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(1). (An example of an additive category which is not abelian) Let k be a field. A filtration
F · on a k-vector space V is a decreasing sequence of subspaces (indexed by the integers)

· · · ⊂ F i ⊂ F i−1 ⊂ · · ·V.

A morphism of filtered vector spaces

ϕ : (V, F ·) → (W, G·)

is a map of vector spaces ϕ : V → W such that ϕ(F i) ⊂ Gi for all i. Let A be the category of
finite dimensional filtered k-vector spaces (V, F ·). Show that A is additive but not abelian.

(2). Consider the complex of abelian groups

· · ·Z/(4)
·2→Z/(4)

·2→Z/4
·2→· · · .

Show that this complex is acyclic but that there does not exist a homotopy between the zero
map and the identity.

(3). Let A be an abelian category. Show that the category C(A ) of complexes in A is an
abelian category. How about the category C≥0(A ) of complexes K · with Ki = 0 for i < 0?

(4). Let C be any small category, and let A be an abelian category. Show that the
category C A of functors

F : C → A

is also an abelian category.

1


