COMPATIBLE SYSTEMS AND DUALITY

MARTIN OLSSON

1. INTRODUCTION

1.1. Our aim in this paper is to develop a general formalism for dealing with some questions
on independence of ¢ for actions of correspondences on ¢-adic cohomology.

To get a sense for the kind of question we are interested in, consider the following. Let k
be the algebraic closure of a finite field of characteristic p > 0, and let X/k be a separated
scheme of finite type. Let v : X — X be a finite morphism. Then one expects, and in fact it
is a consequence of the results of this paper, that the trace

tr(ul RT(X, Q) = > _(—1)'tr(u|H' (X, Q)
i€Z
is in Q, and is independent of ¢, where u acts on the cohomology of X by functoriality.

The standard way to prove such independence of ¢ and rationality statements, is to use a
trace formula to relate the trace to the calculation of certain local terms. For the cohomology
RI'(X,Qy), however, there is no such trace formula without further assumptions (such as for
X smooth).

1.2. For compactly supported cohomology, one does indeed have such a trace formula thanks
to Fujiwara [4]. Since it plays a central role in this paper let us recall this result.

Let I, be a finite field of characteristic p > 0, and let & be an algebraic closure of F,. Let
Xo/F, be a separated scheme of finite type, and let

c=(c1,02) : Co — Xo x Xo

be a morphism of F-schemes, with Cj also separated and of finite type. Assume that ¢ is
proper and that ¢, is quasi-finite, and let £ # p be a prime. Let K € D°(X,Q,) be a complex
(where X denotes Xy ®p, k), and let

u: K — K
be a morphism in D%(C,Q,) (which by adjunction corresponds to a morphism cyciK — K
in DY(X,Q,)). We then get an endomorphism
R (u) : RUL(X, K) — RTW(X, K),

defined as the composite
RT.(X,K) — RI'.(X, cl*cTK)cl*ii! RI(C, ¢ K) —= RT(X, cact K) —“> RI'.(X, K).

Suppose given further an isomorphism

e: FyK — K,
1
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where Fy : X — X is the relative Frobenius of X/k (which equals the base change to k of
the g-power Frobenius on Xj). For an integer n > 0 define
W0 - X xX

to be the composite map
F% xid

C—>XxX—>>XxX.

Let
ul™ - (C(n))f{[( N (C(n));K

be the composite map

(M) K —=> GFE K —s K~ K = (™), K.

Also define Fix(c™) to be the fiber product of the diagram
C

lcw

X =X xX.
Fujiwara’s theorem is then the following:

Theorem 1.3 (Fujiwara [4, 5.4.5]). There exists an integer ng such that for every n > ny
the set Fix(c"™) (k) is finite and

tr(RO(u™)|RU(X, K) = Y 1t (K,u™),

z€Fix(c(™) (k)
where 1t (K, u™) denotes the naive local term at z (see section 2 for precise definitions).

Remark 1.4. Fujiwara’s theorem also holds for algebraic spaces, and Deligne-Mumford
stacks. The case of algebraic spaces follows from Varshavsky’s argument [15] together with
the compactification theorem of Raoult [14]. The case of Deligne-Mumford stacks can be
deduced from this by passing to the coarse moduli spaces (see [13]).

1.5. This theorem can be used to deduce independence of ¢ results for compactly supported
cohomology. For example, let X/k be a separated finite type scheme, and let o : X — X
be a proper endomorphism. Then by standard limit arguments there exists a finite subfield
F, C k and a finite type separated F,-scheme X, with an endomorphism «ay : Xo — X
inducing (X, a) by base change to k. Let Cy = X, and let

c:Cy— Xox Xy
be the map given by ag x id. Since ¢, is the identity, the canonical isomorphism
a*Q — Q
defines a map
u:ciQp — C!QQ(.
In this case the induced action RI'.(u) on RI'.(X,Qy) is the natural action induced by func-

toriality of compactly supported cohomology. Moreover, it follows from the definitions that
all the local terms are 1. If

f:RT.(X,Qp) — RI.(X,Qy)
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denotes the Frobenius automorphism, then f commutes with RI'.(u) and Fujiwara’s theorem
gives that there exists an integer ng such that for all n > ny we have

tr(RLe(u) o f*|RT(X, Q) = |X*™ (k)]
where X" denotes the fixed points of F'¥ o a. In particular, for n > ng the trace
tr(RT.(u) o f*|RT (X, Qy))

is in Q (even Z) and independent of ¢. By some linear algebra (see section 9), this implies
that in fact

tr(RT.(u)|RT (X, Qy))
is in Q and independent of /.

1.6. Following a suggestion of Illusie [7, 3.8] we take Fujiwara’s theorem as a starting point
for developing a theory of ‘compatible systems’. Let us describe such systems in the simplest
case (in section 9 we consider a more general notion involving a field of definition £/Q). Fix
a finite field IF, of characteristic p and an algebraic closure k of of F,. Let {{,}aer be a set of
primes indexed by a set I, with each ¢, # p (but we allow ¢, = (3 for o # [3).

Fix a correspondence over I,
c:Cy— Xog x Xo,

with both ¢; and ¢y quasi-finite. A compatible system of Weil complexes with c-structure
on X (or I-compatible system to make clear the reference to I) is a collection of data
{(Ka, €a, Ua) }acr as follows (see the text for precise definitions):

(1) K. € DX(X,Ty,).

(2) €4 : FY K, — K, is an isomorphism.

(3) uq : Ky — 5K, is a morphism which commutes with e, in a suitable sense (we
refer to the triple (K, €q,uqo) as a Weil complex with c-structure). For any n > 0 we
then get a map

u™ K, - K,
as discussed in 1.2.

(4) This data is further required that for every a € I, n > 0, and z € Fix(c™)(k) the
local term ltz(Ka,u&")) is in Q, and for every «, 8 € I and n > 0 we have for every
z € Fix(c™)(k) an equality of rational numbers

1t (Kq, ul™) = 1t, (K3, ug”).
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It is not hard to show (see section 12), using Fujiwara’s theorem, that for suitable mor-
phisms of correspondences

f Dy f
YN
Yo Yo,

the pushforwards fiK, have a natural structure of Weil complexes with d-structure, and that
the resulting collection of data {(fiKy, fi€a, fita)} is a compatible system.

To get a handle on the ordinary pushforwards f,K,, we use Verdier duality to write this
as
f*Ka — DYf!DXKa7
where Dx : DY(X,Q,.) — D%(X,Q,,) is the Verdier duality functor. This is the motivation
for the following result (stated here informally but see 9.6 for the precise statement), which
is our main result on compatible systems:

Theorem 1.7. Let ¢! : Cy — Xo x X be the transpose of ¢ obtained by composing ¢ with
the automorphism of Xo x Xq interchanging the factors. If {(Ka,€a,ua)} is a compatible
system of Weil complexes with c-structure, then the Verdier duals DK, are naturally part of
a compatible system {(DK,, €., ul)} of Weil complexes with c'-structure.

With this theorem in hand, we show using the above strategy that applying the ordinary
pushforward f, to a compatible system yields a compatible system (see section 13).

1.8. In fact theorem 1.7 is a consequence of a more general result on (naive) local terms and
duality. Let k be an algebraically closed field, and let

c=(c1,62):C—= X xX

be a correspondence, where C' and X are separated algebraic spaces of finite type over k,
with the maps ¢; and ¢, quasi-finite. Let K € D%(X,Q,) be a complex with a c-structure

u: K — K.
Let
d:C—XxX
be the dual correspondence and let
ut: ()iIDK — ()yDK
be the natural ¢’-structure on the Verdier dual DK of K (see 1.15). Note that there is a
natural isomorphism of fixed point spaces

Fix(c) ~ Fix(c").

The main result of the paper is the following:
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Theorem 1.9. For any y € Fix(c)(k) we have
It, (K, u) = lt, (DK, u"),
where 1t,(—, —) denotes the naive local term at y as defined in 2.1.
Remark 1.10. The analogous result for the true local terms is shown in [6, II1.5.1].

Remark 1.11. Theorem 1.9 can be used to prove a trace formula for actions of correspon-
dences acting on cohomology H*(X, K) in the case when the correspondence c is expanding
(which by definition means that ¢’ is contracting in the sense of [15, 2.1.1]). Precisely, sup-
pose X is proper (but not necessarily smooth), and that ¢, is finite. In this case u induces
an endomorphism H (u) of the cohomology H*(X, K) given by the composite

2% =C2!

RI(X, K) L RD(C, ¢t K) —=> RU(X, ¢9,¢tK) 2= RT(X, ¢9¢ K) —> RI(X, K).

By [15, 2.1.3], the set Fix(c)(k) consists of a finite set of isolated points, and we have the
formula
(1.11.1) tr(H(u)|H (X, K)) = > 1t,(K,u).
yEFix(c)(k)
This follows from the corresponding formula for compactly supported cohomology. Indeed
we have
tr(H (u)| H*(X, K)) = tr(RL(u)|H (X, DK)),

and by 1.9 we have

Y oy (Ku)= > lt,(DK,u").

yEFix(c) (k) yEFix(ct) (k)

The formula (1.11.1) is therefore equivalent to the formula

tr(RTo(u)|H; (X, DK)) = > lt,(DK,u'),
yeFix(ct) (k)

which follows from [15, 2.3.2]. More generally, in the case when X is not proper the formula
(1.11.1) still holds with some additional conditions ‘at infinity’ as in [15, 2.3.2].

In the topological setting, trace formulas for expanding correspondences had previously
been considered by Goresky and MacPherson [5].

Remark 1.12. Even for the identity map X — X (so C'is the diagonal in X x X') theorem
1.9 is not obvious (even for constant coefficients!). In this case the assertion amounts to the
statement that for any point x € X (k) giving an inclusion ¢ : Spec(k) — X we have an
equality of Euler characteristics

X(K) = x(i'K).
This follows from a theorem of Laumon [11].

The paper is organized into two parts.

The aim of part I is to prove 1.9. The proof involves is a rather eloborate devissage to
the case of a lisse sheaf and induction on the dimension of X. To help the reader, we have
isolated in separate sections a number of technical points that arise in the proof. However,
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the reader may wish to first consult section 7 to map out the broad outlines of the proof (this
is the section where the proof of 1.9 is completed).

The sections of Part I are as follows.

In section 2 we give the basic definitions of (naive) local terms and establish some basic
properties. Though we are primarily interested in Q,-coefficients and algebraic spaces, the
proof of 1.9 also requires some results with X and C' Deligne-Mumford stacks as well as some
results with torsion coefficients. For this reason, we develop several of the foundational results
also for Deligne-Mumford stacks and for various coefficient rings.

In section 3 we do some prepatory work on quasi-finite morphisms and traces which is
used in section 4 where we prove 1.9 directly in the case when K is a lisse sheaf (on a
Deligne-Mumford stack). The key point in this case is a result of Laumon [11].

With the case of a lisse sheaf in hand, the strategy for proving 1.9 in general is a devissage.
First of all using Noether normalization we reduce to the case when X is smooth (the key
point here are the results in section 5). By a standard reduction we may further assume
that K is a constructible sheaf of the form RYj.(K|y), where j : U — X is the inclusion
of a dense open subset (not necessarily c-invariant) such that K|y is lisse. In this case we
can consider the local monodromy group of K|y around points of X (this is the topic of
section 6). The main observation is that under some further assumptions on K (which we
can arrange to hold), the set of points where K has finite local monodromy is a c-invariant
open subset of X. This implies that there exists a dense open c-invariant subset V' C X and
a Deligne-Mumford stack 2~ — X with coarse moduli space X, such that K|y lifts to a lisse
sheaf on 2 xx V. This reduces us to showing that if j : V' C X is a dense open subset
which is c-invariant and Ky is a lisse sheaf on V, then the local terms of Rj, Ky at points of
X — V are zero, except that we now have to allow X to also be a Deligne-Mumford stack.
This vanishing of the local terms of Rj.Ky we show by first reducing to the analogous result
for Z,-coefficients and then reducing modulo ¢" for variable n (this is why we need to also
consider torsion coefficients). The proof of 1.9 is finished in section 7.

In part II we reap the benefits of the work in part I. We introduce the notion of compatible
system, following Gabber and Illusie [7]. We show that the category of compatible systems
is stable under the usual functors f*, fi, f., and f' as well as duality. This part is organized
as follows. In section 8 we introduce some basic definitions and results about twisting cor-
respondences by powers of Frobenius. In section 9 we explain the definition of compatible
system, as well as some linear algebra from [7]. We also prove in this section the key result
that the Verdier dual of a compatible system is again a compatible system (this follows almost
immediately from 1.9).

In the following four sections we then discuss the stability of compatible systems under
various operations. The easiest is pullback f* which we discuss in section 10. Dualizing
the results for f* we explain in section 11 the stability of compatible systems under f'. In
section 12 we explain how Fujiwara’s theorem can be used to prove that compatible systems
are stable under the functor f,, and the dualizing this result we obtain stability under f, in
section 13.

Remark 1.13. Though we use Deligne-Mumford stacks in the proof of 1.9, we only prove
1.9 for algebraic spaces. We expect that the same result holds also for Deligne-Mumford



Compatible Systems 7

stacks, but the argument presented here seems to break down in this case (in particular, the
reduction using Noether normalization).

Remark 1.14. In the case of a finite group action, several more refined results on the
relationship between ordinary and compactly supported cohomology have been obtained by
[lusie and Zheng [9, in particular 2.2].

1.15. Terminology and notation. Fix a field k£ of characteristic p and let ¢ be a prime
not equal to p. Let A be a Gorenstein local ring of dimension 0 and finite residue field of
characteristic ¢ (the primary example we will consider is A = Z/(¢™) for some n > 1). For
a separated scheme X of finite type over k we write D% f(X ,\) for the derived category of
bounded complexes of A-modules which are of finite tor-dimension and have constructible
cohomology sheaves. We will also consider A = Q,, Z, or Qy, in which case Dth(X ) =

D%(X,A) denotes the usual derived category of constructible A-modules as defined in [2,
1.1.2].

If f: X — Y is a morphism of finite type and separated k-schemes, we write
f!> f* : Dgtf<X7 A) - Dgtf<X7 A)a f*:f! : ch)tf(Xa A) - ch)tf(Xa A)
for the resulting operations on the derived category as in [6]. If we wish to consider the
non-derived operations we write R°f;, R°f,, etc.

We write Qx € DY, (X, A) for the dualizing complex of X, and
D:D}y(X,A) — DYy(X,A), K — ZHom(K,Qx)
for the Verdier duality functor.

For a scheme X of finite type over a field k, a correspondence on X is a morphism of
schemes

c:C— X xX,

with C' also separated and of finite type over k. We write ¢, : C — X (s = 1,2) for the
composition of ¢ with the projection pr, : X x X — X.

For a correspondence ¢ on X we write
d:C—-XxX

for the composite

Y=Y,z

C*C>X><)((z’*> x X.

The correspondence ¢ is called the dual of c. If K € D’C’tf(X ,\) then a c-structure on K is
a morphism

u: K — K
in D% ((C,A). Such a c-structure induces a ¢'-structure u’ on the Verdier dual DK given by
W' (VDK = DK ~ DA KD K ~ DK = (¢'),DK.
Here we use the canonical isomorphisms

[ * * !
co~DocyoD, ¢i~DocioD.
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For a correspondence ¢ on X, we write Fix(c) for the fixed points of ¢, which by definition
is the fiber product of the diagram

C

lc

X 2> X x X.

We will also need to consider correspondences with X and C' Deligne-Mumford stacks. The
above definitions carry over to this more general context word-for-word.

1.16. Acknowledgements. This work was inspired by Illusie’s article [7], which provided
the main idea to use naive local terms in the definition of compatible systems. I would like
to thank Luc Illusie and Weizhe Zheng for helpful conversations, as well as the Mathematical
Sciences Research Institute in Berkeley where much of this work was done. The author was
partially supported by NSF grant DMS-0714086, NSF CAREER grant DMS-0748718, and
an Alfred P. Sloan Research Fellowship.
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Part I: Local terms and duality
Throughout Part I of this paper, we work over an algebraically closed field k.

Let A be a coefficient ring as in 1.15 (so A is either Q;, Q,, Zy, or a Gorenstein local ring
of dimension 0 and finite residue field of characteristic ¢ invertible in k). To ease notation
for a separated finite type k-scheme X, we often write simply D?, +(X) for Db, (X, A) if no
confusion is likely to arise.

For K € D?,;(Spec(k)) the natural map
K ® RHom(K,\) - RHom(K, K)

is an isomorphism because K has finite tor-dimension and hence can be represented by a
bounded complex of free finite type A-modules. In particular we get a map

tr: RHom(K,K) — A,
called the trace map, defined as the composite
RHom(K,K) —= K ® RHom(K,\) —= A,

where the second map is the evaluation map. In particular, for an endomorphism v : K — K
we obtain its trace tr(u) € A.

2. DEFINITION OF LOCAL TERMS AND BASIC PROPERTIES

2.1. Let
c:C —-XxX

be a correspondence, with C' and X algebraic spaces separated and of finite type over k, and
assume cy is quasi-finite. Let K € Dth(X ) be a complex, and let

!
u: K — K

be a c-structure on K. For any point y € Fix(c)(k) with image z € X (k) (under either ¢; or
¢2), we define the local term, denoted

It, (K, u) € A,
as the trace of the composite map

! .
carcy—id

(2.1.1) K, —== (¢{K)y — (,K), = ®,c o1 (1) (G K): —> (cachK), — Ko,
where the isomorphism

@zecgl(x)(c!zK)z = (02!0!2[(%
is given by the proper base change theorem.

Remark 2.2. The above notion is usually called the naive local term. Since we do not
consider the true local term, as defined in [6], in this paper, however, we omit the adjective
‘naive’.
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2.3. Let 1 : Z — X be a closed immersion, and let
cy:Cy— Z X Z
be the correspondence on Z obtained by taking the fiber product of the diagram
Z X Z
lm
C—X xX.

Note that cz5 : Cz — Z is again quasi-finite. Also note that if C; denotes the fiber product
C X, x,i 4, then we have a cartesian diagram

(2.3.1) Cp——C,
| b
Oy~ C,

where all the morphisms are closed immersions.

Now let K € D’c’tf(Z) be a complex, and let u : ¢, K — c!ZQK be a cz-structure on K.
We can then define a c-structure

i (1, ) — ey (i, K)
as follows.

Note that if
€:Cy;—=C

is the inclusion (a closed immersion), then there is a natural map of functors
(2.3.2) Clix — €4Cyy
obtained by adjunction from the isomorphism
€°Clie ™ Tl 2 .
We therefore get a morphism of functors

€Ex €|

(2.3.3) CoCli, —> Co1€,CY — (C2€)1Ch; — 15C221Cy.
We define
Lz )i K — i K
to be the composite of this map cocji. K — i.czacy, K with

U CgnCy K — i, K.

Observe that there is a natural cartesian diagram

(2.3.4) Fix(c;)—— Fix(c)

L,

71 o x.
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Proposition 2.4. Let y € Fix(c)(k) be a fized point. Then
Ity (1. K, ivu) = 1t, (K, u)
if y € Fix(cz)(k), and
1ty (i, K, iu) = 0

otherwise.

Proof. Let x € X (k) be the image of y.

Since the square (2.3.4) is cartesian, it is immediate that 1t (i. K, i,u) = 0 for y ¢ Fix(cy),
for then (i,.K), = 0.
So assume y € Fix(cz). Taking the stalk at  we obtain from (2.3.3) a map

wWECy
defined by the commutativity of the diagram

€Ex €|

(caciin K ), (cnecy K)o —— (20015 K)o — (iscza15, K)o

- -

6911)662_1(17) (CTZ*K)W L @tECE%(x)Kt'

It follows from the functoriality of the base change isomorphism, that the map W is the
projection induced by the natural inclusion

Cpa(x) C eyt (),

Since the local term 1t, (i, /K, i,u) is by definition the trace of the composite

K:cc—y> GBu)EcQ_l(gr:) (CTZ*K)U) . @tecg (x)Kt — K,

2
this implies the equality
Ity (1. K, tu) = 1t (K, u).

2.5. Note that any c-structure
v el (1K) — i, K
is of the form i,u for some cz-structure v on K.

To see this, let xs : Cs — Z (s = 1,2) be the map such that i o x; = ¢; 0 (resp.
i0 X2 = cy07y). By the base change theorem we have

i K ~ 800K, i K ~ v, x5 K.
Also since (2.3.1) is cartesian we have

Y, > .
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Therefore
Hom(c}i, K, chi, K) =~ Hom(8, XK, 7., K)

=~ m(v Ou le X5 k)
~ Hom(onf*XIK, x5K)
= m(ﬁ*X K a'x,K)
~ Hom(cy, K, CZQK)

Proposition 2.6. Under this isomorphism

(2.6.1) Hom(c}, K, ¢y, K) ~ Hom(c}i, K, ¢yi, K)

a map u: ¢y K — ¢y K is sent to i,u.
Proof. Note first of all that for any G € D, +(C), the diagram

1. 1
Cols Y X

Hom (G, chi, K) — Hom(G, 1. x5 K)

iadj. iadj.

Hom(ey G, i K) Hom(7*G, x5K)
ladj. iadj.
Hom(i*caG, Kl)czl—xz om(Xgry G,K)

commutes, as explained in [1, XVIII, 3.1.11] (in particular the commutativity of the last
diagram in this paragraph). It follows that the isomorphism

Hom(i*cyejin K, K') ~ Hom(cz a1y, K, K)
obtained from (2.6.1) by adjunction, is induced by the map
i*CQ!CTi*K — CZ72!021K

obtained by going around the top and right sides of the following diagram:

. . i*cor~xary” 1104 X

(2.6.2) 1*cq i K X1y ¥ i il X217 0T K

Clix0xXT ZW
2105 X1 g ol B
(2.3.2)
id—p.0* 0 B 00k
X2V 0. B8 K == Yo X K
i*co10. B 3" X1 K = czancy K.

On the other hand, by definition for u : c¢z9 ¢}, K — K the map ¢,u is obtained by composing
u with the bottom and left side of this diagram. To prove the lemma it therefore suffices to
show that (2.6.2) commutes.
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For this note that all the small inside diagrams clearly commute, except possibly the bottom
right diagram. The commutativity of this last square amounts to the commutativity of the
following diagram of functors

. * co1 X 21Y
1*02!5*é* - X?!’Y*é*ﬂ*

-

7:*2.*022] — X210k,

which follows from [1, XVII, 5.2.5] applied to the diagram

o, <" c,

2.7. Consider a commutative diagram of algebraic spaces of finite type over k
C
|
C
X X,
where ¢ is proper, and ¢y and dy are quasi-finite. Let K € D, f(X ) be a complex and let
u:dydi K — K
be a d-structure. We then obtain a c-structure

q:u e K — K

on K from the composite

caci K — cng.q" K (id — q.q")
~  caqqt i K (@~ q.)
~ dQIdTK
= K.

Let
v : Fix(d) — Fix(c)
be the natural map. Note that since ds is quasi-finite, this map ~ is also quasi-finite.

Proposition 2.8. For any y € Fix(c)(k) we have
Ity(K,qou) = Y 1t.(K,u).

27~ H(y)
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Proof. Let x € X (k) be the image of y. The result then follows from noting that the diagram

-,k

(caciK)g ! (dadi K),

qxu iu

K,

commutes. O

t

Proposition 2.9. The two c'-structures q.(u') and (g.u) on DK are equal.

Proof. The map
Gu: K — &K
is equal to the composite map

. * 1
* id—gxq * % u ! ~ 1 qx=q 11 qq —id |
AOK — ¢.¢" K — ¢q.d5 K — q.¢ 6, K — qi¢'c; K — ¢, K.

Therefore, the map (q.u)* is given by going around the top and right of the following diagram

q!q!—>id

DK —=— DcyK “—= Dqig'cy K — Dq,dy K —— Dq.d; K

id—>q*q*/7

0.4 DK ad, DK

1

q«d

a¢'—id

¢.dyDK ¢DK.

On the other hand, the map ¢, (u") is equal to the map obtained by going around the left and
bottom sides of this diagram. The lemma therefore follows from noting that this diagram
commutes, as the small inside diagrams clearly commute. Il

2.10. Though we are primarily interested in the case of algebraic spaces, we need to also
consider Deligne-Mumford stacks for the proofs. We now explain how to define local terms
in this setting.
Let
c:C— X xX

be a correspondence with 2~ and % separated Deligne-Mumford stacks of finite type over k,
and as in the case of spaces assume that ¢y is quasi-finite. We can then consider the fized
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point stack, denoted Fix(c), which is defined to be the fiber product of the diagram
(2

e Y
Note that Fix(c) is again a Deligne-Mumford stack. The category Fix(c)(k) is the category
of pairs
A=(yeC(k),o:aly) = aly),

where y € € (k) is an object, and o is an isomorphism in 2 (k).
As before let K € D% ;(Z") be a complex of A-modules and let
u: K — K

be a c-structure. For A = (y,0) € Fix(c)(k) we will consider two different (though closely
related) notions of local terms

ItA(K,u) and lty(K,u)
defined as follows. Let x € Z7(k) denote ¢;(y). As before we have a map
(2.10.1) K, — (G K)y — (,K),,
so we need to define a map
(C;K)y — K.

For this note that again by the proper base change theorem we have

(encyK)p =~ RU(€?, 4 K),
where

C? =€ X0y 90 Spec(k).

Since ¢, is quasi-finite, the stack ‘Kx(QrLd is isomorphic to a finite disjoint union of stacks of the

form BH, where H is a finite group. In particular, the point y defines an open and closed
immersion

BAut(y/z) — ¢

z,red’
where
Aut(y/x) := Ker(Aut(y)ZAut(z)),

where we have used o to identify ¢5(y) with .

Let
J : Spec(k) — BAut(y/x)
be the natural projection. Then ¢ is finite and étale, so we have an adjunction map

§56* 2L 58t~ id.

This map defines a morphism
(C;K)y ~ RI'.(Spec(k), 5*(C!2K)|BAut(y/x)) - RP0<(K;£2)> CIQK) = (02!0!2}()337
and hence, by composing (2.10.1) with the composite
(2K)y = (e2ey K)o — Ky,
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we get the desired endomorphism
K, — K,.

We define R,\(K, u) € A to be the trace of this map.

It is convenient to also consider the group Aut(\), which is the set of automorphisms

a:y — yin € (k) for which the diagram in 2" (k)

commutes. In the case of A = Q,, we then define

|Aut(y) (k)| =
Ity (K, u) = 1ty (K, u).
[Aut(ci(y)) (k)] - [Aut(A)]
Remark 2.11. Note that the preceding paragraph shows that for any quasi-finite morphism
[+ % — % of Deligne-Mumford stacks over k, x € 2Z'(k), and K € DY (%), there is a

canonical map

TKJ . (f'K)x — Kf(m).

Example 2.12. To get a sense for the above definition of local terms for Deligne-Mumford
stacks (and also for later use), consider the following special case. Let G and H be two finite
groups, and let

p1,p2: H— G
be two homomorphisms. This gives rise to a correspondence

BdG BG.

Let V be a finite-dimensional representation of G over Q,, and let p:V denote the pullback
of V to an H-representation via p; (so piV has the same underlying vector space as V' with
H-action through p;). A c-structure on the sheaf on BG associated to V is then equivalent
to a morphism of H-representations

u:pV— pV.
Let Vi denote the coinvariants of V. We then get an endomorphism
u: Vg — Vg
from the composite
Ve
For g € G define

1

VGC PV —= p3V (psV)g —= Va.

Hy = {h € H‘Pl(h)gﬂz(h)fl =g},
and set

1 u
L, := @tr(viﬁ/—ﬂ/).
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Define an equivalence relation ~ on G by declaring that g ~ ¢’ if there exists h € H such
that ¢ = pi(h)gp2(h)~*. Then L, depends only on the equivalence class of g. Indeed if
g = p1(h)gp2(h)~1, then we have a commutative diagram

V-V ">V
lpz(h) lm(h) lpz(h)
v-Iey v,
where the right square commutes since v is a map of H-representations. Therefore
r(VEVSY) = tr(VEVSY),

Also we have a bijection
Hy, — Hy, hw hhh "

We can therefore unambiguously write Ly for a class [g] € G/ ~.

Let
T:V->V
denote the map
V= @ Z g-v.
geG

Then T factors as
1% Vg — 1/6¢ V.

It follows that we have a commutative diagram

O —_— Ker(T) V VG O

b e |

0 — Ker(7T) \% Vo 0,

and therefore
tr(u|Vg) = Ztr VSVSY).
’ geG
On the other hand, by the standard orbit decomposition formula for the action of H on GG
given by

hxg:= pi(h)gpa(h)~,

we have
|H| = |H,| - [[g]]-
We conclude that
(u]VG Z L
g]GG/~

In terms of the correspondence ¢, this is equivalent to the formula

tr(ulRT(BG V) = > lta(V,u),
ElFix(c) (k)|
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where V' denotes the sheaf on BG corresponding to V', and the sum on the right is over
isomorphism classes of objects in Fix(c)(k). A more general version of this formula will be
shown in 5.3.

213. Let p : A — A’ be a morphism of coefficient rings (the ones we will consider are
Zy — Q, or the reduction maps Zy, — Z/(I"), n > 1).

Let
c: 6 - X x X

be a correspondence with ¢ and 2" Deligne-Mumford stacks, and the maps ¢; and ¢y quasi-
finite. Let K € D?,;(X,A) be a complex with a c-structure

u: gl K — K.

We have a natural isomorphism [1, XVIL.5.2.9]
corct (K @% N ~ (caci K) @ A,

so u induces a c-structure

u e KN — K
on K':= K @ A'.
Proposition 2.14. For any fized point A € Fix(c)(k) we have an equality in A’

p(Itx (K, u)) = Tty (K, o).

Proof. This is immediate from the definitions. U

2.15. In general, it is difficult to find invariant subsets for correspondences. However, one
can often extend actions of correspondences as follows.

Let
C — X x X

be a correspondence with 2 and % Deligne-Mumford stacks of finite type over k and the
maps ¢; and ¢y quasi-finite. Assume that 2 is normal and irreducible. Let

jrU — X
be a dense open immersion, and let
Cy Cy — U XU
be the correspondence obtained by taking fiber product of the diagram
U x U
ijxj
C——> X x X
Let K be a lisse sheaf of A-modules on %, and let
vy acy K — K
be a cg-structure on K.

Proposition 2.16. The cy -structure v extends uniquely to a c-structure v on R°j, K.
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Proof. Note first of all that if p : ¥ <— % is an even smaller dense open substack, then the
natural map
K — R°p, K|y
is an isomorphism, since 2" is normal and K is a lisse sheaf on %. To give a morphism
caciRYj, K — RYj. K,
is therefore equivalent to specifying a morphism
(2.16.1) (caci RV K)|y — K|y
for any dense open ¥ C % .

Let § denote the dimension of 2. Since ¢; is quasi-finite, for any irreducible component
% C €, either the map ¢ : 2 — £ is dominant, or the dimension of 2 is strictly less
than 0. Combining this with the fact that ¢, is quasi-finite we see that the dimension of

(€ — ;Y U)X

is a proper closed subset. Let ¥ be the intersection of its complement with %/. Then

&' (V) C ), so

(a1 R% Ky = copn€; 5 Ky

We therefore get the desired map (2.16.1) from ¢y . O
Example 2.17. Let
(2.17.1) c:C - xZ

be a correspondence with 2~ and % Deligne-Mumford stacks of finite type over k, and the
maps ¢; and co quasi-finite. Assume further that 2 is normal. In this case, we have a
canonical ¢-structure on the constant sheaf A (where A is a coefficient ring as before).

To see this let us first make some general observations about quasi-finite morphisms. Let
f: 2 — % be a quasi-finite morphism between Deligne-Mumford stacks of finite type over
k, and assume % is normal. In this case there is a canonical map

(2.17.2) AN — A

defined as follows. By [13, 4.4 and 4.6], we have fiA € D=%(%, A), so it suffices to construct
a map

(2.17.3) RO fiIA — A.

We may further assume that 2" is reduced, in which case there exists a dense open substack
J: U — % such that % and f~Y(%) are both smooth over k, and either f~(%) = 0 or
% and [~ (%) are equidimensional of the same dimension. If f~1(%) is empty we define
fiA — A to be the zero map. In the second case, note that since % is normal we have

Ay = R Ay,
so we have a canonical isomorphism
Hom(R’fiA, Ay) ~ Hom((R°fiM)| 4, A ).

It therefore suffices to construct the map (2.17.3) under the further assumption that both 2
and % are smooth and of the same dimension ¢. In this case we have

Oy~ A)[20], Qq ~ A(5)[26],
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SO
fHN ~ZHom(f. A\, N)
and
A ~ZHom(A,N),
and we define (2.17.3) to be the map obtained by applying ZHom(—,A) to the canonical
map

A — fA.
Applying this discussion to the map ¢y : € — 2 in (2.17.1), we obtain a c-structure on
the constant sheaf A on 2.
More generally, suppose j : Z — Z is an open substack such that
o (%) C e ().
Let
Coy . (fo)/ — U XU

denote the correspondence obtained by restricting to % (so 6y = ¢, *(%)). Then the complex
Rj.A has a natural c-structure given by observing that

Hom(eoci Rj A\, Rj.A) ~ Hom((caci Rj\)| %, Ao ) = Hom(cqpach, Ay, Ay ),
and noting that Ay has a natural cy-structure by the preceding discussion.

2.18. Let
c: 6 — 2 x X

be a correspondence, with 2 and % Deligne-Mumford stacks of finite type over k, and the
maps ¢; and ¢y quasi-finite. Let K, L € ch’tf(% ,\) be two complexes and suppose given
c-structures

u:caci K — K, v:cyeiL — L.
Recall that there is a natural map (see for example [1, XVII, §5.4])
(2.18.1) (caci K) @ (caciL) — ca((K) @" (c[L)).
Suppose given a c-structure
w:enci (K@Y L) — K@" L
such that the diagram

w

coci(K @ L) K& L

- Tu@u

(2.18.1)

ean((¢1K) @ (L)) =— (caciK) @" (cuciL)
commutes.
Lemma 2.19. For any A € Fix(c)(k), we have
I6(K ®@" L,w) = I6(K,u) - 16(L, v).

Proof. This is immediate from the definitions. U
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2.20. For the remainder of this section, we prove some results in the case when A = Q,,
which we assume for the rest of this section.
Consider an algebraic space X/k, and a correspondence
d:% — X xX

with € a Deligne-Mumford stack, such that d; and ds are quasi-finite. Let w : 4 — C be the
coarse moduli space, so that d factors through a correspondence

c:C— X xX,

with ¢; and ¢y quasi-finite. Note that since 7 is proper, we have for any F' € D%(C) a natural
map

F— nnF ~mn*F,
which is an isomorphism by [13, 5.11]. In particular, we obtain a natural isomorphism
caci K ~ comm* i K ~ dydi K.
Therefore we have a natural bijection

(2.20.1) 7 : {d-structures on K} — {c-structures on K}.

Lemma 2.21. Let K € D(X), and let v : d{K — dyK be a d-structure. Let u : ¢;K — 4K
be the c-structure 7(v), and let y € Fix(d)(k) be a fized point with image y € Fix(c)(k). Then

Ity (K, u) = 1t, (K, v).

Moreover,
lty( K, u) = lty(K, u), 1ty (K, v) =1t, (K, v).

Proof. Let x € X (k) be the image of y. By definition of the map 7 we have a commutative
diagram

T 2T

(2.21.1) doydi K <— comm*ci K

\LU Tid—ﬂrur*
u

K caci K.

Let C¥ denote c; Y(z), and let %! denote the fiber product
CKI(Q) =% Xdy, X,z Spec(k).

Consider the diagram

(djK), — RT(€?, d:K)

d; T 2 T v
K, RU.(CP? 1.d K) K,
c id—mem™ T u

(¢iK)y—— RT(C?, ¢, K).
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The left pentagon commutes by the definition of the horizontal maps, and the right part of
the diagram commutes by the commutativity of (2.21.1). From this and the definitions of
It; (K, u) and 1t, (K, v) the first part of lemma follows.

The second statement in the lemma is immediate from the definitions. O
2.22. Consider a correspondence
c:C€ —> X x X,

with 2 and ¥ separated finite type Deligne-Mumford stacks over k, and assume that ¢; and
co are quasi-finite. Let ¢ : 2 — 2 be a closed substack such that

(D rea = €3 (2 )reas
and let K € D’(2") be a complex with a c-structure
w: K — K.

Let €» denote ¢;'(Z)eq 50 We have a correspondence

Cy  Cy — ZF X L.
We then get a cg-structure i*u on i* K as follows. Let

1:Cy — €

be the inclusion, and note that for s = 1,2 the map

Cy — C Xey i Z

is a closed immersion defined by a nilpotent ideal. We therefore get a map

(2.22.1) C i K ~ i K — i K — ¢ i K,

where the map 5*0’2 — Clyyi* is adjoint to the composition of the base change isomorphism
CQ"Q]%*C!QK ~ i*CQ!c!QK

with the adjunction map
i*CQgC!QK —i'K.
We denote the map (2.22.1) by i*u.
Note also that there is a natural closed immersion
7 : Fix(ce) — Fix(c).
Lemma 2.23. For every A € Fix(cy) we have
lt)\(i*K, z*u) = lty()\)(K, u)
Proof. We can without loss of generality replace 2 by an étale covering, and may therefore
assume that 2 is a scheme. Furthermore, using 2.21 we can replace € by its coarse moduli
space so we may also assume that & is a scheme (since an algebraic space quasi-finite over a

scheme is a scheme). This reduces the proof to the case of schemes in which case the result
is immediate from the definitions. 4
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Remark 2.24. In fact the diagram

id—i.1*

AGK ——= i K
u )
chi(ﬂf chiyi* K
commutes. This follows from noting that the diagram

id—ix1*

*
akK

Xk
it K

id—242*

be u

~ 0. be  ~ ~,
14Copot " K =—— 1,3" 5 K

commutes, which is immediate.

3. SOME REMARKS ON QUASI-FINITE MORPHISMS

Throughout this section we work with Q,-coefficients.

3.1. Let f: 2 — % be a quasi-finite morphism between separated Deligne-Mumford stacks
of finite type over k.

Recall [10, 9.1.i] that for F € D%(#%') and K € D%(Z) there is a natural isomorphism (the
projection formula)

(K)®@F — il K® f'F).
We therefore get for any F' € D%(%) and K € D%(.Z") an evaluation map
evp: idHom(f"F,K)® F — fiK
from the composite

proj

[ZHom(f*F,K)® F —> fi(ZHom(f*F,K) ® f*F) > fiK.
If F,G € D’(%) are two complexes we get a map
s : fRHom(f*F, f'G)@ F — G

by composing the evaluation map evg with the adjunction map fif 'G — G. The adjoint of
®; is a map
O fRHom(f*F, f'G) — ZHom(F,G).
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Example 3.2. Suppose % = Spec(k) is a point, in which case Z}¢q is isomorphic to a disjoint
union of stacks of the form BH, with H a finite group.

In this case there is a canonical isomorphism
f!%Hom(f*F, f'G) = @5€W0(%)‘%H0m(Fa G)7

where the sum is over the set of connected components of 2. The map ®; is therefore in
this case identified with a map

Dpeng( 2y ZHom(F,G) — ZHom(F,G).
We claim that this map is equal to the summation map
Y ®peng(yZHom(F,G) — ZHom(F,G).

To see this, it suffices to consider the case when F' = Q,, in which case the assertion is that
the adjunction map

646~ fif'¢M Mg

is given by summation. This follows from observing that this map is dual to the adjunction
map

DG — f.f*DG ~ || DG
B
which is given by the diagonal map.

3.3. By biduality the canonical map
G — ZHom(D(G), )
is an isomorphism, so the map @ ¢ corresponds by adjunction to a map
U, iRhom(f*F, f'G) @ F @ DG — Qg .

This map can also be described as follows. For complexes A, B, C' € D%(2") we have a natural
composition map

o:ZHom(A,B) @ ZHom(B,C) — ZHom(A,C),
which is adjoint to the composite
ZHom(A, B) @ ZHom(B,C) ® A~ B @ #Hom(B,C) > ¢,
In particular for K € D’(2") and G € D%(%') we have a natural map
cq: fZRHom(K, f'G) ® DG — AR Hom(K,Qy)
defined as the composite

fZHom(K, ['G) ® DG > f(@Hom(K, 1'G) @ DG 1@ Hom(K, 1'G) @ DS'G)

io

fg,%hom(K, Qgg)
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Lemma 3.4. The map V¢ is equal to the composite

fi@Hom(f*F, f'G) ® F © DG - @ Hom(Q,, f'G) ® DG~ fif'Qy ™= Q.

Furthermore, the diagram

(3.4.1) AZRHom(f*F, f'G) @ F @ DG —"> % Hom(Q,, f'G) ® DG

lca icc

S ZHom(f*F,Qq) @ F Sif'Qa

commautes.
Proof. By definition of W¢, the diagram

(i#Hom(f*F, f'G)) ® F ® DG 2% f(#Hom(f*F, f'G) ® [*F) ® DG~ {,{'G ® DG
iﬁf’—ﬁd
G ® DG

i evg

Qx

vy

commutes. It therefore suffices to show that the diagram

proj

fi&Hom(Qy, f'G) ® DG fi(#ZHom(Qy, f'G) ® Df'G)

- lo

Af'G® DG ——— fi(f'G® Df'G) = Qs
J/f!f!—ﬂd lf,fuid
G ® DG = Qu
commutes, which is immediate. O

By duality for any A, B € D%(%#') we have a canonical isomorphism
(3.4.2) HZHom(A, B) ~ ZHom(D(B), D(A)),

and similarly for complexes on 2. A straightforward verification, which we leave to the
reader, shows that for any F' € D%(%) and B € D%(2") the diagram

evp

(3.4.3) fiEHom(f*F,B)® F /B
i (3.4.2) iid—>D2
fiZHom(DB,Df*F)® F -2~ DB
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commutes, and similarly for any A € D%(2") and G € D%(#%) the diagram

(3.4.4) fiZHom(A, f'G) ® DG @ fiDA

l(3.4.2) TGVDG
[ ZHom(Df'G, DA) ® D& =10 % Hom(f*DG, DA) ® DG

commutes.

Lemma 3.5. For any F,G € D%(%) the diagram

FRHom(f*F, f'G) — 2~ ®Hom(F,G)
l(3.4.2)
f[i#Hom(Df'G,Df*F) (3.4.2)

la

@
ARHom(f*DG, f'DF) —> ZHom(DG, DF)
commutes, where « is induced by the biduality isomorphisms Df' ~ f*D and Df* ~ f'D.

Proof. By adjunction it suffices to show that the following diagram

(evp,ca)

f[ZHom(f*F, f'G)® F @ DG fif' Qa
i (3.4.2) T (evpGiepF)
fi#Hom(Df'G,Df*F)® F ® DG — fiZHom(f*DG, f'DF) ® F @ DG
commutes. This follows from the commutativity of (3.4.1), (3.4.3), and (3.4.4). O
Corollary 3.6. The diagram
A Qe — fi#Hom(f*Qu, Q)
iﬁf’—ﬁd lq)f

Q, —2 s ZHom(Qw, Q)

commutes.

Proof. Take F' = G = Q, in 3.5. O

Lemma 3.7. Leti : %" — % be a separated finite type morphism of Deligne-Mumford stacks,
and let &' denote the fiber product Z X4 %' so we have a cartesian square

g

T
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Then for any F,G € DY(%) the diagram

by

i* AR Hom(f*F, f'Q) i*ZHom(F,Q)

|- |

fli*FRHom(fF, f'G) RHom(i*F,i*G)

l Tq)f/
'*f!—’f/!i*

f@Hom(i™ f* F, i ' &) Lol g Hom (£ F, £ Q)

commutes, where ‘bc’ denotes ‘base change’ and the map i™* f* — f"i* is obtained by adjunction
from the map

[i/* i fy
Sy

!f!f[*)idi*

f!/il* f

Proof. By adjunction it suffices to show that the big outside diagram in the following diagram
commutes

i* fRHom(f*F, f'G) @ i* F —— i*(fZHom(f*F, f'G) ® F)

be ieVF
fli* R Hom(f*F, f'G) @ i*F e — T g
ibc Tf{f”—ﬁd
fiBRHom(f*i"F,i"* f'G) @ i*F —— "~ TA) CIat i A PYe)
il A /
{BRHom(f*i*F, f'i*G) ® i*F
This follows by noting that each of the small inside diagrams clearly commute. U

3.8. Consider now the case when %" = Spec(k) is a point so 7 is given by a point y € # (k).
In this case the stack 2, is isomorphic to a disjoint union of stacks of the form BG, for G
a finite group. Consider a point

z : Spec(k) — 2.
The map
" 1G = G
then induces my pulling back to z a map
(3.8.1) (f'G). — G,
Lemma 3.9. The map (3.8.1) is equal to T, defined in 2.11.

Proof. This is immediate from the definitions. U
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3.10. Suppose now that 2" and % are algebraic spaces, which we denote by X and Y to avoid
confusion, and again that %’ = Spec(k) is a point. Then combining the above discussion
with 3.2 we get that the following diagram commutes:

(fZHom(f*F, f'Q)), —= ®.cp1(yZHom(f*F, ['G).

| |

ZHom(F,G), Doef-1(y RHOm(Fy, (f'G)z)

\L l@TG,z
Y

RHom(F,, Gy) ®zep1( RHom(Fy, Gy).

Lemma 3.11. Let f : & — % be a quasi-finite morphism between separated finite type
Deligne-Mumford stacks over k. Then for any point x : Spec(k) — 2~ the diagram

(f'Q))e — RHom(Qw f(2), Q2 )

l‘r@g,z \LTQ@J:

Q, RHom(Qy f(2), o ()

commutes.

Proof. The assertion is étale local on % and 2", so we may assume that they are both
schemes. In this case the result follows from 3.10 and 3.6. O

3.12. In general, for K € D’(Spec(k),Q,) the composite map
Q, — RHom(K, K) ">,
is equal to multiplication by
X(K) =) (=1)'dimg, H'(K).
Proposition 3.13. Let 2 be a separated Deligne-Mumford stack of finite type over k. Then
for any x € Z (k) we have

X(Qgg@) =1.

Proof. The assertion is étale local on 2", so it suffices to consider the case when 2 is a
scheme, which for consistency of notation we denote by X. Let

i: Spec(k) — X
be the inclusion. Then Qx , is dual to i'Q, so it suffices to show that
X(i!@e) = 1.
For this let j : U — X be the complement of x, and consider the distinguished triangle
i*i!@e - @e - j*j*@z - i!@em'
To prove that x(i'Q,) = 1, it suffices to show that
X(1* 5.5 Q) = 0.
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This follows from a more general statement of Laumon, which implies that in fact ¢*5.j*Q, = 0
in the Grothendieck group of Q,-vector spaces [11, 1.1]. O

Combining 3.11 and 3.13, we obtain the following:

Corollary 3.14. Let f : & — % be a quasi-finite morphism of separated Deligne-Mumford
stacks of finite type over k, and let x € 2 (k) be a point. Then the map

TQa - (f!@e)x - @z
1s equal to the composite map

(f!@é) - RHom(Q??/ f(z fo :Jc) —_— RHOm(Q@ f(z)s Qo S (@) ) _tr Q,.

4. A SPECIAL CASE

Throughout this section we work with Q,-coefficients.

4.1. Let
c: 6 — 2 x X

be a correspondence, with 2  and %€ separated finite type Deligne-Mumford stacks over k,
and ¢; and ¢, quasi-finite. Let L be a lisse sheaf on 2" and let

|
u: L — ey L
be a c-structure.

The main result of this section is the following theorem, which in the case of algebraic
spaces yields 1.9 when K is a lisse sheaf. The proof of 1.9 in general will be a rather elaborate
devisage reducing 1.9 to the following result for Deligne-Mumford stacks.

Theorem 4.2. For any A € Fix(c)(k) we have
R)\(La u) = R)\(DL7 ut)'

Proof. Write A = (y € €(k),0 : c1(y) — c2(y)), and let & denote ¢;(y). Recall from 2.11 that
for any K € D%(2") we have a canonical map

Tyt (G K), — Ko,
where we identify K,y with K, using o. In particular, we have a map

TQuy - (CQQZ) _>Q£'

In general, if K € D2(2") then there is a canonical map
p:K ®cQ, — K
defined as the adjoint of the composite

sz02—>1d

co(3 K @ cnQy) LK ® cachQ, —

Note that the definition of this map also makes sense for torsion coefficients.
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In the case of the lisse sheaf L, the map
prLeGQ — 6L

is an isomorphism. This follows from a standard reduction to the case of torsion coefficients,
where the result is immediate.

Therefore the map u can equivalently be viewed as an element of
u€ (%, (1" ® ;L) @ Qy),

where L" denotes the lisse sheaf s#om(L,Q,). In particular, looking at the stalk at y we
obtain an element

uy € (L) ® L) ® (c5Qp),.

Lemma 4.3. The number _ -
ItA(L,u) € Q,
is equal to the image of u, under the map

_ (®1g,, o o
(L) ® L) @ (chQy),y > Qr®Q, =~ Q,

where B
<'7'> L;\®Lx _>QZ
15 the natural pairing.

Proof. This follows from noting that the diagram

TL

L, —= (¢iL)y —— (&, L), Ly

R
(e5L)y ® (Qp)y —> L, ® Qy

commutes, which in turn follows from observing that the diagram

proj

ca(csL ® cbQ,) — (cacyQy) ® L

lp J{cmcg—dd
corch—id
CQ[C!QL 22 L
commutes, which follows from the definition of p. d

To calculate the local term It A(DL,u"), note first that we have a natural isomorphism
DL~ L"®Qy,

SO
c3DL ~ c;L" @ c3Q o
and
ADL~cd (L) ®Qy) > L ®@cQy ~ L@ Q.
Therefore u' can be viewed as a map

C;L/\ (%9 C;Qgg — CTL/\ & Qg),
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or equivalently as a map
u' Qg — (L @ L) @ Q.
In particular, looking at the stalk at y we get a map

(u)y : Qe = (L) @ L) @ Qs

Lemma 4.4. The number INt,\(DL, u') is equal to the trace of the composite map
ut)y A A (s >®m%fﬁ
(4.4.1) ng — (L) ® L) ®Qgy =~ (L ® L) @ (chQs)y Xz

Proof. The local term RA(DL, u') is defined to be the trace of the composite of the map

(DL); —= (¢;DL)y — (¢, DK),
with the map
(,DL), —** (DL),.
On the other hand, the trace of (4.4.1) is by definition equal to the trace of the map
LY@y, — L@ Qg

obtained from the bottom of the following diagram

(DL). (DL), (¢, DK), ——= (DL),

- T
Ly ®@Qy o — (LN @ c3Qa)y — (L' ® CaQ%)y — Ly ®Qq,y — Ly @ Qg z,
where the two left squares commute by definition of the vertical and bottom horizontal arrows.

Therefore it suffices to show that the right pentagon in this diagram commutes. This follows
from noting that the diagram

| cllcll—dd
cney DL DL
ipmj
cn(¢i L ® Q) =~

i clncl —id

(CpCle) X LN —— " X Qf
commutes. O
We have
0!2@5 ~ ZHom(c3Q9,0y),
so there is a natural map

Py - (C;@Z)y - RHom(ngw, Q%),y)'
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By 3.14, the diagram
(4.4.2) (Q,), —2> RHom(Qz 2, V.y)

\LT@@y lﬁzgﬁ”vy

@g o RHom(Qy 2, Qo 2)

commutes. Combining 4.3, 4.4, and the commutativity of (4.4.2), we see that to complete
the proof of 4.2, it suffices to prove the following.

Lemma 4.5. The image of u, under the map
HO((LQ ® Lx) ® (C!Q@E)y) 7, (L;c\ ® L:L’) ® Hom(Qﬂf,aﬁa Q%’,y):Hom(Q%,x, (Lé\ ® Lx) ® Q%,y)
is equal to (u'),.

Proof. This follows from noting that the following diagram of isomorphisms commutes
D

RHom(ciL,cyL) ZHom(csDL,c,DL)

| |

LN ® L RHom(csL" @ 309, ¢ (L @ Qy))

| |

¢ QL ®Q, — L @ 3L @ ZHom(c3Q9, Q).

This completes the proof of 4.2.

5. LOCAL TERMS AND FINITE PUSHFORWARDS

5.1. Let
c: 6 — X x X

be a correspondence with 4" and 2" Deligne-Mumford stack of finite type over k, and with
¢y quasi-finite. Let K € D%(2°,Q,) be a complex on 2~ with c-structure u.

Let m: 2" — % be a proper quasi-finite morphism of stacks, and let
d.: € — Y% X
be the correspondence obtained by composing ¢ with
TXT: XXX =% XY,
Let mu be the d-structure on m K defined by the composite

dimK ~ dr*n.K  (m ~ 7, since 7 is proper)
-  GK (m*m. — id)
L K
—  crmK (id — 7'm)
~

d!27T1K.
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5.2. Now let A € Fix(d)(k) be a fixed point of d, say A is given by a pair
A=(y €€ (k),o:diy) — da(y)).

Let I; denote the scheme classifying isomorphisms o : ¢;(y) — ¢2(y) in 2 such that 7(0) = 7.
The scheme I; is the fiber product of the diagram

Spec(k)
\L (Cl (y)ch (y)va-)
A i> A Xay Z.

Let Gy be the group scheme of automorphisms « of y in %’ (k) which induce the identity
automorphism after applying both d; and dy. Then G, acts on I; by the formula

a*xo=cyla) toooc ).

Note also that since & is a Deligne-Mumford stack and k is separably closed, the group
scheme (G is a constant group scheme.

Let
(5.2.1) v : Fix(¢) — Fix(d)
be the projection. Then the fiber product of the diagram
Fix(c)
¥
Spec(k) — Fix(d)
is isomorphic to I;.

This isomorphism is obtained by associating to each point o : ¢1(y) — c2(y) of I5(k) the
fixed point.

Ao = (y,0) € Fix(c)(k).

Define an equivalence relation on I;(k) by declaring that o ~ ¢’ if 0 and ¢’ are in the
same orbit of the Gy-action on I;. Note that if ¢ ~ ¢’ then A\, ~ A,/ in Fix(c)(k) so

R)\J(K, u) = R,\U,(K, u)
It therefore makes sense to write It A (B, 1) for an equivalence class [o] € I5/ ~.

Proposition 5.3. We have
l~t,\(7r!K, mu) = Z Clo) 'Rk[a} (K, u),
[o]€ls/~

where Cly) 1s the constant

o [Ker(Aut(y) — Aut(di(y)))| |
7 Ker(Aut(ei (y)) — Aut(di(y)))] - [Ker(Aut(A,) — Aut(d;(y)))]
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Proof. The assertion is étale local on %, so we may assume that % is a scheme (which we
denote by Y to avoid confusion). Let x € Y (k) be the image of A. Replacing € by the
complement of the closed substack
(c;H(x) Ucy'(z)) — {image of y : Spec(k) — €},

we may assume that ¢, (2)ed = ¢ (T)red, and that this stack is isomorphic to BH for some
group H. By 2.23 we may therefore base change to z, and hence may assume that % is a
point. In this case, Z..q is isomorphic to a disjoint union of stacks of the form BG, with G
a finite group, and %,.q ~ BH for some group H. If the images of BH under ¢; and ¢y are
disjoint, then clearly the trace of mu on m K is zero and the formula holds. So assume this is
not the case. Then replacing 2" by the image of ¥ we may assume that 2" ~ BG for some
group (. So now we are considering a correspondence

¢: BH — BG x BG.

Now any morphism BH — BG is induced by a homomorphism H — G, so in this case the
proposition follows from 2.12. O

Remark 5.4. In the case when ¢ and 2 are algebraic spaces the map (5.2.1) is a monomor-
phism and we find that

It (K, u) if X € Fix(c)
0 otherwise.

1t>\(7T1K, mu) = {

5.5. Since 7 is proper, we have an isomorphism m =~ m,. We therefore have a natural
isomorphism

D(mK) ~mD(K).
Lemma 5.6. The two d'-structures on m(DK) given by

m(u), and (mu)

are equal.

Proof. This follows from noting that the diagram

T T (m* e —i D D(id—n'm
Dcim* mKD 17T*7T,J%<— %CTK<—U Dch K <— Deyn'm K

S

T Tk id—n'm —id

ar'n,DK < cin'mDK <— ¢ DK <— C’Q‘DK7T e, DK

\Lw*zm l:
t

m (u?)

C!17T!7T1DK : csm*m DK

commutes. O

5.7. One useful application of the above discussion is the following. Let
c:C —> X xX

be a correspondence with ¥ and 2" Deligne-Mumford stacks of finite type over k, and the
maps ¢; and ¢y quasi-finite. Let

d:C —-XxX
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be the correspondence obtained by passing to the coarse moduli spaces, so we have a com-

mutative diagram
N

4 7 4

T C T
N\
X X.

Let €; (i = 1,2) denote the fiber product

ng‘ =% X X,c; C.
Assume that the diagram
(5.7.1) € — 63
¢ —C

is cartesian, and let
v : Fix(c) — Fix(d)
be the projection. Let K € D(2",Q,) be a complex with a c-structure
u: K — K.

Let
€ —XxX

be the correspondence obtained by composing ¢ with
TXT: X XZ — X xX.

As in 5.1 we then have a ¢-structure

u' ey dimK — mK.
Through the bijection (2.20.1) we then also get a d-structure

v dadimK — mK.
Proposition 5.8. For any A € Fix(c)(k) we have

Itr (K, u) = Ity (MK, v).

Proof. Let X' € Fix(c)(k) be the image of A.
By 2.21 we have
It (M I, v) = Loy (m K, ),

so it suffices to show that N N
lt)\/(ﬂ'!K, u') = lt/\(K, U)
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Write A = (y,0), and let x € Z'(k) be the image of y. Let H denote the automorphism
group of x. Then since the square (5.7.1) is cartesian we have a natural isomorphism

Aut(y) ~ H x H.

From this it follows that the set I;/ ~ occuring in 5.3 consists of a single element, and that
for this element the constant C,) is equal to 1. O

6. REMARKS ON LOCAL FUNDAMENTAL GROUPS

6.1. Let 2" be a normal Deligne-Mumford stack of finite type over k. Let j: % — 2" be a
dense open immersion, and let F' be a lisse Q,-sheaf on %, where ¢ is a prime invertible in
k. For a point x € 2" (k), let X(,) denote the scheme

Xy = U x 9 Spec(Oy ),

and let F,) denote the pullback of F' to X(;) (here 04 , denotes the local ring for the étale
topology). For any geometric point § — X(,) we then obtain a representation

Py T1(X (@), ¥) = GL(Fz)g)-

We say that F' has finite local monodromy at x if the image of this homomorphism pj is finite.
Note that this is independent of the choice of ¥.

Proposition 6.2. There exists a dense open substack ¥V C X containing % such that a
point x € Z (k) is in V (k) if and only if F' has finite local monodromy at x.

Proof. The sheaf F' is by definition obtained from a lisse K-sheaf, where K is a finite extension
of Q. Forgetting the K-structure we see that it suffices to consider the case when F' is
obtained from a lisse Z,-sheaf F by tensoring with Q,. For every n > 1 let F,, denote the
locally constant sheaf F/¢™. Let r be the rank of F' (a locally constant function on %), and
let I,, — 2" be the normalization of the finite étale % -scheme

Isom((Z/")", F.).

Then there is a natural action of GL,(Z/(") on I,,. Let &2, — Z be the stack theoretic
quotient

P = 1,/GL.(Z]")].
The map &, — 2 is an isomorphism over %/, and identifies 2~ with the relative coarse

moduli space of &, — £ (this follows for example from [12, 2.9 (ii)]). Let W,, C &2, be the
maximal open subset over which F' extends to a lisse sheaf (if j : % — &2, is the inclusion,
then W, is the open subset where R"j,F' has maximal rank), and let %, C 2" be the image
of W,,. The set %, is an open subset (since pullback identifies open subsets of 2~ with open
subsets of &, since 2 is the relative coarse moduli space of £2,), containing %,,. We claim
that

% = Unzl@/n
is the desired open subset of 2.
To see this, let x € Z (k) be a point, and let P, , denote the fiber product

Pn,a: = @n X Spec(ﬁ%ﬂ?)'
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Fix a geometric point §j — X(,). Using the natural dense open immersion X,y — P, ,, we
get a surjection

7"-1()((:v)7 g) - ﬂ-l(Pn,x7 g)
On the other hand, the base change

I, x4 Spec(Oy ) — P
is a finite étale Galois cover with group GL,(Z/¢"). Fix an isomorphism ¢, : F,, 5 >~ (Z/(™)",
defining a lifting

g : Spec(k) — I,

of y. Since I,, X o Spec(O« ) is equal to a finite disjoint union of spectra of strictly henselian

local rings, we get from the choice of ¢, an identification of 7 (P, ,,y) with a subgroup of
GL.(Z/0") (namely the subgroup of elements preserving ¢y, ).

On the other hand, we also get a homomorphism
Py - ﬂ-l(X(m)?g) - GL,(Z/(E”)),

defined as the composite
(X@), §) — GL(F ) —= GL.(Z /™).

It follows from the construction that the image is precisely m1(Z,,4). From this we conclude
that F' extends to P, if and only if the image G of m1(X(,),¥) in GL(F(;)5) maps injectively
to GL(Fn’g)

To deduce the proposition from this, simply note that F' has finite local monodromy at x
if and only if there exists n for which the map

G — GL(F,y)
is injective. U

Proposition 6.3. Let f : 2" — % be a quasi-finite dominant morphism of normal Deligne-
Mumford stacks of finite type over k. Let % C % be a dense open substack, let W C X be
its preimage in 2", and let F be a lisse sheaf on % . Let V' C % (resp. Z C Z) be the open
substack such that a point y € ¥ (k) (resp. v € Z'(k)) is in ¥ (k) (resp. Z(k)) if and only
if F (resp. f*F') has finite local monodromy at y (resp. x). Then

Z = ).

Proof. The assertion is étale local on both 2  and %, so we may assume that both are
schemes (and for consistency of notation we write X, Y etc. for 27, %, etc.). Let © € X (k)
be a point mapping to y € Y (k), and consider the induced map

X@) = Yy

Let 2 — X(,) be a geometric point. It then suffices to show that the image of the induced
homomorphism

7T'1()((3[:)7 2) - 7T1<}/iy)7 f(z))
has finite index in 7 (Y(,), f(2)). Let K (resp. L) denote the fraction field of Oy, (resp.
Ox ) so we have an inclusion of fields K C L. To prove that the image of the map on
fundamental groups has finite index, we may without loss of generality assume that Z is given
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by a separable closure L — L°. Let K* C L* be the separable closure of K in L®. Then we
have a commutative diagram

Gal(L*/L) —= Gal(K*/K)

i i

7Tl()((xﬁ 2) - 71-1(Y(y)7 f(Z)),

where the vertical maps are surjections. It therefore suffices to show that the image of the
map

Gal(L®/L) — Gal(K*/K)
has finite index. This follows from standard field theory. O

6.4. Let f : X — Y be a quasi-finite dominant morphism of finite type, separated, and
normal connected k-schemes. Let U C X be a dense open subset, F' a lisse sheaf on U with
finite local monodromy at every point of X. Let V' C Y be a dense open subset such that
fiF is smooth over V.

Proposition 6.5. The sheaf (fiF)|v has finite local monodromy at every point in the image
f(X)of X inY.

Proof. Let x € X (k) be a point mapping to a point y € Y (k). Let K (resp. L) denote the
function field of Y (resp. X), and let K, (resp. L(;)) denote the field of fractions of Oy,

(resp. Ox,). Fix also an algebraic closure Ly C §2. So we have a commutative diagram of
fields

Q

e

[—— L(x)

K K

Let 7 — Y/, denote the geometric generic point defined by the inclusion 7 : K, C 2. We
then have an isomorphism

(L QK Q)red ~ H Q(a)a

where the product is taken over embeddings o : L <— Q over 7 and Q(,) is the field Q (with the
subscript as a place holder). The given embedding oq : L < 2 defines a geometric point of
X. Let V' denote the representation of Aut(§2/o¢(L)) defined by F', and let 7 : L(y) — €2 be
the given extension of 0y. Then by assumption the action of the subgroup Aut(2/50(L(s))) C
Aut(2/o0(L)) on V factors through a finite quotient.

Any embedding
o:L—Q

over 7 defines a lifting 7 : Spec(€2) — X of 77. Let V,, denote the representation of Aut(§2/o(L))
defined by F. Then as a vector space we have

(f!F>7_] = HVU‘



Compatible Systems 39

Let S denote the set of embeddings L — € over 7. An element o € Aut(2/K) defines an
automorphism S — S by sending ¢ to a o 0. This defines a homomorphism

Aut(Q/K) — Aut(S), a— a

whose kernel H is the subgroup of elements which fix the compositum of the fields o(L)
(0 € S). In particular H is contained in Aut(2/o¢(L)). An element o € Aut(Q/K) sends
V, C (f!F)ﬁ to V@(g).

The representation V,, can be described as follows. Choose an automorphism g € Aut(2/K)
such that g o 09 = 0. Then g(o¢(L)) = o(L), and hence we obtain an isomorphism

Aut(Q/o(L)) — Aut(Q/oo(L)), argloaoy.

The representation V, is isomorphic to the representation obtained from V' through this
isomorphism. Let H, C H denote the intersection of H with Aut(£2/K(,). The group H, is
a subgroup of

Aut(Q/oo(L) - Ky)) = Aut(Q2/Lz)).

In particular, the group H, acts through a finite quotient on each V,. Since H, has finite
index in Aut(€2/Ky)), this implies that the action of Aut(2/K,)) on (fiF); factors through
a finite quotient. O

6.6. Consider now a correspondence
c: 66— X xX

with € and 2" Deligne-Mumford stacks, and the maps ¢; and ¢y quasi-finite. Assume that
Z is normal, let j : % C % be a dense open subset, and let F' be a lisse sheaf on %. Let
G denote R"j,F, and suppose given a c-structure

u:cqciG — G

Proposition 6.7. Assume that the map u is generically surjective, that € is irreducible, and
that the maps c¢; are dominant. Let v C 2 denote the open subset characterized by the
property that a point x € Z (k) lies in ¥ (k) if and only if F' has finite local monodromy at
x. Then

(6.7.1) il et (7).

Proof. Let % — € be the normalization of %, and let ¢ denote the composite
G- X

Then G also has a natural é-structure (this follows from 2.16), and since € — € is surjective
it suffices to consider ¥. We may therefore assume that % is normal.

By 2.16 we can freely replace ¢ by an open substack containing ¢; (%), so we may assume
that in fact € = c¢;*(¥). So the sheaf ¢iG has finite local monodromy everywhere on %. Let
W C % be an open substack such that the restriction of cociG to # is lisse. Then (caciG)|y
has finite local monodromy at every point of ¢o(%) by 6.5. Since this sheaf also surjects onto
F|y we conclude that F' also has finite local monodromy at every point of co(%’). This implies
the inclusion (6.7.1). O
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7. PROOF OF THEOREM 1.9

7.1. For a complex K € DX, Q,) on an algebraic space X, let K*°, called the semi-
simplification of K, denote the sheaf

K* := @z (K).
If
c:C —-XxX

is a correspondence with ¢, quasi-finite, then since ¢} and ¢y are exact functors, any c-structure
u:caci K — K
induces for every ¢ € Z a c-structure
u; : coci HNK) — H(K).
Define

uss - CQ!CTKSS — K8
to be the c-structure given by
u = @(—1) ;.
Lemma 7.2. For any y € Fix(c)(k) we have
16, (K, ) = 1t, (K, u®), lt,(DK,u') = lt,(D(K**), (u*)").
Proof. The equality
Ity (K, uw) = 1t, (K%, u®)

is immediate. For the second equality, we proceed by induction on the integer n such that
there exists a € Z such that K € D*"(X).

If n =0 we have K = K*° so the result holds in this case. For the inductive step, suppose
K € D" (X) and consider the distinguished triangle

Teatn B — K — AT (K)[~a —n] = (Tcarn K)[1].
Note that since the functors ¢j and cq are exact, the map
u:cgel K — K
induces maps
U e TeainK — Tearn K, Ugin @ cac; T (K)|[—a —n| — A (K)|[—a — n]
such that the diagram

G Teqin K —— cai K —— i T (K)[—a — n] —— ca1¢ (Tearn K)[1]

ST e u

Teatndl K AN K)[=a = n] —— (T<arn K)[1]
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commutes. Dualizing we obtain a morphism of distinguished triangles

()21 D(TcasnK) =— ()ar(¢") ] DK <—— (" )ar(c") ] DA (K)[—a — n]

t
l ult l ut J{ ua+n

D(TeqinK) DK D(s"(K)[~a — n]).

By additivity of traces and induction on n we therefore get that

lt, (DK, u') = Y (=1)'t, (D(A(K)), uf) = 1t, (D(K*), (u™)").

1€Z

We now begin the proof of 1.9. The proof is by induction on the dimension ¢ of X.

7.3. Base case 0 = 0. If X is zero-dimensional, then 1.9 holds in the case when K is a sheaf,
as any constructible sheaf on X is lisse so we can apply 4.2. Using 7.2 we therefore also get
1.9 for K a complex in this case.

So now assume that 1.9 holds whenever X has dimension < ¢, and suppose given a corre-
spondence

c:C—-XxX

with ¢; and ¢y quasi-finite and X of dimension §. Suppose further that K € D%(X Q) is a
complex with a c-structure u : cac] K — K. We need to show that

It, (K, u) = 1t, (DK, u")

for every y € Fix(c)(k). We do this through a sequence of reductions.

7.4. Reduction to the case when K is a sheaf.

This is immediate from 7.2.

7.5. Reduction to the case when K is a sheaf and X is smooth and geometrically
irreducible. To prove 1.9 we may work étale locally on X, and may therefore assume that
X is affine. By the invariance of the étale site under infinitesimal thickenings, we may further
assume that X is reduced. In this case, by Noether normalization [3, 13.3], there exists a
finite morphism

T: X —=Y

with ¥ smooth, geometrically irreducible, and of the same dimension § as X (in fact we can
arrange for Y to be A?).

Let
d:C =Y xY

be the correspondence with d; = mo¢; (i = 1,2), and let

v : Fix(c) — Fix(d)
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be the natural inclusion of fixed points. By 5.1 the complex mK has a d-structure mu.
Moreover, by 5.3 we have for every A € Fix(d) an equality

I, (K,u) if X € Fix(c),
0 otherwise.

lt)\(ﬂ'!K, W!u) = {

Similarly, by 5.3 and 5.6 we have

ltx(DK,u') if X € Fix(c),
0 otherwise.

lt)\(D(mK), (mu)t) = {

To prove 1.9, we may therefore replace X by Y, and (K, u) by (mK, mu).

7.6. Reduction to the case when K 1is a torsion free sheaf and X is smooth and
geometrically irreducible. Let Z be any normal Deligne-Mumford stack over k, and let F’

be a constructible sheaf on Z. Then there is a canonical morphism of constructible sheaves
on 4

a:F—F
defined as follows. Let j : U < Z be a dense open immersion such that F'|y is a lisse sheaf.
Then define

F = R%j.(F|v),
and let a be the adjunction map. This sheaf F and the map « are independent of the choice
of U C Z. Indeed if s : V < U is the inclusion of an even smaller dense open subset, then
the adjunction map

Fly — R%s.(Flv)

is an isomorphism, since F|y is a lisse sheaf and Z is normal.

Definition 7.7. We say that a constructible sheaf F on Z is torsion free if the map o : F — F
is an isomorphism.

Lemma 7.8. Let F' be a torsion free sheaf on Z, and let j : U — Z be a dense open
immersion with F|y lisse. Then for any constructible sheaf G on Z the natural map

Homy (G, F') — Homy (G|u, Flv)

1 an isomorphism
Proof. This is immediate as F' = R%j,(F|y). O

Now consider again our correspondence
c:C—XxX

with ¢; and ¢, quasi-finite and X smooth and irreducible, and the constructible sheaf K with
c-structure u. Let a: K — K be the canonical morphism to a torsion free sheaf.

Lemma 7.9. There exists a dense open subset j: U — X such that the map induced by «

i K — cq i K

15 an isomorphism over U.
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Proof. Since c¢; is quasi-finite, and X is smooth and irreducible of dimension ¢, for any
irreducible component Z C C either ¢i|z : Z — X is dominant, or the dimension of Z is
strictly less than 6. It follows that there exists an open subset V' C C' such that the map

K — K

is an isomorphism over V', and such that the dimension of every irreducible component of
C —V is strictly less than 6. Combining this with the fact that ¢ is quasi-finite, we conclude
that the closed subset

CQ(C_V) C X

is a proper closed subset. Let U C X be its complement. Then ¢, (U) C V, which gives the
lemma. U

We get a c-structure on K by choosing j : U < X as in 7.9, and then noting that by 7.8
we have
Hom(co i K, K) ~ Hom((c i K) |y, K|v) ~ Hom((caciK)|v, K|v) ~ Hom(caci K, K).

We define

U CQ!CTF — K
to be the map obtained from these isomorphisms from the composite

et K —— K —~K.
Note that the diagram
caci K s CQ!CT?

K——F&

commutes. In particular if T' (resp. T") denotes the kernel (resp. cokernel) of «, then T" (resp.

T") obtains an induced c-structure ug (resp. ugv).

Let

T:=ToT[-1]
and let
ur ey T — T
be the c-structure given by ur @ uz. We then have a distinguished triangle
T —-K—K—T[]
such that the diagram

et T — caci K —— ¢y K — caciT (1]

lw l £ Jurts

T K K T(1]

commutes. It follows that for any A € Fix(c)(k) we have
ltA(K, U) = lt/\(F, ﬂ) + lt)\(T, UT).
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Similarly we have
tz(DK,u') = Ity\(DK, ") + ItA(DT, uly).
On the other hand, the complex 7 is supported on a proper closed subspace i : Z — X. Let
T, denote the restriction of 7 to Z so 7 = i,7;. Furthermore, by 2.5 the c-structure uz is
obtained by applying i, from a unique cz-structure
v:icy Ty — c!ZQTZ,

where ¢z : C; — Z x Z is the pullback of ¢. By induction we therefore have

1t)\(DT, U:t]-) = lt)\<7—, UT).
To prove the equality

lt)\(K, u) = lt)\(DK, Ut),

it therefore suffices to show that

Ity (K, ) = ltA(DK, u").

In addition to the reductions made so far, we may therefore further assume that K is torsion
free.

7.10. Proof in the case when X is smooth and irreducible, K is torsion free, and
K has finite local monodromy everywhere. Let j : U C X be an open subset such that
K|y is lisse. As in 6.2, choose a stack 7 : 2~ — X with the following properties:

(1) 7 identifies X with the coarse moduli space of 27, and 7 is an isomorphism over U.
(2) If 7 : U — 2 is the inclusion, then the sheaf F := R%j,(K|y) is a lisse sheaf on 2 .

Let € denote the fiber product
%I:OXXX)((%X%),

so we obtain a correspondence

d:C — 2 x X .

There is a d-structure
v:idagdiF — F
defined as follows. Note that as usual if V' C 2" is a dense open substack, then the natural
map
Hom(dggd”{f, ./T) — Hom((dgldff) ’v, flv)

is an isomorphism. It therefore suffices to specify the d-structure on a dense open substack
of 2. Now observe that if 2 C 2 is the complement (with the reduced structure) of the
maximal open substack V' C % which is an algebraic space, then the dimension of 2 is
strictly less than 6. As in the proof of 7.9, we therefore can find a dense open subset U C 2~
which is an algebraic space (and hence maps isomorphically to a dense open subspace of X),
and such that c; *(U) is contained in ¢; }(V). It follows that over U we have

(dadiF)|v =~ (caciK)|u, Flo = Klu.

The c-structure u, therefore defines a d-structure v on F.
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7.11. By 4.2 (the case of a lisse sheaf on a stack!), for any A € Fix(d)(k), we have
lt)\(./f, "U) = ltA(DF, Ut).

We use this equality to get the corresponding statement for our original sheaf with c-structure
(K, u).

Let C' denote the coarse moduli space of €, so we have a factorization

¢ —~C' —C.
Since the diagram
C—— I XX

C—>XxX

is cartesian and 7 x 7 identifies X x X with the coarse moduli space of 2" x 2, the map
b is a universal homeomorphism (indeed since 7 is a proper quasi-finite morphism which is
a bijection on geometric points, the map b is a proper morphism which is a bijection on
geometric points, whence b is a radicial surjective morphism). It follows that pullback along
b identifies the étale sites of C' and C’. In particular, if

d:C—-XxX
denotes co b, then K has a ¢-structure

u K — K
given by

K —Z b e K e pr K U A K
Lemma 7.12. (i) The map
v : Fix(c') (k) — Fix(c)(k)
15 a biyjection.
(ii) For any y € Fix(c)(k) we have
Ity (K, u') = 1ty (K, w), 1ty (DK, (u')') = 1ty (DK, u').

Proof. This is immediate. Il

Replacing C by C’, we may therefore assume that C' is the coarse moduli space of €.

Note that since m ~ 7,, there is a natural map
6: K —mF.

Lemma 7.13. The map 3 is an isomorphism.

Proof. This is clear, for if j : U — X is the inclusion of an open subset over which 7 is an
isomorphism, then R’j, = 7, o R%j,. O
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7.14. Let
c: % — X xX

denote the composite

¢ T X xX.

Then by 5.6 and 5.8, for every A € Fix(¢)(k) we have
Ity (K, mv) = lty(DK, (mv)?).
By 2.21, this in turn implies that for every y € Fix(c)(k), we have
It, (K, s) =1t,(DK,s"),

where s is the e-structure on K obtained from mv under the bijection (2.20.1). To complete
the proof of 1.9 in the case when K has finite local monodromy everywhere, it therefore
suffices to note that s = u, which is immediate as these two maps cgc; K — K become equal
on a dense open subspace of X, and K is torsion free.

This completes the proof of 1.9 in the case when K is a generically pure torsion free sheaf,

X is smooth and geometrically irreducible, and K has finite local monodromy at every point
of X.

7.15. Finally we prove 1.9 under the assumption that X is smooth and irreducible, and that
K is torsion free. Let j : U — X be a dense open subset over which K is lisse, so that
K = R%.(K|p).

7.16. Reduction to the case when X is smooth and irreducible, K is torsion free,
and u and u' are generically surjective. Suppose the map

u: et K — K

is not generically surjective. Let I C K be the image, and let I — I be the universal map
to a torsion free sheaf. Since K is torsion free, the inclusion I C K extends uniquely to an
inclusion I < K, and since u is not generically surjective the sheaf I has generic rank strictly
smaller than the generic rank of K. Let

u' o epcil — 1
be the map obtained from the composite

cmcﬁc—> canci K —71 clI.

Then the local terms of (I,u') and (K,u) are equal, as are those of their duals, so we can
replace (K, u) by (I,u'). Proceeding by induction on the generic rank of K, we may therefore
assume that u is generically surjective.

Let G denote the dual of the lisse sheaf K|;. Then G has a c};-structure given by a map

t., .t t*
u' g G — G

We say that u' is generically surjective if this map is generically surjective.
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Suppose this is not the case. As above, let J C G be the torsion free subsheaf characterized
by the property that its restriction to some dense open of U is equal to the image of u‘. Then
J is a lisse sheaf, and we have a factorization of u! as

o €0 G — J — G.
Let L be the dual of J so we have a surjection
K|y —= L.
Then by construction the map
cy : cyac K — K
factors as

concin K|y — cuaciy L —— K|y
Let . denote the sheaf R°j,L, and let
Vel — &L
be the c-structure obtained from the cy-structure on L given by

X

cyacy L K|y L.

We then have a map (which need no longer be a surjection)
p: K —%
such that the diagram
enci K 2> cpct ¥
-0k
K—"—¢

commutes. From this it follows that the local terms of (K, u) and (£, v) agree, and the same
holds for their duals. We can therefore replace (K, u) by (:£,v), and .Z has strictly smaller
generic rank than K (since we assumed that u' was not surjective). Proceeding by induction
on the generic rank of K we may therefore further assume that u! is generically surjective.

7.17. Reduction to the case when X is smooth and irreducible, K is torsion free,
v and u' are generically surjective, C' is normal and irreducible, and the maps ¢;
are dominant. We may without loss of generality assume that C' is reduced. Let C — C
be its normalization, and let

i:C—XxX
be the induced correspondence. Then by 2.16 the c-structure on K extends to a ¢-structure

on K, and using 2.8 and 2.9 it suffices to prove the result for C. We may therefore assume
that C' is irreducible.

If the projections C' — X are not dominant, then the c-structure u must be zero, so we
may further assume that the maps ¢; are dominant.
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7.18. Completion of proof of 1.9. We now finish the proof of 1.9, under the assumptions
of 7.17.

By 6.2, there exists a maximal dense open subset o : U C X such that K|y has finite local
monodromy everywhere. Let Z C X be the complement with the reduced structure. By 6.7
(applied to both ¢ and ¢') we have

G '(2) =Y (Z), ¢,'(U)=c'(U).

We need to show that for a point y € Fix(c) with image in Z we have
It, (K, u) = 1t, (DK, u").

Let j : V < X be a dense open subset such that K| is lisse. By definition of a lisse
Qy-sheaf, there exists a finite subextension Q, C M C Q, with ring of integers A C M, and a
lisse, torsion free sheaf of A-modules on V such that F®,Q, ~ K ly. Forn > 11let A, denote
A/eMA. After possibly replacing u by ¢™u for some m > 0 and M by a bigger subextension
we may assume that u is induced by a c-structure (which we denote by the same letter u)

U CQICTROJ'*F — R, F.
In this case the local terms
It, (K, u), lt,(DK,u")
are in A. We show that for all n > 1 we have
(7.18.1) lt,(K,u) = 1t,(DK,u") (mod (™).

For n > 1 let T,, — X denote the normalization of X in the finite étale V-scheme

Isom(A;,, F @ Z/((")),

where r is the rank of F. There is a natural action of GL,.(A,,) on T},, and we define

e X, — X

to be the quotient
2 = [T,/GL.(Z/)(")).

Let
g™ 2, < 2,

be the fiber product of the diagram

I X X,

lﬂ'Xﬂ'

C—— X x X.
Also define
= U P (vesD. By = Zo > 2)
to be the preimage of U (resp. Z), where %, is given the reduced structure. Since K has

finite local monodromy over U, there exists an integer ng such that for every n > ng the sheaf
F over V extends uniquely to a lisse sheaf of A-modules . ™ on %, (see the proof of 6.2).

We can compute the local terms of K and DK using K () .= RY%,,,. Z™ as follows. Let
u™ denote the unique c™-structure on K™ extending u/y .
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Note first that the natural map
Fix(¢™) (k) — Fix(c)(k)

induces a bijection on isomorphism classes (this is immediate from the definition of ¢ and
the fact that X is the coarse moduli space of 2). Let A € Fix(c™)(k) be a lifting of
y € Fix(c)(k). Then by 5.6 and 5.8 we have

Ity (K™, u™) = 1t, (K, u),

and N
tA(DK™ u™t) =1t, (DK, u').
To show the congruence (7.18.1) it therefore suffices to show that

ItA (K™ u™) = It\ (DK™, u™1)  (mod ™).

Set
Q(n) = TZlRan*y(n),
so we have a distinguished triangle
K™ = Rapu 7™ — Q™ — K®][1].
Since %, is c™-invariant we also have a c(™-structure v (resp. w) on Ra,..#™ (resp. Q™)

such that the diagram

Cgl)cgn)*K(n) s CéTgL)an)*ROén*ﬁ(n) . cg!z) an)*Q(n) . Cg;)an)*K(n) [1]

iu(n) ly lw lu(n)[l}

K™ Rov o F ™) QM K™ 1]

commutes. It follows that
Iea (K™, u™) = 1ty (R Z ™, v) — 162 (Q™, w),
and by dualizing
ItA(DK™ 1™ty = Tty (DRap F™ , 0t) — 16 (DQ™ , wh).
Now we have
DR, . 7™ ~ Ra, DF™,
which is supported on %;,. Therefore
Ita(D Ry 7™ 0t) = 0
and we have _ B
Ity (DK™ w1 = —1t, (D™, wt).
On the other hand, set
Q = =1 R (Kly),

and let w be the natural c-structure on Q.

By 5.6 and 5.8 we have
160(Q™), w) = 1t,(mQ™, muw) = 1t,(Q, w),
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and _
1tA(DQ™, w') = 1t,(mDQ™  muw') = 1t,(DQ, @),
and these two numbers are equal by induction. We conclude that to prove that
ItA (K™ u™) = Tt, (DK™, u™4)  (mod £7),

t suffices to show that _
Ity (Rane.Z™,v) =0 (mod ().

Equivalently, by 2.14 we need to show that
Ita(Rov (ZF™ @ (Z./07),v) € A,

is zero. On the other hand, by construction the sheaf .#™ @ (Z /(") extends to a lisse sheaf
4™ of 7./(#")-modules on all of .Z;,. We therefore have

R, (F™ @ (2,)07)) ~ 4™ @Y Ro,, (Z,)07).

Let
DE cg, MG @ Rou, (Z)07) — G @ Rou, (7,07

denote the ¢™-structure induced by pushing forward v, let
a: Mg g
be the c™-structure on ¥™ obtained by applying .#° to ¥, and let
b: SV R, Z) (07) — R, Z/ (07

be the canonical c™-structure (see 2.17). Then the diagram

Cgl) (an)*g( )) ®H“ 02, Cl Ran*Z/(gn)

\L a®b

Cg?)cgn)*<g(n) &L Ran, (Z/0M)) v @™ QL Ra,. (2,0

commutes, where the vertical arrow is the natural morphism (see (2.18.1)). Indeed this can
be verified after restricting to %, where it is immediate.

By 2.19, it therefore suffices to show that
Ita(RansZ/(07),b) = 0.
For this in turn it suffices (using 2.14) to show that
Tta(RovnsZg, b) = 0,
and for this it suffices to show that
Itx(Ran, @y, b) = 0.

By the discussion above with .% ™ replaced by Q, this vanishing is equivalent to the equality

162 (@, b) = 62 (Q,, 1),
which follows from the case of a lisse sheaf 4.2.

This completes the proof of 1.9. U
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Part II: Compatible systems and the standard operations

Throughout part II of this paper, we work over a finite field [F, with ¢ elements and
characteristic p (so ¢ = p* for some a). We fix an algebraic closure F, — k. We usually
denote a scheme (or stack) over F, with a subscript 70”7, and its base change to k by the
corresponding unadorned symbol (so X, denotes a scheme over F, and X denotes the base
change Xy ®F, k).

8. TWISTING BY FROBENIUS

8.1. Let 2, be a separated Deligne-Mumford stack of finite type over IF,, and let
Fo  : & - %
denote the relative Frobenius of 2" /k.

Definition 8.2. An (-adic Weil complex on 2 (or just Weil complez if the reference to £ is
clear) is a pair (K, €), where K € D’(2°,Q,) and

e Fy K - K

is an isomorphism.

Let
c: 6y — Zoyx 2o

be a correspondence over F,, with 6; and 2y Deligne-Mumford stacks.
Definition 8.3. A c-structure on a Weil complex (K, ¢€) is a morphism
u: K — b K
such that the diagram
(8.3.1) GFy K ———=ciK
g1 K chK
Fre,K — &, Fy K

commutes, where the bottom horizontal arrow is obtained from the natural isomorphisms
Fi ~Fl and F} ~ F,.

8.4. For natural numbers n, m € N we write (™™ for the correspondence
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If (K, e,u) is an f-adic Weil sheaf with c-structure, then for every n,m € N the complex K
has a natural ¢™™-structure u™™ defined as the composite

u e~

~ n ~
an,m)*K = CTF;?K _c . CTK C!QK C'QF?;*K = Cémm)!K

I

where the last isomorphism is obtained from the canonical isomorphism F}- ~ F%. (since Fy-
is a universal homeomorphism).
8.5. Let
f:Zo— %

be a proper morphism between separated Deligne-Mumford stacks over F,. Let

C: Cg() — % X :/Zm//o
be a correspondence, and let

d: (50 — % X %
be the composite

Go—= Vo x Xy Ly x

Let (K, e u) be an f-adic Weil sheaf with c-structure on 2". We give fiK € DY(#%,Q,) the
structure of a Weil sheaf with d-structure as follows.
Consider the commutative diagram

Fo

N

g ™

VA 2! Z

N, b

2

Yy —,

where the square is cartesian, and g is the relative Frobenius of 2°/%. We then get an
isomorphism

c id—gs«g* * 201 €
Fj FK > fir" K ="2 flg.g'n" K *=% fiF5 K —~ fiK,
which we denote by fie (here the adjunction map id — g¢.g*
universal homeomorphism).

As in 5.1, define

is an isomorphism since g is a

fou: i K — dyfiK

to be the composite map

G HK ~ cf*f.K  (fi ~ f. since f is proper)
— K (f*fe —id)
= ch K
— & f hK (id — f'f)

Lemma 8.6. The data (fiK, fie, fiu) is a Weil complex with d-structure.
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Proof. We need to prove that the diagram

diFy fK —L dy fik

=

Fyd; filK dyfi K

iﬁu Tﬁe

Fydy ik — dyFj fiK

commutes. Expanding out the definitions of fie and fiu, this amounts to showing that the
big outside diagram in the following diagram commutes:

c id— * * ~ * L% *
(8.6.1) G ERAK s i K 2L e flg gt K —Ss ¢ fFS K
Fecif*hK AFy [T hK A hK
fix=fs lﬁ”ﬂ i fs
Fei fr fu.K aFyfrf.K af fK
f*fx—id lf*f*—ﬁd " fe—id
Foa K = AaF, K < ak
FichK ch K
5 K
id—f' f id— f* fi
& Fy [ K
L f s K e A K.

The top left inner diagram clearly commutes, and the center inner diagram commutes since
(K,e,u) is a Weil complex with c-structure. The commutativity of the top right diagram
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follows from noting that the diagram

id—g«g*

PEy AR s f i K 2L f flg.g'm* K —=> f*fiFy K

i: / if{:fi J/f!”:fi J/f*:f!

Fyf hK e K ppg on K == f L5 K

if':f* be f*f d \Le
w«—>1
* £ id * fe—id
AT N Gty o e ‘ <17 PR

commutes, and the commutativity of the bottom inner diagram follows from noting that

€ id—7'fi
Iy K K & JhE

idﬁf!f!l
Fy ['hK

Py K 2 PR KL P g g K S PR

g

commutes.

8.7. Assume now that 6, and Z, are algebraic spaces, which we henceforth denote by Cj
and X, to avoid confusion. Let y € Fix(c)(k) be a fixed point with image x € X (k) defined
over F, (so z is obtained from a point zo € X (F,)). Let

fo: Ky — K,
denote the automorphism defined by the Weil complex structure, and let

uy Ky — K,

denote the endomorphism (2.1.1).

Observe that since z is defined over F,, for any n,m € N we also have y € Fix(c™™).
Lemma 8.8. For any n,m € N we have

It, (K, u™™) = tr(f; ™u, [ K,).

Proof. The local term 1t (K, u(™™) is by definition the trace of the composite

~

K, = ("™ ), — @Z@én,m%l(w)(c&"’m)*K)z — (M K, K
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This sequence of morphisms fits into the following larger commutative diagram

(n,m)=
~ u(m)

K, 1 (an,m)*K)yc @Zec(n m)fl(x (cgn,m)*K)Z o~ (CgL,m)an,m)*K)x K,

l~ l: l: ()

2GR, Sacrpey o (P K). = (Fieaci FYK), K,

- T

K, —— (G K)y——— @ZG(FQC2)’1($)(CTK)Z (Fcaci K), - (FPK),

which implies the lemma, as the composite map K, — K, obtained by going around the left,
bottom, and right side of the diagram is f ™u, f.'. U

Lemma 8.9. The endomorphisms u, and f, of K, commute. In particular, for n > m we
have
It, (K, umm)y = It, (K, ummmO),

Proof. Taking the stalk at y of the diagram (8.3.1) we get that the diagram

K, K,
(T K) Fey) (1K),

commutes, which implies the lemma. O

9. BASIC DEFINITIONS AND DUALITY

9.1. Let E be a field of characteristic 0, and let I be a set. Assume given for every a € I a
pair ({4, ta), where £, is a prime not equal to p, and ¢, : £ — Q,_ is an embedding.
Let
c:Cy— Xogx X
be a correspondence over [, with ¢; and ¢y quasi-finite.

Definition 9.2. An [-system consists of a {,-adic Weil complex with c-structure (K, €4, ta)
for every a € I. An I-compatible system (or just compatible system if the reference to I is
clear) is an I-system {(Ky, €4, tg)} such that for every n > 0 and y € Fix(c(™?) we have

lty(Ka,qumO)) € 1a(F) C @ga,
and
Ity (Ko, ul™®) = 1t, (Ks, u§™”),

(67
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for all v, 3 € I, where these local terms are viewed as elements of E via ¢, and 3 respectively.

9.3. Recall the following facts of linear algebra (see [7, §8]). Let E be a field of characteristic
0, and let V' =V, @ V] be a finite-dimensional Z/(2)-graded E-vector space. Let

u, f: V-V
be two commuting, graded, endomorphisms of V' with f bijective. Define a function
S(t) = tr(uf")t" € t- E[[t]].
n>1
Lemma 9.4. (i) S(t) € E(t).

(ii) Let s = 1/t. Then S(t) does not have a pole at s =0 and —tr(u) is equal to the value
of S(t) at s = 0.

(111) Suppose K C E is a subfield, and that S(t) € t- K|[t]] C t- E[[t]]. Then in fact
S(t) € K(t) C E(t) and in particular tr(u) € K.
Proof. See [7, §8]. O

The main application for us of this linear algebra is the following:

Lemma 9.5. Let {(K,, €a,Ua) tacr be an I-system.

(i) Suppose that for every o, 5 € I there exists an integer ng such that for every n > ng we
have
Ity (Ko, ul"”) € ta(E), 1t,(Ks,ui™) € 15(E),
and
Ity (Ko, u”) = 1ty (K5, ")

for all y € Fix(c™) (where again we view these local terms as elements of E). Then
{(Ka,€a,a)} is a compatible system.
(11) If {(Kq,e€q,ua)} is a compatible system, then for every a,B € I, n,m € N, and
y € Fix(c™™) we have
Ity (Ko, ul"™) € 1a(B), Ity (Kg,uf"™) € 15(E)

and
1ty (Ko, ul™™) = 1t, (Kg,u§™).

Proof. For (i), let n > 0 be an integer and let y € Fix(c(™%) be a fixed point. Also choose
a, 3 € I. We need to show that

(9.5.1) It, (Ko, ™) € 1a(E), 1t,(Kgul"") € 15(B),
and that
1ty (Ko ul") = 1t, (K5, u$?).

Replacing ¢ by ¢™ and u by u™® we may assume that n = 0. Furthermore, after making
a field extension F, — F,-, we may assume that y € C(IF,), and that no = 1. Let € X (k)
be the image of y, and set

Va = @iEZHi(Ka,a:)v
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a Z/(2)-graded Q,,_-vector space. Let
U : Vo =V,

be the endomorphism defined by the action of the correpondence on K, ,, and let
fa:Voa—V,

be the automorphism defined by the Weil complex structure. Then u, and f, are commuting
endomorphisms of V,, by 8.9. Set

Salt) =Y _tr(uafi|Va),

which by (9.4 (i) is an element of Q,_(¢). Similarly define (V3,ugs, f5) and Ss(t) € @gﬁ(t).
By (9.4 (iii)) we have
Sa(t), Sp(t) € E(?),
and
Sa(t) = S,@<t)7
so from (9.4 (ii)) we have (9.5.1) and
tr(ua|Va) = tr(ug|Vs),
which is equivalent to the equality
lty(Ka, ua) = lty(Kg, U5).

For (ii), note that by 8.9 it suffices to show that for m > 1 we have

Ity (Ko, u®™) € 1a(E), 1t,(Ksul™) € 15(E)
and
Ity (Ko, u®™) = 1t, (Kg,uf"™).
For this note that by 8.9 again, we have for n > m
Ity (Ko, ull™) € ta(E), 1ty(Kg,u"™) € 15(E),
and
Ity (Ko, ul™™) = 1t, (K5, uff ™).
Statement (ii) therefore follows from (i) applied to the I-system with ¢(®™-structure
{(Ka, €™, ulP™)}.
O

Theorem 9.6. Let {(K,,€a,uq)} be a compatible system of Weil complexes with c-structure.
Then {(DK,, €., ul)} is a compatible system of Weil complexes with c*-structure.

oy o «

Proof. Note that
(Ct>(n’0) _ (C(O’n))t
and that for a € I we have
(ug,) ™ = (u™)".
Therefore for any v € I, n > 0, and
y € Fix((¢)™Y) = Fix((c"™)"),
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we have by 1.9
Ity (D Ky, (ul)™0) = 1t, (K, u>™).

« «

From this and (9.5 (ii)) the result follows. O

10. PULLBACK f*

10.1. Consider a commutative diagram

f Dy /
2N
Yo Yo,
with ¢1, o, di, and dy quasi-finite, and let £ # p be a prime.
Assume that the map
X : C—D XdQ,y,fX
is a universal homeomorphism. In this case we have a base change isomorphism
be : cog” >~ [*doy.

Remark 10.2. A key case is when f is a closed immersion, and Cj is the fiber product of
the diagram

X()XXO

Dy —2+ Yy x Yy,

which is the scheme-theoretic intersection d;*(X) N dy'(X). In this case, the condition that
X is a universal homeomorphism is equivalent to the condition that dy ' (X)red C dy ' (X)req.

10.3. Let (K, ¢,u) be an f-adic Weil complex with d-structure on Y. Define
fre: Fe(fK) = f°K
to be the isomorphism
Fif'K —=> fFRAK — S [*K,
and let
ffu:cacif*K — f*K
be the morphism

el [T K —= cpg di K —> f*dudi K —~ f*K.

Lemma 10.4. The data (f*K, f*¢, f*u) is a Weil complex with c-structure on X .
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Proof. The condition that the diagram

fre
i FY ffK —— coci f* K

lz

F;(CQ!CT‘]C*K ffu
|
Fif K —"s 'K
commutes, is equivalent to the commutativity of the big outside diagram in the following:
F* f*zf*F*
(10.4.1) CoClF fr K — el f Py K ‘ cact f* K
~ ci fr~g*dy cy fr~g*d]
Fieaci f K cag*di Fy K < cag*di K
c} fr~g*dy be u
Fieng*diK frdadi Fy K ——~ f*dydi K cagtdy K
u
be ~ \ be
* Lk *}Fé‘(f*z *F** * * * |
u dordb—id
TRy K < K.

This implies the lemma as all the small inside diagram in (10.4.1) clearly commute.

Let
v : Fix(c) — Fix(d)

be the natural map.

Lemma 10.5. For every y € Fix(c)(k), we have
Ity (f7 K, [ u) = 1ty (K, w).
Proof. Let z denote ¢;(y) = co(y). The lemma follows by noting that the diagram
K, Drcest () (A K): —— (cai f*K)a

-

r (frdadiK), —> K,

- G
7(y)

commutes.
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Proposition 10.6. Let {(K,, €, us)} be an [-compatible system of Weil complexes with
d-structure on'Y. Then

{(f*KOM f*€a7 f*ua)}
is a compatible system of Weil complexes with c-structure on X.

Proof. This follows from 10.5 and the observation that
£1"0) = ().

11. EXTRAORDINARY INVERSE IMAGE f'

11.1. We can dualize the results of the previous section. Consider a commutative diagram
Co
RN

XO 9 XO

f Dy f
7N
Yo Yo
with ¢1, o, di, and do quasi-finite, and let £ £ p be a prime. Assume that the map
X:C— X Xpya D
is a universal homeomorphism. This implies that there is a base change morphism
be:cif — g'd;

adjoint to the composite
glcl dlfv 'fl —>1d

difif —
For an ¢-adic Weil complex with d-structure (K€, u), define
fle: F)*(f!K — 'K

g fr—=

to be the composite isomorphism
Fef'K == ['FpK —~ f'K,
and let
flu: c”l‘f!K — c;f!K

be the composite morphism

K s d i K > g d K —> L f'K.
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Proposition 11.2. Let {(K,, €a,uq)} be a compatible system of Weil complexes with d-

structure on Y. Then {(f'Ka, f'€a, fua)} is a compatible system of Weil complexes with
c-structure on X.

Proof. This follows from 9.6 and 10.6, together with the observation that under the canonical
isomorphism

['Ko = DfD(K,)
the morphism f'e, (resp. f'u,) corresponds to (f*(€!)) (resp. (f*(ul))!), which is immediate

«

from the definitions. O

12. COMPACTLY SUPPORTED COHOMOLOGY f

12.1. Consider a commutative diagram

N

XO g XO

f Dy f
N
Yo Yo,
with ¢, ¢, dy, and dy quasi-finite. Let £ be a prime number not equal to p, and let K €
D%(X,Qy) be a complex with a c-structure
u: K — K.
Let P, denote the fiber product
P1 =D Xdy,Y,f X,
let €, : P, — X be the projection, and let
(12.1.1) c-Ll-p--p
be the natural factorization of g.

Assume that the map [ in 12.1.1 is proper. Then we get a d-structure
fiu: i IK — dyfiK
on fiK from the composite
d* fichie¥ id— B4 G3* « 3 ~ u
dz!dif!Klf'*i 1d2!h!€>{KJdi£ doh 3,31 K B=h dyhpiciK — ficaci K — [iK.

12.2. Suppose now that (K, e, u) is a Weil complex with c-structure on X, and define
f!E . F;qu — flK
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to be the composite isomorphism
F K — [iIF{K — fK.
Lemma 12.3. The data (/K| fie, fiu) is a Weil complex with d-structure on Y .

Proof. To see that the diagram
fre

dond Fi iK1 doydi fi K

F;dmd?flK fiu
if!u

Fphlk —2 s K

commutes, note that this is equivalent to showing that the big outside diagram in the following
diagram commutes:

Ay Fifild — = dpd: i K —— = dod: fiK
~ be be
Fydaydi fiIK dygnei Fx K - dagne; K
be id—B.6* id— 8.6~
Fydagnel K dogu BB Fx K —— dogu 8.3 6, K
id— B p* Bx=P Bx2P
Fydagn B8 el K doguf i Fx K —— dangnfici K
Bx== ~ ~
Fydygupici K ficaci FX K : ficaci K
Fy ficaci K fiFscaci K u
FyhK = HFXK : hK.

This follows from observing that all the small inside diagrams in this diagram commute. [
12.4. Let v : Z — Y be a closed subscheme such that

dfl(Z)red = dgl(Z)red-
Let
a: Xy — X
be the inverse image of Z, and let

e: Dy, —Z xZ
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and
bZCZ—>XZXXZ

be the pullbacks of D and C respectively (so Dy = d;'(Z)Ndy*(Z), and Cz = ¢;*(Xz) N
-1
;1 (X7)). Let

h: XZ — 7
be the base change of f.

Lemma 12.5. Let (K,e,u) be an (-adic Weil complex with c-structure on X. Then the
diagrams

(12.5.1) Fo ik 1S K
ii*fgzhga* li*ﬁ:h!a*

hia*e

F}h;a*K —— h;a*K

and
(12.5.2) emeti* il M e I
ii*f[ﬁh!a* \Li*fg:h;a*
hia*
eqeiha* K L ha*K
commute.

Proof. For the commutativity of (12.5.1) note that the diagram

Fpit fK —== i"Fp K —=> i" fiFt K —— i* i K
\Li*ﬁﬁhga* \Li*fgﬁh!a* li*fg:h[a*
Fiha*K —= WF% a*K — ha*F{ K —— hja*K

commutes.
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For the commutativity of (12.5.2) it suffices, by expanding out the definitions of i* fyu and
hya*u, to show that the following diagram commutes:

eo10* ~i*dg) d’{f!zgl!ei

(12.5.3) eqelt* I *dyd K K
i* fichya* dfimoud id— 3. 8"
eare;hna* eqvt* el K e o exo”guer K i*dz!gl!ﬁ*ﬁ*q[(
ethy ZI.T/ J{id—ﬁM Burfy
eavnTra eavnt” 0,071 K <— eno™gu . e K i*dygnfici K
eV Y T eat* Bici K <% eno*gufic; K i* fieaci K
- | u
equymbia* K (esvy Wt* Pt K L (dog1 )1 01c; K . K
~ lbc be
Mbybia* K —=—= hboa* i K —~ hya*cnct K “ ha*K.
Here the notation is as follows. Let ); denote the fiber product Xz xj, z., D and let
v:Cz —
be the natural map. Let a : Cz < C' be the inclusion, so we have cartesian squares
Q1 — Dy D; —"=D
Xz LN A VA LN Y,
and
Q1 ——= P, Cy—2>C
lm lgl J{v lﬂ
D;—"=D Q1 —— P

The lemma then follows by noting that (12.5.3) commutes, as each of the small inside
squares commutes by standard properties of the base change isomorphisms. O

Theorem 12.6. Let {(K,,€a,Ua)}acr be a compatible system of Weil complexes with c-

structure on X. Then {(fiKa, fi€a, fita)} is a compatible system of Weil complexes with
d-structure on Y .

Proof. Let z € Fix(d™%)(k) be a fixed point for some n > 0. We have to show that
16 (S, ™) € 1a(E)

for all & € I, and that the resulting elements of £ agree. Replacing d by d™%, ¢ by ™0
and possibly making a field extension F, — F,-, we may assume that n = 0 and that z is
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defined over F,. Let yo € Yy(FF,) be the image of z. After removing

(di'(y) udy'(y) — {2}
from D and replacing C' by the corresponding inverse image, we may further assume that
dfl<y)red = dgl(y)red = {Z}
Let

i : Spec(F,) — Yo
be the inclusion defined by yo, let X, denote f~(y), and let C, denote g~*(z). We then have
a correspondence

e:C, — X, x X,
with e; proper (even finite). Let {(La,7a,vs)} be the compatible system of Weil complexes
with e-structure on X, obtained from {(K,, €4, us)} by pullback 10.6. By 12.5 we then have

It.(fiKa, fita) = tr(RL(va)|RT (X, La)).
Now by Fujiwara’s theorem 1.3, there exists an integer ng such that for all n > ny we have
ltz<f!Ka7 f!ua) € La(E)a

and such that these numbers all agree (in fact they are given by a sum of local terms of L,).
By 9.5 we therefore get the theorem. O

13. ORDINARY COHOMOLOGY f,

13.1. Consider a commutative diagram

f Dy f
R
Yo Yo,

with ¢, ¢, di, and dy quasi-finite. Let £ be a prime number not equal to p, and let K €
Db(X,Q,) be a complex with a c-structure

u: K — K.
Let P, denote the fiber product
Py =D Xg,v5 X,
let €5 : P, — X be the projection, and let
(13.1.1) c-C-p-"p
be the natural factorization of g.

Assume that the map [ in 13.1.1 is proper.
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We then get a d-structure f,u on f,K defined as the composite morphism
u o~ * =01 ! '>id C
Ef K —> g0t K~ g, oK~ ho B0 e K 222 b g8 e K e K s dL 1L K.

If
e: Fy K — K
is a Weil complex structure on K, we also get a Weil complex structure f.e on f,K from the
composite

FifK = f K —> f.K.

Proposition 13.2. Let {(Kq,€a,uq)} be a compatible system of Weil complexes with c-
structure on X. Then {(fiKa, fc€as fxtia)} is a compatible system of Weil complexes with
d-structure on Y .

Proof. This follows from 12.6 and 9.6, and the observation that under the canonical isomor-
phism

f* Ka = Df!DKa
the map f.e, (resp. fiuq) corresponds to (fi(eh)) (resp. (fi(uf,))"), which is immediate from
the definitions. 0
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