INTEGRAL MODELS FOR MODULI SPACES OF G-TORSORS

MARTIN OLSSON

1. INTRODUCTION

The work in this paper is a generalizations to higher dimensions of a particular application
of the Abramovich-Vistoli theory of twisted stable maps [AV] (and its ‘tame version’ of
Abramovich-Olsson-Vistoli [AVO2]).

Let us begin by reviewing how the Abramovich-Vistoli theory gives compactifications of
moduli spaces for curves with (possibly non-abelian) level structure.

1.1. Let C'/S be a smooth proper curve of genus g over a scheme S, and let P be a finite set
of prime numbers which includes all residue characteristics of S. For any section s : S — C
we then obtain, as in [DM, 5.5], a pro-object m1(X/S,s) in the category of locally constant
sheaves of finite groups on S whose fiber over a geometric t — S is equal to the maximal
prime to P quotient of m1(Cy, sg).

Now let GG be a finite group of order not in P. Let s om®™*(m(X/S, s), G) denote the sheaf
of homomorphisms 7 (X/S,s) — G modulo the action of m1(X/S,s) given by conjugation.
Then the sheaf JZom®™* (71 (X/S, s),G) is a locally constant sheaf on S which is canonically
independent of the section s. It follows that for any smooth proper curve C'/S of genus g
there is a canonically defined sheaf J#om®™*(mw(X/S),G) even when C/S does not admit a
section. Following [DM, 5.6], we define a Teichmiiller structure of level G on C'/S to be a
section of JZom™(m(X/S), ), which étale locally on S can be represented by a surjective
homomorphism 7 (X/S,s) — G for a suitable section s. As in [DM, 5.8] we define ¢.#, to
be the stack over Z[1/|G|] which to any Z[1/|G|]-scheme S associates the groupoid of pairs
(C/S,0), where C'/S is a smooth proper genus g curve and o is a Teichmiiller structure of
level G.

1.2. The space g.#, is connected with the Abramovich-Vistoli theory as follows. Let C/S
be a curve as above, and fix a section s : S — C. Let ¢.%,° denote the stack over Z[1/|G]]
which to any Z[1/|G|]-scheme S associates the groupoid of principal G-bundles P — C', such
that for every geometric point ¢ — S the fiber P; — C7 is connected. The choice of the
section s enables us to describe the stack ¢ as follows. For any object P — C of .27,

the pullback s*P is a G-torsor with action of m (X/S,s) on S. Etale locally on S we can
choose a trivialization § : S — s*P of the G-torsor s*P, and such a trivialization defines a
homomorphism

m(X/S,s) — G.

The assumption on the connectedness of the geometric fibers P; implies that this map is
surjective. It follows that the conjugacy class of the homomorphism 71(X/S,s) — G is

independent of the choice of 5 and also independent of the section s. In this way we obtain
1
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a morphism

(1.2.1) GHE = oM.

g

This is in fact a morphism of stacks over .#, (the moduli stack classifying genus g curves), and
a straightforward verification, which we leave to the reader, shows that this maps identifies
c M, with the relative coarse moduli space, in the sense of [AVO?2, §3], of a Xy — My

On the other hand, the category of G-torsors over a smooth genus g-curve C'/S is equiv-
alent to the category of morphisms C' — BG. Therefore the theory of twisted stable maps
developed in [AV] gives a natural compactification g%, of ¢%,° over Z[1/|G|]. Forgetting

the G-torsor defines a morphism ¢.#; — .#, extending 1.2.1, and therefore by passing to
the associated relative coarse moduli space over .# , we obtain a compactification of ¢.#,.

1.3. It is natural to ask for an extension of the stable map spaces ¢.%#, to schemes where |G|
is not invertible. This appears intractable in general, but as explained in [AVO2] if G is a
tame group scheme, as defined in loc. cit., then one can indeed develop a theory of twisted
stable maps and the resulting moduli spaces ¢.#; are proper.

An interesting case to consider here is the case of G = pu, for some integer n. This
group scheme is tame, and so we obtain a proper moduli space ,, %, over Z classifying fi,,-
torsors over twisted curves. The substack ,,.%° C ,, %, classifies smooth curves C'/S with
a pp-torsor P — (. Giving such a torsor P is in turn equivalent to giving a pair (L, ),
where L is a line bundle on C' and ¢ : L®" — O is an isomorphism. As before there is
a projection ,, #;° — .#, and since the automorphism group of any pair (L,t) as above is
canonically isomorphic to pu, acting on L, it follows that the relative coarse moduli space
of ,, 2, — My is equal to the n-torsion subgroup scheme of the Jacobian of the universal
curve over .#,. Therefore the spaces ,,.%; enable one to obtain proper models over Z of the
n-torsion subgroup of the universal Jacobian. In the case g = 1, a discussion of the models
obtained in this way and their relationship with the Katz-Mazur regular models for moduli
spaces of elliptic curves with level structure is given in [AVO2, §6].

1.4. The aim of this paper is to generalize the spaces ¢, to moduli spaces for G-torsors on
higher dimensional varieties. The setup is the following. We consider a flat proper morphism
of schemes f : X — S (or more generally algebraic stacks) which is semi-stable in a suitable
sense (see 7.1 for the precise assumptions). The semistability assumption implies in particular
that f extends canonically to a morphism of log schemes (X, Mx) — (S, Mg) for certain log
structures Mx and Mg on X and S respectively. For a tame group scheme G/S we then
construct a proper S-stack ¢ #x,s whose restriction to the open subset S° C .S where X — §
is smooth is simply the moduli stack of G-torsors on X° := X xg 5°.

In the case when S = %g and X is the universal curve over %g, we obtain the spaces of
stable maps ¢.J7;.

In general, the object of ¢.#%,s at the boundary can be described as follows. The key
observation is that to any simple extension of log structures j : Mg < Ng on S (see 2.1 for
the precise definition) there is an associated tame stack Z; — X. The stack ¢ #x/s is the
stack which to any S-scheme g : T'— § associated the groupoid of pairs

(j:g*MSc_)NTa P_></{m//])7
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where j is a simple extension with associated tame stack 2, — X xg T, and P — % is
a G-torsor. Furthermore this data is required to satisfy a suitable stability condition (see
section 7). Let us summarize the main properties here:

Theorem 1.5. (i) The stack ¢ #x s is a proper algebraic stack over S with finite diagonal.
(ii) The stack ¢ Hxs is tame.

Remark 1.6. If the connected component of the identity in the relative Picard functor Picy ¢
of X/S is smooth over S, then ¢ %5 /s 1s flat over S with local complete intersection fibers.
This follows from the same argument used in [AVO2, §5].

Remark 1.7. The assumptions on X — S imply that the morphism X — S is cohomologi-
cally flat in dimension 0 and therefore Picy ¢ is an algebraic space [Ar, 7.3].

1.8. Acknowledgements: The author is grateful to Dan Abramovich and Angelo Vistoli
for helpful conversations. The author was partially supported by NSF grant DMS-0714086,
NSF CAREER grant DMS-0748718, and an Alfred P. Sloan Research Fellowship.

1.9. Conventions: We assume the reader is familiar with the basic of logarithmic geometry
in the sense of Fontaine and Illusie (see for example [Ka] or [Og]). In this paper we only
consider fine log structures, and therefore usually omit the adjective “fine”.

2. STACKS ASSOCIATED TO SIMPLE EXTENSIONS.

2.1. In general if Z is a scheme and h : M — N is a morphism of fine log structures on Z
we say that h is logarithmically semistable if for every geometric point z — Z there exists
isomorphisms M; ~ N" and N; ~ N"*% such that the map M; — N is given by

(2.1.1) 6 { €; ifi #r

€r F €1+ F Erys if’iZT,
where e; denotes the i-th standard generator of N".

We say that h is a simple morphism if for every geometric point z — Z there exists
isomorphisms M; ~ N" and N; ~ N" for some integer r such that the morphism M; — N:
is given by

(2.1.2) N — N, e+ a;-e;
for some collection of natural numbers a4, ...,a, € N.

2.2. Let f : (X,Mx) — (S,Ms) be a log smooth morphism with underlying morphism
X — S proper. Assume further that the map of log structures f*Mg — My is logarithmically
semistable. This implies that for every geometric point £ — X, with image in the singular
locus of the morphism X — S, there exists a unique irreducible element in M& f(z) Whose
image in M x z is not irreducible. In this way we obtain for every geometric point 5§ — S a
set map
{singular points of X3} — {irreducible elements in Mg}

The morphism f : (X, Mx) — (S, Ms) is special and essentially semistable if for every
geometric point § — S this map induces a bijection between the connected components of
the singular locus of X5 and the set of irreducible elements in MS7§.
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2.3. Let f: (X, Mx) — (S, Mgs) be a log smooth proper special and essentially semistable
morphism. For a simple morphism j : Mg < Ng of fine log structures on S we define an
algebraic stack X; over X as follows. For any X-scheme ¢ : Y — X define &;(Y) to be the
groupoid of commutative diagrams of fine log structures on Y

g*Mx —— Ny

T j

g* f* Mg —— g* f* N,

where a is a simple morphism and b is logarithmically semistable.

2.4. In local coordinates the stack & can be described as follows. First of all, as discussed
in [O], 2.2] and [MO, 3.4] we can étale locally on S and X find a diagram of charts

where h is given by the formula 2.1.1 and a denotes the map 2.1.2 for a = (ay,...,a,). Let
Xg . Nr+s N Nr+s

denote the map given by

e — ae;, 1<r
and

e;— are;, 1>T.

We then have a commutative diagram

(241) Nr+s £> N7+
P
N" e N”.

Let A denote the kernel of the map of group schemes

1t = tar (Covee i G = Goe G
1=0

The commutative square 2.4.1 defines a morphism
§ 5 ZIN' @iz ZIN) — ZNH],
The group scheme A acts on Spec(Z[N"#]) over
Spec(Z[N'] ®qzpryn ZIN]).
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If we write Z[z1, ..., zy1s) for ZIN"*%] then ((p,...,{s) € A acts by
zi— oz (<), zi— Gz (P2>7).
Lemma 2.5. The stack X; is isomorphic to the fiber product of the diagram

(2.5.1) [Spec(Z[N"¢])/A]

|

X — SpeC(Z[NT’] ®Q,Z[NT},h Z[NT+S]).

Proof. Let 8§ denote the fiber product of the diagram 2.5.1. By [Ol4, 5.20] the stack 8§
is isomorphic to the stack which to any scheme g : Y — X associates the groupoid of
commutative diagrams of fine log structures

(2.5.2) g My —* = Ny

| |

g"f*Ms —— g* f*Ns,

together with a morphism 7 : N"** — Ny which locally on Y lifts to a chart and such that
the diagram

(253) Nr—l—s — Nr+s
X B a \_
h g My Ny
4 wb
N —— (fg9)~'Ms (fg)~'Ns

IS}

commutes. Note that the commutativity of 2.5.3 implies that the square 2.5.2 defines an
object of Z;(Y"). We therefore obtain a morphism of stacks

S — Z;

over X. Furthermore, to prove that this is an equivalence it suffices to show that for any
square 2.5.2 over g : Y — X defining an object of Z;(Y) there is a unique morphism
7 : N'** — Ny which locally lifts to a chart and such that the diagram 2.5.3 commutes. By
the definition of 2 for any geometric point § — Y there exists such a map 7: N — Ny,g,
and by spreading out we obtain the map 7 in some étale neighborhood of 3. On the other
hand, the map 7 is clearly unique as the cokernel of y, : Nt — N"*¢ is torsion and Ni? is
torsion free. Therefore these locally defined maps 7 glue to a unique global map. U



6 MARTIN OLSSON

3. A DESCRIPTION OF (G-TORSORS.

It was shown in [AVO, 2.20] that if G/S is a finite flat tame group scheme, then étale
locally on S the group G can be written as an extension

1-A—-G—H-—>1,

where A is a diagonalizable group scheme and H is an étale group scheme of order invertible
in S (a tame étale group scheme). In what follows, when studying G-torsors it will often be
convenient to reduce problems to the diagonalizable and tame étale cases separately. To this
end, we discuss in this section some generalities about G-torsors for G an extension as above.

3.1. Let S be a scheme, and let G/S be a finite flat group scheme which sits in an extension
of group schemes
1-A—-G—H-—>1,

where A is diagonalizable and H is constant. Let X be the character group of A. For a
G-torsor P over S let P denote the quotient P/A, which is an H-torsor.

Since A is abelian the conjugation action of G on A descends to an action
p: H — Aut(A).

For h € H the map p, : A — A sends a local section § € A to hdh™', where h € G is a
(local) lifting of h.

3.2. For h € H, let Q) denote the sheaf of liftings of h to G. Then @, is a (A, A)-bitorsor
through the left and right translation actions.

For a A-torsor P let Q;, A P denote
Qn NP :=Qy x P/ ~,
where ~ is the equivalence relation
(a.p) ~(q67",0p), ¢€Qn, pEP, €A

The space @, A P is a A-torsor with § € A acting by

6 (¢,p) = (0¢,p).
Note that there is a canonical isomorphism of torsors

Qn N Qn = Qun,
for h,h' € H.

3.3. Define € to be the category whose objects are collections of data
(F,P — P, {Xnthem),

as follows:

(1) P is an H-torsor over S.
(2) P is a A-torsor over P.
(3) For each h € H
Xn:Qn NP — h'P

is a morphism of A-torsors over P.
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(4) For any two elements h, h' € H the diagram

(3.3.1) Quw A (Qn A P) > Qu ANR*P
Qw ANQ, NP h*(Qw A P)

F

Qun AP —" = (W'h)*P
commutes.

3.4. There is a functor
F : (G-torsors over S) — €

defined as follows.
Given a G-torsor P let F(P) be the object of € given by P and the maps
Xn:Qn NP — h*P
given by the map
QnxP—P

provided by the action of G on P. Then one verifies immediately that (P, P — P,{x,}) is
an object of €.

Proposition 3.5. The functor F is an equivalence of categories.

Proof. Given an object (P, P — P,{x;}) the space P inherits an action of G’ by noting that
G=1]@n
heH

and therefore the maps
Xh - Qh xP— P

define a map
Gx P — P.

We leave to the reader the verification that this action makes P a G-torsor, and that we
obtain a quasi-inverse to F'. O

Proposition 3.6. Let T' be a reqular scheme, and let T° C T be an open subset with
codim(T\T°,T) > 2. Let G/T be a tame group scheme. Then the restriction functor

(3.6.1) (G-torsors over T)) — (G-torsors over T°)

is an equivalence of categories.

Proof. In the case when G is an étale group scheme this follows from [SGA1, X.3.3].

In the case when G is diagonalizable the result can be seen as follows. The scheme G is
isomorphic to a finite product of group schemes of the form p,, so it suffices to consider the
case when G = p,. In this case the category of G-torsors is equivalent to the category of
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pairs (L, ¢), where L is a line bundle and ¢ is a trivialization of L™. The result in this case
therefore follows from the fact that the restriction functor

(line bundles on T') — (line bundles on 7°)
is an equivalence of categories.

For the general case, we may work étale locally on T', and may therefore assume that there
exists a short exact sequence
1-A—-G—-H-—>1,

where A is diagonalizable and H is étale.

Let € (resp. €°) be the category defined in 3.3 with S = T (resp. S = T°). Then it
suffices to show that the restriction functor

R:¢ —%°
is an equivalence. For the essential surjectivity, let
(P, P°— P {xn}) €¢°
be an object. By the case of an étale group scheme, P° extends uni%loely to an H-torsor
P — T. Now by the case of a diagonalizable group scheme applied to P C P the A-torsor

P° — P° extends uniquely to a A-torsor P — P, and furthermore the maps yj, also extend
uniquely. The resulting collection of data

(1_37 P— Fa {Xh})

defines an object of € as the commutativity of 3.3.1 can be verified after restricting to 7°.
This proves the essential surjectivity of R.

The full faithfulness is shown similarly. O

For later use, let us also record the following mild generalization of 3.6:

Corollary 3.7. Let 2 be a regular algebraic stack over a base scheme S, and let Z'° C X
be an open substack with complement of codimension > 2. Then for any tame group scheme
G over S the restriction functor

(G-torsors over Z°) — (G-torsors over Z°)
1s an equivalence of categories.
Proof. Let T'— 2 be a smooth surjection, and let T° C 2" be the inverse image of 2°. By

descent theory the category of G-torsors over 2~ (resp. 2°°) is equivalent to the category of
pairs (P, ), where P is a G-torsor over T' (resp. T°) and

pri P — pry P

is an isomorphism of G-torsors over T X o T' (resp. T° X 4» T°) such that the usual cocycle
condition on T' X o T' X o T' (resp. T° X g0o T° X 5o T°) holds. Therefore it suffices to show
that for any ¢ > 1 the restriction functor

(G-torsors over T(i)) — (G-torsors over T(i)O)

is an equivalence of categories, where T (resp. TV°) denotes the i-fold fiber product of T
(resp. T°) with itself over 2" (resp. Z°°). This reduces the proof to the case when 2" is an
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algebraic space. In this case, repeating the above argument with an étale cover of 2" by a
scheme we are then further reduced to the case of a scheme, which is 3.6. O

4. EXTENDING TORSORS OVER DISCRETE VALUATION RINGS.

4.1. Let A be a discrete valuation ring over k with separably closed residue field L and
fraction field K. Fix a uniformizer 7 € A.

Let G/A be a tame finite flat group scheme. Let A be the connected component of the
identity so we have an exact sequence

l1-A—-G—H-—>1,

where H is tame and étale. Let P, — Spec(K') be a G-torsor.
For a positive integer r, let A, denote the finite A-algebra

A[t/(F — 7).

Let K, denote the field of fractions of A,.

Proposition 4.2. There ezists a unique integer e = e(P,) such that P)|k, extends to A,
and such that if f is any other positive integer for which P|k, extends to Ay then e|f.

Moreover, for any integer f divisible by e an extension of P,|k, to Spec(Ay) is unique up
to unique isomorphism.

Proof. Let us first make some elementary observations about p,-torsors over a scheme S.
Consider the short exact sequence of fppf-sheaves

0 Lin G, G, 0

which gives rise to a long exact sequence
0 — in(S) —= (S, 05) "= T(S, O5) —= H'(S, j1n) —= Pic(S).

If Pic(S) = 0, which we assume for the rest of the proof, then this sequence identifies the
isomorphism classes of p,-torsors on S with

['(S,0%)/T(S, 0%)".

If P — S is a p,-torsor, then the corresponding class [P] € I'(S, 0%)/T'(S, 0%)™ can be
described as follows. The p,-torsor P corresponds to a pair (L, ), where L is a line bundle
on S and ¢ : L¥" — Og is an isomorphism. Now since Pic(S) is trivial, the line bundle L is
trivial. Let f € L(S) be a basis. Then the image of f®" under ¢ is an element u € I'(S, 0%)
and we define [P] to be the class of u. Note that a different choice of basis f changes u by
an element of T'(S, %)™ so the class [P] is independent of this choice.

We apply this observation with S either the spectrum of A or K. Let v : K* — Z be the
valuation, normalized so that v(7) = 1. From the snake lemma applied to the commutative
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diagram

0 A* K* 7Z 0
0 A K*—2—=17 0

we obtain an exact sequence
0 — A*/(A")" —= K*/(K*)" —=Z/(n) —0.

If P, — Spec(K) is a pu,-torsor over K, then it follows that P, extends to a j,-torsor over A
if and only if v([7,]) = 0.

These remarks enable us to prove the proposition in the case when G = A is a diagonalizable
group scheme as follows. If the Cartier dual of A is equal to Z/(ny) X --- x Z/(n,), then
the torsor P, corresponds to a collection of pairs {(L;,¢;)};_; where L; is a line bundle on
Spec(K) and ¢; : LY — K is an isomorphism. Fix trivializations s; € L; and let u; € K* be
the image of s under ¢;. Then it follows from the preceding discussion that P,| K, extends

to Ay if and only if
v(u) - f=0 (mod ny)
for all 7. In this case we therefore take e to be the least common multiple of the integers
n;/ged(ng, v(u;)).
Note also that it is immediate that the functor
(A-torsors over Spec(A)) — (A-torsors over Spec(K))
is fully faithful.

Next consider the case when G = H is a tame étale group scheme. Fix an algebraic closure
K C K and let m(K)’ be the prime-to-p fundamental group of K with respect to this base
point (where p is the characteristic of the residue field L). Then since L is separably closed
we have a canonical isomorphism 71 (K)" ~ Z(1)’, where Z(1)" denotes

S —
n,ptn
The torsor P, is then defined by a conjugacy class of homomorphisms

PP, Z(1) — H,
and P, extends to Spec(A) if and only if pp, is trivial.

For any integer f, the restriction of P, to K corresponds to the conjugacy class of homo-
morphisms defined by

-f

m(Kp) ~Z(1)
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It follows that in the case when G is tame and étale we can take e in the proposition to be
the order of the image of pp, (which depends only on the conjugacy class of pp, ).

For the general case we combined the previous two cases as follows. Let P, be the H-torsor
P,/A over Spec(K). Let & denote e(P,), so we have an extension P — Spec(Ag). Since the
residue field of A; is separably closed the torsor P is trivial, and therefore the underlying
scheme of P is non-canonically isomorphic to

H Spec(Ag).

We can therefore apply the diagonalizable case to the A-torsor P, — ﬁn for each connected
component of P. Let ¢’ be the least common multiple of these integers and let e = ¢’ - &.
Then by construction we obtain a A-torsor P — P|,4_ restricting to P,|x,. Moreover, by the
uniqueness of the extension in the diagonalizable case we obtain maps

Xn:Qn NP — h*P

of A-torsors over P, as in 3.3, inducing the given maps over K,. These maps give P the
structure of a G-torsor extending P,

K-

By a similar reasoning one obtains the uniqueness of the extension of P, and the remaining
statements in the proposition. Il

Corollary 4.3. Let V be a discrete valuation ring, and let Y/V be a smooth V-scheme. Let
G/V be a tame finite flat group scheme, and assume P, — 'Y, is a G-torsor over the generic
fiber Y, of Y. Then after making o finite flat base change V. — V' there exists a unique
extension P —'Y of P, to a G-torsor over Y.

Proof. Let m € V be a uniformizer. For each geometric point 7 — Y mapping to a generic
point of the closed fiber, the ring 0y ; is a discrete valuation ring with uniformizer the image
of m. Therefore by 4.2 after making a finite ramified base change V' — V' we may assume
that P, extends to Spec(Oy,;) for each geometric point of the closed fiber. By a standard
limit argument, it follows that P, extends to an étale neighborhood of each geometric generic
point of the closed fiber. By the uniqueness statement in 4.2 these extensions are unique up
to unique isomorphism, and therefore we get by descent an open subset U C Y containing
the generic fiber Y;, and each generic point of the closed fiber, such that P, extends to U. By
3.6 it follows that P, extends to all of Y. O

4.4. Let f be an integer divisible by e. Let ¥} denote the stack-theoretic quotient of A; by
the action of p; for which ¢ € py sends ¢ to (t. Then
Vs Xspee(a) Spec(K) = [Spec(Ky)/pus] ~ Spec(K),
and the resulting inclusion
Spec(K) — ¥}
is a dense open immersion.

The stack 77 has the following modular description: For any A-scheme g : T — Spec(A)
the category #;(T') is equivalent to the category of triples (M, v, ), where M is an invertible
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sheaf on T, v : M — Op is a morphism of line bundles, and ¢ : M®f — @ is an isomorphism
of line bundles on 7" such that the diagram

Mef ‘ Or
NS
Or
commutes.

In terms of this description, the inclusion Spec(K) < ¥} corresponds to the trivial line
bundle L. = K - b with the map 7 sending b to 1 € K and the isomorphism ¢ being given by

multiplication by 7!,

Proposition 4.5. The torsor P, — Spec(K) extends uniquely to a G-torsor Py — V5.

Proof. Let P — Spec(Ay) denote the extension of P,|x, provided by 4.2. Let

p i Spec(Ay) X py — Spec(Ay)
be the map giving the action. To give an extension of P to ¥} is equivalent to giving an
isomorphism
v:priP — p*P

over Spec(Ay) x uy satistying the following cocycle condition (thereby giving descent data for
P to 7). Let

e fby X pp = pf
be the map giving the group multiplication. Then the cocycle condition on v is that the
diagram over Spec(Ay) X pp X iy

(4.5.1) pr; P (1 x m)*prTP(lx—m);f(l x m)*p*P

- -

* * * * (pXI)*’y k ok
(pr, X 1)"priP —— (p x 1)*priP “— (p x 1)*p*P

commutes. From this it follows that if an extension exists then it is unique up to unique
isomorphism.

To construct the extension &, consider first the case when G' = p,, for some integer n. In
this case, the torsor P, corresponds to the trivial line bundle L, = K -b with an isomorphism

L%@ "=K- 0" - K
sending b®" to some element g € K*. After possibly changing our choice of basis b for L, we

may assume that g € A. Furthermore, by definition of the integer e, if r is the valuation of
g then the integer s := n/ged(n,r) divides f. Let k denote f/s.

Let (M, : M — Oy, : M®/ ~ 0y,) be the tautological object over ¥;. Set
N = Mkr/gcd(n,r)’
let vn : N — Oy, denote the map

®kr/ged(n,r)
N = Mfkr/ged(nr) 27 7, Oy,
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and let vy : N®" — 0y be the isomorphism

We then have a commutative diagram

LN

Let L = A - b denote the trivial line bundle on Spec(A) which comes equipped with a map
G L®" — A sending b*" to g € A. Over ¥} we then get a line bundle L|y, ® N~" which
comes equipped with an isomorphism

BRYN"

(Ll"Vf@N_l)ni)L@nl‘//f@N_ (ﬁ‘l/f) ) _Téﬁ“ﬂf .

This defines the extension in the case of G = p,,.

From this we also obtain the extension in the case when G is diagonalizable as in the proof
of 4.2.

In the case when G = H is a tame étale group scheme, let &7 — ¥} be the normalization
of 7; in P,. By the construction of the integer e, the stack & is an H-torsor over 7} as
this can be verified after pulling back to Spec(Ay). In fact the pullback of & to Spec(Ay) is
trivial (as Ay is strictly henselian local) and therefore as a stack & is isomorphic to a finite
disjoint union of the form

2 = [[ISvec(Ap) /g,
J
for some integers f;|f, where the action of yy, is through the natural inclusion py, C puy.
For the general case one proceeds as in the proof of 4.2 using the diagonalizable and tame
étale cases by writing G as an extension

l1-A—-G—H-—>1,

where A is diagonalizable and H is tame and étale, and considering the quotient H-torsor
P,/A. We leave the details to the reader. U

4.6. There is a more global version of 4.5 which we now describe.

Let X be a smooth scheme over a separably closed field, and let D C X be a connected
divisor with local normal crossings. Let X° denote the complement X\ D, and let P° — X°
be a G-torsor.

__The divisor D defines a log structure Mp on X. For a geometric point £ — X the stalk
M p 3 is equal to the free monoid on generators the branches of D at z. Let Zp, be the stack
over X which to any X-scheme f : T — X associates the groupoid Zp (1) of morphisms of
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log structures f*Mp — My on T such that for every geometric point ¢ — T there exists a
commutative diagram
MD,E - MT,E

N4 N?

Xr

for some integer q.

Locally the stack 2, can be described as follows. Suppose given elements fi, ..., f, € Ox
such that D is defined by f;--- f, and the zero locus of each f; is a smooth divisor in X.
Then Zp, is the quotient of

SpecX(ﬁX[tlv cee ’tq]/(t; - fz))
by the action of p¢ given by
(CryeeesCg) ¥t = G- L

In particular, if 7 — D is a geometric generic point and A := Ox; (which is a discrete
valuation ring with separably closed residue field) then we have

V>~ Xpr Xx Spec(A),
where 7, is defined as in 4.4. Let e; denote the least integer such that the G-torsor
Spec(A) xx P° — Spec(A) xx X°
extends to 7.
Also note that this local description implies that Zp , is flat over X.

Proposition 4.7. The G-torsor P° — X° extends to Zp, if and only if e; divides r for
all geometric generic points § — D. In this case the extension is unique up to unique
1somorphism.

Proof. If P° extends to Zp, then P° X x Spec(A) also extends to
Zpr Xx Spec(A) ~ ¥,

and therefore by 4.5 we must have e;|r.

Conversely suppose e;|r for all 7. Then P° extends to Zp, X x Spec(A), and by a standard
limit argument there exists an étale neighborhood U — X of the generic points of D such
that P° extends to Zp, Xx U. By the uniqueness if V' C X denotes the union of X° and
the image of U then P° extends to V xx Zp.,.

Etale locally on X we can write
Zi = [Spec(R) /).

where Spec(R) is regular and finite over X. Now observe that the complement of the preimage
of V' in Spec(R) has codimension > 2, and therefore the restriction of P° to Spec(R) x x X°
extends by 3.6 uniquely to a G-torsor P — Spec(R).
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There is an extension of the pd-action on Spec(R) to an action on P. Indeed suppose
X = Spec(B), so that R is a finite flat B-algebra. Let Op denote the coordinate ring of P.
The ring Op is a finite flat R-algebra, and hence also a finite flat B-algebra. Let

T:R— R®p 0,

be the map defining the action of p? on R. Giving an extension of the pd-action on Spec(R)
to P is equivalent to giving a coaction morphism

7:0p — Op ®rr (R®p O,).

Now both Op and Op ®g.. (R ®p Ou?-) are projective B-modules, so the coaction map over
V extends uniquely to a morphism 7. That this map 7 satisfies the axioms for a coaction is
immediate as these axioms can be verified after restricting to a dense open subset of X.

This action of pu? on P then gives descent data for P to Zp,, completing the proof of the
proposition. Il

5. MORE EXTENSION RESULTS.

In this section we gather together some more local results about extending G-torsors. These
results will be used in section 11 to verify the valuative criterion for properness for the stacks
aKx/s-

Throughout this section V' denotes a discrete valuation ring with residue characteristic p
(possibly equal to 0).

Proposition 5.1. Let n > 2 be an integer, and let X denote the spectrum of the strict
henselization of

Vizy, ..., xn]/(x1 - x5), (s < n)
at the point {x1 = - - -z, = 0}. Let Xgns C X denote the singular locus of X, and let X° C X
denote the complement of the intersection of Xgng with the closed fiber. Let G/V be a tame
group scheme. Then the restriction functor

(5.1.1) (G-torsors on X) — (G-torsors on X°)

s an equivalence of categories.

The proof of 5.1 will be in several steps (5.2)—(5.15).

5.2. Let R denote the coordinate ring of X, and let m C R denote the maximal ideal. We
begin the proof with some observations about the ring R. For a subset I C {1,...,s}, let
R denote the quotient of R by the ideal generated by z; (i € I). More generally, for an
R-algebra A, let A; denote A ®x R;. Let C'; denote the complex

0—-A— [[ 4= [ 4 —--.
LI|=1 1,]1]=2
where for I C {1,...,s} we write |I| for the cardinality of I. The differentials in C', are
obtained by taking alternating sums of the restriction maps. If A = R we write simply C
for C%, and if A ="R/m"! we write C; for Cy ) vs1. Finally we write m‘C’y for the image of
the natural map of complexes
m' @r C) — Cy.
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Note that m°C’y = . As above we write simply m‘C" for m*Cj,.

Lemma 5.3. For every t > 0, the complex m'C" is acyclic.

Proof. Let S = V[zy,...,2,]/(x1- - xs), and for I C {1,...,s} let S; denote the quotient of
S by the ideal generated by z; (i € I). Let K denote the complex

0—8— H S — H Sr— -,
1,]1]=1 1,|1]=2

defined analogously to C". Also let J C S be the ideal generated by (z1,...,z,), and let
J'K" denote the image of the natural map of complexes

J'OK — K .
Then J'K" defines a complex of coherent sheaves on Spec(.S), whose stalk at the point defined
by #1 = 9 = - -+ = x,, = 0 is the complex m*C". It therefore suffices to show that the complex

JUK is acyclic.
For this note that there is a natural grading on J*K" induced by the action of G”, given by
(g, .oy Up) * T = um;.

This grading breaks up J!K into the direct sum of complexes of the following form. Let
(ay,...,a,) € N™ be such that > a; > ¢, and let ¥ = {i € {1,...,s}|a; # 0}. Associated to

this data is the complex
k — H k — H k— .-,
|I|=1,InZ=0 [I]=2,INnE=0

where again the transition maps are given by restriction. Since this complex is clearly acyclic,
and J!K" is isomorphic to a direct sum of such complexes, it follows that J!K is also acyclic.
O

Corollary 5.4. For every t > 0 the complex C; is acyclic.

Proof. For t > 0 let x; denote the quotient complex
Ky = mlC /mtC

Since m!C" and m*1C" are acyclic, the complex r; is also acyclic. Furthermore, for every ¢
there is an exact sequence of complexes

0— ke — Cpyy — C;p— 0.
It therefore suffices to prove that the complex Cj is acyclic. This is the complex
0—k— H k— H k— -
1,I|=1 1,]I|=2

which is clearly acyclic. U

5.5. We will also need a multiplicative version of the above results. For an R-algebra A we
can also consider the following complex, which will be denoted Dy,

A* H Ar H Ay —

Lj1=1 1]1=2



INTEGRAL MODELS FOR MODULI SPACES OF G-TORSORS 17

where as before the transition maps are obtained from the natural restriction maps.

Fix now a flat R-algebra A which is equal to the strict henselization of a finite type V-
algebra at some point, and let A; denote A/m!*1A.

Lemma 5.6. For any t > 0 the complex D}, is acyclic.

Proof. Let J C {1,...,s} denote the subset of indices i for which z; maps to the maximal
ideal of A. Then the complex D, is given by

A I 4- I 45—,
ICJ|I|=1 ICJ|T|=2
and similarly for D, .
We prove the lemma by induction on t. For ¢ = 0, note that the complex
H Al — H Al —
ICJ|I|=1 I)I|=2
computes the cellular homology of the |J|-simplex with coefficients in Af.
For general ¢, note that there is a natural exact sequence of complexes
0=k @rA— Dy, — Dy,  —0,
and as remarked above the complex k; is acyclic. U

Lemma 5.7. Let {M;}:>¢ be a projective system of complexes of abelian groups such that for
every t and i the map M} — M | is surjective. Let M" denote lim M;. If each M; is acyclic,
then M 1is also acyclic.

Proof. Let x € M'" be a closed element, and let (x;);>0 be its reductions. Suppose for some ¢
an element y; € MZ_I has been chosen such that dy; = z;. We claim that then we can find
an element 1y, € M/™' reducing to v, and such that diy; ., = 2441. This clearly suffices to
prove the lemma, for a compatible sequence of elements (y;)¢>o with dy, = x; for all ¢ defines
an element y € M* ! such that dy = x.

Let H; denote the kernel of the surjection
My — M,
so we have an exact sequence of complexes
0— H;, - M; , — M; — 0.
This sequence implies in particular that H; is acyclic.

Now given y; as above, choose first any lifting y;,, € Mtﬁ:ll of y.. Then dy; , — ;41 may
not be zero, but this element is a closed element of M/ ; mapping to zero in M;. It therefore
gives a closed element of H}. Since H; is acyclic we can find an element z € H; ' such that
dz = dyi41 — w441. Letting y,41 := y;,; — 2 we obtain the desired lifting of y;. O

Corollary 5.8. Let A denote the m-adic completion of A. Then the complex DZ 15 acyclic.

Proof. This follows from 5.6 and 5.7, combined with the fact that DZ = @t Dy,. O



18 MARTIN OLSSON

Lemma 5.9. The complex D, is acyclic.

Proof. Let x € DY be a closed element. Consider the functor
F, : (A-algebras) — Set,
which to any A-algebra B associates the set
{y € D' |dy = =},

where we abusively write also x for its image in D%. This functor is clearly locally of fi-

-~

nite presentation in the sense of [Ar2, 1.5], and F,(A) is non-empty by 5.8. By the Artin
approximation theorem [Ar2, 1.12] it follows that F,(A) is also nonempty. O

5.10. For I C {1,...,s}, let X; C X denote Spec(R;) C Spec(R). We write simply Ox,
and 0%, for the pushforwards of these sheaves to X. The above results can be sheafified as
follows. Again using the natural restriction maps we get complexes

(5.10.1) @éllmrﬁngxqm,
L|I|=1 I|I=2

and

(5.10.2) ov— [ ox,— I ox,—
L|I|=1 L|I|=2

Lemma 5.11. The complezxes 5.10.1 and 5.10.2 are acyclic.

Proof. The complex 5.10.1 is the complex of coherent ¢'y-modules associated to the complex
of R-modules C". Therefore 5.10.1 is acyclic.

To see that 5.10.2 is exact, note that if z — X is a geometric point, then the stalk of 5.10.2
at T is the complex D, . g

5.12. Turning now to the proof of 5.1, consider first the case when G is a tame étale group
scheme. In this case we prove the proposition by showing that any finite étale covering of X°
is trivial.

For this, let X; (¢ =1,...,s) denote the irreducible component defined by x; = 0, and for
indices i1, ..., define
(5.12.1) X,

By proper descent theory for étale morphisms, the category Fet(X) of finite étale X-schemes
is equivalent to the category of collections {(P; — X;,0;)}, where P, — X is a finite étale
morphism and for every ¢, j

(5.12.2) 0ij + Pilx,; — Pjlx,

:X“ﬂXmﬂﬂXZt

1000t

is an isomorphism such that the diagrams over the triple intersections

Oik

T

oij o

(5.12.3) by Xigk — P Xijk . Py

Xijk

commute.
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Similarly if we set X? := X; N X? etc., then giving a finite étale morphism P° — X° is
equivalent to giving a collection of data {(P? — X?),07;}, where PY — X? is a finite étale
morphism and
(5.12.4) 0ij : Plxe, — Fflx,
is an isomorphism such that the analogue of 5.12.3 commutes.

X, in P?. Since X; is regular and of dimension > 2 (by our assumption on n), the morphism

P, — X, is étale. Furthermore, since X;; is normal the restriction functor

Now given such a collection of data {(P? — X7), 07}, let P; — X; be the normalization of

(5.12.5) Fet(X,;) — Fet(X)
is fully faithful. It follows that the o7; extend uniquely to isomorphisms
(5126) Oij - H Xij — Pj Xije

Furthermore, since the intersections Xj;;, are also normal the diagram 5.12.3 commutes as its
restriction to X7, commutes.

We therefore obtain a collection of data {(F; — X;), 04} inducing {(P? — X?),07;}.

5.13. For the case of general G, note first that by making a finite étale extension of V', we
may assume that G fits into an exact sequence

1-A—-G—-H-—>1,
where A is diagonalizable and H is étale and tame.

Let us first show that the reduction functor 5.1.1 is fully faithful. Let P, and P, be two

G-torsors over X, and set B

P = R/Aa
which is an H-torsor over X. Assume given an isomorphism of G-torsors

0P P
over X°. By the étale case, the induced isomorphism

P Py — P,
extends uniquely to an isomorphism of H-torsors over X. Since the P; are trivial H-torsors,
the underlying scheme of P; is isomorphic to a disjoint union of copies of X. Now to find a
dotted arrow

P1*B>P2

.

P, P,
filling in the diagram and restricting to p°, it suffices to find an extension of p° which is
compatible with the A-action (since the compatibility with the G-action can be verified after
restriction to X°). This reduces the proof of full faithfulness to the case when G = A. Since
A is equal to a finite product of copies of u, for various n, one further reduces to the case of
A = p, for some integer n. In this case the category of p,-torsors (over either X or X°) is

equivalent to the category of pairs (L, ), where L is a line bundle and ¢ is a trivialization of
L".
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Let P; correspond to (L;,¢;) (i = 1,2). The isomorphism p° corresponds to an isomorphism
A:Oxo — Ly ® Lfl such that the induced isomorphism
N Oye o L9 @ L5
is equal to t,®¢; . The full faithfulness therefore follows from part (i) of the following lemma.
Lemma 5.14. (i) The restriction map
['(X,0%) = T'(X°, 0%.)
1S an isomorphism.

(ii) The restriction map
HY (X, ) — HY(X°, i)
is an isomorphism (here cohomology is taken with respect to the fppf-topology).

Proof. Statement (i) follows immediately from the exactness of 5.10.2 (by 5.11), and the fact
that the X (I # ()) are normal.

For (ii), define X3 to be X; N X°. The spectral sequence of a filtered complex, applied to
5.10.2, gives a spectral sequence

Bt = 1] HYX1,0%,) = HM(X,0%),
L|I|=p
and similarly we have
EM = ] HUX}, Ox) = H"M(X°,0%.).
L|=p
Now observe that H™(E; %) = 0 for m # 0, since Dj, is acyclic, so this gives an isomorphism
Pic(X) = Ker( [ Pie(X;) — [ Pic(X)),
1I|=1 1,|1|=2
and also shows that there is an exact sequence
0 — H'(E;°) — Pic(X°) — Ker( [ Pic(X7) — [] Pic(X})).
LlI|=1 L|11=2
Now a direct calculation, using the fact that for |I| = 1 the complement of X7 C X;
has codimension > 2, shows that if n > 2 then H'(E;) is zero, and if n = 2 we have
HY(E;%) ~ K*/V*. In particular H'(E;") is torsion free. Now for every I with |I| = 1 the
map
Pic(X;) — Pic(X7)

is an isomorphism since X is regular. From the commutative diagram

0 Pic(X) — HI,\I|:1 Pic(X7) —— H1,|1|=2 Pic(X7)

L -

0— HY(E;%) — Pic(X°) — [} =1 Pic(X7) —— T1; 1j=0 Pic(X7)
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it then follows that the restriction map
PiC(X)tOI‘S — PiC(Xo)torS
is an isomorphism.

To get statement (ii) in the lemma, consider now the short exact sequence

which induces a morphism of long exact sequences

['(X,0%) —">T(X,0%) — HY(X, j1,) — Pic(X)iors — Pic(X )ions
T(X°, O%o) — = T(X®, Ogo) —= H' (X, 1) — Pic(X)iors — Pic(X)ions
O
5.15. Returning finally to the proof of essential surjectivity in 5.1, note that by a similar

reduction as in the start of the proof it suffices to consider the case when G = p,,. In this
case the result follows from 5.14 (ii).

6. COVERINGS OF TAME STACKS AND THEIR COARSE SPACES.

6.1. Let S be a scheme and let X/S be a tame stack. Let 7 : X — X be the coarse moduli
space. For every geometric point  : Spec(k) — X let Gz denote the automorphism group
scheme of Z (a finite tame group scheme over k). If L is a line bundle on X', then the pullback
Z*L is a rank 1 representation of Gj.

Similarly, if P — X is a finite étale morphism of stacks, then the fiber product P; := zxy P
is a finite disjoint union of copies of Spec(k) and there is a natural action of Gz on Px.

Proposition 6.2. The pullback functor
7 1 (line bundles on X) — (line bundles on X)

induces an equivalence of categories between the category of line bundles on X and the category
of line bundles L on X such that for every geometric point T : Spec(k) — X the action of Gz
on x*L s trivial.

Proof. 1t is clear that if M is a line bundle on X and L := 7*M, then for any geometric
point = of X the action of Gz on z*L is trivial. Therefore 7* induces a functor between the
indicated categories.

To see that 7* is fully faithful, assume M and M’ are line bundles on X. Giving a map
M — M’ is equivalent to giving a global section of M~! ® M’, and similarly giving a map
M — 7*M' is equivalent to giving a global section of

M ®p, M ~ 1 (M @0, M').
To prove the full faithfulness it therefore suffices to show that the natural map

M7''eM —aa (M e M)
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is an isomorphism. This can be verified locally on X, so it further suffices to consider the
case when M and M’ are trivial. In this case it follows from the fact that Ox — 7,0 is an
isomorphism (see for example [AV, 2.2.1 (5)]).

For the essential surjectivity, let L be a line bundle on X such that for every geometric
point z : Spec(k) — X the action of Gz on Z*L is trivial. We claim that in this case the sheaf
7. L is a line bundle on X and that the adjunction map

m'r. L — L
is an isomorphism.

This can be verified locally in the flat topology on X. From this and [AVO, 3.2] we may
assume that X = Spec(R) for some local ring R and

X = [Spec(A)/G]

where A is a finite local R-algebra and G is a tame group scheme acting on A such that the
induced action on A/m4A is trivial. In this case L corresponds to a free A-module N of rank
1 with an action of G' compatible with the action on A. Moreover, the assumption that the
group schemes G act trivially on the fibers z*L implies that the action of G on N/mN is
trivial. Since G is linearly reductive, the map on G-invariants

NY — (N/myN)¢

is surjective. It follows that there exists an element e € N which is a basis for N as an
A-module. Then 7, L corresponds to the R-module A% . e = R- e which is of rank 1 and the
map

A ®R NG — N

is an isomorphism. Il
Proposition 6.3. The pullback functor
7 : Fet(X) — Fet(X)

induces an equivalence of categories between Fet(X) and the category of finite étale morphisms
of stacks P — X such that for every geometric point T : Spec(k) — X the action of Gz on
Py is trivial.

Proof. For the full faithfulness let P; and P, be two finite étale X-schemes. Let .#or(P;, P,)
be the sheaf of sets on the étale site of X given by
(U — X) +— {U-morphisms P, ; — Pay}.
Similarly define .#Zor(n* Py, 7" P,) to be the sheaf on the étale site of X (not X'!) given by
(U — X) — {Xy-morphisms 7P|y, — 7" P|x, }-
There is a natural map of sheaves
Mor(Py, Py) — Mor(r" P, " P;)

which we need to show is an isomorphism. For this we may work locally on X, and hence
may assume that both P, and P; are trivial in which case the result is immediate.

For the essential surjectivity let P — X be a finite étale morphism such that for every
geometric point Z : Spec(k) — X the action of Gz on P; is trivial.
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By the full faithfulness already shown, to prove that P is in the essential image of 7 we
may work fppf locally on X. By [AVO, 3.2] we may therefore assume that

X = [Spec(A)/G]

as in the proof of 6.2, and by a standard limit argument we may even assume that R = A
is strictly henselian local. In this case A is also strictly henselian local and so the restriction
of P to Spec(A) is trivial. It follows that P|gpec(a) is isomorphic to

7o (Plspec(ay) X Spec(A)

and so to show that P is obtained by pullback from Spec(R) it suffices to show that the
action of G on 7o(P|gpec(a)y) is trivial. This can be verified after base change to the closed
point of Spec(A) in which case it holds by assumption. O

6.4. Let D/S be a tame finite group scheme. For a geometric point Z : Spec(k) — X we
write Dz for the pullback of D along the composite morphism
Spec(k) —— X — .

If P — X is a D-torsor over X then the pullback z*P is a Dz-torsor over Spec(k) which
comes equipped with an action of Gz, compatible with the action of Dj.

Proposition 6.5. The pullback functor
7 (D-torsors on X) — (D-torsors on X)

induces an equivalence of categories between the category of D-torsors on X and the category
of D-torsors P — X on X such that for every geometric point T : Spec(k) — X the action
of Gz on P; s trivial.

Proof. In the case when D is an étale group scheme the result follows from 6.3.

If D is diagonalizable the proposition can be seen as follows. Let T" be the Cartier dual of
D (a finite abelian group) and write

T=7/(a) % - x Z/(ay)

for some positive integers a;. Then the category of D-torsors on X is equivalent to the
category of collections {(L;,¢;)}i_;, where L; is a line bundle on X and

v LY — Ox
is an isomorphism of line bundles. The category of D-torsors on X" is described similarly. In
the case when D is diagonalizable 6.5 therefore follows from 6.2.

For the general case, we may work fppf locally on S and therefore by [AVO, 2.20] may
assume that D fits into an exact sequence

1-A—-D—-H—1,
where H is tame and étale and A is diagonalizable.

For the full faithfulness we proceed as in the proof of 6.3. Let P, and P, be two D-torsors
over X and define .#Z or(Py, Py) (resp. . or(n* P, P»)) to be the sheaf on the fppf site of X
which to any U — X associates the set of morphisms P; ; — P,y of D-torsors over U (resp.
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the set of morphisms 7* Py |y, — 7P|y, of D-torsors over Ay). We then need to show that
the map of fppf sheaves

(6.5.1) Mor(Py, Py) — Mor(r" P, " P;)

is an isomorphism. This is an fppf-local assertion so it suffices to consider the case when P;
and P, are trivial. Fixing trivializations, the map on global sections defined by the map 6.5.1
is identified with the natural map

Homg(X, D) — Homg(X, D)
which is a bijection since X is the coarse moduli space of X.

For the essential surjectivity, let P — X be a D-torsor such that for every geometric point
Z : Spec(k) — X the action of Gz on P; is trivial. We descend P to a D-torsor on X as
follows. Let P denote the quotient of P by the A-action, so that P is an H-torsor over X.

Then by the case when D is an étale group scheme there exists an H-torsor ¢ — X such
that Q) xx X ~ P. Observe that () is the coarse moduli space of P by [AV, 2.2.2 (1)].

Now P is a A-torsor over P so by the case of a diagonalizable group scheme applied to
the stack P we obtain a A-torsor Q — (@ inducing P. Furthermore, by the full faithfulness
already shown, the maps of A-torsors

Xn:Qn NP — h*P
over P defined as in 3.3 , descend to maps of A-torsors
QnANQ — h'Q
giving () the structure of a D-torsor, inducing the D-torsor structure on P. U
6.6. There is also a relative version of 6.5.

Let f: 2 — % be a morphism of tame stacks, and let

2 —= Xy @y

be the relative moduli space (see for example [AVO2, §3]).

For any geometric point z — 2 we have a map of linearly reductive finite flat group
schemes over &

Aut, (Z) — Auty (f 0 2).

Let K3 be the kernel of this homomorphism, so K3 is also a linearly reductive group scheme

over T [AVO, 2.7].

Now let D be a linearly reductive group scheme over S and let P — 2" be a D-torsor.
Then as in 6.4 there is an induced action of Kz on Pz compatible with the D-action.

Proposition 6.7. The functor
7 . (D-torsors on Xg) — (D-torsors on Z")

induces an equivalence between the category of D-torsors on Xa and the category of D-torsors
P on 2 such that for every geometric point & — X the action of Kz on P; is trivial.
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Proof. All the categories considered in the proposition are stacks over ¢ with the fppf topol-
ogy. It therefore suffices to consider the case when % is a scheme, in which case the result is
6.5. O

Proposition 6.8. With notation as in 6.6, let P — 2 be a D-torsor. Then there exists an
open substack % C X such that a geometric point T — 2 factors through % if and only if
the action of Kz on P; is trivial.

Proof. Let Y — % be a smooth surjection with % a scheme. Then it clearly suffices to prove
the proposition for 2" x4 Y — Y. We may therefore assume that ¢ =Y is a scheme. Let
2 — X be the coarse moduli space. We may then further assume that ¥ = X.

Let . — 2 be the inertia stack of 2, and let ¢ denote the automorphism group scheme
over Z of P. Since P is a D-torsor the group scheme & over 2 is a twisted form of D.
There is a canonical homomorphism of group schemes

p: I —9.

We need to show that there exists an open substack % C £ such that for any geometric
point £ — 2~ the homomorphism

pz TSI —T°Y
is trivial if and only if Z has image in % .
This follows from the following lemma. U

Lemma 6.9. Let S be a noetherian scheme, let I/S be a finite (but not necessarily flat) group
scheme such that for every point s € S the fiber I, — Spec(k(s)) is linearly reductive, and let
G/S be a linearly reductive finite flat group scheme. Fix a homomorphism

p:1I—G.
Then the set of points s € S for which the homomorphism of group schemes over k(s)
ps: Iy — Gy
is trivial is an open subset of S.
Proof. We show that the set of points s for which pg is trivial is constructible and stable
under generization.

For the constructibility, note that since I is finite over S there exists a stratification of S
such that the restriction of I to each stratum is finite and flat. It therefore suffices to consider
the case when [ is finite and flat over S. In this case we claim that the set of points s € S
for which py is trivial is an open and closed subset of S.

For this note that we can without loss of generality replace S by a faithfully flat covering,
so we may assume that both I and G well-split in the sense of [AVO, 2.19]. Write

I=AxH G=YxT,

where A and ¥ are diagonalizable of order a power of a prime p, and H and I' are tame étale
group schemes of order prime to p.

The homomorphism p is then induced by homomorphisms
pr:A—=X p:H—T.
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The condition that p, is trivial is clearly an open and closed condition, and the condition
that p; is trivial is equivalent to the condition that the map on Cartier duals

Hom(3, G,,) — Hom(A, G,,)

is trivial, which is also clearly an open and closed condition. This completes the proof of the
constructibility of the set of points s € S for which py is trivial.

For the stability under generization, we may without loss of generality assume that S =
Spec(V) is the spectrum of a discrete valuation ring. Let n € S (resp. s € S) be the generic
(resp. closed) point of S. We need to show that if p; is trivial, then p, is also trivial.

Let I' C I denote the scheme-theoretic closure of I, in I. Then I’ is a finite flat group
scheme over S and I’ is linearly reductive as the closed fiber of I’ is a closed subgroup scheme
of a linearly reductive group scheme. Moreover the map I, — Gy is trivial since p; is trivial,
and hence by the same reasoning used above it follows that p, is also trivial. U

7. TWISTED (G-TORSORS AND STABILITY.

In this section we introduce the notion of a stable twisted G-torsor, and define the stack
aH#x/s. The setup will be the following:

Setup 7.1. Let (X, Mx) — (S, Mg) be a log smooth special and essentially semistable
morphism (in the sense of 2.2 ), with X — S proper.

7.2. Let G/S be a tame finite flat group scheme. We define a twisted G-torsor on X to be a
pair (j : Mg — Ng, P), where j is a simple extension and P — &j is a G-torsor on X, where
A& is defined as in 2.2.

7.3. The stack &; has a well-defined singular locus defined as follows. On Xj; there is a
tautological simple morphism of log structures M| x; — Nx;. The log structure Ny, defines
a canonical closed substack X7 C &;, which we refer to as the singular substack. It U — X;
is a morphism with U a scheme and £ — U is a geometric point, then the image in Oy ; of
the ideal sheaf I xs of X} can be described as follows. Choose for each irreducible element
e; € NXJ.@« which is not in the image of M&f@ a lifting m; € (Nux;|v)z of e; and let z; € Opz
be the image of m;. Assume that the e;’s are ordered as eq,...,es. Then the image of I xs in
Oy is the ideal generated by the elements

l’l.xg"'.f?j"'l’s, jzl,...,S.
Let Xj° C X} be the maximal open substack where the map X7 — S is smooth.

7.4. A key notion in what follows will be the notion of a stable twisted G-torsor which we
now define. This notion will be defined pointwise, so let us first discuss the definition over a
separably closed field.

Assume that S = Spec(k) is the spectrum of a separably closed field and that (j : Mg —
Ng, P) is a twisted G-torsor. Let Z C X be the singular locus of X with the reduced
structure. Etale locally X is isomorphic to

Spec(k[xl, s ,l’n]/(ﬂfl T xT))
for some r < n, in which case Z is the union of the closed subschemes defined by the ideals



INTEGRAL MODELS FOR MODULI SPACES OF G-TORSORS 27

Let Zy,...,Z; be the connected components of Z. Recall (see the discussion in 2.2) that
there is a canonical bijection between the connected components Z; of Z and the irreducible
elements in Mg ~ N”. This bijection is characterized by the condition that for any geometric
point Z — Z; the irreducible element e; € Mg is the unique irreducible element whose image
in MX,E is not irreducible.

For eaih irreducible element e; € Mg there exists a unique integer a; such that the image
of e; in Ng is equal to a; times an irreducible element of Ng. In this way we associate to
each connected component Z; an integer a;.

On the other hand, consider a generic point  — Z; for some connected component Z; of
Z. Then Spec(Ox ;) has exactly two irreducible components, say W, and W,. Moreover, the
rings Ow, ; are discrete valuation rings. Let 7, € Ow, 5 (p = 1,2) be a uniformizer. Let
W,z C Wy be the generic point, and let

By = Wea
be the restriction of P. By 4.5 there exists a minimal integer e;,, such that P; extends to

Wpenw = [SPCC(Ow, glt]/ (" = 7p)) [ tiey, ]

Lemma 7.5. We have e;;1 = e59.

Proof. Note that we have an isomorphism
Wpai =2 (Wp Xx Z)red-

In particular the torsor P — 2 restricts to a torsor B, — %},

Therefore we must have ej;,|a;. Let f, denote the ratio a;/e;,. We can then describe the
integer f, as follows. The pullback of %, ,, to the closed point of W, is a nilpotent thickening
of the classifying stack By, so we have an inclusion

Biig, — %Lai .

Pulling back P, along this inclusion we obtain a G-torsor over By, which corresponds to
a conjugacy class of homomorphisms p, : i, — G. The order of the kernel of this homo-
morphism depends only on the conjugacy class and is therefore a well-defined invariant. It
follows from 6.7 that f, is equal to the order of this kernel.

Now observe that the two composite inclusions for p =1, 2
Blia, = Wpa, — 25 X x Spec(Ox )

differ by the automorphism of Bp,, given by ¢ — ¢~'. Tt follows that f; = f5, and therefore
also e;1 = €59. O

Remark 7.6. In what follows we write simple ej; for ez = e52.

Definition 7.7. We say that (j : Mg — Ng, P) is stable if for each connected component Z;
of Z the integer a; is equal to the least common multiple of the integers e; as 7 varies over
the generic points of Z;.
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Remark 7.8. Note that for each geometric point 7 — Z mapping to a generic point of
some connected component Z;, the integer e; is less than or equal to |G|. It follows that if
(j : Mg — Ng, P) is stable then the integer a; is less than or equal to

’G|{# of irreducible components of Zi}'

7.9. For a general base scheme S, a twisted G-torsor (j : Mg — Ng, P) over S is stable if for
every geometric point § the pullback of this twisted G-torsor to 5 is stable.

7.10. Let %k s denote the stack over S which to any S-scheme T associates the groupoid
of stable twisted G-torsors (j : Mg|p — Np, P — X};) over T'. The main result, whose proof
occupies the following sections, is then theorem 1.5.

8. REFORMULATION OF THE STABILITY CONDITION.

Let (X, Mx)/(S, Ms) be asin 7.1, and let (j : Mg — Ng, P) be a twisted G-torsor.

8.1. Assume first that S = Spec(k) is the spectrum of a separably closed field k. Let XX
be the normalization of X, and let 7 C X be the preimage (Wlth the reduced structure) of
the singular locus Z C X. Note that X is smooth and that Z is a divisor with local normal
crossings on X.

Let {Z1,...,Z,.} be the connected components of Z, and let Z C Z be the preimage of Z;

so that L N N
221HZ2"'HZT~

Also let N ~ Mg be the isomorphism obtained by ordering the components Z;, and let
{a;}7_, be the integers such that the map Mg — Ng is isomorphic to the map -a : N — N".

Let X° C X denote the complement of Z , and let P° — X° denote the pullback of P.

By 4.6 there exists a unique minimal set of integers b, ..., b, such that P° extends to

— —~ —~

2707 270 X% Lo X3 X% X700
Lemma 8.2. The twisted G-torsor (j, P) is stable if and only if a; = b; for all i.

Proof. For each geometric point T — X mapping to a generic point of Z, the ring ﬁ)}@ is
a discrete valuation ring, and P restricts to a G-torsor over the generic point of Spec(& )?i)
By 4.2 we therefore have an integer e; associated to . By 3.6 the integer b; is equal to the
least common multiple of the integers e; as T ranges over geometric generic points of Z

Now the integer ez is also equal to the integer associated to the composite z — X — X as
in 7.4. This implies the lemma. O

8.3. Next consider the case when S = Spec(V') is the spectrum of a discrete valuation ring
and Mg is induced by a chart N* — V' sending all nonzero elements to 0. Let 1 (resp. s)
denote the generic (resp. closed) point of S.

Lemma 8.4. The restriction to the closed fiber (js, Ps) is stable if and only if the restriction
to the generic fiber (j,, P,) is stable.
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Proof. As above, let X be the normalization of X, and let Z,...,Z, be the connected
components of the singular locus Z C X, ordered according to the isomorphism N" ~ Mg
coming from our chosen chart. Let Z; C X be the preimage of Z; with the reduced structure.
For a sequence of integers d = (d, ..., d,) set

%Zd = %Zl,dl ><)~( 3{22,@ X)?--- X)? %Zr,dr'

Let b (resp. ') be the minimal sequence of integers for which ]5,‘]’ — )?;; (resp. P° — X?)
extends to 27, (resp. 2%, ). It then suffices to show that b = b

By 5.1 the torsor P° extends to %79, and therefore b;|b; for all i. On the other hand, let
i denote b; /b, and let

2 C 27,

be the smooth locus of the preimage of Z; (with the reduced structure). The intertia stack
Iy, is locally isomorphic to up,. The f; define a well-defined closed subgroup #; C I of
the inertia stack of Z;, and the restriction of P defines a conjugacy class of homomorphisms
H; — G. The restriction to the closed fiber of this conjugacy class of homomorphisms is the
zero class, and since #; and G are tame group schemes it follows that it is zero over all of Z;
(see 6.9). From this we conclude that f; =1 for all i. d

8.5. A similar argument also shows the following. Again assume that S = Spec(V) is the
spectrum of a discrete valuation ring, but we do not assume that there exists a chart N — V/
sending all nonzero elements to zero (so in particular the closed fiber could have more singular
components than the generic fiber).

Lemma 8.6. If the restriction to the closed fiber (js, Ps) is stable then the generic fiber (j,, P,)
15 also stable.

Proof. After possibly replacing V' by a finite extension, we may assume that there exists a
chart N” — V for Mg sending all nonzero elements to the maximal ideal. Let Z; C X be the
connected component of the singular locus corresponding to the i-th standard generator of
N".

After possibly reordering the generators of N” we may assume that 71, ..., Z; have nonempty
generic fibers (for some s < r), and that Z,,1,..., Z, are contained in the closed fiber.

For 1 < i < s, let b; (resp. b;) denote the least common multiple of the integers e; as &
varies over geometric generic points of the generic (resp. closed) fiber of Z;. Then the proof
of 8.4 shows that b; = bl. If the closed fiber (js, Ps) is stable then a; = b} for all i < s and
therefore b; = a; also. This implies that the generic fiber of (7, P) is stable. d

Corollary 8.7. For arbitrary S there exists an open subset U C S such that a geometric
point § — S has image in U if and only if the fiber of (j, P) over s is stable.

Proof. Combining 8.4 and 8.6 one sees that the set of points s € S for which the fiber of
(7, P) is stable is a constructible set stable under generization, and hence open. g
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9. ALGEBRAICITY OF g%/

Let (X, Mx)/(S, Mg) be as in 7.1.

9.1. Let . — S be the stack classifying simple extensions j : Mg — N as in [AVO2, A.6].
Asin loc. cit. the stack .# is an algebraic stack. The universal simple extension over . then
defines an algebraic stack Xy — X & over .. Now consider the relative hom-stack

= Hom ,(Xy, BG)

over .. By [AVO2, C.4] the stack J¢ is algebraic locally of finite type over . and the
diagonal
I — I Xy H

is quasi-compact and separated.

The stack ¢#%/s is a substack of 7, which is an open substack by 8.7. In particular
aHx/s is algebraic.

9.2. By the same argument as in the proof of [O12, 1.11], for any integer N there is a quasi-
compact open substack .=V C .7 classifying simple extensions Mg < Ng such that for
every geometric point § — S the order of

Coker(M?g — Nig)
is less than or equal to N. Let M be an integer such that for any geometric point § — 5

the number of irreducible components of the singular locus of X5 is less than or equal to M.
Then it follows from 7.8 that . #x/s has image in SN where N = (#G)M.

In particular the stack ¢.#%/g is quasi-compact and hence of finite type over S.

Lemma 9.3. The diagonal of - #x/s is quasi-finite.

Proof. Tt suffices to show that if k is an algebraically closed field, M} is a log structure on k,
and (j : My — Ny, P — Zj) is an object of ¢ #x/s, then the automorphism group of this
object is finite. Since the automorphism group of N, over M} is finite, it further suffices to
show that the automorphism group of the G-torsor P on Z; is finite. Write G as an extension

1-A—-G—-H-—>1,

where A is diagonalizable and H is tame and étale. Let P denote the H-torsor P/A. The
sheaf on Z; of automorphisms of P, which commute with the H-action, is a locally constant
sheaf .77 locally isomorphic to H. Furthermore, since A is abelian the automorphism group of
P over P is isomorphic to A. To prove the lemma, it therefore suffices to prove the following
two statements:

(a) Let Z7/k be a proper algebraic stack, and let 7 be a locally constant sheaf of finite
groups on Z". Then I'(Z", 5) is a finite set.
(b) Let %' /k be a proper reduced algebraic stack. Then the set of maps %" — A is finite.

For (a), let p: Y — 2 be a proper surjection with Y a scheme (such a morphism exists by
Chow’s lemma [O13, 1.1]). Then the map

N2, ) — (Y, p*)
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is injective. It therefore suffices to prove (a) in the case when 2 is a scheme, in which case

it follows from [SGA4, XIV, 1.1].

For (b) note that any morphism % — A factors uniquely through Spec(I'(#, O )). Since
% is assumed reduced, the scheme Spec(I'(#,0%)) is a finite disjoint union of copies of
Spec(k). Statement (b) therefore follows from the fact that A(k) is finite. O

Proposition 9.4. The stack ¢ %x/s is an Artin stack of finite type over S with finite diagonal.

Proof. It remains to verify the valuative criterion for properness for the diagonal of ¢ #x/s.

So assume that S = Spec(V') is the spectrum of a discrete valuation ring V' and let 7 € V be
a uniformizer. We may also assume that we have a chart N” — Mg defining an isomorphism
N' ~ Mg (where s € S is the closed point). Observe then that for any simple extension
Mg — Ng we obtain an isomorphism N&g ~ N" and a sequence of integers aq,...,a, such
that the map M&g — Ns,g is identified with the map

(9.4.1) a: N — N

Now assume given two simple extensions j : Mg — Ng and j' : Mg — Ng which become
isomorphic over the generic fiber, and let P — 2, and P’ — % be two stable G-torsors
whose restriction to Z;, ~ %}, are equal. We claim that then there is an isomorphism of
log structures 7 : Ng — N such that the triangle

Mg
N
Ns " N,

commutes. Let a (resp. @') be the sequence of integers obtained from j (resp. j') as above.
To prove that j is isomorphic to j' it suffices to show that a; = a for all 7.

This can be verified on the closed fiber X, of X, where it follows from the definition of
stable (note that the restrictions P? — X? and P° — X? are isomorphic, as after making a
ramified base change V' — V' the two torsors P° — X° and P’ — X° become isomorphic

by 4.3).

Fix now a simple extension j : Mg <— Ng with corresponding sequence of integers a.

Let fi,...,f. € V be the images of the standard generators of N under the composite
N" — Mg — V. Then the stack classifying simple extensions Mg < N, such that the induced
map Mgz — N5 is given by 9.4.1, is isomorphic to

[Spec(V[xl, s axr]/($;‘li - fi)gzl/ﬂm X X ,uar]'
In particular this is a proper stack over V.

It follows that to verify the properness of the diagonal of ¢.#%/s it suffices to consider the
following situation.

Assume given a simple extension j : Mg — Ng and let X; — X be the resulting stack. Let
P, — X; (i = 1,2) be two G-torsors, and assume given an isomorphism ¢, : Py, — P, over
the generic point n € S. We then must show that ¢, extends uniquely to an isomorphism
L P1 — Pg.
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By the uniqueness we may work étale locally on S, so we may assume that G is equal to
an extension
1-A—-G—H-—>1,
where A is diagonalizable and H is étale. Let P, i denote P;/A, so P, y is an H-torsor and

the projection P, — P, y realizes P; as a A-torsor over P, .

By a standard limit argument it suffices to construct the extension of ¢, over the base
change of X to the strict henselization of X at a geometric point in the closed fiber. As in
2.5 we can write such a base change as

[Spec(R)/ D]
where R is either equal to the strict henselization at the point z; = --- = 2, = 0 of
(9.4.2) View, ooy ze) /(210 2s = %)
for some a # 0, or the strict henselization of
(9.4.3) Vier, ooy 2] /(210 2s = 0).

Now any extension of ¢, over Spec(R) is automatically compatible with the D-action, so to
construct the extension of ¢, it suffices to construct an extension over Spec(R).

First observe that the isomorphism Py, — P>, defined by ¢, extends uniquely to an
isomorphism P gy — Py over Spec(R). In the case when R is of the form 9.4.2 this is
immediate as R is normal, which implies that P,y is equal to the normalization of Spec(R)
in P, g, (1 =1,2). In the case when R is of the form 9.4.3 note that the category of torsors
on Spec(R) is equivalent to the category of collections (P;,0;;), where P; is a torsor over
Spec(R/(z)) (i = 1,...,s), and 04 : Pi|r(s;,2;) = PjlR)(z:,2;) 15 an isomorphism of torsors
over Spec(R/(z;, z;)) satisfying a suitable cocycle condition over the triple overlaps (as in the
proof of 5.1). Since the rings R/(z;) and R/(z;,2;) are normal, the isomorphisms over the
generic fiber extend uniquely.

Now observe that P, p is isomorphic to a finite disjoint union of copies of Spec(R), so to lift
this isomorphism P, g — P» g to the P; we are reduced to the case when G is diagonalizable.
In this case G is isomorphic to a finite product of schemes of the form p, (for various n),
which further reduces the proof to the case pu,. In this case P; corresponds to a pair (L;,";),
where L; is a line bundle and v; : L® — R is an isomorphism. Let M denote L; ® Ly"'. Then
M comes equipped with a trivialization f € M®" as well as a trivialization g, € M, such
that gy is equal to the restriction of f. The claim is then that g, extends to a trivialization
of M.

In the case when R is of the form 9.4.2 this is immediate as R is normal. In the case when
R has the form 9.4.3 note that R is the equalizer of the two maps

[Tr/Go= T B/,

1<i<j<s

Tensoring this sequence with M we therefore obtain an equalizer diagram

0—M— ﬁM/ziM = I M/Giz)M

i=1 1<i<j<s
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Let g} € (M/zM), denote the image of g,. Since R/(z;) is normal we in fact have g} €
M/z;M. Moreover, since R/(z;, z;) is normal the collection (g;) lies in the equalizer of the
two maps

[[M/z00 = ] M/(z,2)M

i=1 1<i<j<s
as this can be verified on the generic fiber. Therefore g, is in M. This completes the proof
that the diagonal of %/ is finite. Il

10. STABILIZATION
10.1. Let (X, Mx)/(S, Ms) be as in 7.1, let j : Mg < Ng be a simple extension, and let
P — Z; be a twisted G-torsor. We explain in this section how to construct a subextension
J

TN

J

(10.1.1) Mg —1> N, —~ N
such that P descends to a G-torsor P’ — % which is stable.

10.2. Let us begin by considering the case when S = Spec(k) is the spectrum of a separably
closed field k.

Fix an ordering 71, ..., Z, of the connected components of the singular locus of X, and
recall that this defines isomorphisms

N" — Ms, N" — NS
such that we have a commutative diagram
N —— > N
MS NS)
for some sequence of positive integers a = (aq, ..., a,).

On the other hand, for any geometric generic point 7 — Z; we obtain by 4.2 an integer ez,
and we let b; denote the least common multiple of the integers e; as 7 ranges over generic
points of Z;. By the definition of the integers e; we have b;|a;. Let f; denote a;/b;.

Define N§ C Ng to be the fiber product of the diagram
Ns

|

~ _

! ~
N'——N'— Ng,
so we have a diagram of simple extensions

Mg~ N, —~ N,
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10.3. There is a natural morphism of stacks
X — Xy
defined as follows.

Let g : Y — X be a morphism of schemes, and suppose given an object
(10.3.1) g*Myxy —*— Ny
T I
g f*Ms > g* f*Ns
of Z;(Y). We claim that there exists a unique sub-log structure Ny, C Ny containing the
images of g*Mx and ¢g*f*Ng such that the resulting diagram

(10.3.2) g My —~ > N},
I
9" F*Ms —= g" f*N§
is an object of Z;/(Y'). The functor 7’ is defined by sending 10.3.1 to 10.3.2.

For this note first that /Vy, is determined by the subsheaf of monoids N/Y C Ny, and this
subsheaf is in turn determined by its stalks. Now for a geometric point § we can identify the
diagram of stalks

Mx g4(5) Nyy

| |

QRN _/ —
Ms o) — Ng 959 — Ns.fa)

with the diagram

NT+S — Nr+s
hT hT
Nr e Nr Nr7

~_ 7

a

where h and y, are defined as in 2.4, and a and @ are collections of integers with a}|a; for all
i. Let F; C Nyy ~ N"** be the submonoid generated by the elements ale; (i < r) and ale;
(¢ > ). Then we want a sub-log structure Ny, C Ny such that Ny ; = Fj; for all y — Y.

From this the uniqueness follows, and also it suffices to construct Ny, étale locally on X.
Furthermore, it suffices to construct Ny, in the universal case, over Z;.

We can therefore assume that 2 is given by a fiber product as in 2.5. Let
7:N' — N"
be the map sending e; to (a/a})e;, and let
€N N
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be the map sending e; to (a;/a;)e; for i < r and (a,/al.)e; for ¢ > r. Also let A’ denote the
kernel of the map

H,ua’r _),ua’rv (COw--aCS) = gO"'C&
=0

We then have a commutative diagram

(10.3.3) [Spec(ZIN""])/A] [Spec(Z[N""]) /A']

| i

X —= Spec(Z[N"] ®q,zimr1,n Z[N"?]) T2 Spec(ZIN'] Qg zinr],n ZINTF])

which defines a morphism

' X — Xy
by base changing to X. By construction there is a natural map 7'* N 2, = Ny, of tautological
log structures, which has the desired properties on stalks.

Remark 10.4. The local description of the map 7' : Z; — %} in terms of the diagram
10.3.3 also shows that the relative coarse moduli space of Z; — % is equal to 2.

10.5. We claim that P descends to a torsor P’ — %£,. By construction this torsor P’ will
be stable.

For a geometric point z — 2 let K; denote the kernel of the map of group schemes

By 6.7 it suffices to show that for every geometric point £ — 2 the action of K; on P; is
trivial.

10.6. Assume that z has image in Z;, and let §y — X be the composite z — 2Z; — X. Write
the strict henselization Ox ; as

Oxz >~ (k[xy,...,25)/ (21 -+ -x4))™,

where the right side denotes the strict henselization at the origin. For an integer c let H, C
denote the kernel of the sum map

/fbi_>,uca (Cla"'aC&) HHCw
=1

and let 7, denote the stack quotient
Y. := [Spec(k[z1,...,20/(21- - 25))/H|,
where ¢ € H, acts by
zi—= Gz (1<8), zi— 2z (1> s).
Then by construction we have

Z; xx Spec(Oxz) ~ Yo, Xy xx Spec(Oxz) Yt
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Note also that we have a commutative diagram with exact rows

0 H,, g, Ha, 0

]

0 Ha; MZ; 'ua; Oa

which implies that the natural isomorphism
py, ~ Ker(pg, — pgr)
induces an isomorphism
Hy, ~Ker(H,, — Hg).
This isomorphism identifies Kz with Hy,, so we need to show that Hy, acts trivially on P.
10.7. For any 1 < p,q < s there is an inclusion
Opg * Jif, — Hy,
induced by the inclusion pf, < p5, sending ¢ to the element (ay) € pf, with ay, = ¢, ag = (7,

and o = 1 for k # p, q.
Note that the images of the o,, generate Hy,. In fact the map

0_12><0_23"'X0—(371)s:ﬂfiX"'X,ufi_)Hfi

is an isomorphism.
Write
Yo, = [Spec(klz1, ..., 20| /(21 25)) [ Ha,,
and let
P,. — Spec(k[z1,...,2z.)/(z1 - 25))

be the restriction of P, which comes equipped with an action of H,, lifting the action on
Spec(k[z1, ..., 2zn)/ (21 25)).

For 1 < p,q < s let T,,, C Spec(k[z1,...,2a]/(21---25)) be the closed subscheme defined
by z, = z, = 0. Note that the action of the subgroup scheme o,,(i,,) C H,, on T), is trivial,
therefore the restriction P|g,, induces a conjugacy class of homomorphisms o,4(ite,) — G.
This conjugacy class of homomorphisms has a well-defined kernel ¥, C 0,,4(ftq,), Which is a
diagonalizable group scheme being the kernel of a morphism from a diagonalizable group to
a tame group scheme [AVO, 2.7]. The restriction of ¥, to the generic point of T},, contains
0pq(pts,) by construction, and therefore ¥, contains o,,(uy,) over all of T),,. This implies that
0pq(piy,) acts trivially on P;, and therefore Hy, also acts trivially on P;.

10.8. For general S, note first that the subextension N§ < Ng is determined by the induced
map of constructible sheaves N:g < Ng, and hence the preceding case of a separably closed
field implies that the factorization 10.1.1 and the descended stable torsor P’ — 2 is unique
if it exists. It therefore suffices to construct it étale locally on S.
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10.9. Let s — S be a geometric point and fix a commutative diagram

a

N” N”
MS,E - Ns,g
for some integers aq,...,a,. The case of a separably closed field then defines a sequence of
integers aj, ..., a, such that aj|a; for all i. As above we write f; := a;/a;. Let Ng; C Ngs be
the fiber product of the diagram
Ns s
X f l

N — N" = N S5
We then have a diagram of simple extensions
MS,E — Né,g — NS,g-

By a standard limit argument we can after replacing S by an étale neighborhood extend this
to a diagram of simple extensions of log structures

MSCL' Nfgg Ns.

Consider the resulting map Z; — Zj. By 6.7 and 6.8 there exists an open substack
% C Z; containing the fiber over 5 such that P|4 descends to the image of % in 2.
Let 2 C %, be the complement of % Replacing S by the complement of the image of &
(which is closed since Z; is proper over S) we obtain an étale neighborhood of § such that
P descends to a torsor P’ — 2. Now by construction the fiber over 5 of P’ is stable, so by
8.7 there exists an étale neighborhood of § over which P’ is stable.

11. VERIFICATION OF THE VALUATIVE CRITERION FOR PROPERNESS

We conclude the proof of 1.5 (i) by verifying the valuative criterion for properness for
aHx/s-

11.1. Let S = Spec(V) be the spectrum of a discrete valuation ring V' with field of fractions
K and residue field k. We write n (resp. s) for the generic (resp. closed) point of S. Fix a
uniformizer ™ € V.

Assume given an object
(jn : My, — Ny, Py — %) € ¢ #xs(Spec(K)).

We must show that this object extends to an object of ¢ #x/s(Spec(V)), after possibly
replacing V' by a finite extension.

11.2. After possibly making an extension of V, we may assume that My, is constant (note
that My is a locally constant sheaf on s.;). Choose an isomorphism

(11.2.1) N @ N’/ ~ My
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such that the induced map o
NI — MVJ*]

is an isomorphism. We then have a canonical bijection between J (resp. I) and the connected
components of the singular locus which do not meet (resp. meet) the generic fiber. Fix a
lifting

6: NN — M,
of the isomorphism 11.2.1. Then there exists a unique set of natural numbers (e;);c; and
isomorphism % such that the following diagram commutes

NI&NI

L,

— Jn o —
My; — Nj.

After possibly replacing V' by a finite extension we may assume that this diagram can be
lifted to a diagram

N] 4>(ei) NI

b

]\4{/777 —>Nn.

Note that the map ~ is a chart. Let f; € V be the image of the i-th standard generator of
the composite

NI~ D(Spec(V), My) — V.
and let g; € K be the image of the ¢-th standard generator under the composite

N/ — T(Spec(K), N,) —~ K.

Then by construction we have gi* € V' which implies that in fact g; € V. Let N(©) be the log
structure on Spec(V') associated to the chart
N'eN -V
which restricts to 3 on N and sends the i-th standard generator of N’ to g;. We then have
a simple extension
jO My s NO
over Spec(V') restricting to j, over the generic point.

We therefore get a stack
Z 0 — Spec(V)
with a G-torsor
Py — Zi0

11.3. Let Z° C Zj( be the union of the connected components of the singular locus of 2
which are contained in the closed fiber, and let Z C X denote the image in X. Then by 5.1
and 4.3 P, extends to a G-torsor

Pl — Xl = Z;0\Z.
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11.4. For each j € J write the image of the j-th standard generator under the map
N/ —=I[(V.My) —V

as u;m" where u; € V* and k; € N. Let N be the log structure on Spec(V') induced by the
map

N'oN —V
whose restriction to N’ is the map defined by N and which sends the j-th standard generator
of N’ to . The map

NaoN - V*aN aN,| ew—e (€l), e (u;,0,kie;) (j€J)
induces a morphism of log structures N(© — N. Let j : My, — N be the composite
My — N© — N.
We then obtain a morphism of stacks
X; — Zjo

which is an isomorphism away from 2. In particular, the torsor P’ can be viewed as a torsor
over

2= 2 xx (X\Z).

Now observe that for any geometric point z — Z there exists an étale neighborhood U of
Z in X such that

X xx U~ [Spec(Vzy,...,x,]/ (21 25 — 7))/ A]

for some s < n (here A and the action is as in 3.3). It follows that P' extends to a torsor
P — Z; (by 3.7).

11.5. We therefore obtain a twisted G-torsor (j : My — N, P) over X whose restriction to
X, is our given object of ¢.#x/g(Spec(K)). Applying the stabilization construction of section
10 we then obtain the desired object of . #x,s(Spec(V)).

This completes the proof of 1.5 (i). O

12. THE STACK g.#x/s IS TAME.

12.1. Let (X, Mx)/(S, Mg) beasin 7.1, and let (j : Mg — Ng, P) be an object of ¢ #x,s(S5).
It suffices to show that the geometric fibers of the automorphism group scheme of (j, P) is
tame. So we assume that S = Spec(k) is the spectrum of an algebraically closed field, and let
&/ denote the automorphism group scheme of (j, P). The group scheme % of automorphisms
of Ng which restrict to the identity on Mg is isomorphic to a product of group schemes of
the form p,, and there is a natural homomorphism

o — A.

Let K C < be the kernel of this homomorphism. Since 4 is diagonalizable, to prove that
</ is tame it suffices to show that K is tame.
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12.2. The group scheme K is the group scheme of automorphisms of the G-torsor P over
Z;. Write G as an extension
l1-A—-G—-H-—>1,

where A is diagonalizable and H is tame and étale. Let Py denote the quotient P/A, which
is an H-torsor over Z;. The automorphism group scheme of Py over Z; is a twisted form
A of H. Let € denote the tame étale group scheme over Spec(k) corresponding to the
group I'(%;, 7). By the proper base change theorem, ¥ represents the functor which to
any k-scheme T" associates the group of automorphisms of the base change of Py to T. We
therefore have a natural homomorphism

K — %,

whose kernel K’ is the subgroup scheme of automorphisms of P over Py. To prove that K
is tame it then suffices to show that K’ is tame, and for this in turn it suffices to show that
the group scheme of automorphisms of P over Py is tame.

12.3. Let Z/k denote Spec(I'(Py, Op,,)). Since Py is reduced the scheme Z is equal to a finite
disjoint union of copies of Spec(k). Since A is abelian the group scheme of automorphisms
of P over Py is canonically isomorphic to the scheme

I—Io_mk(Za A)a

which is isomorphic to a finite product of copies of A. In particular, this is a tame group
scheme.

This completes the proof of 1.5 (ii). O
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