COMPACTIFICATIONS OF MODULI OF ABELIAN VARIETIES: AN
INTRODUCTION.

MARTIN OLSSON

ABSTRACT. In this expository paper, we survey the various approaches to compactifying
moduli stacks of polarized abelian varieties. To motivate the different approaches to com-
pactifying, we first discuss three different points of view of the moduli stacks themselves.
Then we explain how each point of view leads to a different compactification. Through-
out we emphasize maximal degenerations which capture much of the essence of the theory
without many of the technicalities.

1. INTRODUCTION

A central theme in modern algebraic geometry is to study the degenerations of algebraic
varieties, and its relationship with compactifications of moduli stacks. The standard example
considered in this context is the moduli stack .#, of genus g curves (where g > 2) and
the Deligne-Mumford compactification .Z, C %g [9]. The stack %g has many wonderful
properties:

(1) It has a moduli interpretation as the moduli stack of stable genus g curves.

(2) The stack .#, is smooth.

(3) The inclusion .#, — .4, is a dense open immersion and .#,\.#, is a divisor with
normal crossings in %g.

Unfortunately the story of the compactification .#,; C %g is not reflective of the general sit-
uation. There are very few known instances where one has a moduli stack .# classifying some
kind of algebraic varieties and a compactification .# C .# with the above three properties.

After studying moduli of curves, perhaps to next natural example to consider is the moduli
stack 7, of principally polarized abelian varieties of a fixed dimension g. Already here the
story becomes much more complicated, though work of several people has led to a compact-
ification 47, C Eg which enjoys the following properties:

(1) The stack <7, is the solution to a natural moduli problem.

(2') The stack <7, has only toric singularities.

(3') The inclusion 7, — <7, is a dense open immersion, and the complement < ,\ .,
defines an fs-log structure Mz (in the sense of Fontaine and Illusie [16]) on 4, such

that (</,, Mz ) is log smooth over Spec(Z).

Our aim in this paper is to give an overview of the various approaches to compactifying
7y, and to outline the story of the canonical compactification 7, — 27,. In addition, we

also consider higher degree polarizations.
1
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What one considers a ‘natural” compactification of 27, depends to a large extent on one’s
view of .o, itself. There are three basic points of view of this moduli stack (which of course
are all closely related):

(The standard approach). Here one views <7, as classifying pairs (A, \), where A is an
abelian variety of dimension g and A : A — A" is an isomorphism between A and its dual (a
principal polarization), such that A is equal to the map defined by an ample line bundle, but
one does not fix such a line bundle. This point of view is the algebraic approach most closely
tied to Hodge theory.

(Moduli of pairs approach). This is the point of view taken in Alexeev’s work [3]. Here
one encodes the ambiguity of the choice of line bundle defining A into a torsor under A. So
o, is viewed as classifying collections of data (A, P, L,#), where A is an abelian variety of
dimension g, P is an A-torsor, L is an ample line bundle on P defining a principal polarization
on A (see 2.2.3), and § € I'(P, L) is a nonzero global section.

(Theta group approach). This point of view comes out of Mumford’s theory of the theta
group developed on [22], combined with Alexeev’s approach via torsors. Here one considers
triples (A, P, L), where A is an abelian variety of dimension g, P is an A-torsor, and L is
an ample line bundle on P defining a principal polarization on A (but one does not fix a
section of L). This gives a stack .7, which is a gerbe over &7, bound by G,,. Using a standard
stack-theoretic construction called rigidification one can then construct 47 from .7, but in
the theta group approach the stack .7, is the more basic object.

In section 2 we discuss each of these three points of view of the moduli of principally polar-
ized abelian varieties (and moduli of abelian varieties with higher degree polarization). Then
in sections 3 and 4 we discuss how each of these three approaches leads to different compactifi-
cations (toroidal, Alexeev, and gg respectively). We discuss in some detail in the maximally
degenerate case the relationship between degenerating abelian varieties and quadratic forms.
This relationship is at the heart of all of the different approaches to compactification. We
do not discuss the case of partial degenerations where one has to introduce the theory of
biextensions (for this the reader should consult [8]), since most of the main ideas can already
be seen in the maximally degenerate case.

Finally in section 5 we give an overview of how the canonical compactification can be
used to compactify moduli stacks for abelian varieties with level structure and higher degree
polarizations, using the theta group approach.

Our aim here is not to give a complete treatment, but rather to give the reader an indication
of some of the basic ideas involved. Much of our focus is on the local structure of these moduli
stacks at points of maximal degeneration in the boundary of the various compactifications
(i.e. points where the degeneration of the abelian scheme is a torus). This is because the
local structure of the moduli stacks can be seen more clearly here, and also because the case
of partial degeneration introduces many more technicalities (in particular, in this paper we
do not discuss the theory of biextensions). We hardly touch upon the issues involved in going
from the local study to the global. The interested reader should consult the original sources
(3, 8, 26].

Perhaps preceding the entire discussion of this paper is the theory of the Sataka/Baily-
Borel/minimal compactification of .27, and the connection with modular forms. We should
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also remark that a beautiful modular interpretation of the toroidal compactifications using
log abelian varieties has been developed by Kajiwara, Kato, Nakayama [14, 15]. We do not,
however, discuss either of these topics here.

1.1. Acknowledgements. The aim of this article is to give a survey of known results, and
there are no new theorems. The results discuss here are the fruits of work of many people. We
won’t try to make an exhaustive list, but let us at least mention the basic sources Faltings
and Chai [8] and Alexeev [3], from which we learned the bulk of the material on toroidal
compactifications and Alexeev’s compactification, respectively. We thank the referee for
helpful comments on the first version of the paper.

The author was partially supported by NSF grant DMS-0714086, NSF CAREER grant
DMS-0748718, and an Alfred P. Sloan Research Fellowship.

1.2. Prerequisites and Conventions. We assume that the reader is familiar with the basic
theory of abelian varieties as developed for example in [21]. We also assume the reader is
familiar with stacks at the level of [19]. Finally knowledge of logarithmic geometry in the
sense of Fontaine and Illusie [16] will be assumed for sections 4.5 and 5.

Our conventions about algebraic stacks are those of [19].

2. THREE PERSPECTIVES ON %

2.1. The standard definition.

2.1.1. Let k be an algebraically closed field, and let A/k be an abelian variety. Let A’ denote
the dual abelian variety of A (see [21, Chapter III, §13]). Recall that A" is the connected
component of the identity in the Picard variety Pic, , of A. If L is a line bundle on A, then
we obtain a map
M A=Az [ELR LY,

where t, : A — A denotes translation by the point x. If L is ample then )y is finite and the
kernel is a finite group scheme over k (by [21, Application 1 on p. 60]) whose rank is a square
by [21, Riemann-Roch theorem, p. 150]. The degree of an ample line bundle L is defined
to be the positive integer d for which the rank of Ker(\y) is d?>. The degree d can also be
characterized as the dimension of the k-space I'(A, L) (loc. cit.).

Definition 2.1.2. Let d > 1 be an integer. A polarization of degree d on an abelian variety
A/k is a morphism A : A — A? of degree d?, which is equal to Ap, for some ample line bundle
L on A. A principal polarization is a polarization of degree 1.

Remark 2.1.3. If L and L' are two ample line bundles on an abelian variety A/k, then
Ar = Ap if and only if L' ~ ¢} L for some point = € A(k). Indeed A = A/ if and only if

Apor-1 = {e} (constant map),

which by the definition of the dual abelian variety (see for example [21, p. 125]) is equivalent
to the statement that the line bundle L' ® L=! defines a point of A!. Since A, is surjective,
this in turn is equivalent to the statement that there exists a point x € A(k) such that

L L'~ L ® L™
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or equivalently that tL ~ L'. The same argument shows that if L and L’ are line bundles
such that \;, = Ay, then L is ample if and only if L’ is ample.

2.1.4. These definitions extend naturally to families. Recall [20, Definition 6.1] that if S
is a scheme then an abelian scheme over S is a smooth proper group scheme A/S with
geometrically connected fibers. As in the case of abelian varieties, the group scheme structure
on A is determined by the zero section [20, Corollary 6.6].

For an abelian scheme A/S, one can define the dual abelian scheme A*/S as a certain
subgroup scheme of the relative Picard scheme Pic 4 ¢ (see [20, Corollary 6.8] for more details).
As in the case of a field, any line bundle L on A defines a homomorphism

)\LZA—>At.

If L is relatively ample then Ay is finite and flat, and the kernel Ker(\r) has rank d? for some
locally constant positive integer-valued function d on S. If 7 : A — S denotes the structure
morphism, then we have

Rm, L =0, i>0,

and 7, L is a locally free sheaf of rank d on S whose formation commutes with arbitrary base
change S’ — S (this follows from the vanishing of higher cohomology over fields [21, The
Vanishing Theorem p. 150] and cohomology and base change).

Definition 2.1.5. Let d > 1 be an integer. A polarization of degree d on an abelian scheme
A/S is a homomorphism A : A — A’ such that for every geometric point § — S the map on
geometric fibers A; — AL is a polarization of degree d in the sense of 2.1.2.

Remark 2.1.6. By a similar argument as in 2.1.3, if A/S is an abelian scheme over a base
S, and if L and L’ are two relatively ample line bundles on A, then A\;, = Ay, if and only if
there exists a point x € A(S) such that L’ and ¢} L differ by the pullback of a line bundle on
S.

2.1.7. If (A, \) and (A’, ) are two abelian schemes over a scheme S with polarizations of
degree d, then an isomorphism (A4, \) — (A4’, )') is an isomorphism of abelian schemes

f:A—= A
such that the diagram

ATy

-

At <f7t At
commutes, where f* denotes the isomorphism of dual abelian schemes induced by f.

Lemma 2.1.8. Let A/S be an abelian scheme and \ : A — A' a homomorphism. Suppose
s € S is a point such that the restriction \s : As — AL of X to the fiber at s is equal to \p,
for some ample line bundle Ly, on As. Then after replacing S by an étale neighborhood of s,
there exists a relatively ample line bundle L on A such that A = Ap,.
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Proof. By a standard limit argument, it suffices to consider the case when S is of finite type
over an excellent Dedekind ring. By the artin approximation theorem [6, 2.2] applied to the
functor

F : (S-schemes)®® — Sets

sending an S-scheme T' to the set of isomorphism classes of line bundles L on Ay such that
A = Ap, it suffices to consider the case when S = Spec(R) is the spectrum of a complete
noetherian local ring. In this case it follows from [27, 2.3.2 and its proof]| that there exists a
line bundle L on A whose fiber over the closed point s is isomorphic to L,. Now note that
the two maps

A, A A — A
are equal by [20, Chapter 6, Corollary 6.2]. O

Lemma 2.1.9. Let A/S be an abelian scheme over a scheme S, and let X : A — A" be a
polarization. Then fppf-locally on S there exists a relatively ample line bundle L on A such
that A\ = A\p. If 2 is invertible on S, then there exists such a line bundle étale locally on S.

Proof. Consider first the case when S = Spec(k), for some field k. In this case, there exists
by [20, Chapter 6, Proposition 6.10] a line bundle M on A such that A\y; = 2\. Let Z denote
the fiber product of the diagram

Spec(k)

i[M]

Pic,, —%> Picy ;.

The scheme Z represents the fppf-sheaf associated to the presheaf which to any k-scheme T
associates the set of isomorphism classes of line bundles L for which L®? ~ M.

By assumption, there exists a field extension £ — K and a line bundle L on A such that
Ma, = Ar. Then
Aoz = 2\ = Ay,
so by 2.1.3 there exists, after possibly replacing K by an even bigger field extension, a point
r € A(K) such that t5(L®?) ~ M. Tt follows that L defines a point of Z(K). Note also
that if L is a line bundle on A such that L®? ~ M then for any other line bundle R on A the
product L ® R defines a point of Z if and only if the class of the line bundle R is a point of

A'[2]. From this we conclude that Z is a torsor under A*[2]. In particular, Z is étale if 2 is
invertible in k, whence in this case there exists étale locally a section of Z.

To conclude the proof in the case of a field, note that if L is a line bundle on A with
L®? ~ M, then
AL — A A— A
has image in A'[2] since 2\, = 2\, and since A*[2] is affine the map A7 — X\ must be the trivial

homomorphism.

For the general case, let s € S be a point. Then we can find a finite field extension
k(s) — K and a line bundle L on Ak such that A\, = A|4,.. By the above we can further
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assume k(s) — K is separable if 2 is invertible in S. Now by [12, 0;7,.10.3.1] there exists a
quasi-finite flat morphism S’ — S and a point s’ € S’ such that the induced extension
k(s) = k(s)

is isomorphic to k(s) — K. If k(s) — K is separable then we can even choose S’ — S to be
étale. Now we obtain the result from 2.1.8 applied to s’ € 5. O

2.1.10. For integers d, g > 1, let <7, 4 denote the fibered category over the category of schemes,
whose fiber over a scheme S is the groupoid of pairs (A/S, A), where A is an abelian scheme
of dimension g and X : A — A’ is a polarization of degree d. We denote 7, ; simply by 7.

The basic result on the fibered category 47, 4 is the following:

Theorem 2.1.11. The fibered category <, 4 is a Deligne-Mumford stack over Z, with quasi-
projective coarse moduli space Ayq. Over Z[1/d] the stack <, 4 is smooth.

Proof. For the convenience of the reader we indicate how to obtain this theorem from the
results of [20], which does not use the language of stacks.

Recall that if S is a scheme and A/S is an abelian scheme, then for any integer n invertible
on S the kernel of multiplication by n on A

Aln] :=Ker(-n: A — A)

is a finite étale group scheme over S of rank n?9, étale locally isomorphic to (Z/(n))*. Define
a full level-n-structure on A/S to be an isomorphism

0 : (Z/(n))* >~ Aln],

and let <7, 4, be the fibered category over Z[1/n| whose fiber over a Z[1/n]-scheme S is the
groupoid of triples (A, A, o), where (A, \) € 47, 4(S) and o is a full level-n-structure on A.
Here an isomorphism between two objects

(A, N 0), (A N,0') € 4n(S)
is an isomorphism f : (4, X) — (A, X) in 7, 4(5) such that the diagram

(Z/(n))*

commutes. By [20, Chapter 7, Theorem 7.9 and the remark following the proof of this theo-
rem]|, if n > 3 then 47, 4, is equivalent to the functor represented by a quasi-projective Z[1/n]-
scheme. Let us also write .27, 4,, for this scheme. There is a natural action of G'Lyy(Z/(n))
on &7 4, for which g € GLyy(Z/(n)) sends (A, X, 0) to (A, X\, 0 0 g). Furthermore, we have an
isomorphism

Hydlzpm = [Hgan/Glag(Z/())].
Now choose two integer n,n’ > 3 such that n and n’ are relatively prime. We then get a
covering

Dg.a = [Fygan|GLog(Z](n))] U [y |GLag(Z/(n'))]
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of 47, 4 by open substacks which are Deligne-Mumford stacks, whence 7 4 is also a Deligne-
Mumford stack.

By [17, 1.3] the stack 47, 4 has a coarse moduli space, which we denote by A, 4. A priori
A, q is an algebraic space, but we show that A, 4 is a quasi-projective scheme as follows.

Recall from [20, Chapter 6, Propositon 6.10], that to any object (A4,\) € 47, 4(S) over
some scheme S, there is a canonically associated relatively ample line bundle M on A which
is rigidified at the zero section of A and such that Ay, = 2A. By [21, Theorem on p. 163]
and cohomology and base change, the sheaf M®3 is relatively very ample on A/S, and if
f: A — S denotes the structure morphism then f,(M®3) is a locally free sheaf on S whose
formation commutes with arbitrary base change S’ — S and whose rank N is independent
of (A, \).

Let

[+ 2 — Ay
denote the universal abelian scheme, and let .#Z denote the invertible sheaf on 2" given by
the association

(A, N, 0) — M.
For r > 1, let &, denote the vector bundle on 47, 4 given by f.(.#Z%%"), and let %, denote the
top exterior power of &,. We claim that for suitable choices of r and s the line bundle £
descends to an ample line bundle on Ay 4 for any m > 1. Note that if this is the case, then

the descended line bundle is unique up to unique isomorphism, for if R is any line bundle on
Ay q then the adjunction map

R—m7m'R

is an isomorphism, where 7 : o7, 4 — A, 4 is the projection. To verify this claim it suffices
to verify it after restricting to Z[1/p|, where p is a prime, and in this case the claim follows
from the proof of [20, Chapter 7, Theorem 7.10].

Finally the statement that o7, ; is smooth over Z[1/d] follows from [27, 2.4.1]. O

2.2. Moduli of pairs.

2.2.1. In [3], Alexeev introduced a different perspective on .o7,. The key point is to encode
into a torsor the ambiguity in the choice of line bundle for a given polarization. To make this
precise let us first introduce some basic results about torsors under abelian varieties.

2.2.2. Let S be a scheme and A/S an abelian scheme. An A-torsor is a smooth scheme
f: P — S with an action of A on P over S such that the graph of the action map

AxgP — PxgP, (a,p)— (p,axp)

is an isomorphism. This implies that if we have a section s : § — P of f then the induced
map
A—P a—axs

is an isomorphism of schemes compatible with the A-action, where A acts on itself by left
translation. In particular, f is a proper morphism.
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2.2.3. If A/S is an abelian scheme, and P/S is an A-torsor, then any line bundle L on P
defines a homomorphism

)\LZA—>At.

Namely, since P — S is smooth, there exists étale locally a section s : .S — P which defines
an isomorphism ¢, : A — P. In this situation we define \j, to be the map

Aep t A— A as (L) @ LT

We claim that this is independent of the choice of section s. To see this let s’ : S — P
be another section. Since P is an A-torsor there exists a unique point b € A(S) such that
s =bxs. It follows that ¢ L ~ t;i*L, so the claim follows from [3, 4.1.12]. It follows that
even when there is no section of P/S, we can define the map A by descent theory using local
sections.

2.2.4. With notation as in the preceding paragraph, suppose L is an ample line bundle on
P, and let f: P — S be the structure morphism. In this case the following hold:

(1) f.L is alocally free sheaf of finite rank on S whose formation commutes with arbitrary
base change on S.

(2) If d denotes the rank of f,L, then the kernel of A\ : A — A" is a finite flat group
scheme over S of rank d?.

Indeed both these assertions are local on S in the étale topology, so to prove them it suffices to
consider the case when P admits a section, in which case they follow from the corresponding
statements for ample line bundles on abelian schemes.

2.2.5. The most important example of torsors for this paper is the following. Let S be a
scheme and let A/S be an abelian scheme with a principal polarization A : A — A’. Consider
the functor

P : (S-schemes) — Sets
which to any S-scheme T associates the set of isomorphism classes of pairs (L, €), where L is
a line bundle on Ar such that A\, = A4, and € : &7 — €*L is an isomorphism of &r-modules.
Note that two objects (L,€) and (L', €") are isomorphic if and only if the line bundles L and

L' are isomorphic, in which case there exists a unique isomorphism o : L — L’ such that the
induced diagram

commutes.

There is an action of A on P defined as follows. Given an S-scheme T, a T-valued point
x € A(T), and an element (L,€) € P(T), define x % (L, €) to be the line bundle

'L ®p, 2L ®py €*L
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on Ar, where t, : Ay — Ar is the translation, and let x % ¢ be the isomorphism obtained
from € and the canonical isomorphism

(L Rp, 7L Qg L) ~ 0" L @2 L' @ e*L ~ e* L.

Then the functor P is representable, and the action of A makes P an A-torsor. Note that we
can also think of P is the sheaf (with respect to the étale topology) associated to the presheaf
which to any S-scheme T associates the set of isomorphism classes of line bundles L on Ar
such that A\ = A|r.

On P there is a tautological line bundle .Z together with a global section 6 € T'(P,.%).
Indeed giving such a line bundle and section is equivalent to giving for every scheme-valued
point p € P(T') a line bundle .Z, on T together with a section 6, € I'(T, .Z,). We obtain such
a pair by noting that since P is a torsor, the point p corresponds to a pair (L,,€,) on Ar,
and we define .Z), to be e*L,, with the section 6, being the image of 1 under the map

. *
Ep.ﬁT—>€Lp.

2.2.6. Define %Alex to be the fibered category over the category of schemes, whose fiber over
a scheme S is the groupoid of quadruples (A, P, L, ) as follows:

(1) A/S is an abelian scheme of relative dimension g.

(2) P is an A-torsor. Let f: P — S denote the structure morphism.

(3) L is an ample line bundle on P such that A, : A — A" is an isomorphism.
(4) 0 : Os — f.L is an isomorphism of line bundles on S.

Note that for any (A, P,L,0) € #/M™(S) the pair (A, ) is an object of @7, (5). We
therefore get a morphism of fibered categories

(2.2.6.1) F:dMN> -
Proposition 2.2.7. The morphism (2.2.6.1) is an equivalence.

Proof. The construction in 2.2.5 defines another functor
. Alex
G:dy— A
which we claim is a quasi-inverse to F.

For this note that given a quadruple (A, P, L,0) € %AleX(S ) over some scheme S, and if
(A, P', L',0") denote the object obtained by applying G o F', then there is a natural map of
A-torsors

p:P— P
obtained by associating to any S-scheme-valued point p € P(T') the class of the line bundle
ty L, where

lp: A—P
is the A-equivariant isomorphism obtained by sending e € A to p (here we think of P’ as the
sheaf associated to the presheaf of isomorphism classes of line bundles on A defining A). By
construction the isomorphism p has the property that p* L’ and L are locally on S isomorphic.
Since the automorphism group scheme of any line bundle on P is isomorphic to G,,, we see
that there exists a unique isomorphism

p:p L' — L
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sending 6’ to 6. We therefore obtain a natural isomorphism
(A,P,L,0) ~ (A, P L0

in %Alex. This construction defines an isomorphism of functors

id— GoPF.
To construct an isomorphism
id — F oG,
it suffices to show that if (A,\) € #(S) for some scheme S, and if (A, P, L,6) denotes
G(A, P,L,0), then A\, = A\, which is immediate from the construction in 2.2.5. O

Remark 2.2.8. In what follows we will usually not use the notation %Alex.

Remark 2.2.9. While we find the language of line bundles with sections most convenient,
note that giving the pair (L,#) is equivalent to giving the corresponding Cartier divisor
D — P.

2.3. Approach via theta group. The third approach to the moduli stacks .27, 4 is through
a study of theta groups of line bundles. Before explaining this we first need a general stack
theoretic construction that will be needed. The notion of rigidification we describe below has
been discussed in various level of generality in many papers (see for example [1, Theorem

5.1.5]).

2.3.1. Let 2 be an algebraic stack, and let £y — 2 be its inertia stack. By definition,
the stack £y has fiber over a scheme S the groupoid of pairs (z,«), where z € Z°(S) and
a : x — x is an automorphism of z. In particular, .Z4 is a relative group space over 2. The
stack .#4 can also be described as the fiber product of the diagram

Z

|

PN

Suppose further given a closed substack ¢4 C .#4 such that the following hold:

(i) For every =z : S — 2 with S a scheme, the base change %5 — .5 is a normal
subgroup space of the group space ¥s.
(ii) The structure map ¥4 — 2~ is flat.

Then one can construct a new stack 2, called the rigidification of & with respect to ¥,
together with a map

T X - X
such that the following hold:

(i) The morphism on inertia stacks
f% — fy
sends ¢ to the identity in %5
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(ii) The morphism 7 is universal with respect to this property: If # is any algebraic
stack, then

7 HOM(Z', %) — HOM(Z , %)

identifies the category HOM(Z , %) with the full subcategory of HOM(.2", %) of
morphisms f : 2" — % for which the induced morphism of inertia stacks

Iy — Iy

sends ¢ to the identity. o
(iii) The map = is faithfully flat, and 2" is a gerbe over 2.

2.3.2. The stack 2 is obtained as the stack associated to the prestack 27 whose objects
are the same as those of 2" but whose morphisms between two objects z,2" € 2°(S) over
a scheme S is given by the quotient of Hom gy (g)(z,2") by the natural action of (S, ) (a
subgroup scheme of the scheme of automorphisms of x). One checks (see for example [26,
§1.5]) that the composition law for morphisms in Z2  descends to a composition law for
morphisms modulo the action of ¥.

Remark 2.3.3. The faithful flatness of the map 7 implies that one can frequently descend
objects from 2 to 2. Let us explain this in the case of quasi-coherent sheaves, but the
same argument applies in many other contexts (in particular to finite flat group schemes
and logarithmic structures, which will be considered later). For an object z € 2°(S) over
a scheme S, let ¢, denote the pullback of ¢, so ¥, is a flat group scheme over S. If .# is
a quasi-coherent sheaf on 2" then pullback by = also defines a quasi-coherent sheaf .%, on
S, and there is an action of the group ¥,(S) on .%,. It is immediate that if .Z is of the
form 7*.% for some quasi-coherent sheaf .# on 27, then these actions of %,(S) on the .%,
are trivial. An exercise in descent theory, which we leave to the reader, shows that in fact 7*
induces an equivalence of categories between quasi-coherent sheaves on 2 and the category
of quasi-coherent sheaves .# on Z" such that for every object z € Z°(S) the action of ¥,(S)
on %, is trivial.

2.3.4. We will apply this rigidification construction to get another view on .27 4.

Consider first the case of 7. Let .7, denote the fibered category over the category of
schemes whose fiber over a scheme S is the groupoid of triples (A, P, L), where A/S is an
abelian scheme of relative dimension g, P is an A-torsor, and L is a relatively ample line
bundle on P such that the induced map

At A— A
is an isomorphism.

Note that for any such triple, there is a natural inclusion
(2.3.4.1) G,, — M%(A, P, L)

given by sending u € G,, to the automorphism which is the identity on A and P and multi-
plication by u on L.

Proposition 2.3.5. The stack 9, is algebraic, and the map
(2:35.1) T, — oy, (A, P,L) > (4,Ar)
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identifies o7, with the rigidification of J; with respect to the subgroup space ¢ — S, defined
by the inclusions (2.3.4.1).

Proof. Since any object of 47, is locally in the image of (2.3.5.1), it suffices to show that for
any scheme S and two objects

(A,P,L),(A, P L") € F,(5)
the map sheaves on S-schemes (with the étale topology)
Hom g ((A, P, L), (A", P', L") — Hom,, ((A, Ar), (A", Ar))

identifies Hom , ((A4, Ar), (A", Ar/)) with the sheaf quotient of Hom g ((A4, P, L), (4", P, L"))
by the natural action of G,,. To verify this we may work étale locally on S, and hence may
assume that P and P’ are trivial torsors. Fix trivializations of these torsors, and view L and
L' as line bundles on A and A’ respectively.

In this case we need to show that for any isomorphism o : A — A’ such that the diagram
A—"= A
l)\L l)\L/
At <L A/t

commutes, there exists a unique point a € A(S) such that the two line bundles

L, tio*L’
are locally on S isomorphic. This follows from 2.1.6 applied to the two line bundles L and
o* L' which define the same principal polarization on A. U

2.3.6. For any object (A, P, L) € Z,(S5) over a scheme S, we have a line bundle #{4 p,) on
S given by f.L, where f: P — S is the structure morphisms, and the formation of this line
bundle commutes with arbitrary base change S” — S. It follows that we get a line bundle #
on the stack 7. Let

vV — I,
denote the G,,-torsor corresponding to #'. As a stack, ¥ classifies quadruples (A, P, L, 0),
where (A, P, L) € J; and 6 € #(4 p,) is a nowhere vanishing section. From this and 2.2.7 we
conclude that the composite map

¥ — Ty o
is an isomorphism, and therefore defines a section
sty — .
Since .7, is a Gy,-gerbe over 7, we conclude that in fact
Ty~ dy x BG,,.

2.3.7. The description of 7 in 2.3.5 can be generalized to higher degree polarizations as
follows.

Let S be a scheme and consider a triple (A, P, L), where A/S is an abelian scheme, P is an
A-torsor, and L is a line bundle on P. Define the theta group of (A, P, L), denoted ¥4, p1)
to be the functor on S-schemes which to any S’/S associates the group of pairs («, ), where
a : Pss — Ps is a morphism of Ag-torsors, and ¢ : a*Lg — Lg is an isomorphism of line
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bundles. Here Pg/, Ag/, and Lg denote the base changes to S’. Note that « is equal to
translation by a, for a unique point a € A(S").

It follows that there is a natural map
(2371) g(A,P,L) — A.

Its image consists of scheme-valued points b € A for which ¢;L and L are locally isomorphic.
This is precisely the kernel of A\;. Note also that there is a natural central inclusion

Gm — Yaprr)

given by sending a unit u to (idp,w). This is in fact the kernel of (2.3.7.1) so we have an
exact sequence of functors

1 — Gy —Yary — Kaprrn — 1,

where

K(A’p’L) = Ker()\L).
In particular, if L is ample then K4 py) is a finite flat group scheme over S, which also
implies that 44 pr) is a group scheme flat over S.

2.3.8. Suppose now that L is relatively ample on P, so that K4 py) is a finite flat group
scheme over S. We then get a skew-symmetric pairing

e: Kaprn X Kapr — G,

defined by sending sections x,y € K4 pr) to the commutator

e(z,y) =gz 'y ",
where T,y € 9 a,p ) are local liftings of o and y respectively. Note that this is well-defined
(in particular independent of the choices of liftings) since G,, is central in G APL)

The pairing e is called the Weil pairing and is non-degenerate (indeed this can be verified
étale locally on S, so it suffices to consider the case when P is a trivial torsor in which case
the result is [21, Corollary 2, p. 234]).

2.3.9. Fix integers g,d > 1, and let .7, 4 be the stack over the category of schemes whose
fiber over a scheme S is the groupoid of triples (A, P, L), where A is an abelian scheme of
relative dimension g over S, P is an A-torsor, and L is a relatively ample line bundle on P
of degree d.

Proposition 2.3.10. The stack 7, 4 is an algebraic stack. If 9 C 5 , denotes the subgroup
of the inertia stack defined by the theta groups, then & is flat over 7, 4 and the rigidification
of Ty a with respect to & is canonically isomorphic to o 4.

Proof. This follows from an argument similar to the proof of 2.3.5, which we leave to the
reader. O

2.3.11. The stacks 7, 4 arise naturally when considering level structures, even if one is only
interested in principally polarized abelian varieties. Namely, suppose d’ = d - k is a second
integer. Then there is a natural map

(23111) %7(1 — '%761'7 (A, )\) = (A, k- )\)
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This map is obtained by passing to rigidifications from the map
'-?q,d - '%,d’y (A7 P7 L) = (A7 P7 L®k)
Proposition 2.3.12. Over Z[1/d], the map (2.3.11.1) is an open and closed immersion.

Proof. See [26, 6.2.3]. O

2.3.13. As we discuss in section 5 below, this result can be used to study moduli of principally
polarized abelian varieties with level structure using moduli stacks for abelian varieties with
higher degree polarizations.

3. DEGENERATIONS

3.1. Semiabelian schemes.

3.1.1. By a torus over a scheme S, we mean a commutative group scheme 7'/S which étale
locally on S is isomorphic to G, , for some integer 7 > 0. For such a group scheme 7, let

Xr := Hom(T, G,,)

be the sheaf on the big étale site of S classifying homomorphisms T — G,,. Then X7 is a
locally constant sheaf of free finitely generated abelian groups (indeed this can be verified
étale locally where it follows from the fact that Hom(G/] , G,,) ~ Z"), and the natural map

T — Hom(Xr7,Gr), u— (x — x(u))

is an isomorphism of group schemes (again to verify this it suffices to consider the case when
T = @GJ,). The sheaf Xy is called the sheaf of characters of T

One can also consider the sheaf of cocharacters of T' defined to be the sheaf
Yr := Hom(G,,, T)

of homomorphisms G,, — T'. Again this is a locally constant sheaf of finitely generated free
abelian groups and the natural map

Xr x Yr — Hom(Gm, Gp) =~ Z, (X,p) — x0p
identifies Y7 with Hom(X7, Z). Furthermore, the natural map
Yr @2 Gy — T, p®@u— p(u)
is an isomorphism (where both sides are viewed as sheaves on the big étale site of .5).

3.1.2. A semiabelian variety over a field k is a commutative group scheme G/k which fits
into an exact sequence
1-T—-G—A—1,

where T is a torus and A is an abelian variety over k.

Lemma 3.1.3. For any scheme S and abelian scheme A/S there are no nonconstant homo-
morphisms
Gm,S — A

over S.
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Proof. Consider first the case when S = Spec(k) is the spectrum of a field k. If f: G, — A
is a homomorphism, then since A is proper f extends to a G,,-equivariant morphism

P! — A,

where G,, acts on A through f. Since 0,00 € P!(k) are fixed points for the G,,-action, their
images in A must also be fixed points of the G,,,-action, which implies that f is constant.

For the general case, note first that by a standard limit argument it suffices to consider
the case when S is noetherian. Furthermore, to verify that a morphism f : G,, s — A is
constant we may pass to the local rings of S at geometric points, and may therefore assume
that S is strictly henselian local. Reducing modulo powers of the maximal ideal, we are then
reduced to the case when S is the spectrum of an artinian local ring R with algebraically
closed residue field k. Let

f:Gur— A

be a morphism. Then the reduction of f modulo the maximal ideal of R is a constant
morphism by the case of a field. It follows that for each integer n invertible in k the restriction
of f to punr C Gy, g is constant, as p, g is étale over R and must have image in the étale
group scheme A[n| of n-torsion points of A (and a map of étale schemes over R is determined
by its reduction modulo the maximal ideal). It follows that the preimage of the identity
f~Ye) C G,r is a closed subscheme which contains all the subgroup schemes p, z for n
invertible in k. From this it follows that f~!(e) = G, r. 0

3.1.4. In particular, in the setting of 3.1.2 any homomorphism G,, — G factors through the
subtorus T" C G. This implies that the subtorus 7" C G is canonically defined. Indeed if Y
denotes the sheaf

Hom(G,,, G),

then from above we conclude that Y is a locally constant sheaf of finitely generated abelian
groups, and the natural map

is a closed immersion with image T'.

Note that this implies in particular that if G/k is a smooth group scheme such that the
base change G} to an algebraic closure is a semiabelian variety, then G is also a semiabelian
variety as the subtorus T3 C G descends to G.

3.1.5. For a general base scheme S, we define a semiabelian scheme over S to be a smooth
commutative group scheme G/S all of whose fibers are semiabelian varieties. Semiabelian
schemes arise as degenerations of abelian varieties. The basic theorem in this regard is the
following:

Theorem 3.1.6 (Semistable reduction theorem [13, IX.3.6]). Let V' be a regular noetherian
local ring of dimension 1, with field of fractions K, and let Ax be an abelian scheme over K.
Then there exists a finite extension K'/K such that the base change Axr of K' extends to a
semiabelian scheme G over the integral closure V' of V in K'.
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3.2. Fourier expansions and quadratic forms. The key to understanding degenerations
of abelian varieties and how it relates to moduli, is the connection with quadratic forms.
This connection was originally established in the algebraic context by Mumford in [23], and
then developed more fully for partial degenerations in [8]. In this section we explain from the
algebraic point of view the basic idea of why quadratic forms are related to degenerations.

3.2.1. First we need some facts about line bundles on tori. Let R be a complete noetherian
local ring with maximal ideal m C R and reside field k. Let G/R be a smooth commutative
group scheme such that the reduction Gy, is a torus. Assume further that the character group
sheaf X of Gy is constant (so Gy is isomorphic to GY, for some g), and write also X for
the free abelian group I'(Spec(k), X). For every integer n, let G,, denote the reduction of G
modulo m"*!, and let T;, denote the torus over R, := R/m"*! defined by the group X. By
[11, IX.3.6] there exists for every n > 0 a unique isomorphism of group schemes

o,: T, — G,

restricting to the identity over k.

Suppose now that L,, is a line bundle on 7},. Then L,, is a trivial line bundle. Indeed since
Ty has trivial Picard group and T, is affine, there exists a global section s € I'(T,,, L,,) whose
pullback to T} is a basis. By Nakayama’s lemma this implies that s defines an isomorphism
ﬁTn ~ Ln

In particular, the line bundle L,, admits a T),-linearization. Recall that such a linearization
is given by an isomorphism
a:m*L, — priL,
over T, Xspec(R,) In, Where
m : Ty XSpec(Rn) In — Th

is the group law, and such that over
Tn X Spec(Rn) Tn X Spec(Rn) Tn

the diagram

(m x 1)*m*L (I x m)*m*L
| |
(m x 1)*prsL (1 x m)*pryL
pryL prysm*L
Prozpry L

commutes, where we write

JUSER Tn X Spec(Rn) Tn X Spec(Rn) Tn - Tn X Spec(Rn) Tn

for the projection onto the second two components etc.
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Since T,, is affine a T,-linearization can also be described as follows. Let M, denote
['(T,, L,) which is a module over A, := I'(T,,, Or,) ~ R,[X] (the group ring on X). Note
that since A,, is canonically identified with the group ring on X we have a grading

An = @xeXAn,x-
Then giving a T),-linearization on L, is equivalent to giving a decomposition
M = @XGXMX

of M into submodules indexed by X which is compatible with the X-grading on A,, in the
sense that for every y,n € X the map

Ay @M, — M
has image in M, .
Note that if xo € X is a fixed element, then we obtain a new T),-linearization
M = EBXGX(M(XO))X?
by setting
(MO o= My

We call this new T),-linearization the xq-translate of the original one.

Lemma 3.2.2. (1) Translation by elements of X gives the set of T, -linearizations on L, the
structure of an X -torsor.

(11) For any T,-linearization of L, corresponding to a decomposition M = &, M, each of
the modules M, is a free module over R, of rank 1. Moreover, if I C A, denotes the ideal of
the identity section of T),, then for every x € X the composite map

M, — M — M/IM
s an isomorphism.
(11i) Any T, _1-linearization on the reduction L, 1 of L, to T,_1 lifts uniquely to a T,-

linearization on L,,.

Proof. Suppose
a,a :m*L, — priL,
are two T),-linearizations of L,,.

For any R,-scheme S let T}, ¢ denote the base change of T;, to .S, and let L,, ¢ denote the
pullback of L,, to T,, 5. For any point u € T,(5), let

ty:Ths — Ths
denote translation by wu, and let
Quy &) i Lys — Lns
be the two isomorphisms obtained by pulling back o and ' along the map

idxu
Tn,S =T, X Spec(Rn) S ==L T, X Spec(Rn) T,.
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The map o/, o ;' is then an automorphism of L, g over T, s, and hence is specified by a
global section
su € (T, 07, ) = Gn(S) x X.

By sending u € T'(S) to s, we therefore obtain a natural transformation of functors
s: T, — G, x X,

or equivalently by Yoneda’s lemma a morphism of schemes. Since T, is connected this map
has connected image, and since the identity in T}, goes to the identity in G,, x X, the map s
in fact has image in

Gm — G, x X, u— (u,0).
Now the fact that o and o’ are compatible with composition implies that the map

s: T, — G,

is a homomorphism, whence given by a character yo € X. From this and the correspondence
between T),-linearizations and gradings on M, we get that o is obtained from « by translation
by Xo-

This shows that the translation action of X on the set of 7,,-linearizations of L,, is transitive.
In particular, to verify (ii) it suffices to verify it for a single choice of T,,-linearization, as the
validity of (ii) is clearly invariant under translation by elements of X. To verify (ii) it therefore
suffices to consider L, = Orp, with the standard linearization, where the result is immediate.

Now once we know that each M, has rank 1, then it also follows that the action in (i) is
simply transitive, as the character yg is determined by the image of Mj.

Finally (iii) follows immediately from (i). d

3.2.3. Consider again the setting of 3.2.1, and let L be a line bundle on G. For every n > 0
we then get by reduction (and using the isomorphisms o,,) compatible line bundles L,, on T,,.
Fix the following data:

A. A trivialization t : R ~ e*L, where e : Spec(R) — G is the identity section.
B. A Ty-linearization «q of L.

By (3.2.2 (iii)) the Tp-linearization ay lifts uniquely to a compatible system of 7T},-linearizations
{a,}. For every n > 0 and x € X, we then get by (3.2.2 (ii)) an isomorphism

I'(T,, Ly,)y ~ e L, ~ R,

where the second isomorphism is given by . We therefore obtain a compatible system of
basis elements f, , € I'(T,, L,), defining an isomorphism

D(T,, Ln) >~ @yex R - foy-
Passing to the inverse limit we get an isomorphism

@F(Tan) = H;eX R- fX’

n

where
H;eXR ) fx - erXR ) fx

denotes the submodule of elements (g, - fy)yex such that for every n > 0 almost all g, € m"**,
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For any p € X, we get by composing the natural map
I'G,L) — lim (T, L)
%

with the projection

a map

If m € I'(G, L) then we write

m= Zax(m) fx

for the resulting expression in H; R - f,, and we call this the Fourier expansion of m.

If R is an integral domain with field of fractions K, then we can tensor the maps o, with
K to get maps
I'Gg, Lk) — K,
which we again denote by o,. Note that for any m € I'(Gg, L) the elements o,(m) have
bounded denominators in the sense that for any n > 0 we have ¢,(m) € m"*! for all but
finitely many pu.

3.2.4. Suppose
t':R~e'L
is a second choice of trivialization, and «f is a second Ty-linearization of Lg. Let
U; :I'(G,L) — R
be the maps obtained using this second choice. Suppose
t/(_) = Ut<_)7
for some unit v € R* and that af is the yo-translate of ag for some xo € X. Then the

collections {o,,} and {o},} are related by the formula

0(=) = VO ()

3.2.5. Suppose now that our complete noetherian local ring R is also normal, and let K be
the field of fractions. Let G/R be a semiabelian scheme whose generic fiber Gk is an abelian
variety, and assume as above that the closed fiber Gy, is a split torus. As before let X denote
the character group of Gy.

Assume given an ample line bundle Lx on Gk, and let
A K - GK — Gtk

be the induced polarization, where G denotes the dual abelian variety of G. As explained
in [8, Chapter II, §2], the abelian scheme G%- extends uniquely to a semiabelian scheme G'/R,
and the map Ag extends uniquely to a homomorphism

A G — G
Moreover, the closed fiber G is also a split torus, say Y is the character group of G%. The
map A defines an inclusion

¢:Y — X.
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Since G/ R is smooth, the line bundle L extends to a line bundle L on G, unique up to

isomorphism. Fix a trivialization
t:R~¢e"L
and a Tp-linearization oy on Ly, so we get maps
o,(—) :I'(Gg, Lg) — K.
Theorem 3.2.6 ([8, Chapter 11, 4.1]). There exist unique functions
a:Y - K b:YxX— K"

such that the following hold:

(i) The map b is bilinear.

(ii) For any p € X andy € Y we have

Oproy)(—) = a(y)b(y, )ou(—)-
(iii) For any v,y € Y we have
by, o(y')) = b(y', (y)).
() Fory,y €Y we have
a(y +y') = by, (y))a(y)a(y’).

(v) For every nonzeroy € Y we have b(y, ¢(y)) € m, and for everyn > 0 we have a(y) € m"
for all but finitely many y € Y.

Remark 3.2.7. If we choose a different trivialization ¢’ of e*L and a different Tj-linearization
o, then we get new functions @’ and ¢/, which differ from a and b as follows. By 3.2.4 there
exists a unit v € R* and an element Y, such that

UL<_) = V0 x(—)

for all 4 € X. From this we get that for any p € X and y € Y we have
UL+¢>(y)(—) = a(y)b(y, pn + XO)UL(—)-
Since b is bilinear we have

b(y, 11+ xo0) = b(y, 1)b(Y, Xo0)-
It follows that

d'(y) = a()b(y, xo), V'(y,x) = bly,z).
3.2.8. In particular, if R is a discrete valuation ring, then we also have a valuation map
v: K*— 7.
Let A (resp. B) denote the composite of a (resp. b) with v, so we have functions
A:Y - 7Z, B:Y xX —Z.
If we fix a uniformizer 7 € R then we also get functions
a:Y =R, :YxX—R

such that
a(y) = a(y)m*¥, by, z) = By, z)x"®").
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Now observe that since G and G* have the same dimension, the map ¢ induces an isomor-
phism upon tensoring with Q, so B induces a map
BQ : XQ X XQ — @
which is a positive definite quadratic form by (3.2.6 (v)). Note also that the difference

LY =0y AW) — 3B.00)

is a linear form on Y, and that B can be recovered from A by the formula
By, o(y)) = Aly +¥) — Aly) — AWY).

Note that by 3.2.7 the functions B is independent of the choice of (¢, ap), and for different
choices of (t, ap) the corresponding A-functions differ by a linear form.

3.2.9. The situation when G is not totally degenerate (i.e. the closed fiber G} has an abelian
part) is more complicated, and the functions @ and b in the above get replaced with data
involving the theory of biextensions. We will not go through that here (the interested reader
should consult [8, Chapter II, §5] and [26, proof of 4.7.2]). One important thing to know
about this, however, is that even in this case one obtains a positive semidefinite quadratic
form
B X@ X XQ — Q
on the character group X of the maximal torus in G,. We will use this in what follows.

4. COMPACTIFICATIONS

4.1. Toroidal. The toroidal compactifications of .7, defined in [8] depend on some auxilliary
choice of data, which we now explain.

4.1.1. Let X be a free finitely generated abelian group of rank g. For A = Z,Q or R, let
B(X4) denote the space of A-valued quadratic forms on X

B(X,4) := Hom(S?X, A).

For a bilinear form b € B(Xg) the radical of b, denoted rad(b), is defined to be the kernel
of the map
XR - HOHI(XR,R)7 Yy b<y7 _)
Let C(X) C B(Xg) denote the subset of positive semidefinite bilinear forms b such that
rad(b) is defined over Q. Then C(X) is a convex cone in the real vector space B(Xg), and
its interior C'(X)° C C(X) is the set of positive definite forms b.

Note also that there is an action of GL(X) on B(Xg) induced by the action on X, and
C(X) and C(X)° are invariant under this action.

4.1.2. Degenerations of abelian varieties give subsets of C'(X) as follows.

Let S be an irreducible normal scheme with generic point 1. Let G/S be a semiabelian
scheme, and assume that the generic fiber G, of G is an abelian scheme of dimension g.
Suppose further given a principal polarization A, on G,. Then for any complete discrete
valuation ring V' with algebraically closed residue field and morphism

(4.1.2.1) p:Spec(V) — S
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sending the generic point of Spec(V') to 1, we can pull back G to get a semiabelian scheme
G,/V whose generic fiber is a principally polarized abelian variety. As mentioned in 3.2.9,
we therefore get a quadratic form

B, € C(Xs0),

where X denotes the character group of the torus part of the closed fiber G, of G,. Choosing
any surjection X — X, we get an element B), € C(Xg), well-defined up to the natural
GL(X)-action on C(Xg).

4.1.3. An admissible cone decomposition of C(X) is a collection ¥ = {04}acs (Where J is
some indexing set) as follows:

(1) Each o, is a subcone of C'(X) of the form
0o =Rso-v14+--+Rso- 0,

for some elements vy, ..., v, € B(Xg), and such that o, does not contain any line.
(2) C(X) is equal to the disjoint union of the o,, and the closure of each o, is a disjoint
union of o4’s.
(3) For any g € GL(X) and « € J we have g(0,) = o for some § € J, and the quotient
J/GL(X) of the set of cones J by the induced action of GL(X) is finite.

4.1.4. An admissible cone decomposition ¥ of C(X) is called smooth if for every o, € ¥ we
can write

JQZR>0'U1+"'+R>0'UT
where vy, ...,v, € B(Xz) can be extended to a Z-basis for B(Xz).

4.1.5. Let 3 be an admissible cone decomposition of C(X) and let B be a regular scheme
(the case of interest is when B is the spectrum of a field or Z). A toroidal compactification of
oty with respect to X over B is a Deligne-Mumford stack 47, 5, over B together with a dense
open immersion j : @/, p — 7,5, over B such that the following hold:

(1) 4,5 is an irreducible normal algebraic stack, which is smooth over B if ¥ is smooth.

(2) The universal abelian scheme X — <7, p extends to a semiabelian scheme Xy, — 7 5.

(3) Let S be an irreducible normal B-scheme and let G/S be a semiabelian scheme of
relative dimension g whose generic fiber G, is abelian with a principal polarization
Ay Let U C S be a dense open subset such that (G, A,;) defines a morphism

fu U — 4.

Then fi; extends to a (necessarily unique) morphism f : S — 47y if and only if the
following condition holds: For any point s € S there exists a € J and a surjection
X — X; such that for any morphism (4.1.2.1) sending the closed point of Spec(V') to
s the element B) € C(Xq) lies in 0,.

Remark 4.1.6. The extension Xy of X in (2) is unique up to unique isomorphism by [8,
1.2.7].

Remark 4.1.7. Properties (1), (2), and (3) characterize the stack 7% s, up to unique isomor-
phism. Indeed suppose we have another irreducible normal algebraic stack <7; over B (this
stack could be just an Artin stack, and doesn’t have to be Deligne-Mumford) together with
a dense open immersion j' : @ p — &/, and an extension X’ — & of the universal abelian
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scheme X/, p to a semiabelian scheme over 7). Suppose further that for any smooth mor-
phism g : W — &7/ the pullback Xy — W of X’ to W satisfies the condition in (3). We then
get a unique extension
f~ W — %72
of the map induced by Xy over the preimage of <7, 5. Moreover, the two arrows
W x ) W — %72

obtained by composing the two projections with f are canonically isomorphic by the unique-
ness part of (3). In addition, the usual cocycle condition over W Xogg W Xy W holds again

by the uniqueness. The map f therefore descends to a unique morphism
. 4?79/ — G5

compatible with the inclusions of <7, p. In particular, if &7 is also a Deligne-Mumford stack
satisfying (1), (2), and (3) then we also get a map

g: Dyx — Jng/
such that fog=1idy, and go f =idy;.

One of the main results of [8] is then the following:

Theorem 4.1.8 ([8, IV.5.7]). For any smooth admissible cone decomposition ¥ of C(X),
there exists a toroidal compactification of <7, with respect to ¥ over Spec(Z). Moreover, for
any reqular scheme B, the base change %y, p of 9,5 to B is a toroidal compactification of
<, with respect to ¥ over B.

Over C, the smoothness assumption on the cone ¥ can be omitted. This follows from
Mumford’s theory of toroidal embeddings [7]. A more accessible discussion in the case of <7
can be found in [25].

Theorem 4.1.9. For any admissible cone decomposition ¥ of C(X), there exists a toroidal
compactification of <, with respect to ¥ over Spec(C).

Remark 4.1.10. It seems widely believed that for any admissible cone decomposition ¥ of
C(X) there exists a toroidal compactification of 7, with respect to ¥ over Spec(Z), and it
should have the property that for any regular scheme B the base change <7, 5 is again a
toroidal compactification of o7, p with respect to ¥ over B. However, no proof seems to be
available in the literature.

4.2. Alexeev’s compactification EgAlex.

4.2.1. Alexeev’s compactification of 7, arises from considering .« as the moduli stack of
quadruples (A, P, L,0), where A is an abelian variety, P is an A-torsor, L is an ample line
bundle on P defining a principal polarization, and 6 is a nonzero global section of L (see
2.2.7).

4.2.2. To get a sense for Alexeev’s compactification let us consider a 1-parameter degener-
ation, and explain how the quadratic form obtained in 3.2.8 defines a degeneration of the
whole quadruple (A, P, L,0). So let V' be a complete discrete valuation ring, let S denote
Spec(V), and let n (resp. s) denote the generic (resp. closed) point of S. Let G/S be a
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semiabelian scheme with G, an abelian variety and G a split torus. Assume further given a
line bundle L on G whose restriction L, to G, is ample and defines a principal polarization.
Let X denote the character group of G5 and let T" denote the torus over V' defined by X. Fix
a trivialization ¢ : V ~ e*L (where e € G(V) is the identity section) and a T-linearization of
L, (the pullback of L to Gy). Finally let 6, € I'(G,, L,) be a global section.

Let P, denote G, viewed as a trivial G,-torsor. We can then construct a degeneration of

the quadruple (G, P,, L,, 6,) as follows.
4.2.3. Let

A: X -7
be the quadratic function defined as in 3.2.8 (and using the identification ¥ ~ X defined by
¢, which is an isomorphism since L, is a principal polarization). Let

S:={(z,Alz))|lre X} C Xg®R

be the graph of A, and let Sg C Xr @& R denote the convex hull of the set S. Then the
projection

SR — XR

is a bijection, and therefore Sk is the graph of a unique function

g: Xg — R

This function is piece-wise linear in the sense that there exists a unique collection ¥ = {w}
of polytopes w C Xg such that the following hold:

(1) For any two elements w,n € ¥ the intersection w N7 is also in 3.

(2) Any face of a polytope w € 3 is also in X.

(3) Xg = Uyexw and for any two distinct elements w,n € ¥ the interiors of w and 7, are
disjoint.

(4) For any bounded subset W C Xp there are only finitely many w € ¥ with w W # (.

(5) The top-dimensional polytopes w € 3 are precisely the domains of linearity of the
function g.

A decomposition ¥ of Xk into polytopes which arises from a quadratic function A : X — Z
by the above construction is called an integral regular paving of Xg.

Note that the paving ¥ is invariant under the action of elements of X acting by translation
on Xg. Indeed for z,y € X we have

(4.2.3.1) Az +y) = A(z) + A(y) + B(z,y)
so if t, : Xp — Xg denotes translation by y, then the composite function

iy g
XRHXRHR

is equal to
v g(x) + B(z,y) + Aly),
which differs from g by the linear function B(—,y) + A(y).
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Remark 4.2.4. Note that any positive definite quadratic form
B:S8*’X - Q

defines an X-invariant paving of Xg by the above construction. If more generally we allow also
infinite polytopes in the definition of paving then we can also consider the pavings associated
to positive semidefinite quadratic forms.

4.2.5. We use the function g to define a graded V-subalgebra

R C K[X & N].
For w € ¥ let C, C X & N be the integral points of the cone over w x {1} C Xg ® R, so C,
is the set of elements (z,d) € X @& N such that the element (1/d) - z € Xg lies in w. Since g
is a linear function on w it extends uniquely to an additive function
These functions define a function

g: X®N5 o —Q
by sending (z, d) to g.(z,d) for any w € ¥ such that (z,d) € C,, (note that this is independent
of the choice of w).

Let C!, C C, be the submonoid generated by degree 1 elements. Then C/8? C C2P has
finite index, say N,,. Now using property (4) and the translation invariance of the paving, we
see that there exists an integer /N such that for every w € ¥ the index of C/#? in C8P divides
N. In particular, the function g, has image in (1/N) - Z for all w.

Also observe that making a base change V' — V' with ramification e in the above construc-
tion has the effect of multiplying the function g by e. Therefore, after possibly replacing V' by
a ramified extension, we may assume that all the g,’s, and hence also g, are integer valued.

Let
R C K[X @& N]
be the graded V-subalgebra generated by the elements
c@d) .= pi@d)g(wd)

where we write e®% € K[X @ N] for the element corresponding to (z,d) € X ® N

Then R is a graded V-algebra and we can consider the V'-scheme
P := Proj(R).
This scheme comes equipped with a line bundle Lz, and we usually consider the pair (15, L3).

4.2.6. There is a natural action of T on (ﬁ, L) induced by the X-grading on R.

4.2.7. There is an action of X on (P, L) defined as follows. Let
a: X =V g XxX-=V"
be the maps defined in 3.2.8. Recall that for z,y € X we have
a(z+y) = Bz, y)a(r)a(y).
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The action of y € X is then given by

¢=D s a(y)! By, z)g= D,

Note that the actions of 7' and X on P commute, but that if y € T (a scheme-valued point)
and y € X then the induced automorphism of Lz

(T 0 Sx)_l o (SyoTy)
is equal to multiplication by x(y).

4.2.8. The generic fiber of Pis isomorphic to Tk with the standard action of Tk and trivial
action of X.

4.2.9. The closed fiber ﬁo of P has the following description. Note first of all that for any
(z,d), (y,e) € X & Nsg we have
9o +y,d+e) = g(w,d) = gy, e) <0
unless (z,d) and (y, e) lie in the same C,, for some w € ¥. Therefore
¢@d . ¢We) =0 (mod )
if (z,d) and (y, e) lie in different cones. We therefore get a map
R @v k — k[C,]

by sending £(%¢) to 0 unless (d,e) € C,, in which case we send &%) to the element e(®€). In
this case we get a closed immersion

P, := Proj(k[C,]) — P,

and it follows from the construction that ﬁo is equal to the union of the P,’s glued along
the natural inclusions P, — F,,, whenever 7 is a face of w. Moreover, the T-action on P, is
given by the natural T-action on each P,, and the translation action of y € X is given by
the isomorphisms

P, w 7 F, w+y

given by the natural identification of C,, and C,4, given by the translation invariance of the
paving.

Remark 4.2.10. Similarly, for every integer s and w € X, there exists only finitely many
cones 7 € X such that there exists (z,d) € C, and (y, e) € C,, with the property

@D 0o £ (mod 7).
4.2.11. This description of the closed fiber PO implies in particular that the action of X on

Po, and hence also the action on P =P (V/x" 1), is properly discontinuous. We can
therefore take the quotient

Pn = Nn/Xa
which is a finite type V/(7"*!)-scheme. The X-action on Lz gives descent data for the line
bundles L := Lp 5l 5lp,» 80 we get a compatible collection of line bundles Lp, on the schemes F,.

One can show that the line bundles L p, are in fact ample, so by the Grothendieck existence
theorem [12, I11.5.1.8] the projective schemes { P,,} are induced by a unique projective scheme
P/V with a line bundle Lp inducing the Lp,.
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4.2.12. Since the action of T" on P, commutes with the action of X, there is an action of T’
on each of the P, which is compatible with the reduction maps. One can show that there is
a unique action of G on P inducing these compatible actions of T" on the P,’s (recall that
there is a canonical identification G,, ~ T'). This is one of the most subtle aspects of the
construction. A detailed discussion in this special case can be found in [23, §3].

4.2.13. There is a compatible set of global sections 6, € I'(P,, Lp,) defined as follows. First
of all note that since the map

T, ﬁn — P,
is an X-torsor, we have a canonical isomorphism
[(P,,Lp,) ~T(B,, Ly )~.
It therefore suffices to construct an X-invariant section
0, € T(P,, Ly).
For z € X let D(z), C P, denote the open subset defined by @1 so
D(x), = Spec(R,, ¢ )o,

where (R, ¢ )o denotes the degree 0 elements in R, ¢.1). Then the D(z), cover P,. Now
for every x, all but finitely many £(%) map to zero in R, ¢@n by 4.2.10. Therefore the sum

iIl Rn7£(a:,l)
> aly)s®y

yey
is finite and defines a section 0, € I'(D(z), L 5.). These sections clearly glue to define the
section 6, € I(P,, L 5.). The relation

a(r +y) = a(r)a(y)B(y,z), z,yeX

and the definition of the X-action on (ﬁ, L) implies that the section 0, is X-invariant and
therefore defines the section 6,, € T'(P,, Lp,).

Finally since
P(P,Lp) = im (P, Lp,)

the sections {6, } are induced by a unique section § € T'(P, L).

4.2.14. Summarizing the preceding discussion, we started with the quadruple (G, P,, L, 6,)
over the fraction field K of V', and ended up with a quadruple (G, P, L, ) as follows:

(1) G is a semiabelian scheme over V;

(2) P is a proper V-scheme with action of G;
(3) L is an ample line bundle on P;

(4) 0 € T'(P, L) is a global section.

It follows from [8, Chapter III, 6.4] that the restriction of this quadruple to Spec(K) is
canonically isomorphic to the original quadruple (G,, P,, L,,6,). The collection (G, P, L, )
should be viewed as the degeneration of (G, P, Ly, 0,).
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4.2.15. A careful investigation of this construction, as well as its generalization to the case
when G is not totally degenerate, is the starting point for the definition of Alexeev’s moduli

. . . . . —Alex .. . . .
problem which gives his compactification &7 “of <7y 'The end result of this investigation is
the following.

4.2.16. Following [3, 1.1.3.2], define a stable semiabelic variety over an algebraically closed
field k to be a proper scheme P/k with an action of a semiabelian variety G/k such that the
following hold:

(1) The dimension of each irreducible component of P is equal to the dimension of G.

(2) There are only finitely many orbits for the G-action.

(3) The stabilizer group scheme of every point of P is connected, reduced, and lies in the
toric part of G.

(4) The scheme P is seminormal (recall that this means that the following property holds:
If f: P'— P is a proper bijective morphism with P’ reduced and with the property
that for any p’ € P’ the map on residue fields k(f(p")) — k(k) is an isomorphism,
then f is an isomorphism).

A stable semiabelic pair is a stable semiabelic variety P and a pair (L, #), where L is an ample

line bundle on P and § € H°(P, L) is a global section whose zero locus does not contain any
G-orbits.

Remark 4.2.17. If G is an abelian variety, then condition (3) implies that P is a disjoint
union of G-torsors. If, moreover, we have a stable semiabelic pair (G, P, L, ) with G abelian
and H°(P, L) of dimension 1, then P must be connected so P is a G-torsor.

4.2.18. If S is a general base scheme, we define a stable semiabelic pair over S to be a
quadruple (G, P, L, 0), where

(1) G/S is a semiabelian scheme.

(2) f: P — Sis a projective flat morphism and G acts on P over S.

(3) L is a relatively ample invertible sheaf on P.

(4) 6 € H(P, L) is a global section.

(5) For every geometric point § — S, the geometric fiber (G, Ps, Ls, 05) of this data is a
stable semiabelic pair over the field k(5).

Remark 4.2.19. It follows from cohomology and base change and [3, 5.2.6] that if (G, P, L, 0)
is a stable semiabelic pair over a scheme S as above, then f,L is a locally free sheaf of finite
rank on S whose formation commutes with arbitrary base change S’ — S. We define the
degree of L to be the the rank of f.L (a locally constant function on .S).

Definition 4.2.20. Let Ja/gAleX be the stack over the category of schemes, whose fiber over a
scheme S is the groupoid of semiabelic pairs (G, P, L, #) over S with G of dimension g and L
of degree 1.

4.2.21. By 2.2.7, there is a morphism of stacks
j . % N %Alex
identifying 7, with the substack of semiabelic pairs (G, P, L, ) with G an abelian scheme.
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Theorem 4.2.22 ([3, 5.10.1]). The stack </, is an Artin stack of finite type over Z with
finite diagonal, and the map j is an open immersion.

Example 4.3. The quadruple (G, P, L,0) constructed starting in 4.2.2 is a semiabelic pair
of degree 1 over Spec(V) (i.e. a V-point of &%), Indeed note that the closed fiber Py of P
can be described as follows.

Let

Py — P
be the X-torsor which is the reduction of the scheme 13, so as in 4.2.9 the scheme P, is equal

to a union of the toric varieties P, (w € X). Since Py is reduced so is Py, and the irreducible

components of ﬁo are the subschemes P, with w top dimensional. From this it follows that
each irreducible component of P has dimension equal to the dimension of Gy = T. Also
note that the orbits for the T-action on P are in bijection with ¥/X, and hence is finite. To

compute the stabilizer group schemes, note that if ¥ € F is a point in Py with image x € F,
then the stabilizer group scheme of 7 is equal to the stabilizer group scheme of z. Since each
P, is a toric variety it follows that the stabilizer of any point of F, is a subtorus of 7.

That the scheme Fj is seminormal can be seen as follows. Let f : ) — P, be a proper
bijective morphism with () reduced and the property that for any ¢ € () the map on residue
fields k(f(q)) — k(q) is an isomorphism, and let A be the coherent sheaf of &p, -algebras
corresponding to (). Since F, is reduced the map

ﬁpo —>A

is injective, and we must show that it is also surjective. Let A be the pullback of A~t0 ]30.
Then A is a coherent sheaf of 0 -algebras with an X-action lifting the X-action on Fy. For
each w € X, let

jw . Pu.) — PO
be the inclusion. We construct an X-invariant morphism s : A— 0 5, such that the composite
map
~ s
Op —= A— Or,
is the identity. This will prove the seminormality of F,, for by the X-invariance the map s
descends to a morphism of algebras

5: A— Op,.
The kernel of this homomorphism is an ideal Z C A which is nilpotent since the map @) — F
is bijective. Since () is assumed reduced this implies that Z is the zero ideal.
To construct the map s, proceed as follows. For each w € ¥ let
iw: By — Py

be the inclusion. Let . C X be the subset of top-dimensional simplices, and choose an
ordering of .. We then have a map

d: H iw*ﬁPw - H iwﬂw’*ﬁPumwm

weY w<w ww'eS
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defined by sending a local section (£, ).c.» to the section of the product whose image in the
factor corresponding to w < W' is

gw"Pwm,/ - gw’me/'
Then a straightforward verification, using the grading on the ring R, shows that the natural
map
05, — Ker(0)
is an isomorphism of rings. To construct the map s it therefore suffices to construct compatible
maps from A to the 1,+Op,. 'To construct these maps, note that since P, is normal the
composite map

Spec(ifA)pea — Spec(i’ A) — P,
is an isomorphism, and hence we get maps
i:j — Op,
which define maps
A =i, Op,
which are clearly compatible.

Finally we need to verify that the zero locus of the section 0y € I'( Py, Ly) does not contain
any T-orbit. For this let L, be the pullback of Ly to P, and let 0, € I'(P,, L,) be the
pullback of #. Then it suffices to show that the zero locus of 6, in P, does not contain any
T-orbits. For this recall that we have

P, = Proj(k[C,]),
and L, is equal to Op,(1). Tt follows that
I'(P,, L,)

is isomorphic to the k-vector space with basis £®1 with 2 € w. In terms of this basis the
section 6, is by construction given by the sum of the elements a/(z)¢@Y. From this it follows
immediately that the restriction of 6, to any T-invariant subset of P, is nonzero.

Remark 4.3.1. The stack %Alex is not irreducible. Explicit examples illustrating this is
given in [4]. In [26] we gave a modular interpretation of the closure of 47, in 7Y which we
will describe in section 4.5 below.

4.4. Canonical compactification .27, C Eg and the second Voronoi compactification.

4.4.1. Let &/, denote the normalization of the closure of <7, in %Alex. We call <7, the
canonical compactification of 7, (in section 4.5 below we discuss a modular interpretation of

).

4.4.2. Consider again the lattice X of rank g, and the integral regular paving ¥ defined in
4.2.3. View ¥ as a category whose objects are the polytopes w € ¥ and in which the set of
morphisms w — 7 is the unital set if w C 7 and the empty set otherwise. We have a functor

P : > — Monoids
sending w to the monoid C,,. Taking the associated group we also obtain a functor

P8P : ¥, — Abelian groups
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by sending w to C8P. Consider the inductive limit
lim P*®P.
_)
For every w € ¥ define
P+ Cy — lim P#P
to be the composite map
C, — C% — lim P*P.
—)
Note that if n C w then the diagram
C,—C,
\ ipw
Pn
lim PsP
_)
commutes. In particular, the {p,} define a set map
p:P— h_r)n Per.
where P denotes the integral points of the cone
Cone(1, Xg) C R @ Xg.
Define _
Hy, C lim P®P
_)
to be the submonoid generated by elements of the form
p(p) +pla) = plp+4a), p.geP.
4.4.3. There is a natural action of X on R @ Xy given by
y* (a,x) := (a,ay + ).
Since the paving ¥ is X-invariant, this action induces actions of X on h_H)ngp, P, and ]:lg.
Let Hy, denote the quotient (in the category of integral monoids)
HE = ﬁE/X,
and let N
o HZ — HE
be the projection. For elements p,q € P define
pxq:=m(p(p) + plq) — p(p + q))-
By [26, 4.1.6] the monoid Hy, is finitely generated.
4.4.4. We have a monoid
P x HE

defined as follows. As a set, P x Hy, is equal to the product P x Hy, but the monoid law is
given by

(p,@) +(q,8) = (p+q.a+B+pxq).
With this definition we get a commutative integral monoid P x Hy,.
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There is a natural projection
PNHZ—>P7 (p,Oé)'_)p,
and therefore we get a grading on P x Hy, from the N-grading on P. The scheme

P := Proj(Z[P x Hy))
over Spec(Z[Hs)]) generalizes the scheme P in 4.2.5.

Lemma 4.4.5. There exists a morphism of monoids
h: HE — N

sending all nonzero elements of Hy, to strictly positive numbers. In particular, the monoid
Hy, is unit free.

Proof. Let

Gg: Ny X —-Q
be the function defined in 4.2.5. The function g is linear on each C,,, and therefore induces
a function

h: lim P#* — Q.
This function has the property that whenever p,q € P lies in different cones of ¥ then we
have

h(p(p) + p(a) — p(p + q)) > 0.
In particular, we get a morphism of monoids

Elﬁzﬁ(@zo

sending all nonzero generators, and hence also all nonzero elements, to Q-¢. Now observe
that if p = (d,z) and g = (e, y) are two elements of P, and if z € X is an element, then an
exercise using (4.2.3.1), which leave to the reader, shows that

hp(d, z+dz)+ ple,y+ez) — pld+e,z+y— (d+e)2)) = h(p(d, z) + p(e, y) — p(d+ e,z +)).

The map h therefore descends to a homomorphism

h . HE — on.
Now since Hy is finitely generated, we can by replacing h with Nh for suitable N assume
that this has image in N, which gives the desired morphism of monoids. U

4.4.6. In particular, there is a closed immersion
(4.4.6.1) Spec(Z) — Spec(Z[Hs))
induced by the map
Z[Hs]| — Z
sending all nonzero elements of Hy, to 0. Let Z[[Hx]] be the completion of Z[[Hyx]| with

respect to the ideal J C Z[Hy] defining this closed immersion. Let ¥ denote the spectrum
of Z[[Hs)]], and for n > 0 let ¥;,, denote the closed subscheme of ¥ defined by J"*1.

As before let T denote the torus associated to X. We define a compatible family of
projective schemes with T-action

(@na Lyn)
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over the schemes ¥, as follows. Let gz; denote the pullback of P to Y, and let L B, denote

the pullback of €5(1). Note that the scheme Py over Spec(Z) can be described as in 4.2.9
as the union of the toric varieties Spec(Z[C,]) for w € ¥, glued along the natural closed
Immersions

Spec(Z[C,]) — Spec(Z[C,))

for n C w. This implies in particular that the natural X-action on égn is free, and hence
we can form the quotient of (P,, L @fn) to get a compatible system of projective schemes

{(Z,,Ly,)} over the ¥,
There is a T-action on @J defined as follows. For this note that the inclusion
P—7ZdX

induces an isomorphism P8P ~ 7Z @ X, so the projection P — N defines a morphism of
monoids

P x HZ — 7 b X.
This defines an action of G,, x T on the affine scheme
Spec(Z[P x Hy)).
Since
P = (Spec(Z[P x Hy)) — {zero section})/G,,
we therefore get an action of 7' on 2. By construction this action commutes with the
X-action, and hence we get also compatible actions of T" on the &Z,.

Each of the line bundles L4, is ample on 2, so by the Grothendieck existence theorem
the compatible system {(Z,, L»,)} is induced by a unique projective scheme &/% with
ample line bundle L 5.

If f: & — ¥ is the structure morphism, then f,L is a locally free sheaf of rank 1 on
¥ whose formation commutes with arbitrary base change (this follows from cohomology and
base change and [5, 4.4]). If we choose a nonzero global section § € f.L», we then get a
compatible family of objects

(T7/n> gzna L<@n7 en) S %Alex(ﬁ%
which induce a morphism
(4.4.6.2) Spec(¥) — @M.

We conclude that there exists a semiabelian scheme G/¥ with abelian generic fiber and closed
fiber T which acts on & such that

(G7 :@7 Lrgz7 6)
defines a point of 7M™ (¥).

Remark 4.4.7. The above discussion is a bit circular, and it would be better to construct
G using the theory of degenerations discussed in [8, Chapters II and III]. In fact, this theory
enters into the construction of %Alex.
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4.4.8. Let H$" denote the saturation of the monoid Hy, and let 7" denote the fiber product
Vo = ¥ Xpee(zis]) SPec(Z[H"]).
Note that the map
Z[Hs] — Z[H3"]
is finite so the coordinate ring of the affine scheme ¥ is J-adically complete.

Let <7, denote the normalization of the scheme-theoretic closure of 7, in %Alex (below we
shall give a modular interpretation of this stack). Then the map (4.4.6.2) induces a map

(4.4.8.1) VR o,

since ¥ is normal and the restriction of (G, %, L, ) to the generic fiber of ¥ defines
a point of 7.

This map (4.4.8.1) is étale (a more general result is given in [26, 4.5.20]).

4.4.9. The relationship between Hy, and quadratic forms is the following. Consider the exact
sequence

(4.4.9.1) 0 — H® — (P x Hy)® — P® — (.
Now by the universal property of the group associated to a monoid, we have
HE = (Hs/X)® = (HE)/X.

In particular, the long exact sequence of group homology arising from (4.4.9.1) defines a
morphism

(4.4.9.2) Hy (X, P®) — Hy(X, HE) = HE.
Now we have a short exact sequence of groups with X-action
0—-X— P -7 —0,

where the inclusion X < P®P is the identification of X with the degree 0 elements of P#P,
and the X-action on X and Z is trivial. We therefore obtain a map

Hl(Xu Z) ®X — HI(X7 ng)a
and hence by composing with (4.4.9.2) a map
H(X,Z)® X — HZ.

Now as explained in [26, 5.8.4] there is a natural identification of H;(X,Z) with X, and hence
we get a map

X®X — HS.
As explained in [26, 5.8.8] this map is equal to the map sending x @ y € X ® X to
(Lx+y)(1,0) = (1,2)* (1,y).
In particular, the map is symmetric and therefore defines a map
7:5°X — HE.
By [26, 5.8.15] this map induces an isomorphism after tensoring with Q.
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4.4.10. In particular we get an inclusion
Hom(Hy, Qs) — Hom(S*X, Q)

of the rational dual of Hy into the space of quadratic forms on X. By [26, 5.8.16] this
identifies the cone Hom(Hy, Q) with the cone

U(X) C Hom(S*X, Q)
of positive semidefinite quadratic forms whose associated paving is coarser than the paving

3.

4.4.11. As we now discuss, this description of Hy leads naturally to the second Voronoi
decomposition of the space of quadratic forms. As explained in [24, Part I, 2.3] there exists a
unique admissible cone decomposition ¥V of C'(X) (notation as in 4.1.1), called the second
Voronoi decomposition, such that two quadratic forms B, B’ € C(X) lie in the same o € ¥V
if and only if the pavings of Xk defined by B and B’ as in 4.2.3 are equal. This paving is
known to be smooth if g < 4, but for g > 4 is not smooth (see [5, 1.14]. Let

Vor
g
denote the corresponding toroidal compactification over C.

4.4.12. If V is a complete discrete valuation ring and
p:Spec(V) — ¥

is a morphism sending the closed point of Spec(V') to a point in ¥; and the generic point to
the open subset of ¥ over which G is an abelian scheme, then the pullback of G to V' defines
by the discussion in 3.2.8 a quadratic form

B,: S2X — Q.
It follows the construction that this quadratic form is equal to the composite map

val

52X —> H® " K+ 7.

In particular, it follows from 4.1.7 that the inclusion
% c = %Vor
extends to some neighborhood of the image of 7 in &/, c.

A similar description of the versal deformation space of partial degenerations (as discussed
in [26, §4.5]), and again using 4.1.7, shows that in fact the inclusion o7 ¢ C %Vor extends to
a morphism of stacks

(4.4.12.1) T g — )
4.4.13. The local description of the map 7 is the following.

Let #¢ denote the spectrum of the completion of C[Hyx] with respect to the morphism to
C defined by (4.4.6.1), and let ¥ denote the base change

Ve Xspee(clty)) SPec(CIHE).
Consider the composite map

sat 7 Vor
Ve > g % :
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Let Q C S?X be the cone of elements ¢ € S?X such that for every B € U(X) we have
B(q) = 0.

Note that by 4.4.10 we have a natural inclusion
Q — HE".

Let # denote the spectrum of the completion of C[Q] with respect to the kernel of the
composite map

ClQ] — CIHF"] — CHE"]/J™,

where J* C C[H$"] is the ideal induced by J C C[Hx]. The inclusion Q — H*" induces a
map

/\:”/{Csat—WW.

4.4.14. By construction of the toroidal compactification %Vor we then have a formally étale
map

Vor
W —

and it follows from the construction of the toroidal compactification (see [8, Chapter IV, §3])
that the resulting diagram

A
4/<Csat W

]

- Vor
Ay %
commutes.

4.4.15. This implies in particular that in a neighborhood of any totally degenerate point of
o/ ,c the map (4.4.12.1) is étale locally quasi-finite, whence quasi-finite. A suitable gener-
alization of the preceding discussion to the partially degenerate case, gives that in fact that
map (4.4.12.1) is a quasi-finite morphism. This together with the fact that %Vor is normal
implies that the map (4.4.12.1) identifies <7 with the relative coarse moduli space of the
morphism (4.4.12.1), in the sense of [2, §3].

This implies in particular that the map (4.4.12.1) induces an isomorphism on coarse moduli
spaces.

The map (4.4.12.1) is not, however, in general an isomorphism. This can be seen from
the fact that the map @) < H$" is not in general an isomorphism. The stack </, has some
additional “stacky structure” at the boundary.

4.4.16. Granting that one has also a toroidal compactification of 7, over Z with respect to
the second Voronoi decomposition over Z (this is known if g < 4), the preceding discussion
applies verbatim over Z as well. Here one can see the difference between Eg and %Vor even
more clearly, for while %Vor is a Deligne-Mumford stack, the stack Eg is only an Artin stack
with finite diagonal, as the stabilizer group schemes in positive characteristic may have a
diagonalizable local component.
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4.5. Modular interpretation of Eg,

4.5.1. The key to giving Eg a modular interpretation is to systematically use the toric nature
of the construction in 4.4.6 using logarithmic geometry. We will assume in this section that
the reader is familiar with the basic language of logarithmic geometry (the basic reference is

[16]).
4.5.2. Consider again the family

f: P2 =Y
constructed in 4.4.6. The natural map

HZ i ﬁ'y/

defines a fine log structure My on M. Moreover, there is a fine log structure M on Z and
a morphism

oMy — M5
such that the induced morphism of fine log schemes
(f, f*) (P, Mz) — (¥, My)
is log smooth. Moreover, the T-action on 2 extends naturally to a T-action on the log

scheme (&2, M) over (¥, My).

This log structure Mz can be constructed as follows. The scheme P is equal to the
quotient of

Spec(Z[P x Hy]) — {zero section}

by the action of G,, defined by the N-grading on P x Hx,. The action of G,, extends naturally
to an action on the log scheme

(Spec(Z[P x Hy)),log structure associated to P x Hy, — Z[P x Hy)])
over the log scheme
(Spec(Z[Hs)), log structure associated to Hy, — Z[Hs)).
Passing to the quotient by this G,,-action and base changing to ¥, we therefore get the map

(f, f%) : (P, M5) — (¥, My).

Note that the X-action on & extends naturally to an action of X on the log scheme (ﬁ M)
over (¥, My). In particular, base changing to 7;, and passing to the quotient by the X-action
we get the log structure M4, on &2, and a morphism of log schemes

(4.5.2.1) (P, My ) — (Yo, My,).

4.5.3. Let H$ be the saturation of Hy, and let ¥ be as in 4.4.8. Define Mysa to be the
log structure on ¥*** defined by the natural map

H;at — ﬁ"ysat
so we have a morphism of log schemes

(oj/sat’ Ma//sat) - (V, Mﬂ//)
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If ¥ denotes ¥ x4 ¥;,, then we get by base change a compatible collection of morphisms
(gzzat, M@%at) — (7/nsat, My/ﬁat)
from the collection (4.5.2.1).

4.5.4. If k is a field, define a totally degenerate standard family over k to be a collection of
data
(M, T, f : (P, Mp) — (Spec(k), M), Lp)

as follows:

(1) My is a fine saturated log structure on Spec(k);

(2) T is a torus over k of dimension g;

(3) f: (P,Mp) — (Spec(k), M) is a log smooth morphism with P/k proper, together
with a T-action on (P, Mp) over (Spec(k), My,).

(4) Lp is an ample line bundle on P such that H°(P, Lp) has dimension 1.

(5) The data is isomorphic to the collection obtained from the closed fiber of the family
constructed in 4.5.3.

More generally, as explained in [26, §4.1] given a semiabelian scheme G/k with toric part
X, a paving of X corresponding to a quadratic form etc., there is a generalization of the
preceding construction which gives a fine saturated log structure My on Spec(k) and a log
smooth morphism

f : (P7 MP) - (Spec(k’),Mk),
where P/k is proper, and G acts on (P, Mp) over (Spec(k), My). Moreover, the construction
gives a line bundle Lp on P which is ample and such that H°(P, Lp) has dimension 1. We
define a standard family over k to be a collection of data
(Mk, G, f . (P, Mp) — (Spec(k‘), Mk;), Lp)
obtained in this way (so the G-action on (P, Mp) is part of the data of a standard family).

For an arbitrary scheme S define 7 ,(S) to be the groupoid of collections of data
(4.5.4.1) (Ms,G, f: (P,Mp) — (S, Mg), Lp)
as follows:

(1) Mg is a fine saturated log structure on S.

(2) G/S is a semiabelian scheme of dimension g.

(3) f:(P,Mp) — (S, Ms) is a log smooth morphism with P/S proper.
(4) Lp is a relatively ample invertible sheaf on P.

(5) For every geometric point § — S, the collection of data over s

(Ms, Gs, f5: (P, Mp,) — (5, M5), Lp,)
obtained by pullback, is a standard family in the preceding sense.
By definition a morphism
(Ms, G, f: (P,Mp) — (S, Ms), Lp) — (Mg, G', f: (P", Mpr) — (S, Mg), Lp)
between two objects of ?g consists of the following data:

(1) An isomorphism o : M§ — Mg of log structures on S.
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(2) An isomorphism of fine log schemes
g :(P,Mp)— (P',Mp)
such that the square
(P, Mp) —"= (P', Mp)

g |

(id,o)
(S, Mg) —— (9, ML/S')
commutes.
(3) An isomorphism 7 : G — G’ of semiabelian group schemes over S such that the

diagram

G X (P, Mp) 2% (P, Mp)

J/TX& i&

G' x5 (P, Mp/) 222 (P Mpr)

commutes.

(4) A : 6*Lp — Lp is an isomorphism of line bundles on P.

In particular, for any object (4.5.4.1) of 7 4(S) and element u € G,,(S) we get an auto-
morphism of (4.5.4.1) by taking ¢ = id, ¢ = id, 7 = id, and A equal to multiplication by
u.

With the natural notion of pullback we then get a stack ?g over the category of schemes,

together with an inclusion
Gm — fyg

of G,, into the inertia stack of .7,. One of the main results of [26] is the following;

Theorem 4.5.5 ([26, 4.6.2]). The stack 7, is algebraic and there is a natural map 7, — &,
identifying < ; with the rigidification of 7, with respect to the subgroup G, of the inertia
stack.

4.5.6. In fact the map ?g — Eg has a section. Consider the stack Elg whose fiber over a
scheme S is the groupoid of data

(Ms, G, f: (P, Mp) — (S, Ms), Lp,0),
where
(Ms, G, f: (P,Mp) — (S,Ms), Lp) € T ,(S)
is an object and 6§ € f.Lp is a section which is nonzero in every fiber. So E; is the total
space of the G,,-torsor over .7, corresponding to the line bundle defined by the sheaves f,Lp
(which are locally free of rank 1 and whose formation commutes with arbitrary base change).
Then it follows, by an argument similar to the one proving 2.3.5, that the composite map
7
is an isomorphism. So Eg can be viewed as the stack whose fiber over a scheme S is the
groupoid of collections of data

(M57Gaf : (Pa MP) - (Sa MS)aLPa‘g)
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as above. In particular, from the log structures Mg in this collection, we get a natural log
structure Mz on </ ¢, whose open locus of triviality is the stack .«7.

5. HIGHER DEGREE POLARIZATIONS

5.0.7. One advantage of the approach to gg using ?g and rigidification is that it generalizes
well to higher degree polarizations and moduli spaces for abelian varieties with level structure.

Fix an integer d > 1, and let 7, 4 be the stack of abelian schemes of dimension g with
polarization of degree d. Let .7, 4 be the stack defined in 2.3.9, so that .27, ;4 is the rigidification
of <7, ; with respect to the universal theta group ¢ over .7, 4. To compactify &7 4, we first
construct a dense open immersion .7, 4 — ?g,d and an extension of the universal theta group
over .7, 4 to a subgroup G C j?g,d’ and then E%d will be obtained as the rigidification of

T 4.4 With respect to &. Though the stack 7,4 is not separated, it should be viewed as a
compactification of .7 4 as it gives a proper stack o7, 4 after rigidifying.

5.1. Standard families.

5.1.1. To get a sense for the boundary points of ?gyd, let us again consider the case of
maximal degeneration. Let V' be a complete discrete valuation ring, S = Spec(V'), and let
G/V be a semiabelian scheme over V' whose generic fiber G, is an abelian variety and whose
closed fiber is a split torus T'. Let X denote the character group of 7. Assume further given
a polarization
NGy — G%

of degree d. In this case we again get by 3.2.8 a quadratic form on Xgp = Yp, where Y is as
in 3.2.5. Note that in this case we only get a quadratic function

A: X —Q,
but after making a suitable base change of V' we may assume that this function actually takes
values in Z. We then get a paving > of Xy by considering the convex hull of the set of points

{(z,A(x))|r € X} C Xr @ R.

Just as before we get a paving ¥ of Xg and we can consider the scheme

P — Spec(V)
defined in the same way as in 4.2.5. The main difference is that now we get an action of Y on
P as opposed to an action of X. Taking the quotient of the reductions of Y by this Y-action,
and algebraizing as before we end up with a projective V-scheme P/V with G-action and an
ample line bundle Lp on P, such that the generic fiber P, is a torsor under G, and the map

G, — G%

defined by the line bundle Lp is equal to .

5.1.2. The construction of the logarithmic structures in 4.5.2 also generalizes to the case
of higher degree polarization by the same construction. From the construction in 4.5.2 we
therefore obtain candidates for the boundary points of ?g,d over an algebraically closed field
k as collections of data

(My,, G, f: (P,Mp) — (Spec(k), My), Lp),
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where

(1

) M is a fine saturated log structure on Spec(k).

) fis a log smooth morphism of fine saturated log schemes such that P/k is proper.

) G is a semiabelian variety over k which acts on (P, Mp) over (Spec(k), My).

) Lp is an ample line bundle on P.

) This data is required to be isomorphic to the data arising from a paving ¥ of Xy
coming from a quadratic form as above.

(2
(3
(4
(5

We call such a collection of data over k a standard family. More generally, there is a notion
of standard family in the case when G is not totally degenerate (see [26, §5.2] for the precise
definition).

Over a general base scheme S we define ?g,d(s ) to be the groupoid of collections of data

(MSvGaf : (P7 MP) - (87 Ms),Lp),

)
) f is a log smooth morphism whose underlying morphism P — S is proper.
) G/S is a semiabelian scheme which acts on (P, Mp) over (S, Mg).

) Lp is a relatively ample invertible sheaf on P.
) For every geometric point § — S the pullback

(M§7 GEa f§ : (P§7 MPg) - (57 ME)’ LPg)
is a standard family over s.

With the natural notion of pullback we get a stack .7, 4 over S.

Theorem 5.1.3 ([26, 5.10.3]). The stack 7,4 is an algebraic stack of finite type. If Mz

denotes the natural log structure on 7 , 4, then the restriction of (7,4, Mz ) to Z[1/d] is
log smooth. ‘

5.2. The theta group.
5.2.1. The stack ?gd is not separated, but it does have an extension of the theta group.

Namely, for any objects
S = (Ms,G, f: (P,Mp) — (S, Ms),Lp) € T ya(S)
over some scheme S, define
9 . (S-schemes)®” — (Groups)

to be the functor which to any S’/S associates the group of pairs

(0,0,
where
p: (Ps,Mp,) — (Ps, Mp,,)
is an automorphism of log schemes over (S’, Mg/) (where Mg is the pullback of Mg to Mg/),
and
t:p*Lp, — Lp,
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is an isomorphism of line bundles. We call ¢4y the theta group of ..
Note that there is a natural inclusion
1: G, — Y
sending a unit u to the automorphism with p = id and ¢+ multiplication by wu.

Theorem 5.2.2 ([26, 5.4.2]). The functor 9 is representable by a flat group scheme over S,
which we again denote by Y. The quotient of G5 by G,, is a finite flat commutative group
scheme H o of rank d>.

5.2.3. So we have a central extension
1-G,, 2% — Hy — 1,
with Hg commutative. We can then define a skew symmetric pairing
e:Hy x Hy — Gy,

by setting
e(r,y) =g 'y " € Gy,

where 7, €9, are local lifts of x and y respectively. We call this pairing on H the Weil
pairing. It is shown in [26, 5.4.2] that this pairing is non-degenerate.

5.3. The stack E%d.

5.3.1. The theta groups of objects of ?g,d define a flat subgroup scheme
g — j?g 4

of the inertia stack of 7,4, and we define

o g4
to be the rigidification of ?g,d with respect to ¢.

Theorem 5.3.2 ([26, §5.11)). (i) The stack </, 4 is a proper algebraic stack over Z.

(ii) The log strucﬁn’e M?g,d on ?gd descends uniquely to a log structure M;g’d on E%d.
The restriction of ( ga, Mz ) to Z[1/d] is log smooth.

(iii) The natural inclusion oy q — o 44 is a dense open immersion and identifies <7, 4 with
the open substack of % ;4 where Mgg , s trivial.

(iv) The finite flat group scheme H = 94 |G, with its Weil pairing e descends to a finite
flat group scheme with perfect pairing (still denoted (€, e)) on 4. The restriction of F
to a7y q 1s the kernel of the universal polarization

A X — X!

on the universal abelian scheme X/, 4.
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5.4. Moduli spaces for abelian varieties with level structure.
Theorem 5.3.2 enables one to give compactifications for moduli spaces of abelian varieties

with level structure. We illustrate this with an example.

5.4.1. Let g > 1 be an integer, let p be a prime, and let <7 (p) denote the stack over Z[1/p]
which to any scheme S associates the groupoid of pairs

(AN z:S5— A,
where (A, \) is a principally polarized abelian variety of dimension g, and x € A(S) is a point

of exact order p.

Note that if
X(p] —
denotes the p-torsion subgroup of the universal principally polarized abelian scheme over o7,
then o7, (p) is equal to the restriction to Z[1/p] of the complement of the zero section of X [p]
(which is finite over 7,[1/p] since the restriction of X|p| to .o7,[1/p] is finite étale). So we

can view the problem of compactifying 7 (p) as a problem of compactifying the universal
p-torsion subgroup scheme over 7.

5.4.2. For this note first that if (A, \) is a principally polarized abelian scheme over a scheme
S, then the p-torsion subgroup Alp| is the kernel of

pA: A — A

Let
J o y[1/p] — oy pa(1/D]

be the map sending (A, A) to (A,pA). By 2.3.12 this map is an open and closed immersion,
and if

n: X — X'

denotes the universal polarization over 7, ,0[1/p| then the universal p-torsion subgroup over
</y[1/p] is the restriction of the finite étale group scheme

Ker(n) — 0(1/p].
5.4.3. Let
% — Eg’pg

be the finite flat group scheme discussed in (5.3.2 (iii)). The rank of # is p*, so its restriction
H[1/p| to 4 ,e[1/p] is a finite étale group scheme of rank p??, whose restriction to <7, ,q[1/p]
is Ker(n). We then get a compactification of .27, (p) by taking the closure of o7, (p) in the

complement of the identity section in #°[1/p]. Since #[1/p] is finite étale over o7, 0 the

resulting space 7 (p) is finite étale over o7, ,4[1/p], and in particular is proper over Z[1/p]
with toric singularities.
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