:Y :=Spec(B) — X := Spec(A)

be a morphism of geometrically connected smooth V-schemes, and assume given divisors
Dy C Y and Dx C X with normal crossings relative to V' such that f~'(Dx) C Dy. As
usual we set

X =X—-Dyx, Y°:=Y — Dy.
Fix also geometric generic points
nx : Spec(k(nx)) — Xz, ny : Spec(k(ny)) — Y.

Let A C A (resp. B C B) be the integral closure of A (resp. B) in the maximal field extension
k(X) C L C k(nx) (resp. k(Y) C L C k(ny)) such that the normalization of X% (resp. Y2)

in L is étale over X2 (resp. Y2).
Consider the fiber functors
wx : Fet(X3) — Set, wy : Fet(Y:) — Set
defined by the geometric points nx and 7y respectively.

Lemma 8.7. There is a canonical bijection between morphisms f : Spec(B) — Spec(A) such
that the diagram

(8.7.1) Spec(B) L. Spec(A)

y— 1~ x
commutes, and isomorphisms o between the two fiber functors
(8.7.2) wx,wy o f*: Fet(X%) — Set.

Proof. Let A" C k(nx) (resp. B’ C k(ny)) be the coordinate ring of the integral closure
of X2 (resp. YZ) in the maximal extension L C k(nx) (resp. L C k(ny)) such that the
normalization is étale over X¢ (resp. Y2). We have A C A’ and B C B'. Then Spec(A’)
(resp. Spec(B')) is the universal covering of X2 (resp. Y2). We therefore have a canonical
bijection between the set of isomorphisms of fiber functors ¢ between the two functors in
8.7.2, and dotted arrows filling in the following diagram

Spec(B’) - I, Spec(A’)

i |

Yo Xe.

Thus it remains to observe that there is a canonical bijection between the set of dotted arrows
f" and the set of arrows f filling in the diagram 8.7.1. O
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Remark 8.8. Note that the bijection in 8.7 is compatible with the natural actions of the
fundamental groups. Namely, by construction there is a natural action of m (X%, wx) (resp.

m1 (Y2, wy)) on Spec(A) over X (resp. Spec(B) over V). Given an isomorphism o between
the fiber functors in 8.7.2 we obtain a morphism of fundamental groups

o, (Y, wy) — m (X3, wx)

and by the construction the morphism f corresponding to o is compatible with the group
actions.

8.9. Consider now a functor
UY A x A° — (V-schemes), ([n],[m]) — UM,
such that each UTSf ) is a finite disjoint union of affine smooth V-schemes with connected
geometric generic fiber.
Consider also a second functor
EY : A x A° — (K-schemes)

such that for every n and m the scheme E{™ is a finite disjoint union of separably closed
fields. Suppose further given a morphism of simplicial cosimplicial schemes

EY — U%
such that for every n and m the map
B
is a family of (not necessarily generic) geometric points of U:%), in the sense of [Ol, 5.13].

Choose for every n and m, and for each connected component I" of UTE”%) a geometric generic
point
Nn,m,T - SpeC(Qn,m,F) - F? - Uf:’%)

Choose furthermore for every e € B mapping to I'. an isomorphism

[/e : C()e - wnn,m,l"e
between the two fiber functors

FEt(T, %) — Set.

Let 7y mr, denote the fundamental group of I',  with respect to the base point 7, ., -

Define
GO, Q) = D, yom GCU, ., Qy).

This is a differential graded Q,-algebra. As n and m vary these algebras form a simplicial
cosimplicial algebra as follows.

Consider morphisms in A

01+ [n'] = [n], 0y : [m] — [m]
defining a morphism
§: UM — AKES

n/
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For any e € ES™ with image § (e) € ES,”') we then have an isomorphism of fiber functors
Te : Ws(e) — We 00
Using the isomorphisms ¢ and ¢ this defines an isomorphism of fiber functors
Ot Wntm! Ty(ey — Wn,m,I, O 0*.

This in turn induces a morphism of differential graded algebras
GO Mt 1510y Q) = GCUS . Q).
Putting all these together we obtain a morphism of differential graded algebras
GC(US’%, Q,) — GC(U;%), Q,).

It follows from the construction that these maps are compatible with composition so we obtain
a cosimplicial simplicial differential graded algebra. Applying the functor of Thom-Sullivan
cochains we obtain a simplicial differential graded algebra, which we shall denote by

T(UY,Q,).
8.10. The advantage of this construction is that it works well also with other coefficient rings,
such as Fontaine’s ring A .

Let (X,D)/V be as in 1.1, and let =,y : Spec(V) — X° be two points. Choose an étale
hypercovering U. — X with each U, very small, in the sense of [Ol, 6.1]. Choose furthermore
liftings

Spec(V) — U.
of z and y (this is possible as we can take Uy as obtained from a Zariski covering of X). We
then obtain a functor
(U.,z,y) : A — (simplicial log schemes)
by
[n] = U,
with transition maps defined as in 8.2.1.

We can also apply this construction with Spec(V') [] Spec(V') with the two inclusions of
Spec(V). Let
¥ 1 A — (schemes)

be the resulting functor, so that
¥ = H Spec(V).
=0
There is a natural map
¥ = (X z,y)
induced by z and y. For [n], [m] € A define E7" to be
1T nm,
Hom(x ¢,4)m (™, (Un,z,y)™)
The E)" define a simplicial cosimplicial scheme, there is a natural morphism

(8.10.1) E — (U,z,y),
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and each E" is isomorphic to a finite disjoint union of copies of Spec(V'). Furthermore, the
induced map

E & — Uk z,y)
is a family of geometric points. Choosing generic base points

m

Nnm.r © Spec(ymr) — (U;’R,x, Y)
and isomorphisms ¢ as in 8.9, we therefore obtain a simplicial differential graded algebra
T(U%,2,9), Qy),
and a natural equivalence
(8.10.2) B(Aet, z,y) — tot(T(Ug, z,y) ", Qp))-

8.11. Let (U, x,y) be the simplicial cosimplicial space sending ([n],[m]) € A x A° to the
p-adic completion of (U,,z,y)™. Note that because V is p-adically complete the morphism
8.10.1 lifts uniquely to a morphism

E — (UM z,y).

We can furthermore choose geometric generic points
Aot : Spec(Qymr) — U % = y)™

extending the 7, ,, r. We then obtain a simplicial differential graded algebra

T(Ug 2,y), Q)
and there is a natural map

T((U%,2,9), Q) — T(U, 2,9), Q).

For every n and m, we also have the Galois module

Beris (U, 7, 9)™).-

By 8.7, the Galois cohomology groups of these modules are functorial and we obtain another
simplicial differential graded algebra

T((U" 2,9), Bais (U, 2,9) ).
There are natural maps
T((U?f7 L, y)7 @p) - T((U/,\%7 Z, y)7 @p) - T((U/\7 xz, y)? Bcris((U-/\v xz, y)))

8.12. We can also consider the standard resolution £ — R® of the structure sheaf in the
convergent topos of (X, Mx)/K. By the same reasoning as in [Ol, 6.17] (and see also this
reference for the notation), we then get a diagram of simplicial filtered differential graded
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algebras

T((U: =,y), Qp) @ Bar(V)

T((U% =), Q) ® Bar(V)
T((U",2,y)", Beris(U", 2,9)')) @Beye(v) Bar(V)
T((U", 2, y), R (Beris((U", 7, 9)))) @Bo(v) Bar(V)
T(U", 2, y) R ((U", 2, y) [ Ko)eris) @y Bar(V)
T(U", zy), DRR®)(U", 2,y)") @k Bar(V)

T(U" z,y), DR(E) (UM, x,y)) @k Bar(V)

TdR((U., xZ, y)) ®K BdR(V>

In degree n, this sequence of morphisms is the sequence defining the p-adic comparison
isomorphism for X”. In particular, all the maps in the above diagram are filtered quasi-
isomorphisms, compatible with the action of Galois in the homotopy category. We therefore
obtain an isomorphism

(8.12.1) HAT™U., 2, 5)) @k Ban(V) = H'(T(U%, 7,5, Qy)) @ Bar(V)
compatible with the the Galois action and filtrations. On the other hand, we have a diagram

(8.12.2) HY(T™(U., 2, y)) @ Bag(V) el HO(T(U%%.2,9)', @) ® Ban(V)

(8.2.2)i i(&m‘z)
HO(B(Adr, 2, 9)) ®x Bar H(B(Aet, 2, y)) @ Bar(V),

where the bottom horizontal row is the map obtained from the isomorphism in the homotopy
category constructed in [O]]

Adgr @k Bar(V) ~ Ao @ Bar(V).
It follows from the construction that 8.12.2 commutes. In particular, we obtain the following:
Corollary 8.13. The filtration on ﬁpg% induced by the isomorphism
Opar @k Bar(V) = Opgt, ®q, Bar(V)

constructed in [Ol], agrees with the filtration defined using the bar construction in 8.5.
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