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These notes approximately represent the contents of a course given at 1’Université de
Paris Sud in Spring 1981 and in an accelerated version at Lund University. They are
based on about three years of work with analytic singularities. The author arrived at this
subject through the study of the propagation of analytic singularities for boundary value
problems. Among the three existing definitions of the analytic wavefront set, that of Bros-
lagolnitzer (see [8]; the other two are due to Hérmander [13] and Sato [27]) is revealed
to be the most manageable, at least for an analyst with a certain predilection for Fourier
integral operators with complex phases. The need to systematically develop the approach
of Bros-lagolnitzer is then already apparent in the boundaryless case. Some steps in this
direction were made by G. Lebeau [22] and also by the author in an unpublished course
at Stanford during Summer 1980. Next, thanks to numerous discussions with B. Lascar
and inspired by an article of Schapira [29], it has become clear that the notion of phase
function merges very profitably with the notion of plurisubharmonic weight function.
Thus Sections 3, 7, and 9-16 were added after the course at Stanford, and Section 16 even
after the course at Orsay.

These notes do not attempt to give a definitive treatment of the theory (which is still
active) but only develop some techniques, to be modified according to the needs of each
particular problem. (For example, for rather constructive problems one can eliminate the
small parameter h, even if it means to work in unbounded domains.) We did not seek to
be complete; we do not treat classical pseudodifferential operators or hyperfunctions, and
we do not even treat the boundary value problems which are the origin of all this work.

Each reader (who is supposed to be already a bit familiar with Fourier integral op-
erators, etc.) will judge for himself the interest and novelty of these notes. Perhaps
the central point is Section 11, which contains a beginning of a systematic theory which
someday, for the most part, will be developed in the C'* setting.

We make a point of particularly thanking B. Lascar for the numerous fruitful dis-
cussions, as well as N. Hanges, L. Hérmander, A. Grigis, G. Lebeau, G. Metivier, and
P. Schapira. We also thank J. M. Bony, P. Schapira, Y. Laurent, and J. M. Trépreau,
who knew to communicate to us in a comprehensible manner the ideas of the theory of
hyperfunctions. Finally we thank all the patient listeners of our three courses mentioned
above.
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1. H,, ANALYTIC SYMBOLS, AND FORMAL ALGEBRAS OF PSEUDODIFFERENTIAL
OPERATORS

Let Q© C C™ be open, and let ¢ :  — R be a continuous function. A function u(z;h)
on €2 x R, belongs by definition to the space H JDOC(Q) if

(1.1) u is holomorphic in z for each A > 0, and

for each compact K C € and each € > 0, there exists a constant Cx . > 0

1.2
(12) such that  |u(z; h)| < Ci @M for € K, 0 < h < 1.

Sometimes we say simply that u is of class H, on 2. We will say that u is an analytic
symbol if u € HP*(Q). In particular, u is a symbol of finite order m € R if for every
compact set K C 2 there exists Cx > 0 such that

(1.3) lu(z; h)| < Cxgh™, ze K, 0<h<L1.

In general we do not distinguish between two elements of H }poc(Q) if the difference has
exponential decrease compared to e¥/". More precisely, if u,v € H 3000(9), we say that u
and v are equivalent (u ~ v) if there exists a continuous function ¢, < ¢ on € such that

(1.4) u—v e H(Q)

A formal element of H, on () is given by:

I. A covering 2 = Uyeaf), where the ., C () are open.
II. For each €2, an element u, € Hslaoc(Qa) (a local representative) such that
Ug ~ ug in HY(Q N Q) for each o, f € A.

In particular, for ¢ = 0 we arrive at the notion of formal analytic symbol. There is
an obvious equivalence relation for the formal elements of class H, on (2, and we do not
distinguish between two equivalent elements.

Example 1.1. Let ag(z), k = 0,1,2,... be a sequence of holomorphic functions on {2
such that for each 2 CC 2 we have with C'= Cg > 0:
(1.5) lap(z)| < C*EF k=0,1,2,..., zeQ.

Then modulo equivalence we can define a formal analytic symbol on 2 by the represen-
tatives

ag(z;h) = Z hrap(z), z€Q.

0<k<(eCgqh)~1

1 .
eCqh”

We remark that ag is an analytic symbol of order 0 on Q since for z € Q, 0< k <

(1.6) hFag(2)] < C(CER)* < Ce™*, € =y,
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IfC,>Cand 3 < k < z € Q, then

Ch’
(1.7) hFag(2)| < Ce™ @,

which shows the equivalence of the local representatives in the regions O, N Qg. We write
formally:

(1.8) a(z;h) = Z h*ay(2)

which we will call a formal classical analytic symbol.

The following result might only be of theoretical interest:

Proposition 1.2. Let Q0 C C" be open and pseudoconvex, let ¢ : 0 — R be continuous
and plurisubharmonic, and let u(z;h) be a formal element of H, on Q. Then for each

open set QL CC Q there exists a representative i(z; h) € HY(2) of u.

Proof. This is a simple application of L. Hormander’s theorems about the 0 operator [14].
First of all, after extending Q we may assume that Q is pseudoconvex. Let u;j(z; h) be
the local representatives on €2;, 7 = 1,2,..., N, where Qc UNQ;, and let x; € C5°(Q;)
be such that >V x; = 1 on SNZ Let v(z;h) = SV xju;. Then dv = SV u;dy; is
of exponential decrease in L2(Q2) = L*(Q; e */"L(dz)) (where L(dz) denotes Lebesgue
measure on C"), so according to the results of Hormander [14] we can find w of exponential
decrease in L?O(Q) such that dw = —dv. Hence @ = v + w is holomorphic and @ — u; is
of exponential decrease in Li(Qj N Q) Using then that @ — u; is holomorphic we deduce
that (i — u;)e=?*)/" is of uniform exponential decrease on each compact subset of ;. [

It will also be convenient to speak of germs of functions of class H,. If xy € C" and
() is a continuous real-valued function defined near ¢, then by definition an element u
of H, ., is given by an element u € H}DOC(Q) where zy € 2. We say that u,v € H,,, are
equivalent if @ ~ ¢ in H?°(W) for a neighborhood W of .

Let p(z,&; h), g(z, & h) be analytic symbols defined in a neighborhood of (zg, &) € C*.
We then define the composed symbol in a neighborhood of (xg,&) by

hle o pa q
1. = — lof = &
(1.9) reped > o 9 Do
0<]a|<(hCo)~t

with Cy sufficiently large. By the Cauchy inequalities we have for each ¢ > 0:
a()é
8§a ‘8:1:
where (' is a geometric constant that does not depend on € > 0. It is then easy to see
that (1.9) defines an analytic symbol near (zg, &) for Cy > 0 sufficiently large, and that

the equivalence class does not change if we make Cj larger still. Later we will define
operators for which the symbol of a composition is given by (1.9). For the moment, we

q’ < Ce/MClol g in a neighborhood of (¢, &),
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are especially interested in the problem of inversion of elliptic symbols in the framework
of classical symbols. We let then

thk$§ Q—Zthxf

be classical analytic symbols deﬁned near (g, &), and we define the composed symbol by

hled o0 p@ q
1.1 = — o] 2 &
(1.10) reped a%;n ol 9ga gge

where the infinite sum is taken in the sense of a finite sum in each degree of homogeneity
with respect to h.

We leave as an exercise to show that r is in fact a classical analytic symbol and that if
P, G are local representatives of p, ¢ and if 7 = p o ¢ is defined by (1.9), then 7 is in fact
a representative of r. In the rest of this section we will discuss only the formal classical
analytic symbols while taking as a starting point the work of L. Boutet de Monvel and P.
Kree [6] and of Boutet de Monvel [4]. If p(z,&; h) is a classical analytic symbol of order
0 we associate to it the following differential operator of order infinity:

A(x,&, Dy; h) = p(x, f—l—th;h)
=> 'p )z, & h)(hD,)"

= Z hE Ag(z, €, D,),
0
where
(1.11) Ap= > 1!1% (,6)D5.
vt|ol|=k
From A we recover p by the formula:
p(x, & h) = Az, &, Doz h)(1).
(In all the calculations here we manipulate the finite sums in each degree of homogeneity.)
If ¢ is another formal analytic symbol of order 0 and if B is its associated operator, then
it is easy to verify that the operator associated to r = pogqis C = Ao B = > ° hECy,

(defined by Cy, = 3_,, ,_, Ay 0 B,,). It follows that the composition of classical symbols
1s associative.

Let Q; C C*", 0 <t <ty be a family of small open neighborhoods of (g, &) such that
Q, C ; for s <t and also such that

,§) € 8y

(y 5) :><x7€)€Qt
[z —y[<t—s

for s <t¢. Then for 0 < s <t < tg, D% is a bounded operator from the space B();) of

bounded holomorphic functions on €, to the space B(€2;) of norm

Cy'ljal™

Do|,, < 1A
|| th = (t—S)'a‘
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where Cj is a universal constant depending only on n. (If we chose rather €, to be a

polydisc of radius constant + t then we would have ||D2||,, < (t — s)~1*lal.)
If €, is sufficiently small, then, on €,

‘pl(/a)’ < Cl+u+\a|l/ua!

so that, with a new constant Cf,
1
H_'pl(ja)Dg‘ < Cll+u+|alyu|a||a\(t _ S)ﬂa\7 0<s<t<t,.

Q. t,s

There are at most (1 + k)" terms in (1.11), so with a new constant C' we obtain:

(1.12) [ARlles < CFUEFE —5)7F 0 < s <t <ty

Conversely, if p = > o° h*pi(z,€) is a formal classical symbol in the sense that the py are
holomorphic in a neighborhood of (xg, &) independent of k but that the condition (1.5)

is not necessarily satisfied, and if (1.12) is satisfied, then we deduce that p is an analytic
classical symbol near (zg,&p). Indeed, p = Ax(1), and we have with a new constant C:

(1.13) sup |pr| < CFUER.

to
2

If A satisfies (1.12) we associate to it the sequence f(A) = (fx(A4))32, where fr = fr(A)

is the smallest number > 0 such that:

(1.14) ARlles < fk"(t—s5)7%, 0<s<t<ty.

Hence (1.12) shows that (fx)5® is of at most exponential increase. We now let B =

S h¥ B, be another operator of the same type.

Lemma 1.3. If C' = Ao B =Y h*Cy, then fi(C) <3, fu(A) fu(B).

Proof. We have Cj, =3_ . _; A, 0B, and hence for 0 < s <r <t <l
14,0 Bl < Fol AV fu(BY(r — ) i (t — 1)+,

If s and t are given, we choose r such that

v H
r—s= t—s), t—r= t—s).
v+u< ) /HV( )

Then
1A, © Bullt.s < fu(A) fu(B) (v + p) T (t — 5) =)

which proves the lemma.

For p > 0 we put
1A, =Y P fiul(A).
0

Then (1.12) is satisfied for some C' > 0 if and only if ||A||, < oo for some p > 0.

Lemma 1.4. I[f C=Ao B, p>0, ||A]|, < o0, and ||B||, < oo, then ||C||, is finite and

1CTlp < (1AL [1Bl],-
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Proof.
1Cllp = 2_ " ()
0
< SON LA (B)
= [[A[lolBll,-
U
If p is a formal classical symbol (in a neighborhood of ;) we put ||p||, = ||A||, where

A is the associated operator, and we know that ||Al|, < oo for some p > 0 if p is an
analytic symbol in a neighborhood of €. Conversely, if ||A||, < oo then p is an analytic
symbol in €2;,. It then becomes obvious that p o ¢ is a classical analytic symbol if p and
q are.

Now we let p=>"° h¥py, be a classical analytic symbol. We suppose that p is elliptic;
that is to say pg # 0 everywhere. It is then standard to construct the unique classical
symbol, ¢ = > " h*qy., such that po g = qop = 1. (One proceeds by recurrence, starting
with gy = pio) Thanks to pseudonorms we then show
Theorem 1.5. (Boutet de Monvel-Kree [6]): The “inverse” symbol q is a classical analytic
symbol.

Proof. We fix a point (g, &) in the domain of definition of p and propose to show that ¢ is
analytic near (xg,&p). We then define the pseudonorms || ||, as above. Let ¢y = pio. Then
poqy =1—r where r is a classical analytic symbol of order —1. If p > 0 is sufficiently
small we have ||r||, < 3. Now ¢ =¢goo (1+r+r*+...) (a finite sum in each degree of
homogeneity), and ¢ is analytic because |[1+7r+ 72 +...||, < 2. O

Our choice of pseudonorms || ||, (introduced in [30]) is different than those of [6] and
[4]. Tt allows us to obtain the property of a Banach algebra without calculation.

2. THE METHOD OF STATIONARY PHASE—THE SADDLE POINT METHOD

In this section we adapt the method of Melin-Sjéstrand [23] (without doubt classical,
at least conceptually) in the analytic case, following [30]. See also Lebeau [22]. We
consider at first the case of a particular phase. Let B C R™ be the closed unit ball and

B={\r;z€B X XcC,|)\<1.

Theorem 2.1. There exists a constant C' > 0 depending only on the dimension n, such
that for each N € N, each h € (0,00), and each holomorphic function u, defined in a
netghborhood of B:

(2.1) /B e Trule)de = 3 n3(2m)d - (5) u(0) + Ru(h),
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where
|Ry(h)|

(22 supp [u(2)

< Ch3(N +1)2N!12VpN,

Proof. In the case of one variable, if u(z) is holomorphic in |z| < 1 and |u(z)| < 1, then
[u®)(0)| < k! and hence

We also have
(k)(()) k
u z
’ k! ‘ S
Now we let u(z) be holomorphic in a neighborhood of B C C" and be such that
supp |u(z)| < 1. We can apply the prgceding inequalities to all the complex lines passing
through 0, and we obtain for all z € B:

4@ (0) 22
(2.3) ‘ Z u(0)z"

< |z|*

< (2N + 1)V,

u(®(0)2*
(2.4) ‘u(z)— Z %

and if 2k is even, then

(25) [ o e =B (2) b

(Here (5)pay, is a constant.)

Proof. The case when 2k is odd is trivial. Let then 2k be even. By the Euler homogeneity
relations, we have

1 & 0
57 x‘—(pzk) = P2k-
Qk’ Xl: Jal’j
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By integrating by parts we obtain:
_a? 1 0 _a?
/e 2p2k(x)d:v:ﬁ (Za—xj(—xje 2>>p2k(:p)d$
1 [A
=7 / E(e* Ypor () dx

[ F S

By integration we obtain (2.5), since

132 n
/6_2 de = (2m)>2.

%,

O
From (2.5) we obtain by a change of variables
_ﬁ 1 nof A k
(2.6) /e 2k poy () do = H(Qﬁh)Qh <5> Dok
hence
_2? u(a)(o) « 1 2qk AN
(2.7) /e (;k — = >dx— —(2nh)Eh ((5) u>(0).

We then have (2.1) with

where

2

-z u(a)(o) a
1"(h) :_/x|>1e 2" Z NI )da:.

la|<2N-1

Using (2.3), (2.4) we obtain

22
|Rn(h)| < (2N + 1)/ e~ 2 |z|*N da

n x2
= (2N + 1)h2+N/e_2|x|2N d.

One may calculate this last integral either by Lemma 2.2 or by passing to polar coordi-
nates. This gives
n n n n n
|Ry(h)| < (2N + 1)h2tN(2m) 228 (N — 1 + 5)(N -2+ 5) . (5).

Here we remark that if 0 < a < (] then there exists a constant Cy such that
(n+a)n—1+a)...(a+1)
nn—1)...1

S ana.

Hence

|Rn(h)| < C(n)(N +1)2h2 N12NAN.
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Remark 2.3. We apply Stirling’s formula:

1
Nl = (2m)E NN+ N (1 + O(N»
and find that with a new constant
| Ry (h)|

supg |ul

n+

= hz(2N)YNe VRN, N >0, he(0,00).

< CO(N +1)

The optimal choice, to minimize the last factor, is N = ﬁ We can take the integer
part, N = [ﬁ], and find that with a new constant that depends only on n:

[ Rp1/20 ()|
supp |ul

1 1
<C<1+E)2e—ﬁ, 0<h<l.

12
The factor e~ 2% is to be regarded as e”2r

oB

Exercise 2.4. Deduce the following version of the Cauchy inequalities from the proof of
Theorem 2.1:

(2.8) }w<§>ﬁdm‘g(XnXk+1ﬁ%k—1ﬂﬂsgﬂuL

for k> 1.

Remark 2.5. Let B, = rB, B, = rB, r > 0. Let u be holomorphic near B,. Then to

ZQ
expand [, e~ 2hu(z) dr we make the change of variables x = ry and replace h by hr~2 in
Theorem 2.1. We then get the same formula as in Theorem 2.1, where only the remainder
is to be modified. The new remainder satisfies:

h/ n n
1En(m)] < C(n)(N +1)2h2 N12Np2VpN,
sup, [ul
With N = [%] we obtain as before
h/ 2 % T2
(2.9) 1Rn(h)] < C(n)r" <1 + T—) e, 0<h<r?
supp, |u| h

Let g(z) be a nondegenerate quadratic form on C". Let I' C C™ be a subspace that is
totally real (that is to say I' N ¢I" = {0}) of maximal dimension n, and is such that ¢|r is
real and positive definite. Let B, = {z € T; q(z) < r}, r >0, and B, = {wz; z € B,,w €
C, |w| < 1}. With a choice of orientation on I'; we consider

(2.10) ](h)-_t/n e~ u(2) dz,
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with « holomorphic in a neighborhood of B,. After a linear change of coordinates z — 2
we may suppose that I' = R%, ¢ = %, B, ={z e R™; %2 <r}. With a4(2) = u(z) we then
obtain

(2.11) I(h) = det (dz> / e~ (7) di.
dz 2,
With ¢(z) = %(Qz, z), we have
dz _1
(2.12) det <E> — +(det Q)" 3.
Applying the preceding results to the integral (2.11) we obtain the expansion of Theo-

rem 2.1 with the additional factor det(%) and with A replaced by A, the Laplacian in
the Z-coordinates. The estimate of the remainder becomes

| Ry (h)]

supjs, |ul

(2.13) < C(n)(N + 1)EhE NN~ det Q| 2.

Example 2.6. We consider the following contour integral on C?":

=y
(27h)~ //|x<01 e hu(x,€) de A dE.

E=—Caix
Here T is given by ¢ = —CY%7, the quadratic form is ¢(z,&) = iz, and r = C,C%.
The projections of B, on C! and (Cg are respectively |z| < C; and || < C1Cy, so
B, C {(z,6); |z] < C1,]¢] < C1C}. As we shall see, S(h) has a stationary phase
expansion with remainder:
[Rn(h)] hYN!

2 SUP|y|<cy el<arcs [T, )] ) ) (C2Cy)N

To calculate the terms of the expansion we parameterize the contour I' by x € C™:

dx A\ dx
dz A\ dE = (—Cyi)dz A dT = (20,)" ”(32_) Lo F(20)"L(dr)
) n
where L(dz) is Lebesgue measure on C" ~ R?" and where we choose the orientation such
that we have the “+” sign. We thus obtain

205\ _ Oolel? Cy
S(h) = (222 ; 225 L(d).
S(h) (27rh) /|x<01 e u(x, - 7) L(dx)

Putting 7 = 2 we can then identify the k"™ term in the expansion:

() (G Sojon

Here we remark that 1Ax =2 21 B 81, . Hence
1o, Cy_ o S, Cy_
(§Rea) ulr, 570) = (<202‘Z a8, ) @ 7
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and we obtain

S(h) = XO: %(% 21: a%%)ku(o, 0) + R (h)

-y i(ﬁ)'a'(agagu)(o,o)+RN(h),

]

(2.15)

where Ry (h) satisfies (2.14). When u = u(x), we have &(h) = u(0) + Ry (h) where Ry (h)
is bounded in terms of sup,<¢, |u(; h)|.

We consider now the general case of a phase that is not necessarily quadratic, where
we can reduce to the quadratic case with the help of Morse’s Lemma. (See Hérmander

[15].)

Lemma 2.7. Let p(2) be a holomorphic function defined near zo € C". We suppose that
2o s a nondegenerate critical point; that is, ¢'(z9) = 0 and det ¢"(z9) # 0. Then we can
choose holomorphic local coordinates centered at zy such that:

o(2) = p(20) + %(éf +.. 2.

Proof. First of all, we reduce to the case zg = 0, ¢(2) = 2(2f +... + 22) + O(]z*). By
Taylor’s formula,
1 02
o) = [ (1=l d
0

1
=522 ux()zx
1
— Q)=
where
1 2
%
. -9 1—
wule) =2 [ (1= 0522
so that Q(0) = I. We look for Z of the form Z = A(z)z with A(0) = I. It then suffices to

solve "A(2)A(z) = Q(z), and we can take for example A(z) = Q(z)2. The square root is
well defined since Q(z) = I + small perturbation. O

If p(w, 2) is holomorphic near (0,2) € C* x C", and if ¢(0, z) satisfies the hypotheses
of Morse’s Lemma, then for w small there exists a unique (nondegenerate) critical point
z(w) near zq for the function z — ¢(w, z). Moreover, z(w) is a holomorphic function of w.
The coordinates Z, constructed in the proof of Morse’s Lemma, depend holomorphically
on w.



12 JOHANNES SJOSTRAND

Theorem 2.8. Let U C C" be an open neighborhood of 0, and let ¢ be a function holo-
morphic on U with z = 0 as its only critical point. We suppose that p(0) = 0 and
det ©"(0) # 0. Let V. .CC U be an open neighborhood of 0, and suppose that Rep(x) > 0
for each x € Vg = VNR" and that Rep(x) > 0 on OVg. Then there exist constants C' > 0
and € > 0 such that for each bounded holomorphic function u on U we have

(2.16) 1

where

1
|R(h)| < —e"wsuplu(z)|, 0<h<1, and
€ U

< 0? dz
A= —, S =+det—.
Z 0z’ M R
Here %, ..., %, are the coordinates as in Morse’s Lemma, and $(0) = (det ¢”(0))2, where
we choose the branch which is continuously deformed into 1 by the homotopy [0,1] 5 s —
(1 —15)¢"(0)+ s1.
Proof. (“The Saddle Point Method.”) We first make a slight deformation. For § > 0

small we consider the contour I's : Vg 3 2 +— x4+ J ¢/(x) = z. Along (the image of) I'5 we
have

p(2) = o(x) +3l¢' (@)1 + O(°|¢ (2) ),
and so, for § > 0 sufficiently small, Re¢(z) > Cjs|z|?, where Cs > 0. If we fix § > 0

sufficiently small, then Stokes’ formula and the hypothesis that Rey > 0 on 9V give
that, modulo an error O(Le™# supy, |ul),

€

(2.17) I(h) = /e nu(z)dz, I'=Ts.

Now it is clear that only a neighborhood of 0 will give a non-negligible contribution to
(2.17), and we may assume that Morse’s Lemma is applicable in a neighborhood of I'. We
then have

2 d
(2.18) I(h) = /e?h&(%) Az, a(2) = u(z) det —.
i dz
By construction, we have on I’
52
(2.19) Re% > Oz, ¢ >o.

Writing Z = x+iy, we then have that [¢,|> < |t,|? for each (t,,t,) € To(T'), and the Implicit
Function Theorem and (2.19) show that I" (at least on a neighborhood of 0) is of the form
y = H(z), x € W, where H(x) is a real-analytic function satisfying |H (z)| < 0|z|, 0 < 1.
Let

Iy Woz—ax+itH(z) e C".
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Stokes’ formula then shows that, with an exponentially small error, we have

(2.20) I(h) = i/ e~ 2R i(x) dr.

w
We have (%) o (£) = ¢”(0) at 0, and, modulo the sign, the theorem now results from
Theorem 2.1 and from Remark 2.5. To finally determine the sign, we continuously deform
() to %2 O

Remark 2.9. The hypothesis “Re p|gyz > 0”7 can be weakened. For example we can
suppose only that dVk is a real-analytic hypersurface near each connected component
of K = {z € 0Vg; Rep(x) = 0}, and that dy|gy, # 0 on K. There exist even weaker
conditions.

Remark 2.10. We can introduce parameters into Theorem 2.8. For example, let W C C*
be a neighborhood of 0, and let p(w, z) be a holomorphic function on W x U such that
©(0,z), U, V satisfy the hypotheses of Theorem 2.8. After shrinking W around 0 we
obtain for each bounded holomorphic function u(z) on U:

w)) P(w,z)

(w.2(
e /e_ ou(x)de =
Wr

_ (277)3%h’;%(l&w)k(c\i)(z(w)) + R(w: h),

2 Sw
0<k<

on

where Ay, Sy, and z(w) depend holomorphically on w, and
1 _

|R(w; h)| < ~e™ 7 sup |ul.
€ U

We leave it as an exercise to make the necessary modifications in the proof of Theorem 2.8.

3. “THE FUNDAMENTAL LEMMA” AND THE FOURIER TRANSFORM IN THE COMPLEX
DomMAIN

We begin by discussing the real(-valued) quadratic forms on C". We let ¢ be one such
form, and let Sq(x) = q(iz). Then $? = I. Clearly ¢ is pluriharmonic (that is, harmonic
on every complex line) if and only if ¢ = —q. We say that ¢ is of Levi type if g = g.
If ¢ is an arbitrary real quadratic form, then we have a unique decomposition g = b + ¢,
where b is pluriharmonic and /¢ is of Levi type; moreover, { = %(q +Sq), b = 3(¢ — Sq).
We have also

h(z) = Re(z, Az), l(z) = (z,LZ)

where A = (8228‘1Zk), L= 8226‘12k). Then ¢ is plurisubharmonic (pl.s.h.) if and only if
¢>0.
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We recall that sign(q) = m4 — m_, where m, (m_) is the number of strictly positive
(negative) eigenvalues for a diagonalization of ¢, and that my = maxdimg L, where L
ranges over the real-linear subspaces such that +¢|;, > 0. ¢ is non-degenerate if and only
if my +m_ = 2n.

Proposition 3.1. Let q(z) be a plurisubharmonic quadratic form on C™. Then
(i) sign(q) > 0,
(it) If in addition q is non-degenerate of signature 0 (that is, m_(q) =
n), then the same thing is true for each quadratic form ¢ < q which is
plurisubharmonic.

Proof. (i) Let L C C" be a real-linear subspace of dimension m_ such that ¢|;, < 0. Then
if we decompose ¢ = h+¢ we find, for every 0 # = € L, that h(z) = q(z)—{(z) < q(z) <0,
and hence q(iz) = —h(z) + £(x) > (x) > 0. Hence q|;, > 0 and m, > m_. (L is totally
real.) Part (ii) is then obvious. O

We can now establish “the fundamental lemma”:

Lemma 3.2. Let p(z,y) be a real plurisubharmonic function of class C*, defined in a
neighborhood of (0,0) € C"**. We suppose that V,p(0,0) = 0 and that V3p(0,0) is
non-degenerate of signature 0. For x in a small neighborhood of 0 in C", let y = y(z)
be the (unique) critical point of y — @(x,y) which is close to 0 (hence y(x) is a C*
function of x). Then the function ®(z) = p(x,y(x)) is pl.s.h. If § < ¢ is another pl.s.h.
function with $(0,0) = (0,0), then V2$(0,0) is also non-degenerate of signature 0, and
in a neighborhood of 0 € C" we have ® < &, where ® is defined for ¢ as ® is for p.

Proof. Let Ty C C* be a subspace of real dimension = k such that V3¢(0,0)[r, < 0. After
a complex-linear change of variables, we may assume that I'y = R¥. We extend I'y to a
family of subspaces filling C*, putting I'; = {y € C¥; Imy = t}, t € R¥. Here we remark
that if ¢ (¢, s) is a real C™ function defined near 0 in R ™" with a critical point at 0 and
such that V2(0,0) is non-degenerate, then, if we introduce the critical point s(t) of s —
(1, s), the function f(t) = (¢, s(t)) has a critical point at 0. Moreover, VZf(0) is non-
degenerate if and only if V7, 4(0, 0) is non-degenerate, and signV f(0) +sign V34 (0, 0) =
signVés)lMO, 0). All of this becomes clear if we make a change of variables in s, s —
s — s(t). Then in the new coordinates s(¢) = 0 and V;V1(0,0) = 0.

In the special case where ¢ is of signature 0, n’ = n”, and V2 < 0, we have VZf > 0
and we can express the critical point by a local min-max formula:

¥(0,0) = irtlf sup ¥ (t, s).

Here the “inf” and “sup” are taken locally on suitable neighborhoods of 0.
Applying these remarks to y — ¢(x,y), y = s + it, we have

O () = inf sup ¢(x,y)
b oyery

and the analogous formula for ®. It is then clear that ® < @. If ¢ is pluriharmonic (pLh.),
and hence the real part of a holomorphic function, then it is known that @ is the real part
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of a holomorphic function, hence pl.h. To verify that ® is pl.s.h. at a point x(, we can,
without changing ®”(z,), replace ¢ by %((m —20,Y — Yo), VZ0(20,v0)(x — 0,y — Yo))r2n
if yo = y(xo). We are then brought back to the case of quadratic forms, and we can find
¢ < ¢ pl.h. with @(zo,70) = ©(z0, o). Hence ® < & with equality at xo, and we deduce
that ®”(x) is pl.s.h. O

We now let ¢(x) be a C* pl.s.h. function defined near z, € C" with ¢”(x¢) non-
degenerate of signature 0. For £ € C™ near & = %g—i(xo), we define ¢*(§) = the critical
value of z — ¢(z)+Imz - =v.c.(p+Imzx-£). For f(x) holomorphic we have %Imf =
2%,%. Hence the critical point of z — ¢(z) + Imx - £ is given by the equation & = %g—‘;(m).
By the fundamental lemma, we know that ¢*(£) is pl.s.h. If we define A, C C} x C¢ by
&= %%‘f, then the projections of A, onto C} and Cy are local diffeomorphisms. A, is also

given by x = z(§), where (&) is the critical point of x — @(z) + Imz - . We have

dp* (0 o
o& (ag(@(l’) +Im (z,6))) (2(6),€) = 5-w(&).
That is, A, is also given by: —o = %aa_f(f)- The projection A, — C? being a diffeomor-

phism, we know that (¢*)” is non-degenerate. The signature is 0 because, as in the proof
of the fundamental lemma, we can decrease ¢ (xg) until it is a pluriharmonic form (while
remaining non-degenerate), and then (¢*)”(§y) decreases also as a non-degenerate form
until it is a pluriharmonic form which is necessarily of signature 0. Finally, let us note
that we can recover p(z) by

o(x) = v.ee(p(€) —Imx - §).
Of course, * is essentially the Legendre transform of ¢.

Before continuing to the Fourier transform, we make some general remarks. We initially
let p(y) be a real C* function defined near 0 € C* and with a saddle point at 0. (A
non-degenerate critical point of signature 0 will from now on be called a “saddle point,”
or simply a “saddle.”) We define a contour of integration to be an injective mapping with
injective differential I' : W — C¥, where W CC R is open and I' is C*° in a neighborhood
of W. We now let I' be a contour of integration in C* which passes through 0 and is such
that ¢(y) — ¢(0) < —Cly|? for y in (the image of) I'. We then call T" a good contour with
respect to . If u € H, o, then only a neighborhood of y = 0 gives a contribution that is
not exponentially small to the integral

I(h) = O [ utysn) dy
I

This integral is then well-defined modulo the sign (which depends on a choice of orientation
of T') and modulo a term that is exponentially small as h — 0. This last imprecision
depends, on the one hand, on the fact that elements of H,  are only defined modulo “~”
and, on the other hand, on the fact that the domain of definition of u does not necessarily
contain the image of I', unless one restricts I' to a sufficiently small neighborhood of
0. If I'y is a second good contour, then by Stokes’ formula, and with good choices of
orientation, we have that Ir(h) — I, (h) is exponentially small as h — 0. Indeed, the real
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Morse’s Lemma (see Hormander [15]) allows us to find real coordinates (¢, s), t,s € R¥,
such that ¢(y) = 3(t* — s?), so that ' and Ty are of the form t = 7(s), t = 71(s), with
[7(s)], |71(s)| < 0]s|, & < 1, and hence we have an obvious deformation of good contours,
applying Stokes’ formula. Let us now add the parameters x € C", and we suppose that
o(z,y) is real, C*, and defined in a neighborhood of (0,0) € C"** and that ©(0,y)
satisfies the above hypotheses. We then let ®(x) = v.c.yp(x,y). Then, if u € H, (00, we
put U(z;h) fr u(z,y; h) dy, where Iy is a good contour for ¢(0,y). Then U(z;h) is
holomorphlc in'z and defined in a neighborhood of 0. Applying the real Morse’s Lemma
and Stokes’ formula, we see that, modulo an exponentially small error, we can replace
the contour T'y by a good contour T', for y — ¢(x,y) (depending smoothly on x), and
hence U(z;h) € Hpp. We have thus defined, except for the sign, [u(z,y;h)dy € Hgp
for u € H,p.

Let us now return to the function ¢, with ¢* as discussed earlier. Modulo the sign, we
define for u € H, ,,

Fulgsh) = [ e Pulzih)do € Hyg,
e
where I'¢ is a smooth family of good contours for  — ¢(x) +Imz-£. Similarly, we define
Gu(x;h) = (27rh)_”/ e thy(gh) de € Hy

for v € Hy« ¢, where I'} is a smooth family of good contours for £ — ¢*(§) —Imx - &.
With good choices of orientation we have

Proposition 3.3. For uw € H,,,, we have u = GFu in Hy 4.
Proof. We write

(3.1) GFu(x;h) = (27h)~ /AFW W=y &/hy(y: h) dy A dE.
y€r(§)

The composed contour is automatlcally good for the function (y, &) — ¢(y) —Im (x—y)-&,
which has a saddle at y = x, §{ = = 8:(:( x). (We will prove this fact in greater generality in
Section 4.) Another good contour is given by I'(z): € = 292(2) +iC(x —y), |y — 2| < &

if C'" > 0 is sufficiently large. According to our previous remarks, (3.1) is still vahd
with the contour I'(z) in its place (modulo a negligible error). Thus we can easily apply
Example 2.6 to conclude the proof. O

4. PSEUDODIFFERENTIAL OPERATORS AND FOURIER INTEGRALS IN THE COMPLEX
DomAIN

Initially it will be convenient to have our operators act on the spaces of germs H, ;. It
is clear, however, that one can control the sizes of the domains of definition, and indeed in
Section 12 we will study the calculus of pseudodifferential operators with more precision.
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Let a(z,y,0; h) be an analytic symbol, defined in a neighborhood of (zg, ¢, &) € C3",
and let ¢(x) be a real C* function (not necessarily pl.s.h.) with %g—‘;(xo) = &. For

u € Hy 4, we then define Au € H, ., by

(4.1) Au(z;h) = (2wh)™" / / e @0 gz y, 0: h)u(y; h) dy do
I'(z

where I'(z) is a contour of the form
20¢
i O

For R > 0 sufficiently large and r > 0 sufficiently small (and z sufficiently close to x),
['(x) is a good contour, because along I'(z) we have

@)/ | /b ok ooy (PY) =) 20 100 ] B e
e !e |e exp( ; hRe ax(x)(y x) h|a: y|)

M!ﬂf—y! )

0=-—(x)+iR(x—y), |lr—y|<r

SeXp(

where C' > 0 depends on ¢” but not on R. The choice of r and of R does not affect Au
on H,,,. When a = 1 we have already seen that Au = u on H, ., with a good choice of
orientation for I'(x).

Let us clarify the meaning of the operator (4.1). Along I'(z) we have

o dy A dy .
dy A df = (—iR)"dy A dj = (2R) % = 5 Q2R)"L(dy),
hence
(R 28g0 oL E o
Au(z; h) = <7rh) /x y|<rexp (h Bz v) h’x vl >
(42) (50 22‘” )+ iRED)i) i) Lidy)

— [ b hyutysh) Lidy).
If a is a symbol of order 0, then
|k(x,y; h)|e pl@)=eW))/h < CRah—ne—(R—C)|:c—y|2/h‘

We then have an obvious continuity result on the spaces Li.

For (z,&) near (z,&) we define the symbol of A, o4(z,&;h), b

(4.3) oa(z, & h) = e /M A(OM),
The method of stationary phase gives
1 /h N
(44) oawem = Y (1) " @poga) e n. 6 ).
lal<dr

modulo an exponentially decreasing term, if C' > 0 is sufficiently large. We remark that
o4 =aif a = a(x,0;h) does not depend on y.
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The mapping a(z,y, 0; h) — oa(z,&; h) is not injective, but we will show that the action

of Aon H,,, only depends on 04. By Stokes’ formula, it in fact suffices to show:

Lemma 4.1. If 04 = 0 in Hy (4, ¢, then there exists a symbol b(x,y,0;h) € Ho (24.20.¢0):
which takes values in the (n — 1)-forms in 6, such that

(4.5) e @0 (2, y,0: h) dO = ih dg(e' @V Mp(2,y, 0; h))
i H_ i (2—4)8,(w0,00,60) -

Proof. We write

(2wh)"oa(z,n; h) = // ez, — vy, 0; h)e VM dy df

= (Fiyo)—moyw) (1,0; h)
= 'U(ﬂj, 777 07 h)7

where u(z,y,0; h) = a(z,r —y,0; h)e™’/" and where we consider x as a parameter. Here
u(z,.,..; h) is of class H, with ¢ = —Im (y6), which is pL.h., so the discussion of Section 3
applies. Hence v(z, .,..; h) is of class Hy,« where ¢* = Imn - §* is the pLh. function dual
to . Our hypothesis says that v(z,n,0; h) is exponentially decreasing (with respect to
e?"m0/h = 1) in a neighborhood of x = z¢, n = &. After modification by a term = 0 in
H (40.£0) We can then suppose that v =0 on 6* = 0. Then we multiply by /" apply
Taylor’s theorem to first order in #*, and then multiply by e /" Hence we find

n

(4.6) v(x,n, 0% h) = Zf}j(rﬁ, n, 0% 0)0% 05 € Hor (2,60

1

where the 9; depend holomorphically on . By the Fourier inversion formula that we
established in the previous section, we find

““h 0
u(z,y,0,h) = > ———v;  in Hy (20040
- Zaej J ©,(To 0

where
v; = (2mh)™" // W00 Gy (1, 0% h) A d6* € Hop (wy 0.00)-

That is, v; = b;(z,y, 0, h)eiy'e/h where b; is a symbol. Hence we obtain the lemma with
b= (~1)bj(w,x —y,0;h) by A ... AdG; A ... Adb,.

1

To treat the composition, we will generalize our framework. Let (z,v,0) be a real C?
function defined near (zo, yo, ) € C*=T™ " let f(y) be a real C? function defined near
Yo, and suppose that (y,0) — ¢(z,y,0)+ f(y) has a saddle at (yo, ). We then let g(z) =
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v.c.(¢(z,9,0) + f(y)) which will be pl.s.h. if ¢ and f are. If a(z,y,0;h) € Hy (240,00 WE
can then define (modulo the sign) an operator A : Hy,, — H, ., by

u(z; h) // a(z,y,0; h)u(y; h) dy do

where T'y(z) is a good contour for (y,6) — ©(z,y,0) + f(y) which depends on z in a C?
manner.

We now let b(z, z, w; h) € Hy (20,20,w0)s (%0, 20, wo) € C*= =" “and we make the same
hypotheses on (b, 1, g) as we did on (a, ¢, f). Then we have an operator B : H, ., — Hp 4,

defined by
Bu(z;h) = // b(x, z,w; h)v(z; h) dz dw
o (x
where h(z) = v.c.(¢(x, z,w) + g(2)), and Bo A: Hy, — Hy,, is given by

Bo A wu(x;h) //// b(x,z,w;h)a(z,y,0; h)u(y; h) dy do dz dw,

where I'(z) is the “composed contour”: (z,w) € I's(x), (y,0) € I'1(z).

Before continuing we make here a general remark. Let F(x,y) be of class C? defined
near 0 in C"** such that F(0,y) has a saddle point at y = 0. If y = y(x) is the critical
point of y — F(z,y), we have already seen that G(z) = F(x,y(z)) has a saddle at 0 if
and only if F(z,y) has a saddle at (0,0). Let I'(z) be a good contour for y — F(x,y)
and T a good contour for G (while supposing that G has a saddle at 0). Then for (z,)
on the composed contour, z € I, y € I'(z), we have

F(z,y) < G(z) = Cly —y(2)" < G(0) = Claf* = Cly — y(x)[*.
The composed contour is thus a good contour since |z|* + |y — y(z)]* ~ |z|* + |y|*.

Returning to the operator Bo A we note that (z,w,y,0) — ¥(z, z,w)+¢(z,y,0)+ f(y)
has a saddle and that the composed contour I'(x) is a good contour. Then B o A is a
“Fourier integral operator” of the same type as A and B if one considers the (z,w,0) as
the “fiber variables.”

We suppose now that (z,w) — (xg, z,w) + ©(z, Yo, ) has a saddle at (z,wy), and
we let T's(z,y,0) be a good contour for (z,w) — ¥(z,z,w) + ¢(z,y,0) with F(x,y,0)
the critical value. Then (y,0) — F(z,y,0) 4+ f(y) has a saddle near (yo,6y) and the
critical value is h(x). Let T'y(x) be a good contour for (y,0) — F(z,y,0)+ f(y). Then the
contour I'(z) given by (y, 0) € Ty(z), (z,w) € Ts(z,y,0) is a good contour for (z,w,y, §) —
U(x,z,w) + ¢(z,y,0) + f(y) and we obtain

BoAu(z;h) = ////baudyd@dzdw
P
~ [[ g omutsn dyao
L4(z)

(4.7)
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where
(4.8) c(x,y,0;h) = //r - b(x,z,wih)a(z,y,0;h) dzdw € Hp (2 40.00)-
3(@,y,

The interpretation of our supplementary hypothesis (that

(z,w) = P (20, 2,w) + (2, Yo, 0)

has a saddle) and of (4.7) and (4.8) is that as soon as we can define B(a(.,y,0;h)) =
c(x,y,0;h) then the equation B o A is obtained by applying B under the integral sign
of A. When B is a pseudodifferential operator, the supplementary hypothesis is always
satisfied, and in particular for two pseudodifferential operators we obtain the following
theorem:

Theorem 4.2. Let A, B : H, ,, — H, 4, be two pseudodifferential operators. Then Bo A
1s a pseudodifferential operator with symbol

loe]
(49) UBOA(QT,S; h) = Z 5 (ﬁ) 8303(2775; h)atxxo-ACU?g; h)

1
la|< g7

with C' > 0 sufficiently large.

Proof. Following Lemma 4.1 we can suppose that A, B are given by (4.1) with a =
oa(z,0;h), b = op(x,0;h) respectively. Following the preceding remarks we then have

Bo Au(z;h) = (2rh)™" // '@V 0; h)u(y; h) dy db

with
c(z,0;h) = e @B (g 4(-, 0; h)e' M),
This quantity is expanded by the method of stationary phase, which gives (4.9). 0

Remark 4.3. We can also define pseudodifferential operators with nonstandard phases:
(4.10) Au(z;h) = (27h)™" // e @G (2 g, 0: h)u(y; h) dy db.

Here we assume that 1) is holomorphic, defined near (zg, zg, 0y) € C*", and is such that
Y]z=y = 0 and det % # 0. Then by Kuranishi’s trick we write

1?(% Y, 8) = ($ - y)é(xv Y, 6)
where 0 — &(x,y,0) is a local diffeomorphism and is holomorphic. If 8 = (z,y,§) is the
inverse, we formally obtain

(4.11) Au(x;h) = (2h)™" // e @V (2, y, & hu(y; h) dy de

with a(x,y, & h) = a(z,y,0; h) det (g—g). A good contour for (4.11) gives a good contour

for (4.10) and conversely. For two operators of type (4.10), not necessarily with the same
phase, on the one hand Theorem 4.2 is valid, and on the other hand we obtain B o A by
formally applying B under the integral sign of A (or, just as well, by applying ‘A4, under
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the integral sign of B). The nonstandard phases appear after holomorphic changes of
coordinates.

Remark 4.4. If one wants to study the action of a pseudodifferential operator simultane-
ously on several spaces H,, ;, where the ¢ vary slightly, one can use the singular contours
of the form
N 20 prp—
Pa): o— 292 gty
i O |z —y|

v —y| <r

n (4.1). Along I'(x) we have, modulo the terms in dy;, 1 < k < n:
R— [y, —x; R T
do;, = — J J):, (d» I Jay—x).
! @y<w—ﬂ ily—a \" " Jy— || |

dy A df = (L> dyy A .. A dy, A (dm— NGy — x|> A
ily — x| ly — |
Yn — Tno-

A (cm— —8y|y—a:|>

ly — x|

A(C@— ‘7@ ]|d—/\ A Oyly — a:|/\dmA...Ady—n>.

Here we can replace 0,|y — x| by 9, Jy—x| = % y;:zf) dy;, and along I'(z) we thus have
1 R " 1 2R "
dy Ndf = = ( ) dy Ndy = = ( > L(dy).
ily — | ly — x|

Hence the integral (4.1) with I'(x) replaced by I'(z) becomes

= 1(R\" 2 0p R Y
Au(w,h)—i(%) /lx_ylsrexp (E%(:c)(x Y) E|x y|> |z — y

(4.12) .
2 )+ iREY 1) wie
Xt1<x,y,iax($)+wfi$ yrh>1dy,h)l(dy)

The kernel is then locally integrable, and if a is a symbol of order zero we have an obvious
continuity result on L?Z, if ¢ is sufficiently close to ¢ in the C' (or even Lipschitz) norm.

Let us also verify that Au = Au if in (4.1) we take the contour I : § = 2%2(z) +
zR(:zr —y). For this we continuously deform the contour by introducing, for ¢ > 1:

Do) 0=3250() +iti@—y) ., if [z -yl <3
' 0 =2%2(x) +iREY , i T<|r—yl <7
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Then [, ... does not depend on ¢, and, on the other hand, lim; .o [;. ...dydd = [z ... dy db,
because, for h, R, r fixed:

// %l i Ldydf = Ot 2"t — 0, t — +o0.

|z — y|<T

To end this section, we slightly generalize the results of Section 3 concerning the Fourier
transform. Let ¢(x,y) be a holomorphic function defined near (xg, 1) € C* x C" such
that

2

¥
8$8y ('1'07 yO) 7& 0.

Let f(y) be a C* pl.s.h. function defined near y, such that

(4.13) det

(4.14) y— —Imp(xo,y) + f(y)  has a saddle at y.

Then g(z) = v.c.,(—Imep(z, y)+ f(y)) is pl.s.h. Let ¢(z,y) = —Imp(x,y). Then %8—w a_:p
and (4.13) is equivalent to the condition

(4.13") { (x, ga—¢, Y, — 2 8¢) } is the graph of a (symplectic) diffeomorphism
i Ox 1 Oy
which we denote by &. (4.14) implies that V2(¢(x,y) + f(y)) is non-degenerate, which is
equivalent to the fact that the map x(As) 3 (z,§) — 2 € C" is a local diffeomorphism.
Hence A, = k(Af). Since Ay = k71(A,) and x™! is given by —¢ with z and y permuted,
it follows from (4.13), (4.14) that VZ(—1(z,y0) + g(z))(x0) is non-degenerate. Decreasing
f"(yo) until it is a pl.h. form, we show as in Section 3 that z — —¢(z,yo) + g(x) has a
saddle at zq. Also, f(y) = v.c..(—¢(z,y) + g(x))+ C, and in putting y = yo we find that
C = 0. Hence, to summarize,
x— —(z,y) + g(x) has a saddle near xy,

4.15
(4.15) and the critical value is f(y).

We now let a(x,y; h) be an elliptic classical analytic symbol of order zero defined near
(%0,%0), and we let T': Hy,, — H, ., be defined by

(4.16) Tu(z; h) = / e @Mz y; h)u(y; h) dy
I'(z)

where I'(x) is a good contour for y — ¥(z,y) + f(y). We seek to invert T by an operator
of the form

(4.17) Sv(y; h) = h_"/ e~ W@D/My (1 oy hYv(z; h) da,

L(y)
where f‘(y) is a good contour for x — —(x,y) + g(x) and where b is a classical analytic
symbol of order zero.

Theorem 4.5. There exists a classical analytic symbol b such that SoT =1 in Hy,, and
ToS=1inH,,,, if S is given by (4.17).
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Proof. Let b be a classical analytic symbol of order zero and let S be the corresponding
operator as in (4.17). Then

T o Su(z;h) =h™" /Aéf(r) e P@n=eCIhg by (2 h) dz dy.
z€l(y)

By Kuranishi’s trick, we recognize here an elliptic classical pseudodifferential operator.
We then let R be a parametrix, that is, a pseudodifferential operator whose symbol is
given by Theorem 1.5. We put S = So R, and, as we saw earlier in this section, S is then
of the form (4.17) with b given by

"R(x, Dy; h)(b(-, y; h)e 001y = (., y; h)e @v)/h,

We have T'o S = [ in H,,,. Similarly, we can construct an operator S of the form (4.17)
such that Sy oT =1 in Hy,,, and so we necessarily have S = 5. O

Example 4.6. We take 79 = yo = 0, ¢ = (x —y)*, and f = g = 0. If u € Hpyp is
a classical analytic symbol, we easily see that T'u is of the same type, and we have a
completely explicit stationary phase expansion for Tu. If v is a classical analytic symbol,
to solve the equation Tu = v we attempt to determine the successive terms of u by writing
the expansion of Tw and identifying the terms. This proceeds very well on the level of
formal classical symbols, but to bound uy, in u = )’ h¥u;, we have difficulties, due to
the fact that the k' term in the expansion of Tu essentially uses 2k derivatives of u. It
is clear that we cannot proceed only with estimates, since already the problem

u(z; h) + ehd*u(z; h) = v(x) (one variable)

in general does not have a classical analytic symbol as a solution, when v is a holomorphic
function.

5. PSEUDODIFFERENTIAL OPERATORS IN THE REAL DOMAIN
AND RESOLUTIONS OF THE IDENTITY

We essentially follow [30] and [31]. When one works in the real domain, one avoids
writing pseudodifferential operators with the standard phase, because for this phase the
contour R} x R is not a good contour, and one easily falls into difficulties with cut-off
functions. Let (xo,&) € T*R™, and we write o = (a, ag) € C*. Let p(z,y,a) be an
analytic function defined near (¢, xg, zo, &) satisfying:

dp ﬁ_go_

(5.1) FOTLU:yzOéxOHehaSSO:OaHda—x——ay—Ozg,

(5.2) On the real domain, Im ¢ > C(|z — a,|* + |y — a,|?), where C' > 0.

Example: 90('%7 Y, Oé) = (1} o y)Oég + %((LC - 0433)2 + (y - am>2)'
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In general, if ¢ satisfies (5.1) and (5.2), then

(53) QO(.Z’, Y, Oé) = (ZE‘ - y)Oég + h('I? Y, Oé),

where

(5.4) h(z,y,0) = Ol — au* + y — ),

(5.5) Im h(z,y,a) > C(|r — ap|* + |y — a,|*) on the real domain.

In comparison with the standard phase, ¢ has n additional variables. Nevertheless,
one can eliminate the variables «, with the help of the stationary phase, for (5.4) and
(5.5) show that for z near y and near the real domain, the function a, — h(z,y,a) has a
non-degenerate critical point near x ~ y. If g(z, y, a¢) is the critical value, it is clear that

(5.6) g(z,y, a¢) = O(|lz — y[?).

By applying Lemma 7.5 from Section 7 (or doubtless also by a direct analysis of the
Hessian of ¢) one shows also that, for z,y, o real,

(5.7) Img(z,y, a¢) = Cla —y/*

where C' > 0. Hence a Fourier integral operator expressed with the phase ¢(x,y, o) brings
itself back at least formally, with the assistance of the method of stationary phase, to a
pseudodifferential operator expressed with the phase (z —y)aes+g(z,y, ae). If a(z,y, a; h)
is an analytic symbol defined near (zo, zo, 2o, &), and if ¢(z) is a real-valued C* function

defined on a complex neighborhood of xy with %g—f(xo) = &, then one has a pseudodiffer-
ential operator A : Hy, ,, — Hy 5, defined by
(5.8) Au(x; h) = h™3/2 // e @) ho (a4 o h)u(y; h) dy da,

I'(z)

where one finds the good contour I'(xz) without difficulty, integrating first in «,. The
results and remarks of the preceding section remain true: one associates to A its symbol
oa(z, & h) as before, and it is always true that if 04 = 0 then there exists an analytic
symbol b(z,y, a; h), with values in the (2n — 1)-forms in «, such that

e¥ha da = d, (/")
near (xg, To, o, o). In fact, as before one finds that
W20 4,5 h) = (Flya)—mantia) (0,05 h),

Uy (y, o h) = P @y hg (2 0 —y a;h).
We are not obligated to work only with germs; if V' cC C?" is open and ¢ and a are
defined in a neighborhood of VV = {(z,y,a) € V; z =y = a,}, and 04 = 0 as a formal
symbol, then there exists a symbol b(z,y, a; k), defined in a neighborhood of VV such
that a da = e~*/"d,(e’#/"b) in the formal symbols. In addition, if @ is a classical analytic
symbol, one can choose b to be a classical analytic symbol.

Also as in Section 4, if A and B are two operators of the form (5.8), not necessarily
with the same phase, then one obtains A o B, applying A under the integral sign of B, or
applying ‘B under the integral sign of A. Moreover, the usual formula is true for o 405.
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Let now V' CC R™ xR" be an open neighborhood of (xg, &), and let a and ¢ be as above
and defined in complex neighborhoods of VV. Let x(z,y,a) € C°(R*) have support
near VV, with VV Nsupp(x — 1) = (). Then one has the “realization” of the operator A
defined for u € D'(R") by

5.9 Auash) = b [ e,y i)y, aduly: ) dy do.
acV

Thus AV : D'(R") — C&°(R™). Thanks to (5.2), AV is independent of the choice of ¥,
modulo an operator whose distribution kernel is of exponential decrease on Ci°(R” x R™)
(that is, there exists a C' > 0 such that e“/"k(z,y;h) is bounded on C§°(R™ x R"),
uniformly with respect to k). In the same way, if one replaces a by an equivalent symbol,
then A" is unchanged, modulo the same type of “negligible operator.”

If 04 = 0 as a formal symbol, then, as we have just noticed, e*/*ada ~ d,(e*?/"b),
and, if the boundary of V' is sufficiently regular, Stokes’ formula shows that, modulo a
negligible operator,

(5.10) AVu(x; h) = h3/2 // ) @yl bu(y) dy.
acdV

When o4 = 1, one calls

a resolution of the identity, and one writes formally
]::Q/HH@Jlda.

Lemma 5.1. Let ¢)(x) be an analytic function defined near xo with Imv(zo) = 0, ¢¥'(xy) =
&, and such that Imi(x) > 0 for x real. Let also b(x;h) be an analytic symbol defined
near xo. Then for x in a real neighborhood of xqy, one has, modulo a negligible function
(that is to say, of exponential decrease in C™):

AV (b(-; B = ¢(x; h)e N
where c(x; h) is an analytic symbol defined by
ce/h = A(b eiw/h) in H_1m o

(It is understood that the support of x is sufficiently small because AV (be™¥/") is defined
near . )

Proof. One writes:

(5.11) AV (be/M)(x) = h=*"/2 / [1 ,, ey (2. y. a)a(e, y, o5 h)b(y: h) dy da.
yeR™
For x = ¢, the phase ¢ + 9 has a non-degenerate critical point at y = a, = 9, ae = &,
and
Im (¢ +¢) > Cly — au|* + [z — o).
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However, this is not enough for « € V, y € R" to be a good contour, since it lacks the
term Cage — &l

Let then 0 < X(z,y,a) € C§° be a function which is = 1 near VV and which has
support in the region where y = 1. By Stokes’ formula (in y), one can replace the real
contour in (5.11) by the contour

aeV
F5<SL’): ~ L _— n
g=y+iox(r,y,0)9, (¢ +¢), yeR"
For (a,g) € I's and § > 0 sufficiently small, one has with new constants > 0:
(512) Im (p + 1) > Cly = aal” + |& = aal” + %10y (¢ + ¥)I°)
| > C'ly = oul” + |2 — aul* + Jag — 9u01%).

Hence I's(zo) is a good contour along which the cut-off function only intervenes in the
region where Im (¢ + ) > 0.

When z is a neighbor of z, one always has (5.12), but the contour does not necessarily
pass through the critical point. Analyzing the situation in the coordinates given by
Morse’s Lemma, one notes nevertheless that after a supplementary deformation (of order
= O(|z — zo|)) which does not change the contour in the cut-off region, one obtains a
good contour, and one has reduced to the situation of Section 4. U

Remark 5.2. Let I, = a(z,y, a; h)e®/", T, = ae/" be resolutions of the identity
that one realizes with the help of cut-off functions as before. Then 11, j, oIlg is negligible
for o # 3. This is obvious for a, # 3;, and for a, = 3;, a¢ # B¢ it is shown by the same
contour deformation as in the proof of Lemma 5.1.

Theorem 5.3. Let A be as before, and let

Bu(z;h) = // e @My o h)u(y) dy do
be another operator of the same type. Let c(x,y,a;h) be the symbol in H_pyy given by
A CrI (- y, as b)) = VD Re(z, y, a5 h).

Then if U CC V CC R™ x R™ are open sets (sufficiently small so that AV and BY are
defined), one has, modulo a negligible operator,

AVoBY =Y

where CY is a realization of

Cu(x;h) = // eVheudy da.
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6. THE ANALYTIC WAVEFRONT SET, ESSENTIALLY FOLLOWING BROS-IAGOLNITZER

In this section we introduce the analytic wavefront set (or “analytic singular spectrum”)
in the spirit of Bros-lagolnitzer (see [8]). We recall that their definition followed the
definitions of Sato [27] and Hérmander [13], and that Bony [1] has shown the equivalence
of all these definitions, even within the framework of hyperfunctions, with regard to the
definitions of Sato and Bros-lagolnitzer. In the more simple framework of distributions,
we show the equivalence between W F, gq1o and W Fy, pros—ragolnitzer- S€€ also Lebeau [22]
and the book of Hérmander [17].

Let (x0,&) € T*R™\0 and let ¢(z, a) be an analytic function defined in a neighborhood
of (z, o, &) such that
(6.1) ¢ =0and ¢, = a¢ for z = a,

(6.2) Imp > Clz — a,|* for real z, .

Let a(x,a; h) be an elliptic classical analytic symbol defined near (xg, 2, &).

Definition 6.1. Let u € D'(X) where X C R" is an open set containing xo. One says
that w =0 (microlocally) at (zo,&o) if

/ @I/ hg (o h)x(x)u(r) do

is exponentially decreasing when h — 0, uniformly for o in a real neighborhood of (o, &p).-
Here x € C3°(X) is equal to 1 near xy.

This definition does not depend on the choice of y.

Proposition 6.2. Definition 6.1 does not depend on the choice of (a, p).

Proof. Suppose that « = 0 microlocally near (zg,&) for the choice (a, ), and let (a, p)
be another choice. The pseudodifferential operator in the complex domain

Au(w; h) = h=5/2 / / exp {% (¢(z.0) ~ 2G.®) } oz, o h)u(y: h) dy do

has an elliptic symbol 04 and hence admits a parametrix in the spaces Hy, ,, with a suitable
1. One can then find a classical analytic symbol I;(L a; h) defined near (xg, 29, &) such
that

A(b(-, a; B)e™) = a(x, a; h)e?/m,
By the results of Section 5, if (z9,&) € V CC W CC R?", where V,W are sufficiently
small open sets, one obtains for & € V modulo a negligible function (that is to say
exponentially decreasing in Cg°)

(6.3) AV (b(-, 05 ) ?") = af, a; h)el P/,

This relation expresses @e™?/" as a superposition of functions a e*/":

(6.4) a(z, o h)eP@/h = / a(z, B; h)e? @A/ f (o, B 1) dj
Bew
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where

ftasgin) =17 [ oxp{ L o@ )+ (e b it s

is of tempered increase in h. If one chooses W sufficiently small so that the integral
in Definition 6.1 is uniformly exponentially decreasing for a € W, then for a € V' and
modulo uniformly exponentially decreasing terms:

/ ez’gb(:ma)/ha(x, «; h)X(fB)W dx

(6.5) E/ f(a, 3; h)/e"“’(w’ﬁ)/ha(x,ﬂ; h)x(x)u(x) dx dp
Bew
0.

0

With the help of Proposition 6.2 one sees that the set of points (z,£) € T*X\0 where
u = 0 is a conic set (and is trivially open). One denotes by WF,(u) its complement
in T7*X\0. This is the analytic wavefront set (or analytic singular spectrum) of u. Let
SS,(u) denote the analytic singular support, that is to say the smallest closed subset of
X outside of which w is analytic. If IT : 7*X\0 — X is the natural projection, then one
has the following:

Theorem 6.3. For each u € D'(X) one has (W F,(u)) = SS,(u).

Proof. First let o € X\S5S,(u) and suppose without loss of generality that u € &'(X).
Writing o = (, §) one can then study

(6.6) oo (@-ne+ 5 —02) butay

for x near zg and £ # 0. Let 0 < xy € C§°(X) have support in a small neighborhood of
where w is analytic and with x(zg) = 1. Then for € > 0 sufficiently small one can replace
R™ by the complex contour

Fery—y—iex(y)S.
Then for  near zo and £ in a compact subset of R™ one notes that the integral (6.6) is

uniformly exponentially decreasing when h — 0. Hence (zo,§) ¢ WF,(u) for all £ € R™,
and one has shown that TI(W F,(u)) C SS,(u).

To show the opposite inclusion, one supposes that (zo,&) & W E,(u) for all &€ € R". We
consider the identity

(6.7) d(z) = /e””£ (;jf)n,

where the integral is interpreted as an oscillatory integral, for example as the limit in
D'(R™):

(6.7) lin e 2 e
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Following Lebeau [22], one replaces R} by the complex contour { — ¢ = & + L€z
Along this contour one has

T iz —|&|x? i
el = iwelelet/2, dGj = d&; + g dig].

Because d|¢| = > %dfk one obtains

dCi N\ -+ NdC, = <1+%Zx’—§”> A&y A -~ NdE, = a(x, &) d&y N -+ NdE,.
1

q
Passing through the integrals (6.7) one then easily shows that
, 2 d
(6.8) i(z) = /6”54“ Pa(z,€) (275)n

in the sense of oscillatory integrals. (In fact the argument with (6.7) does not work for
|z| small, but the integral (6.8) is evidently analytic outside of 0, hence is 0 everywhere
in R™\0.)

Hence
(©.9) ulw) = (2m) " [ [ e e ey, Euty) dy dg

where the integral is in the sense of a limit in D’ after the introduction of the convergence
factor e/,
Proposition 6.2 (and its proof) shows that

/ TN @2 (1 — g E)u(y) dy

decreases exponentially, uniformly when |£| — oo for = in a complex neighborhood of .
Hence (6.9) shows that u is analytic at . O

The following result is due to Sato [27] in the case of hyperfunctions and is also due to
Hormander [13] in the case of distributions.

Theorem 6.4. Let P(x, D) be a differential operator with analytic coefficients defined in
a open set X C R". Let p(x,&) be its principal symbol, and suppose that p(zo,&) # 0
where (z9,&) € T*X\0. Ifu € D'(X) then we have u = 0 at (xo, &) if and only if Pu =0
at (xo,&0). In particular, if P is elliptic at xy and Pu is analytic at xo then u is analytic
at xg.

Proof. One can suppose that u € £'(X). Then with a, ¢ as in Definition 6.1
/ew(x’“)/ha(z, a; h)Pu(x) de = /ei“”(x"’)/hb(x, a; h)u(x) dx

where b is the elliptic symbol given by be™/" = P*(ae™/?). It then suffices to apply
Proposition 6.2. U

We now establish the equivalence between the definitions of Bros-lagolnitzer and of
Sato. This is a particular case of a result of Bony [1] which has shown that all “reasonable”
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notions of WF,(u) satisfy certain coinciding functorial properties (and the same in the
case of hyperfunctions).

Let I € R™ be a connected open cone. Let W CC C™ be an open neighborhood of
xo € R™ and let u be a holomorphic function in W N (R™ x ¢I"). One says that u is of
tempered increase if there exist constants C' > 0 and N > 0 such that

lu(z)| < Cllm 2|7V,

Then lim;_ o u(z + ityy) € D'(Wg) exists for each yo € T' and the limit is independent
of yo. For the proof of this fact, one can easily reduce to the case where I' is of the form
lv'| < Cyi, y = (y1,9), and one shows next that in a neighborhood V(z;) of a point
x1 € Wg one has

(6.10) u(z) = (;)N (),

where vy is continuous on V(x1) N (R™ x i['). We will omit the details. One writes

lim u(z + ityy) = br(u).

t—0

If u € D'(X), then locally near a point 2o € X one can write u = SV br,(u;) where
the u; are of tempered increase as above. (If u € £&'(R™) one can for example decompose

U= Ziv @; such that the @; are supported in suitable cones.)

Theorem 6.5. Let u € D'(X), (x9,&) € T*X\0. Then (xq,&) ¢ WF,(u) if and only if

There exist connected open cones I'y,...,I'y C{y € R"; y& < 0},
a complex neighborhood W of xo, and holomorphic functions u;
of tempered increase in W N (R™ x iI';), 1 <j <N,

such that u =YV br, (u;) in Wg.

(6.11)

Proof. First suppose (6.11). Without loss of generality one can take N = 1 and after
having replaced u; by an iterated primitive one can assume that u, is continuous.

Then by Stokes’ formula, for (x,€) in a conic neighborhood of (g, &)

(6.12) / i a=EIEN =020 (1 1y — / e a—EIEl =072y, (1)

71
where to avoid cut-off functions one has also assumed that u € £'(R™). Here v, is a contour
of the form y — y + iex(y)yo, where € > 0 is small, yo € I'y, |yo| = 1, 0 < x € C°(R"),
X(xg) > 0, and  is supported in a small neighborhood of . Along 7, one has

Im (z — y)¢ — @(w —y)? = %((fb —Rey)? — €x(Rey)?) — ex(Rey)(yo€) > 0

when (z,€) is in a small conic neighborhood of (z¢,&) and ¢ > 0 is sufficiently small.
Then the integral (6.12) is exponentially decreasing, and (zg,&) ¢ W E,(u).

One supposes now that (xo, &) ¢ WF,(u). Then if W is a small complex neighborhood
of xo and V' C R" is a small conic neighborhood of &y, we have by Proposition 6.2 that
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the integral
(6.13) / VeI E—0/20 (3 y EYu(y) dy

is exponentially decreasing in W x V. Here a is the same symbol as in (6.8).
For £ € R™\V let I'g, be a closed cone with nonempty interior such that

ygl > 07 ygo < 07 Vy € F&

Also let I'f| be a closed conic neighborhood of & such that y§ > 0 on I'g, X I' . One can
find &, ..., &y such that

RV = | JTs)°.

Then as in the proof of Theorem 6.3 one obtains, modulo a function that is analytic near
Zo,

u(r) = i / / I g (1 —y, )y, (%) u(y) dy <;T§>

= u;(x)

where suppy; C (I',)° and SNy, =1 on R\V. It is easy to see that u;(z) is the
boundary value of

uJ(Z) N // 61(2731)&7‘{'@72!)2/2@(2 - y7£)Xj (é_’) u<y) dy (2{5)11

which is a holomorphic function of tempered increase in W N (R" x il'e,), if W is a small
complex neighborhood of xg. 0]

(6.14)

To conclude this section, we would have had to also establish the functorial properties
of WF,(u): behavior of W F,, with respect to tensor products, images and inverse images,
and the action of integral operators. This can be done along the same lines; see also
Laubin [21].

7. THE FOURIER-BROS-IAGOLNITZER (FBI) TRANSFORMATION

These types of transformations have been introduced and studied by many mathemati-
cians and physicists. To restrict oneself solely to works in partial differential equations,
one can cite Kawai-Kashiwara [19], Boutet de Monvel [5], Lebeau [22], Trépreau [33],
Hormander [17], Cérdoba-Fefferman [9], Unterberger [34], Boutet de Monvel-Sjostrand
[7], Melin-Sjostrand [24], and Sjostrand [32]. We present here yet another version.
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Let ¢(z,y) be a holomorphic function, defined in a (complex) neighborhood of (zg, y9) €
C™ x R™, such that

Oy .
7.1 —(xg,y0) =: —1mp € R",
(7.1) 8y( 0, Y0) Tlo
32
(7.2) Tm 8—;5(380, vo) > 0,
82
(7.3) det ax;’y (20, 90) # 0.
We introduce ¢y (z,y) = —Imp(z, y), which is then a pLh. function with 20¢; = dy, and
20 :
(7.1) Ty ) = R,
(7.2) V2o1(xo, yo)lrn < 0,
(7.3) det V,Vypo(xo, yo) # 0.

Here V denotes the gradient in the real direction.

For z € C" near g, the function ¢, (z, -)|ry admits a strict maximum at a point y = y(z)

near yo. This is the unique real point (near o) where g—“;(x, y) is real, and we put

2(9@1

(y(x),n(x)) = (y(@), —g—j(x,y(x))) = (y(z), —gg—y(l’,y(fﬁ))) € T"R™\0.

Lemma 7.1. The mapping x — (y(x),n(x)) is a diffeomorphism of a complex neighbor-
hood of zo to a real neighborhood of (Yo, o).

Proof. The mapping (v, —%’(a:,y)) — x € C" is well-defined on a complex neighbor-

hood of (yp,70). The restriction to R?*" then gives a left inverse for the mapping x
(y(z),n(x)). It suffices then to remark that C" and R?" are of the same real dimension. [

In what follows we work locally near xy or near yo, but in order to not weigh down the
formulas we present them as if they were global, and the reader will have to add in his
head the suitable neighborhoods.

For y € R", let I'y = {z € C"; y(x) = y}. Then the I', form a fibration of a neigh-
borhood of zy. Each I'; is of real dimension n. Moreover, I'; is totally real; that is,
T.(T'y) NiT,(I'y) = {0}, z € [',. In fact,

T.(Ty) = {t. € C"; oy, t. € R"}.
For x in a neighborhood of xy we put

(z) = p1(z,y(x)) = sup pi(z,y).

yeR?
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® is real-analytic and also pl.s.h. in that it is the supremum of a family of pluri(-sub)-
harmonic functions. With d(z,T',) =distance from z to Iy, we even have

O(z) > pi1(x,y) + Cd(x,Fy)2 ., C>0,

which shows that ® is in fact strictly plurisubharmonic.

We introduce the local complex (canonical) diffeomorphism

20
K (yy——.ﬂ) = (z, ;%)

of a complex neighborhood of (yg,70) to a complex neighborhood of (zg, &), where & =
2001 (10, y0) = 292(z0). We also let Ag = {(v,222); v € C"}. Then Ay = r(T*R").

We let a(x,y; h) be an elliptic classical analytic symbol of order 0, defined in a neigh-
borhood of (x, o). Let Y C R™ be a small neighborhood of 3o, and let x € C§°(Y) be
equal to 1 near yo. Then, if X C C" is a small neighborhood of x(, we put

(7.4) Tu(a; h) = / PN a2,y ) (y)uly) dy

for z € X and u € D'(Y). (We choose X small enough so that x }(IT71(X) N Ag) C
T*R™\0 projects onto an open set where y = 1.) It is clear that T : D'(Y) — HYP(X). If
one writes a = (y(x),n(z)) and ¥ (y, a) = (x,y) +iP(x), it becomes clear that T" permits
a characterization of W F,(u).

Proposition 7.2. Let u € D'(Y) and xy € X. Then (y(x1),n(x1)) & WF,(u) if and only
if Tu(z;h) =0 in He 4, -

We now investigate the link between Tu and Tu, if T is another FBI transform given by
(7.4) with (p,a) replaced by (@, a), where ¢ and a are defined near (Zg, yg) € C* x R™ and
g—f(fo, Yo) = —no. The natural idea is to give a meaning to the relation Tu = (TT~")Tu.
As in Section 4, we can formally invert 7" by an operator of the form

(7.5) Sv(y; h) = h_”/e_i‘p(m’y)/hb(:z:,y; h)v(z; h) dz.

For u € D'(Y') one cannot hope in general to have « = STu modulo an analytic function,
since T'u only describes u microlocally near (yo, h~1&). Nevertheless, we look for a contour
in (7.5) that is as good as possible, that is to say a contour on which

—p1(z,y) + () = —pi1(z,y) + o1 (z,y(2)) ~ |y — y(z)|?

is as small as possible. The natural choice is to take I', on which —¢;(z,y) + ®(z) = 0.
The contour I'y is not even completely good when v € Hg, but, if v € Hy, where ¥ < @,
W(zo) = ®(x0), and V?¥(xo)|p, < V?®(x0)|r,,, then Ty, is a good contour, and hence
Sv is well-defined; and, following Section 4, we have T'Sv = v in a neighborhood of z,
modulo equivalence in Hy. .

We show that, despite this difficulty, one can define T'S as an operator He — Hg.
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Lemma 7.3. For x in a neighborhood of &g, the function (y, z) — ¢1(z,y)—p1(z, y)+P(2)
has a saddle near (yo, o), given by y = §(x) = y(2) and fj(x) = n(z). The critical value
is ®(x).

Proof. The indicated point is clearly a critical point, and the critical value is clearly
CTD(x), so the point is to show that the Hessian is non-degenerate and of signature 0.
This can be done directly. One first shows without too much difficulty that the Hessian
is non-degenerate. The signature is 0 because on the contour y € R", 2z € I'y, one has
@1(z,y) —p1(2,9)+®(2) < (), and a standard deformation of this contour gives a good
contour. A still simpler method is to use the general results of Section 11 (Exercise). [

As in Section 4, we can now define the operator T'S : Hg*(X) — HY°(X) by
(7.6) (TS)u(z;h) = h" // P =eE/hg (1 4 B)b(z, y; h)u(z; h) dz dy,

where V,, denotes a good contour, and X and X are small neighborhoods of xy and g,
respectively. In particular, (T'S)u ~ u in HP¢(X).

Proposition 7.4. For u € D'(Y) one has Tu ~ (TS)Tu in ch(f(), if X is a small
neighborhood of Zy.

Proof. If ¥(y) is a pl.s.h. C function defined near yo and is such that ¥(yo) = 0,

%%(y0> = 1o, and ¥(y) < 0 for y real, and if u € HPY(Y) (where Y C C" is an

open set with Y N R™ = V), then Tu € H¢(X), where ¢*(z) is the critical value of
y — @1(x,y) +1¥(y). To estimate 1p*(z) we apply the following lemma of Melin-Sjostrand
23]:

Lemma 7.5. Let f(z,w) be a real C*® function defined near (0,0) in C* x Ck. One
supposes that f(x,w) <0 for z € R", and that f(0,0) = 0, %(0,0) =0, and that z =0
is a saddle for f(z,0). If z(w) denotes the critical point near 0 of z — f(z,w), then for

w in a neighborhood of 0 one has f(z(w),w) < —C|Imz(w)|?, where C' > 0.

Proof. We choose the real C'"™ coordinates

g(z,w) = (U1, Un), T(z,w) = (Zq,...
as in Morse’s Lemma:
flzw) = fz(w),w) = 7 — %
As we have seen in Section 2, we find R? as a graph § = H(Z,w), where H is a real C*
function with H(0,0) = 0. We note, on the one hand, that |Im z(w)| ~ |H(0,w)|, and,

on the other hand, that since f < 0 for £ = 0 and § = H(0,w), we have f(z(w),w) <
—|H(0,w)|*. O

We now apply the lemma to y — ¢;1(z,y) + ¢¥(y) — (z). We then find that ¢*(z) <
®(x) — ClIm g(x)|?, where g(z) is the complex critical point of y — ¢;(z,y) + ¥ (y). Also,
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*(zg) = P(x0). If we restrict = to I'y,, we know that R” 3 y — ¢1(z,y) + ¥(y) — ®(2)

attains its strict maximum at y = yo, where the value is 0. Then, for y € R",
[Vieymy(@1(2,y) +P(y) — @(2))] ~ |2 = w0l + [y — bol-

Hence [Img(z)| ~ |z — x|, and, using Lemma 7.5,

(7.7) V*(z) < ®(x) — Clo — z0|? for x € I'y,.

It is then clear that T': H%Z?C — H}ff admits as its inverse S : H%Z?f — H}fc (defined
with the contour of integration I'y as in (7.5)). Also, for u € H)° we have Tu~ (TS)Tu
in Hg’f, if ¢* is defined in the same manner as ¢*.

We let V be a small real neighborhood of (yo,70) in R** and I" a resolution of the
identity as in Section 5. We then have, for v € D": Tu ~ T1Vu in Hg’c and Tu ~ TTVu

in Hyg°. On the other hand, T1Vu ~ (T'S)T1Vu in H®, since IVu = [ _, ua(x;h)da,
where u, € Hy, and v, is essentially a function as above. This completes the proof of
Proposition 7.4. 0

In our discussion, we have used the fact that T has an elliptic symbol. We can then
consider the particular case 7' = h™T o P, where P is a differential operator of order m
with analytic coefficients. Then, by Kuranishi’s trick,

TS = h"TPS = P

is a classical pseudodifferential operator of order 0. We see immediately that the principal
symbols of P and of P are related by the classical relation po xk = p, where we recall that

Kk = Kkr is the canonical transformation given by & : (y, —g—i) — (x, g—i).

Example 7.6. We consider ¢(z, y) = %(x —y)? and ¢(z,y) = —Rei(z —y)2. For y
real, ¢1(z,y) = —3(Rexz — y)? + (Imz)?, hence ®(z) = (Imz)? and A : { = —Ima.
If we take @ = 1 in (7.4), then T’ and P commute when P is an operator with constant
coefficients.

In the rest of this section, we will show how to transform a principal-type operator (not
necessarily having a real principal symbol) into f)ggn by a suitable FBI transform. This
result, in another formalism, is due to Trépreau [33], who developed an idea of Kashiwara
and Kawai.

Let p(y,n) be an analytic function defined near a point (yo,70) € T*R"\0 satisfying
P(yo,1m0) = 0 and dp(yo, no) # 0.

Lemma 7.7. There exists a holomorphic function defined near (zo,yo) (where xy € C"
is a suitable point) which satisfies (7.1)—(7.8) and

dp Dy
(7'8) % =P (yv 8y) .
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Proof. One first puts

i - n n
(7.9) (2,0,y) = 5 (& —¢)* = mgy" +iCy" — v)*
where C' must satisfy ReC' > 0. (One uses the notation z = (z!,...,2") = (2/,2").) Let

xog € C" be given by Rexy = vy, Imzy = —n), f = 0. The equation (7.8) then gives
¢ in a neighborhood of (zg,4o), and (7.2) is satisfied because ReC' > 0. One also has
(7.1), and to have (7.3) one can first suppose (after a real change of coordinates in y)

that £7—ﬁ(y0,770) # 0 or [g—z(yo,no) =0 and ;T%(yo,ng) #0|. Then one can find C' with

ReC > 0 such that
0 Op
1 — p(y, — ==
(7.10) p(y, 3

Now one has the following equivalences:

) # 0 at (w0, o).

—~
~J

3

~—

!

The differential of y — g—i is bijective at (zg,yo)

<~

The differential of y — ((%%,p(y, —%;—’)) is bijective at (zo, yo)
<~

(7.10)

The last equivalence results from the fact that 85,2—6‘"% = 0 and det ai%}, # 0 at (zo, yoé

Now let P be a formal classical pseudodifferential operator of order 0 with principal
symbol p. It is then well-known (Mizohata [25], Hérmander [13], Sato-Kawai-Kashiwara
[28]) that one can find a formal analytic symbol of order 0 that is elliptic in a neighborhood
of (zg,yo) such that formally

(7.11) (Dyn — "P(y, Dy; 1)) (a(z, y; h)e™?=9)/m) = 0.

(We will give a proof of this fact in Section 9.) Here ¢ is the function given in Lemma 7.7.
(a is determined by solving the classical transport equations in each degree of homogene-
ity.) We have then shown:

Theorem 7.8. Let P be a formal classical analytic pseudodifferential operator of order
0 defined near (yo,m0) whose principal symbol p satisfies dp(yo,no) # 0 and p(yo,mo) = 0.
One can then find an FBI transformation T such that formally DT = TP.

Now let P be a differential operator whose principal symbol satisfies the hypotheses of
Theorem 7.8. One identifies P with a pseudodifferential operator by putting P(x, D,; h) =
h™P(z, D,) where m is the order of P. Let u be a distribution defined near y, and suppose
that

(7.12) (40, m0) & W Eo(Pu).
We say that P is analytic hypoelliptic on germs if (7.12) implies that (yo,n0) € W EF,(u).
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Let U =Tu € Hg 4,. Then by Theorem 7.8 the property (7.12) is equivalent to
(7.13) DU =0 in Hey,.

More explicitly, under the hypothesis (7.12) there exists a neighborhood V' of xy and a
number ¢, > 0 such that

(7.14) DunUl(x; h) = O(e®@=0)/hy ¢ c .

One can suppose that V' = V/, x V., where V" is a disc centered at xj = 0 and V'

is a neighborhood of zf. Possibly decreasing V with ¢, fixed, one can suppose that
P(xg) — ¢ < P(x) < P(x0) + ¢ on V. Then one obtains from (7.14) that

(7.15) U (a3 h) — U(a',0; h)| = O(e @) ie)/m)
and that for every e > 0:
(7.16) \U(2',0;h)| < CeWvEFa/h ol ey,

where Uy (2') = infneyn ®(x) (which is Lipschitz). If Uy (zf) < ®(z0), one deduces that
U =0 in Hg,,, hence that (yo,70) ¢ WF,(u). More generally, let Wy (/) = sup f(a'),
where f(2') is plurisubharmonic and f < Wy (z') on V’. Since U(z',0; h) is holomorphic,
one knows that log |U(2’,0; h)| is plurisubharmonic. Hence by (7.16):

(7.17) U (2,0, )| < CeWvE /b o ey,

for each € > 0. When one decreases V then ¥y and \ilv increase. Our discussion imme-
diately gives:

Theorem 7.9. Let P be a differential operator with analytic coefficients, whose principal
symbol satisfies the hypotheses of Theorem 7.8. One supposes in addition that for each
V =V'xV" one has Uy < ®(x0) in a neighborhood of xi. Then P is analytic hypoelliptic
on germs at (Yo, Mo)-

In using the initial version of this method, Trépreau [33] has demonstrated that the
subelliptic operators (in the sense of Egorov) are analytic hypoelliptic.

8. HOLMGREN’S UNIQUENESS THEOREM AND EXTENSIONS

We first recall the classical theorem of Holmgren:

Theorem 8.1. Let 2 C R™ be an open neighborhood of 0 and let P be a differential
operator of order m on 0 with analytic coefficients, of the form

P=Dp+Y Aj(z, Dy) D
j=1

Then if u € D'(Q2), Pu=0, and u|m<o =0, one has u =0 in a neighborhood of 0.
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If w e D'(Q), suppu C {z"™ > 0}, and 0 € suppu, then u cannot be analytic in a
neighborhood of 0 and hence there exists ¢ € R” such that (0,&) € W F,(u). We have the
following result which can be found as a remark of Kashiwara in Sato-Kawai-Kashiwara
28] and which has also been proven in a slightly weaker form by Hormander [13].

Theorem 8.2. Let u € D'(Q) be such that suppu C {z" > 0} and 0 € suppu. Then
(0,(0,...,0,1)) and (0, (0,...,—1)) belong to W F,(u).

For n =1 the proof of this theorem is simple enough if one uses the definition of WF,
in terms of boundary values. In higher dimensions one can reduce to the case n = 1 by
using the standard convexification in the proof of Holmgren’s Theorem. As Hérmander
[13] and Sato-Kawai-Kashiwara [28] have noticed, Theorem 8.2 gives Theorem 8.1. In fact,
for P and u as in Theorem 8.1 one has p,,,(0, (0,...,+1)) # 0 and hence (0, (0,...,+1)) ¢
WEF,(u).

Theorem 8.2 follows easily from the following result due to Kashiwara.

Theorem 8.3. (“the Watermelon”) Let u € D'(Q)) be such that suppu C {z" > 0}.
Then if (0,m0) ¢ WE,(u) for any # 0, one also has (0, (n},t)) ¢ WF,(u) for allt € R.

There is an even finer result due to Kashiwara, linked to the second microlocalization.
This result and its generalizations will be discussed in Section 16. Under the hypotheses
of Theorem 8.2 one knows that there exists a point (0,&y) € WF,(u). Then Theorem 8.3
shows that (0, (&), t)) € WF,(u), and in taking ¢ — +oo one obtains (0, (0,...,£1)) €
W F,(u). Hence Theorem 8.3 implies Theorem 8.2.

We have learned the essential idea of the following proof from A. Grigis and P. Schapira
during the Colloque de Marathéa in September 1980. Also, Hérmander has recently given
a similar proof.

Proof. One could work with an arbitrary FBI transformation, which would better show
the invariant aspects, but in order to not be too complicated, one works with the trans-
formation of Example 7.6. We can suppose that u € £'(R™), supp v C {z" > 0}, and we
also put, for x € C",

Ulash) = [ e /E0u(y) dy
Then U € HYP¢(C") where

[ ima)? if Rez" >0
(8.1) (r) = {% [(Imz)* — (Rea")?] if Rea™ < 0.

The crucial observation is now that " — ®(x) is harmonic in the region Re2™ < 0.

Lemma 8.4. Let ¢(z) = 0 in the upper half-plane and =
plane. If a,b,c > 0 then there exists a continuous function 1

$(Imz)? in the lower half-
(2) <o

< (2) in the rectangle
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Imz

a+i(b-5)

Re z

R: Rez € 10,a], |Imz| < b with ¥(x) < p(x) for x € [0,a) such that |u(z)| < e?@/* in R
if h >0 and u is a holomorphic function, continuous in R and satisfying |u(z)| < e#)/h
in R and |u(2)| < e@E=/M for » € i[—b,b].

Proof. (of Lemma 8.4.) For 0 < § < b one considers the closed rectangle ), whose
boundary is I U [T UIITUIV asin the figure. Then hlog |u| — % <Oon ITUIITUIV
and hlog |u| — 52—2 < —csin{(y +6) on I. By the maximum principle one then has
hlog|u| — % < —cw(z) on Q, where w(z) = f(x)sin(§(y + §)) is the harmonic function
given by

f(l’) — (ewa/b . efwa/b)fl(efw(:pfa)/b . err(xfa)/b).

Here f(z) > 0 for 0 < z < a and hence —cw(z)+ % < 0 on each compact interval C [0, a)
if & > 0 is sufficiently small. This then gives the lemma. O

The lemma is still true if one replaces the real axis by the imaginary axis, R by a
rectangle R symmetric with respect to the imaginary axis, and ¢ by the function

. 1(Rez)? ifRez>0
P(2) = 3 (Re2) .
0 if Rez <0.

Ifu € &'(R™), supp u C {z" > 0}, (0,7m0) ¢ WF,(u), then U € H2* where $ < & (where @
is given by (8.1)) with strict inequality in a neighborhood of —iny. It suffices then to apply
the modified form of Lemma 8.4 with functions 2" — exp {4 (z")? — &= (Im2/)? }U (z; h)
for 2’ near —inj, and one deduces that U € Hg’c where & < & with strict inequality near
each point i(—n;,t), t € R. This gives the theorem. O
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One can note as a curiosity that if 7 is of the form (0,...,0,£1) then U = 0 in Hg .
Then for x real and in a neighborhood of 0 one has

u(z) = }lbiir%)(27rh)_"/2 / e~/ Ry () dy = 0.

This gives a more direct proof of Theorem 8.2 where one does not use the fact that
Jsupp (u) C singsupp, (u).

We go now to a discussion of extensions of Holmgren’s Theorem in the case of a hy-
persurface which may be characteristic. They are the purely geometric extensions of the
classical Holmgren’s Theorem, and the “W F,” does not intervene. The most remarkable
result in this direction is due to Bony [2]. We present here an improvement of this result
which contains also the results of Hormander [16]. We will not discuss here the much more
difficult case of C'*° coefficients, nor certain results of Baouendi-Zachmanoglou concerning
the uniqueness from a submanifold of codimension > 2.

Let X C R" be an open set, and let K C X be a closed subset. Following Bony, one
defines the conormal fiber of K:

Definition 8.5. Let N*K be the set of (xo,&o) € T*X\0 with xo € K and such that there
exists h € C(X;R) with & = £h/(xo) and with h|x admitting a local mazimum at x;.

One can describe N*K as the points (xg,&y) where &, is normal to a hypersurface H
which touches K at zy and is such that K is “locally on one side of H.” If K is a smooth
submanifold, then N*K is the usual conormal fiber. The reader is encouraged to calculate
N*K when K C R" is a closed quadrant or the complement of an open quadrant. It will
show that N*K is not necessarily closed. Theorem 8.2 takes the following more invariant
form:

Theorem 8.6. If u € D'(X), then N*supp u C WF,(u).

We will now establish an entirely geometric result on N*K which will involve the
different extensions of Holmgren’s Theorem. If f(z,£) is a real C*° function, defined
near (zo, &) € T*R", one defines its Hamiltonian field Hy = %% - %a%j, and one
remarks that f is constant along the integral curves of Hy, since H;(f) = 0. Let h(z) be
a real-valued function defined near zy with A'(z¢) = . Then the Hamilton-Jacobi theory

tells us that the problem
9 Y —
(8.2) or +f(x,0,) =0
©(0,2) = h(z)

admits a unique C'* solution in a suitable neighborhood of (0,zy) € R x R™. If one
introduces

A<Pt = {(I,g@;(t,fﬂ))}, Ap = {(%,h;(ﬂ?))}
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(locally near (z¢,&)), then p(t,-) is determined up to a constant Cy, by the (well-known)
fact that

(8.3) Ay, = exp(tHy)(An).
The constant C; is determined by

(8.4) p(t, (1)) — (0, zo) :/0 [fe(x(s),8(5)) - €(s) — f(x(s),&(5))] ds

where (2(s), &(s)) = exp(sHj)(0, &).

Theorem 8.7. Let K C X be a closed set, let (xg,&) € N*K, and let f(z,£) be a real
C™ function, defined near (xg,&) and such that f|y+x = 0. Then for ty > 0 sufficiently
small, exptHs(zo,&) € N*K when |t| < ty.

Proof. Let h(z) be a real C*° function such that { = h'(xy) and such that h|x admits
an isolated local maximum (or minimum) at xy. Let ¢ be the solution of (8.2). Then,
if W is a small neighborhood of xy and |¢| is sufficiently small, we know that ¢(¢, )| xnw
attains its maximum in the interior of W on a set A, C 0K which is uniformly compact

in W. Let

®(t) = max (t, -).

If one writes ®(t) = p(t,x¢), P(s) = @(s,xs), v, € Ay, x5 € Ag, one obtains

N s (p(t, xt) - @(S’xt) if CI)(t) Z CI)(‘S) .
) ¢(”§{ﬂa%wwwa@ ira(h) <a(s)

that is,
[®(t) — @(s)| < max (Jp(t, z:) — @(s,20)], [t 75) — (s, 24)]) -
However, ;
a_f(t’xt) = —f(x, 0, (L, 7)) =0
0
a_f(s,xs) = —f(zs, ¢l (s,25)) = 0,

since f|y«x = 0. Hence |®(t) — ®(s)] < C(t — s)? that is, ®'(¢t) = 0, and so ® is
independent of .

Now one puts g(z) = h(x) — (x — z¢)?, so that g has the same properties as h, and
one denotes by (¢, z) the solution of (8.2) with h replaced by g. Then, for |¢| sufficiently
small,

(8.5) max p(t,-) = max (,-) = h(zo) = g(zo).

On the other hand, with (x(t),{(t)) = exp(tHy)(xo, &), one obtains from (8.3), (8.4):

ot x(t)) = ¥ (L, x(t) = £(1)
p(t, 2(t) = (L, x(t)).

The second derivatives do not change much if |¢| is small, and hence

(8.6)

(8.7) Wit 2) < olt x) — %@; Ca(®)? weW
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Let 7, € K be a point where ¥ (t,-)|xnw attains its maximum. Then (8.5) and (8.7)
show that Z; = z(t), since otherwise one would have ®(¢) > W(¢). Hence by (8.6) one has
(x(1),€(t)) € N*K. O

Theorem 8.7 generalizes a result of Bony [2]:

Corollary 8.8. Let K C X be a closed subset, and let (x9,&) € N*K. Let f(x,§),
g(x, &) be two C™ functions defined near (xo,&y), such that fin+x = g|n+x = 0. Then the
Poisson bracket, defined by

R R

vanishes on N*K.

Proof. One may suppose that f is real. Then {f, g} = H;(g) = 0 since the integral curve
of Hy issuing from a point of N*K remains in N*K for sufficiently small times. U

We return now to Holmgren’s Theorem. Let h(z) be a real C*° function defined in an
open set X C R” with dh # 0 and with h(zy) = 0 for some xy € X. One puts

Xy ={z € X; £h(zx) >0}, & = h (o).
Let P(x, D,) be a differential operator on X whose principal symbol p(z,¢) has analytic
coefficients. Let I(p,xo,&p) be the smallest set of germs of C* functions at (xg, &) that

contains each function which vanishes on {(z,¢); p(x,&) = 0} and which is closed under
taking Poisson brackets: f,g € I = {f,g} € I. Then [ is an ideal, since

a{f,g} =A{af, 9} —{f.ag}, acC> fgel

In the following theorem, part (A) is due to Bony [2], and part (B) generalizes a result of
Hoérmander [16].

Theorem 8.9. If there exists u € D'(X) with Pu =0, x9 € supp u C X, then
(A) f(l’(],&)) =0 fO’F each f € -[<p7 xO?&O)’
(B) If f € I(p,xo,&) is real-valued, then for |t| sufficiently small one has
exptH(xg, &) € N*(suppu).

Proof. Let K = suppu. Then N*K C p~'(0) by Theorem 8.6 (or directly from the
classical Holmgren’s Theorem). Hence if f and g are germs of C*° functions which vanish
on p~1(0), then they also vanish on N*K, and hence {f,g}|n<x = 0 by Corollary 8.8.
By iteration, one finds that f|y+x = 0 for each f € I(p, zo,&p), which gives (A), and (B)
follows from Theorem 8.7. U

To illustrate the result, the reader may reflect on the trivial case where P is given by a
. . . . . d
vector field. There are also less obvious applications: Let iP = Q1 +iQ or —P = )| ?,
where (1, ..., Q4 are real analytic vector fields.

We first recall a theorem of Nagano [26]:
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Theorem 8.10. Let )y, ...,Q4 be real analytic vector fields defined near xo € R"™, and let
L be the Lie algebra generated by Q1, ..., Qq and their commutators. Let k = dim L(x),
where L(xg) := {v(xo); v € L}. Then there exists a real analytic manifold T' C R™ of
dimension k such that xo € I' and L(xz) = T,(I") for each x € T'. (Moreover, I will be
unique in “suitable” neighborhoods of xqy if one requires additionally that T' is connected
and closed.)

From Theorems 8.9 and 8.10 one deduces the following result of Zachmanoglou [35].

Theorem 8.11. Let iP = @1 +iQy or —P = Zf 2 where the Q; are real analytic

i
vector fields on X. If there exists u € D'(X) such that Pu =0, 2o € supp u C X 4, then
(A) Each Q € L(Q1,...,Qq) is tangent to {h = 0} at x.
(B) If ' =T(Q1, ...,Qq) is the connected and closed foliation of Nagano in
a small neighborhood of xo, then one has T'(Q1,...,Qq4) C dsupp u C X .

Proof. (of Nagano’s Theorem (Derridj [10])). One proves the theorem in the more general
case where one has a countable set of generators defined in a complex neighborhood 2 of
2o = 0. The cases k = 0, k = n, and n = 1 are trivial. One supposes by induction that the
theorem is true in dimension n — 1. Let 0 < k < n be the dimension of £L(Q1, @, - ..)(0).

One may assume that @1(0) # 0, and, after a change of coordinates, that )1 = %. For
)
a_xla
L(z), z € Q. One chooses f;(z) as the coefficient of 8%1 in the expression for ();, and one
is then reduced to the case where Q; = Q;(z, 5%) for j > 2 and Q1 = 2, = = (2!, 7).

We have Q; = 07 2%Q;, (', %), j > 2, and one remarks that

J > 2 one can replace Q); by Q; — f;(x) with f;(z) holomorphic in €, without changing

0
(Ad Q1)"Q; = plQju + ' R; u(x, %),

which shows that £'(z") C £(0,2’), if £" denotes the Lie algebra generated by the Q.
In particular, dim £'(0) = k£ — 1, and if IV is an integral foliation of £’ (which exists by
the induction hypothesis), then one can take I' = (—e¢, €) x T". O

9. A STUDY OF OPERATORS OF PRINCIPAL TYPE USING THE METHOD OF
GEOMETRIC OPTICS

In this section we will prove two results on the propagation of analytic singularities for
operators of principal type. The first is due to N. Hanges [11], and both are particular
cases of a conjecture of Hanges which has been proven by Hanges and the author in [12],
and both are even particular cases of the results of Section 15 (obtained in collaboration
with A. Grigis and P. Schapira). We nonetheless treat these two results themselves to
show how the method of geometric optics is simply integrated with the point of view of
Bros-lagolnitzer. This also gives us an additional pretext to treat the transport equations
in a direct manner.
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Let X C R™ be an open set, (z9,&) € T*X\0, and P a differential operator with
analytic coefficients with principal symbol p. We suppose that p(zg, &) = 0.

Theorem 9.1. (Hanges [11].) We suppose that H, admits a real integral curve v :
[—a,a] — T*X\0 with v(0) = (x0,&). If u € D'(X) and WF,(Pu) N~y([—a,a]) = 0,
then either v([—a, a]) C WF,(u) or vy([—a,a]) N W F,(u) = 0.

When p is real this is a classical result of Sato-Kawai-Kashiwara [28] and Hérmander
[13]. When p is not real the result is in general false for singularities mod C°.

Proof. For a = (ay, ag), let

, 1
v(z,a;h) = @y a) = (2 — a)oe + 5(:17 — )2
Let Q(x, Dy; h) = h™P*(x, D,), where m is the order of P. For a near (2, &), « near xo,
t € [—a,al, and a > 0 sufficiently small, we will approximately construct w(t,z, a;h) =
exp (—it@Q/h)(v). (By a covering argument it suffices to prove the theorem for a > 0
sufficiently small.) More explicitly, one wants to approximately solve

{(Dt + Q)w = 0.

(9.1) w(0,z,a; h) = v(z, a5 h).

One proceeds by the method of geometric optics. First let p(t, z, ) be the (local) solution
to the eikonal equation:
Oy

(9.2) ot + q(z, 9011) =0, »0,z,a) =19z, ).

Since 7 is also a bicharacteristic for ¢ = p one easily verifies that with (z,&) = ~(t)
and for oo = (2, &p):

(93) Qp(ta Ty, Oé) = 07 @;(ta T, a) = €ta Im 90;/,96(1% TLt, Oé) > 0.

When « is near (zg, &) then ¢(t, -, a) is a small perturbation of ¢(t, -, o), ag = (20, o),
and hence inf Im (¢, -, @) is near 0 and is equal to 0 at a point Z;(«) near z;. Moreover,

&(a) = g—‘;(t,ft,oc) is near &;.
We now look for w of the form
ei“"(t’x’a)/ha(t, z,a;h),

where a = > ax(t, x,@)h¥ is a formal classical analytic symbol. Substitution in (9.1)
then gives the following transport equations:

Lag=0 s a0|t:0 =1,

La, + fl(ao) =0 ) a1|t:0 =0,

(9.4) .
Lay + fe(ag, .. a5-1) =0 , agli=o =0,
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where
Y )+ o)
.7
with s(x,«) analytic and where fk(ao, ...,ag_1) is a linear expression with analytic co-
efficients of the derivatives of ag,...,ar_1. It is obvious that one can successively solve

the equations in a complex domain independent of k. It is less clear that a becomes an
analytic symbol, but this (well-known) fact will be established later on.

We also denote a representative by a(t,z, a; h). Then (Dt + Q)w is of uniform expo-
nential decrease and w(0,z,a;h) = v(x,a; h) if w = €¥/"a. Without loss of generality
one can suppose that u has support in a small neighborhood of zy. Then for « in a
small neighborhood of oy and t € [—a, a] we have, modulo terms of uniform exponential
decrease:

0
—a(w(t, Sazh),u)pe = K™ Prw, u) e
(9.5) = " Y w(t,-, a; h), Pu)e
=0,
where the last equivalence follows from the fact that v([—a,a]) N WE,(Pu) = 0. If

v(to) & WF,(u) for ty € [—a,a] then (w(tg,-, a;h),u)2 =0 for a in a neighborhood of
ap, and integrating (9.5) from 0 to t; one obtains (v(-,a;h),u)2 = 0 and hence that
7v(0) ¢ WE,(u). Slightly modifying our argument, one obtains also y(t;) ¢ WF,(u) for
each t; € [—a,al. O

Theorem 9.2. Let ' C p=1(0) be a connected real-analytic submanifold of dimension 2
such that the tangent space at each point is generated by Hp., and Hpy,. If u € D'(X)
and T NWF,(Pu) =0, then either T C WF,(u) or TNWFE,(u) = 0.

Proof. One proceeds as in the proof of Theorem 9.1 with the difference that the real

variable t is now replaced by a complex variable z and that gt” is replaced by “ 8 5 -

Let ¢ be the holomorphic extension of p and consider the complexification I' of T' in a
neighborhood of the point ay = (20,&) € I'. Then H, and H, (viewed as real vector

fields in the complex domain) are tangent to I, and if p € T is a point near o then
{exp zH,(p); = € C Nneighborhood of 0} cuts I' transversally at a point near «.

Hence for z € CN neighborhood of 0 we have
(9.6) v(z) :=exp(f(z,Z)H,) o exp(zH,) (o) € T

where f(z,Z%) is a real-analytic function. Moreover one easily sees that 7 is a local diffeo-
morphism which allows a local parametrization of I' by z € C.

Let v(z,a; h) be as before. By a geometric optics construction in two stages one can
then construct as in the proof of Theorem 9.1:

w(z,r,a;h) = exp(h ™ f(2,2)P*) o exp(h ' 2P)v

9.7 ,
( ) _ 67,<p(z,:r:,a)/ha(z’ T, o h)
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for (z,z,a) in a neighborhood of (0,zg,ap). If one denotes vy(z) = (x,,&.) then for
a = (xo,ﬁo) one always has (9.3) with “¢” replaced by “z”.

Now let 79 > 0 be sufficiently small but independent of u € D’(X), and suppose that
WE,(Pu)N{y(z) € T; |z] <ro} = 0. Without loss of generality one can also suppose
that the support of u is in a small neighborhood of zy. Let then

U(z;h) = (w(z,-,a;h),u) e

Then for |z| < ry and « in a small neighborhood of «q one obtains, modulo terms of
uniform exponential decrease:

%U =h" 1?;( exph ' f(z,Z)P* oexph '2Pv,u)»
=h" 1g£(w Pu)2 =0.

After a modification by a term = 0 one can suppose that U is holomorphic.

Now suppose that vy(z9) ¢ WFE,(u) for some z with |z| < rg. Then for (z,«) in a
neighborhood of (zp,ag) we have U = 0. On the other hand, for each ¢ > 0 we have
U(z,a;h) = O(e/") for |z| < g if « is sufficiently close to ap. Applying a Mobius
transformation and Hadamard’s Three-Circle Theorem one finds that U(0,«;h) = 0 for
« in a neighborhood of ag and hence that o ¢ W F,(u). The theorem then follows from
a simple geometric argument. 0

To conclude this section, we treat the transport equations. Let P(x, D,: h) be a formal
classical analytic pseudodifferential operator of order 0 defined near (zg,&,) € C*" such

that p(zg, &) = 0, 85(%0,&)) # 0 for the principal symbol p. Let ¢(x) be a holomorphic
function defined near xy which satisfies

(9.8) p(z,¢'(x)) =0, ¢'(z0) = &o.

Let H C C™ be a complex hypersurface passing through zy such that g—§($0,£0)% is
transversal to H at xy. After a change of variables one reduces to the case o = 0,
H: x,=0.

Theorem 9.3. Let v(x; h), w(z'; h) be formal classical analytic symbols of order 0 defined
near 0 in C* and C" ! respectively. Then there exists a symbol u in the same class such
that

(9.9) hlemw/hpeie/hy = v, uly = w.

Proof. By Kuranishi’s trick etc. we already know that e /" Pe?/" is a pseudodifferential
operator, and the problem is reduced to the case £y = 0, p = 0 After a change of variables
which does not modify near H one can also suppose that 22 (z,0) = 0 and 8853; (x,0) = 1;
that is, p(z,¢) = ig, + O(|¢]?).
If one writes P = > pi(z,£)R*, po = p, then the first part of (9.9) becomes
ou

(9.10) Er. +pi(z,0)u(z; h) + h T Au = v

¢’
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where

B,
(9.11) A= 3 (@ 0D,

k+|al>2

and, as we have already remarked, if one regroups the terms with the same homogeneity
in (9.10) then one finds a sequence of transport equations which uniquely determine u
in a suitable neighborhood of 0. One remarks also that A = > 5" h* A4, is a differential
operator of order infinity of the same type as in Section 1.

Let

AR
Q= Cc" — <1
{;1: € R + S

where R, > 0 are sufficiently small so that € is contained in the domain of definition of v.
One supposes without loss of generality that w = 0. After conjugation with exp [ “r py da,
in (9.10) one can also suppose that p;(z,0) = 0. For 0 < ¢ < r one defines 2; C C" by

e+ % < 1. Let a(z) be holomorphic on © = € and such that for some k > 1:

Rt
R*T

supla| < C(a, k)t™, 0<t<r

t

Let N
(0,) la = / a2, yn) dyn,.
0
Then - Cla. k)
-1 —k _ a,
pl(0.,) ) < Clak) [ 7t ds = =00
Now let a = Y57 ax(z)h"” be a symbol of order —2 on € such that
k)K"
(9.12) llak||o, = sup |ag| < %, 0<t<r,
Q

where the sequence of (best) constants f(a, k) is at most of exponential increase. Then
b= (hOy,)ta = > byh* where by = (9,, ) ‘a1, and hence
fla,k+1) fla b+ 1EF
Ltk k ’
Hence f(b, k) < 2e f(a,k + 1) if one defines f(b, k) as in (9.12). Let

lalle =" Fla, k), (bl =D F(b, k).
2 1

(9.13) |10k, < (k+ 1)k <2

Then
> 2e
(9.14) Ibll < 23 flank + st = o]
1

The equation (9.10) with initial data 0 can be written
(9.15) u+ (hd,,) 'Au=1o, where 0 = h(hd,,) *v.

Here ¥ is of order 0. If one defines ||A||, as in Section 1, then [|A]|, = O(u?). One also
sees, as in Section 1, that ||Au||, < ||A||,||u||.. Hence with (9.14) one obtains

[1(h0s,,) ™" Aul| < Cpal[ull],
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where C' > 0 does not depend on p. It is then clear that ||u||, < oo for p sufficiently
small. Hence u is an analytic symbol. 0

See also Remark 12.13.

10. THE METHOD OF NON-CHARACTERISTIC LAGRANGIANS

It is a matter of old ideas that are well known for example in the context of Holmgren’s
Theorem. They are equally well known in the microlocal context, by the experts of the
theory of hyperfunctions. Classically one seeks to deform the hypersurfaces or domains
to obtain the extension results. We give here a sufficiently direct version with the help
of the spaces H,. We will prove also some results of propagation of singularities which
unfortunately are all contained in the results of Section 15 (obtained later). It is never-
theless not at all clear that the method elaborated further in Sections 12, 13, and 14 (and
which contain implicitly anyway the non-characteristic deformations) is in any case the
best.

Let @ CC C" be an open set, and let ® € CH(Q) be a real-valued function. Here
CH(Q) denotes the space of C1(2) functions whose first derivatives are Lipschitz on Q.
Let P(x,&;h) be a classical analytic symbol of order 0, defined in a neighborhood of
Ao = {(z,222(2)); x € Q}. For u € HE(Q) one then puts

)4 Ox

7

(10.1) Pu(x;h) = (2rh)~ // en @O (. 0; h)x(z, y)u(y) dy db

where I'(z) is the singular contour: 6 = 292(z) + CLO@ and where y € C*(Q x )
satisfies:
x(z,y) =1 for |z —y| < -=-d(z,0Q),

x(xz,y) =0 for |z —y| > —d(x, CQ).
Ch

(The existence of such a function will be established in Section 12.) Here the constants
Co > 0 and C; > 1 have to be sufficiently large so that (x,6) remains well inside the
domain of definition of P(z,6;h) for (y,0) € I'(z), (z,y) € suppx. One also requires that

209 209 1 1
10.2 - —— < — —y| < —d(z,LQ).
(10.2) 2o @ =250 < g forle =] < dla, B
Then on I'(z) N suppy one has

ek (@=0-}(@@)-2W)| < ~ancy oY,
For u € HY°(Q2) one has
— 3

10.3 OPu € LA, () = (x) — d(z,CQ).
(10.3) B Bila) = 0(0) - g (e B

For ® € C? this results from the formula for OPu which we will establish in Section 12,
and for ® € C1(Q) one then obtains (10.3) by a simple regularization argument.
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More generally, if ¢ € C1(Q) N C(Q) and |252 — 292| < L then for u € HY*(€2) one
has Pu € L2"°(Q2), 0Pu € L%"°(Q), where ¢1(z) = ¢(x ) d(x,08). In fact, for

|z —y| < &d(w, CQ), (y,0) € I'(x), one has

4CC

ot (@=1)0—3 (p(x)—e(y) ot (@=Y)0— 7 (2(2) =2 ()~ 1 (0= @) (x)~(¢—2) (1))

1
< e 2h0q \:vfy|'

If, near a point zq € €2, ¢ is also of class C*' and P,u denotes an operator provided with
a regular contour adapted to ¢, then for u € H}DOC(Q) one has Pu — Pou = 0 in H, .
This is proven by Stokes’ formula.

Proposition 10.1. Let P, 2, ® be as above, satisfying (10.2), and let p € C(Q)NCH1(K),
such that

- 200 200 1
‘ > &, et Al RPN
(10.4) Ploo = Ploo, i0r 10x 4C,’
~ 20y
10. o - )
(10.5) p(z) < (x)¢p<x,mw)#0

Here ® < ® is in C(Q). Ifu € HZ(2), Pu e L%", then u € H(9Q).

Proof. Let 0y CC Q. Then if P, denotes the operator P provided with a suitable regular
contour X(z), adapted to ¢, one finds with the aid of Stokes’ formula that for each function
1 holomorphic in €2,

[Pu — Poul|rz0,) < Cen||ul|r2(0y),

where ; CC 2 and C,e > 0. Here || - |[12(q,) denotes the L? norm on §; with the
weight e~ -2 L(dx). If Qu denotes the operator, obtained by replacing P(x, ) by q¢(z) =

D (ac 23—“;) in the integral formula for P,u(z), one sees that

1
1Qu — Poullrz o) < Ch2||ul|r2(0,)-

With a suitable choice of I'(z), one finds, with the help of the stationary phase method
as in Example 2.6, that

|Qu — q-ullr2 (0, < Ce™#||ul|rz (,)-
Hence for each function u holomorphic in 2,
1
[Pu — q.ullr2 @) < ChZ|[ullLz(0y)-
For a given € > 0, let us now take
= {z € p(xr) < O(x) —e}.

Then = is bounded on €4, and one finds that

lal
1
lullzz @) < Cullaullzz o < Cr (IPullizion + A lullizn)) -
Hence, for h sufficiently small:

1
lullzz @) < 2C1 ([1Pullzzay + bl lrz0men) -
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We have ¢ > d — € on 25\, and if u satisfies the hypotheses of the proposition then
one deduces that:

2
[lull L2 @) < Cle)er.

When € — 0, Q; tends to {z € Q; p(z) < ®(x)} and one finds that u € HY(Q). O

In applications one has u € HX°(W), where W CC C" is an open set and Q CcC W,
® € CVY(W) and Pyulg € L35 (Q) for an € > 0. Here Ppu is defined with a regular
contour adapted to ®. Free to modify € > 0 one has, more explicitly,

(10.6) Pyu(z;h) = (2mh)™ //F e%(x_y)eP(x, 0; h)u(y)dy db

where T'(z) is the contour § = 222(z) + ﬁ(w — ), |z — y| < do, where dy < d(Q2,CW)
is sufficiently small so that

2 (0P 0P 1
_ _ < — — < .
- (31’ (x) (y))' S forz € Q, |z —y| < d

As before one can replace I'(z) in (10.6) by the singular contour
_ 209 o, i (xr—y)
i Oz Co |l —y|’

and with y and P as before (and with C; > 0 such that d(xc’—[fm < dp), one obtains
(10.7) Pu — Pyu € L3(Q).
Here @, is defined in (10.3).

iys loc F (O 2 (0P 0
We now additionally suppose that u € H2*($2), where ® € Lip({2) and |5 (Q — %> <
. Then one obtains Pu € Lillic((} max(@— 2€))(Q). Since min(a, max(b, ¢)) < max (%52, 4t¢),

2,loc

One may always assume that ® < @,
max( (D+B)—

one then has Pu € L™ (0,60, 5% o)

3
16CoC

perhaps after replacing @ by min (P, (f), and then

2 loc
Pu < Lmax(%(q)—i-é)—

d(x,0Q),8—c) (2).

3
16CyC1

Corollary 10.2. Let 2, Cy, Cy as before, @ CC W where W is an open set, and ¢ €

CYLY(W). One supposes that u € HE (W), Pyulg € L3 (Q) where € > 0 and Py is

gz’ven by (10. 6) with do satisfymg the supplementary conditions given after (10.6). Let

= (g—i’ — ?Ti)‘ < 40 , and suppose that

u € HZPC(Q). Let ¢ € C(Q) N CYH(Q) be such that ¢ > & on 09, |2 <g—$ — g—i)

and p (x 28—“") # 0 on Q. If in addition ¢ > max <%(<I>+<I)) — 160 o d(z, CQ), @
loc

then u € H(€2).

1
= 4Cy’
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Here one can shrink €2 without changing €, Cy, C1, and Corollary 10.2 is still valid (but
in general it is necessary to modify the choice of ).

As a first application, we will prove an important result of Kawai-Kashiwara [19] on
the propagation of analytic singularities for microhyperbolic operators. First let p(z) be
real-analytic defined near o € R™. If yo € R", one says that p is microhyperbolic at
Zo in the direction yq if there exists a real neighborhood V; of x5 and ¢y > 0 such that
p(x + ityy) # 0 for x € Vy, 0 < t < ¢. Following a microlocal version of Bochner’s tube
theorem, due to Kashiwara [18] (see also Komatsu [20]), there exist real neighborhoods V/
of g and W of o such that p(z +ity) #0forz € V,y € W, 0 <t < ¢. This “stability”
in the definition of microhyperbolicity is very important; the first consequence is that the
definition extends to the case where R" is replaced by an analytic manifold and 3, by a
tangent vector. If one replaces x by (z,£) and if p = p(z, ) is the principal symbol of a
differential operator P, then one has an obvious definition of microhyperbolicity for P at
a point (z0,&) € T*R™\0 in a real direction (yo,70) € T(ag,e) (T R™\0).

Theorem 10.3. (Kashiwara—Kawai [19]): Let P be a differential operator with analytic
coefficients defined in an open set X C R™. Let (z9,&) € T*X\0 and let ¢(x, &) € C*(V)
be a real function, zero at (xg, &), such that P is microhyperbolic at (o, &) in the direction
Hy. Here V.C T*X\0 is a neighborhood of (z9,&). If u € D'(X), (x0,&) ¢ WE,(Pu),
and {(z,&) € Vi (x,&) <0} NWEF,(u) =0, then (xo,&) & WF,(u).

Proof. Without loss of generality, one may suppose that ¢ is analytic. For ¢ > 0 suffi-
ciently small, one puts

3

§ == &4 (@ — o) + (€~ &)

One may also replace V by the ball (x —x¢)? + (£ — &)? < 62 Then P is microhyperbolic

at each point of V in the direction Hj, and ¢ (2o, ) < (w0, &) = 0, while Y > 1 on V.
Hence

(10.8) WE,(u)noVNn{d <0} =0
and it suffices to show that
(10.9) WE,(u)NnV n{p <0} =0.

One now takes an FBI transform 7" which transforms 7*R" into Ag,, and by an abuse

of notation one denotes again by P, p, 1; the transformed quantities. Then one knows that
Plag, # 0 if ®; is such that Ag, = expitH;(As,), 0 <t <ty

In general, if ¢(x, ) is holom/o\rphic a1/1£1 ¢() is a real C? function satisfying ¢ (ZL‘, %g—f)
0, then the real vector fields H, and H,, associated to H, and H;, are tangent to A, =
{£= %%‘5}. (Also, as we will see in Section 11, Re ¢ and Im ¢ are in involution with respect
to the real symplectic form Imo = Im > 7 d¢; A dzj, and A, is a Lagrangian manifold

for this form.) Applying these observations to 7 + #)(z, &), one sees that one can take



52 JOHANNES SJOSTRAND

®, = ®(¢,x) to be the solution of the Hamilton-Jacobi system (in involution for Im o)

{%%—fw(a%%—i) =0

(10.10) ®(0,2) = do(x).

Here one restricts to 0 < t < ¢y, and one observes that

(1, 7) = Bole) + 10 (x %%) +O@).

Let V' C C” be the set corresponding to V and W a small neighborhood of V. The
hypotheses on WF,(u) imply that U = Tu € H2(W), where d < Py and & < ® on
OV N {¢ < 0}. Here ® is a small perturbation of @y in the C? norm, and for ¢ > 0
sufficiently small we have PU € Hg® , (V). Then for t, > 0 sufficiently small one has
d(tg, ) > P on IV, and

d(z,CV), &y — e) in V.

1 i 3
Dty 2) > S(Dy + D) —
(o, ) 2 max (2( 0+ @) 16CoC,

In fact,~this inequality is trivial when 1; > Cty because then ®(tg,x) > Pg, and in the
region ¢ < Cty and for ¢y > 0 sufficiently small one has

%(d>+i>)—

where a > 0 does not depend on t.

d(z,CV) < ® —a,

16C,CY

One can then apply Corollary 10.2 with ¢ = ® (g, x), and one finds that U € H}I‘,)fo (f/)
for 0 < ty < € if ¢ is sufficiently small. Hence U = 0 in Hg, 4, for each z; € V with

¥(z1) < 0, and by the inverse FBI transform one obtains (10.9). O

As our second application we will consider certain “perturbations” of operators studied
by Bony-Shapira [3]. Let V' C T*R" be the involutive manifold given by &” = 0, where
one writes x = (2/,2"), £ = (£,¢£"), & € R4, Let I'y C V be the bicharacteristic leaf given
by ' =0, ¢ = (1,0,...,0), & = 0. One considers a differential operator P with analytic
coefficients, defined in a neighborhood X of 0, such that the principal symbol p satisfies
in a neighborhood W of (0,7) = (0, (1,0, ...,0)) the following conditions:

(10.11) p=0O(d},), where dr, = dr,(z,£) denotes the distance from (z,&) to I,

(10.12) plv = O(dy,), Vplv = O(d},),

On Iy one has (v,p"v) # 0

10.13
( ) for each real tangent vector v = (t,,t¢) with ter # 0.

The hypothesis (10.12) implies that 71,V is in the kernel of p”, and (10.13) is a condition
of transversal ellipticity (with respect to V). With the help of (10.12) and (10.13), one
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obtains in a small complex neighborhood of (0,n):
1
(10.14) P ) #0 for [mg’| + |2/ + [~ nf* < 2 [Ree"],
0

if the constant (Y is sufficiently large. In fact, it suffices to write the Taylor expansion:

(10.15)  pl,€) = Y aa(@, &))" + O((|2']P + 1€ —np)E" + Ja'* + €' — mo*).

|af=2

Theorem 10.4. Suppose additionally that T'o N W is connected. If v € D'(X) and
WE,(Pu)yNW NTy =0, then either To NW NWEF,(u) =0 or ToNW C WF,(u).

This result is due to Bony-Schapira in the case where (10.11) and (10.12) are replaced
by the stronger condition: p = O(d% ). The result will be further generalized in Section 15.

Proof. (of Theorem 10.4): One first of all applies the FBI transform
(10.16) Tu(z; h) = /ei(i(xy)2/2y”°)u(y) dy

for which ® = Z(Imz)? and Ag : £ = —Imz. The point (0,7) is transformed to (0,0),
the complexification V© of V is preserved, while the complex leaf I‘g becomes ' = ¢ =0,
¢” = 0. If p is the principal symbol of the transformed operator P, then (10.14) becomes

1
(10.14) p(x, &) #0 for [Im&"| + |2']* + |€']* < U|Re§”| in a neighborhood of (0,0).
0

In terms of weight functions, this is written as

2

ov
G

ORe 2"

29y

1 0z’

oy

Olm z”

.I,;%(.CE)) 7é0 for

+ |x’12+'

2
and (x, _(3_¢) in a neighborhood of (0, 0).
i Ox

We need the following lemma:

Lemma 10.5. For any ry,7m9 € (0,1], C' > 0, there ezists a constant € > 0 and a function

po(z”) € CH({[Rea”] < 1y, [Ima”| < 1a})

90 1_0Opo —
dRea” | = CTo[lma]? PO =
s(Ima”)? when |Rex”| = ri, where [Ima”| = ry, po = 0 for [Ima"| < e(ri — |Rea”]?).
Finally, one may choose €, @y such that ||@o||crr < C, where C is a constant which does
not depend on ry, ra, or C.

such that 0 < @o < (Ima")?, ¢y is radial in Ima”, and |
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Proof. (of Lemma 10.5): Let
(Itm 2" — €(r{ — [Rea"*)),

A
= T Re )
where a, = max(a,0). Then x(z”) is Lipschitz and is C* at places where x # 0. In the

region x # 0, one obtains the following estimates, uniformly in rq, r9, and € < 23

2rf”
ox 1 ox € 1
—~—, —— =0 Vix=0——].
Olma”|  ry’  ORea” <r2) VX <r2|1mx”|)
One then puts ¢o(z”) = $r3x? and one verifies the desired properties (with e > 0 suffi-
ciently small). O

One now places oneself in a domain:

Q: |Rez"| <ry, [Ima"| <ry 2] < |[Ima”|,

with 71,7y sufficiently small. With C' = Cj, where Cj is given in (10.14”), one chooses

©o(2") as in the lemma, and with a constant C; > 0 sufficiently large one considers
Uy(x) = |2)* + CLIm 2”||2|* + o (2”) + t(Im 2”)?

for 0 <t < 1. One takes ry < C% Then v, is continuous on Q and is of class C*! on Q.

The C*! norm of v, can by majorized by a constant which does not depend on rq, r1, Cy,

(1]

or (4 (free to choose “¢” sufficiently small in Lemma 10.5). Thus ¢, will also be as near
to 3(Ima”)? as one wants in the C* norm, free to choose r, > 0 sufficiently small.

We have
duloa > [/ + go(a)lan > 5 /ima"lan,

If C} is sufficiently large, 0 < ¢ < 1, then one also has on €2
oYy % ? 1 Yy
ORe 2" ox' Co |OIma |

If ry is sufficiently small, depending also on U = T'u, one can then apply Corollary 10.2
with ¢ = ¢y, 0 <t < 1. Letting t go to 0 one obtains:

(10.17) Tu € Hy¢ ().

The only condition on r is that it should be sufficiently small so that one does not meet
the region corresponding to W F,(Pu). Let p; < r;. Then for ¢y > 0 sufficiently small
one has ¥g(z) = |2/|? + Cy[Im 2"||2’|? < 2|2/|* for |2/| < [Im2”| < €, |Rez”| < p;. Since
HImz|* < 2[2/|? for [Imz”| < |2/|, one then has

(10.18) Tu € Hyspo

|z

+ |2')? +

'|? is trivially pluriharmonic
. : . AR
in 2, and one can apply the maximum principle to z” — e~ "%~ Tu to conclude that

if Tu = 0in Hepo then Tu = 0 in Hg (4 o) for each real xj with |zp| < p;. We then
have shown that if (0,70) ¢ W F,(u) then (z(,0,n0) ¢ WF,(u) for |z, < p;. The same
argument works if one replaces (0,7,) by another point on I'y N W, and so one obtains
Theorem 10.4. U

in the region |Rez”| < p1, |Im2”| < €, |2'| < €. Here 2|x



MICROLOCAL ANALYTIC SINGULARITIES 55

The invariant version of Theorem 10.4 is the following: Let I' C T*X\0 be a connected
real-analytic submanifold that is isotropic with respect to the symplectic 2-form. One then

supposes that the principal symbol p satisfies the following conditions in a neighborhood
of T':

(10.19) p = O(dp),

If V' is an involutive submanifold on which I' is a bicharacteristic leaf, then

10.20
10200 Gy = (&), ply = O,

(10.21) (p'v,v) £0 for all 0 # v € Np(V).

It is easy to see that (10.20) and (10.21) do not depend on the choice of V, since for
p € T one has T,(V) = T,(I')*, the orthogonal subspace of T,(T') with respect to the
symplectic form.

Let k be a canonical transformation which sees V' locally as £” = 0. Then, modulo a
change of variables in y, it is well known that there exists a real analytic function ¢ (z,n)
of 2n variables such that k is given by

() (-2).

and of course det %;— # 0. One may then consider the formal Fourier integral operator
1

Ru(; h) = / / eh e vy () dy di,

and one may take the formal composition 7' o R where T is as before. To calculate this
composition, one applies tRy to the kernel K (x,y;h) of T and one then finds a new FBI

transform 7" which transforms P into an operator P of the same type as in the proof of
Theorem 10.4. One then obtains

Theorem 10.6. Under the more general hypotheses (10.19)—-(10.21), where I' C T*X\0
is a connected isotropic real-analytic manifold, if u € D'(X) and T "W EF,(Pu) =0, then
either TN WEF,(u) =0 or T C WE,(u).

This theorem applies to the Kohn Laplacian on a real hypersurface of C? which contains
a complex curve; see Section 15.
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11. TOWARD A GENERAL THEORY

In the geometric aspects we were inspired by Schapira [29] who observed the usefulness
of distinguishing between Reo and Im o when one works in the complex domain. Here

o= d( Ndzj, zj = xj +iy;, GG = & + iny,
1 _
Reo = §(O'+O'> = E dfj/\dl‘j —dT]J/\dyJ

1 .
Imo = 2—Z,(O'—O') = Zdé} /\dy] +d77] /\d]f]

We verify that Re o and Im o are real symplectic forms, that is, closed non-degenerate
2-forms. For example, Im o becomes the standard symplectic form on R3* x R2" if one
puts X = (y,z) and Z = (£, 7).

We thus have a complex symplectic geometry and two real symplectic geometries given
by o, Reo, and Imo. We study first the relation between the Hamiltonian fields. Let
r = p + iq be a holomorphic function (defined on an open set in C**). The Cauchy-
Riemann equations dp + idq = 0, Op — i0q = 0 give Op = idq, Or = 2idq. Let H, €
T1o(C*) € CRT(C?") be the (holomorphic) Hamiltonian vector defined at each point by
H, .o = —dr (Where we observe that o is a (2,0)-form and dr is a (1, 0)-form). Explicitly,
H, =Y 2r G az] - @T By definition we thus have (at each point) (o, t A H,) = —(dr,t)
for each ¢t € T;o(C?"). This relation is trivially again true for ¢t € Ty 1(C?*"), hence for
t € C®T(C™) and in particular for t € T'(C*"). Let H, be the real vector field associated
to H,; that is, H, € T(C?") is defined by H, — H, € To1. Then (o,t A (H —H,)) =0 for

all t € C® T(C). Hence (0,t A H,) = —(dr,t), and so we deduce

(11.1) H,.0 = —dr.
Separating the real and imaginary parts we obtain
(11.2) H\T_IRGO' = —dp, ﬁ,n_nlma = —dq.

On the other hand, let H;m" and ng" be the Hamiltonian fields for Imo and Reo,
respectively. Then, by definition,

(11.3) HII?mUJImO' = er”JRea = —dp
(11.4) H™ Imo = H*" Reo = —dg.
Comparing with (11.2) we find
(11.5) H, = H¥" = g™,
The same discussion applies also to ir = —q + ip:

T Reo __ Imo
(11.6) Hy =—-H/°" = H"".

One immediate consequence is that p and ¢ are in involution for Im o :
{p7 q}Ima — H;)mc,r(q) — _H(f{ecr(q) = 0.
In general, the Hamiltonian fields preserve the symplectic form:
EH; (Ld) = Oa
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where w is a real symplectic form, p is a real C? function, and £ denotes the Lie derivative.

Proposition 11.1. Let p(z, () be a real C? function on an open set in C*". Then
2__
Lime(Re o) = =00p.
P i

Proof. We have
(11.7) Lo (Re o) = H™? 3dRe o +d(H)""3Re 0) = d(H,™ "2 Re o)

because d Re 0 = 0. To calculate HZI,m"JRea at a given point, we can suppose that p is

linear, hence pl.h.; say r = p +iq, Or = 0. Then, by (11.6):
H;,m"JReJ = —H?e"_,Rea =dg=0q+0q= %Gp — %gp.
Substituting in (11.7) gives
Lo (Reo) = (0 + 5)(%8}9 - %5}7) = %53]).
0

Following the terminology of Schapira [29], one says that a manifold A in C?" is I-
Lagrangian (resp. R-Lagrangian) if A is Lagrangian for Imo (Reo). If A is a C™ I-
Lagrangian manifold such that A 3 (z,() — 2z € C" is a local diffeomorphism, then, since
d(Im (¢dz)|p) = Imo|p = 0, there exists locally a real C* function ¢ on A, such that

Im ({dz) = —de.
That is,
! ¢d ! (dz=—0p —0
—(dz — —=(dz = —0p — Oy.
2i 2i roo
Considering ¢ as a function of z, we then find the following local expression for A:

20
(=22

Conversely, if A is of this form, then A is /-Lagrangian. (One writes A = A,,.)

The manifolds that are both /- and R-Lagrangian are precisely the complex Lagrangian
manifolds. One such manifold A is written in suitable canonical holomorphic coordinates:
(= g—;, where r is holomorphic. Then A = A, where ¢ = —Imr.

One says that A is R-symplectic if Re o, is non-degenerate. As an example we observe
that T*R™ is [-Lagrangian and R-symplectic. An [I-Lagrangian manifold of the form
A = A, is R-symplectic if and only if the Levi form 00y is non-degenerate. In fact, since
(dz = %&p on A and o = d({dz), we obtain

(11.8) Reo|y = (0 + 9)(dz|s = %58@

To decide if ¢ is strictly pl.s.h. it is also necessary to know something about the choice
of coordinates (z, () and more particularly about the choice of a C-Lagrangian manifold
F (that is, a complex Lagrangian manifold) which reduces to z = 0.
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To analyze this problem we begin with a study of the linear situation. We let A C C??
be a (linear) I-Lagrangian subspace, and we let F' be a C-Lagrangian subspace such that
F th A, where “h” denotes transversal intersection; that is, ' + A = C?>". Then after a
(linear) C-canonical transformation we can reduce F' to z = 0 and A to A, where ¢ is a
real quadratic form on C".

Definition 11.2. One says that A is F-pseudoconvez if ¢ is pl.s.h.

This definition does not depend on the choice of the C-canonical transformation which
reduces F' to « = 0. In fact, if H is C-canonical with H(F) = F (supposing that F
is already given by x = 0) then H = Hy o H; where H;i(y,n) = (y,n + Ay), with A a
symmetric matrix and Hy(y,n) = (B~ ly,"Bn) where B is invertible. It is obvious that
‘H1 and Hs preserve the plurisubharmonicity of the generating functions.

Let L¥(C") be the set of I-Lagrangian planes with Rec|s of rank 2k. L°(C?") is then
the set of C-Lagrangian planes and L"(C?") is the set of planes that are [-Lagrangian
and R-symplectic. Let (L° x L¥)! = {(F,A) € L° x Lk; F th A}.

Proposition 11.3. Let (F,A) € (L° x L¥)! be such that A is F-ps.c. Then for (F,A) €
(LY x LK)t the following two properties are equivalent:

(i) A is F—ps.c.

(ii) (F',A) and (F,\) belong to the same connected component of (L° x L¥).

Proof. (i) = (ii): After an initial deformation by a continuous family of C-canonical
transformations, we can assume that F = F = {(z,€) € C*; 2 = 0}. Then A = A,
and A = Ag, where the Levi matrices of ¢ and ¢ have the same rank k. We can then
find a continuous deformation [0,1] 3 ¢ — ¢; of real quadratic forms, such that ¢q = ¢,
¢1 = ¢, and such that the rank of L, is constant, where L, denotes the Levi matrix.
Then t — (F, A,,) gives the desired deformation.

(i) = (i): Let (Fy,As), 0 <t <1, be acurve in (L° x L¥)! with (Fy, Ag) = (F,A) and
(F1,Ay) = (F,A). We can then find a continuous family of C-canonical transformations
ke with k;(F;) = F. Hence by a canonical transformation (depending continuously on
t) we reduce F; to x = 0 and reduce A to A,,, where ¢, varies continuously with ¢ and
the rank of L, is constant. Then the plurisubharmonicity of ¢ = ¢y is preserved by the
deformation, and in particular ¢, is pl.s.h. Hence A is F-pseudoconvex. O

When A is I-Lagrangian and R-symplectic, we have that A is a totally real subspace,
and we can define the mapping C** > u +— u € C?" as the unique anti-linear mapping
that is equal to the identity on A. (One can find C-canonical coordinates such that A
is identified with R?".) If F' is a C-Lagrangian subspace, then F' M A if and only if the
Hermitian form %a(u,ﬂ) on F' x F'is non-degenerate. We say that F' s strictly negative
with respect to A if this form is negative definite. This property is evidently stable under
continuous deformations in (L° x L™)!, and, conversely, if (F,A) and (F,A) both have
this property, after a continuous deformation we may assume that A = A = R?". Then
_ Ton &=t n
pluriharmonic and > 0 on R™. There is then an obvious deformation of F' into F'.

one easily verifies that I and F are of the form & = where f and f are
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Proposition 11.4. Let (F,A) € (L° x L™)*. Then A is F-pseudoconvez if and only if F
is strictly negative with respect to A.

Proof. Following Proposition 11.3 and the preceding remarks, it suffices to find a single
pair (F,A) € (L° x L™)" which has the two properties. We take F': z = 0 and A = A,
with ¢ = %|x|2 Clearly A is F-pseudoconvex. We have A : £ = %E, and u +— u becomes
(y,m) — (37, 7). Hence for u = (0,7) € F:

1 _ 1 1_
Zo-(uv u) - ZU((Oa 77)7 (va O)) - _|7]|2
which shows that F' is strictly negative with respect to A. 0

We still let A C C?" be an I-Lagrangian subspace. If AR¢? (A?) denotes the orthogonal
subspace with respect to Reo (o), we put L = AR N A = AN A. We note that L is C-
isotropic, and, if V' = L7 is the corresponding C-involutive subspace, then A C V. If d =
dim¢ L, then dim¢ V' = 2n—d and V/V? = V/L is a C-symplectic subspace of dimension
2(n —d). If A’ is the image of A in V/L, then A’ is I-Lagrangian and R-symplectic (of
real dimension 2(n — d)). In suitable C-symplectic coordinates (x,§) = (z/, 2", &', £"), we
have

(11.9) A={(z,§eCm " =0, (&) e R},

We now let F' C C?" be a C-Lagrangian subspace transversal to A. Then F is transversal
to V, and V N F is of dimension n — d and is transversal to L in V. Hence the projection
F' C V/L of VN F is of dimension n — d, is clearly C-Lagrangian, and is transversal to
A’ We can now choose C-symplectic coordinates such that F': x =0 and V : £ = 0. We
parametrize V/L by (2/,£’), and hence F” is given by 2’ = 0, while A’ : &' = %%. Hence
A:E= %%(z’), that is, " =0, (2/,¢’) € A’, and we deduce that A is F-ps.c. if and only
if A’ is F'-ps.c.

Proposition 11.5. Let (Fy,A), (Fi,A) € (L° x L") where A is both Fy- and F-
pseudoconver. Then there exists a continuous deformation [0,1] 3 t — F; of C-Lagrangian
planes transversal to A, which links Fy to F.

Proof. We first reduce A to the form (11.9). According to the discussion surrounding
Proposition 11.4, we know that F{ and F]| are of the form

r_ 281/}]
1 O&'
where the 9; are pl.Lh. and < 0 on R™ . Recalling also that V is of the form &’ = 0, we

note that the projections F; 3 (z,£) — & € C™ are bijective and hence that F} is of the
form

(&), =01

20p;
208 gy
i 0
where the ¢; are plL.h. and ¢;(¢',0) = ¢;(¢’). To conclude, it suffices to take F; : —x =
%%% where ¢, = (1 — t)po + tp. O



60 JOHANNES SJOSTRAND

Definition 11.6. Let A;, Ay C C*" be two I-Lagrangian subspaces, and let F C C?" be a
C-Lagrangian subspace. One says that Ay < Ay relative to F if k(A;) = Ay, with 1 < @9
plurisubharmonic, if k is a C-canonical transformation such that k(F) : x = 0.

This definition does not depend on the choice of k. It is also independent of the choice
of F, provided that A, is F-pseudoconvex:

Proposition 11.7. Let Ay < Ay relative to F', and let FN be a C-Lagrangian subspace
such that Ay is F-pseudoconver. Then Ay < Ay relative to F.

We can then define an obvious relation “A; < Ay”, and we remark that, if A; < A, and
A2 S Ag, then A1 S A3. If A1 S A2 and AQ S LO, then A1 = AQ.

Proof. (of Proposition 11.7): Following Proposition 11.5, we can find a continuous family
[0,1] > ¢t — F; € L° such that Fy = F, F} = F and such that A, is F,-pseudoconvex for
all t. Let x; be a continuous family of C-canonical transformations with x;(F;) = {x = 0}.
Then r(A2) = Ay, ,, where 5, is pl.s.h. and where the Levi matrix £, , is of constant
rank k.

For t € [0,a) with a > 0 sufficiently small, we know that F; M A;, and hence that
k(A1) = Ay, ,, where @1, is pl.s.h., since the Levi matrix is of constant rank. Moreover
the rank of @9 — ;1 ; is constant (measuring the dimension of AsN A1), and w29—@10 >0
by hypothesis. Hence o, — @1, > 0 for ¢ € [0,a).

Here we remark that if f < ¢ are pl.s.h. quadratic forms, that we decompose as
f = fo+ fy and g = g¢ + gy as in the beginning of Section 3, then with S f(x) = f(ix) we
deduce from fy < g that —f, < Gy, that is, f, > —Sg. Hence —Qg < f < g, and, in our
situation,

—Spor < w14 < oy

Hence F, M Ay and it is clear that in fact F; h A; for all ¢ € [0,1] and that ¢ is pl.s.h.,
V1 < Pai- O

Still in the linear case, we now discuss the phase functions.

Definition 11.8. A real quadratic form ¢(z,0) on C* x CY is called an “admissible
phase” if
1° ¢ is pl.s.h.
2 There exists a pl.s.h. quadratic form ¢ (z,w), w € CM, such that p(x,0)+
Y(x,w) is non-degenerate of signature 0.

Remark 11.9. In 2° we can always replace 1) by a pl.h. form bounded by . We
can hence suppose that 1 is plL.h., and, after a slight perturbation, that ¢ (0,w) is non-
degenerate. If ¢(z) = v.c.,p(z, w) then ¢(z) + p(z,0) is non-degenerate of signature 0.
In 2° we can then take ¢ = 1(z) plL.h.
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Remark 11.10. If ¢(x,0) is admissible and @(z,0) < ¢ is a pl.s.h. quadratic form,
then ¢ is admissible. We remark also that the admissible phase ¢(z,6) is always non-
degenerate in the sense of Hormander [15]; that is, the mapping (z,0) — Vyp(z,0) is
surjective. This results from the fact that (z,0) — (V.(o(z,0) + ¥(x)), Vep(z,0)) is
bijective if 1 is as in Definition 11.8. Hence, if ¢ is an admissible phase, we know that
each pl.s.h. form ¢ < ¢ is non-degenerate in the sense of Hérmander.

Example 11.11. Let N =n and ¢(z,0) = |7 — 6|>. This is a strictly pl.s.h. phase that
is non-degenerate in the sense of Hormander, with critical manifold

C, = {(z,0) € C"™N; Voo = 0} = {(z,0); 0 =T}.
@ is not admissible, since ¢ > 0 and the function 0 is pl.Lh. but not admissible. On

the other hand, the functions p;(x,0) = [T — 0> — t|z + 0>, 0 < t < 1, are pl.s.h. and
non-degenerate of signature 0, hence are admissible, and ¢ is pl.h.

Let ¢(z,0) and ¢ (x) be as in Definition 11.8, with ¢(x) pl.h. We put
200 n
Aw—{(ﬂ?,;%(.%)),xe(c }

A, = {(x %g—i(x,ﬁ)) ; g—“g(x,e) _ o} |

We have already seen that A, is C-Lagrangian, and we show that A, is I-Lagrangian:
in fact, the mapping C,, 3 (z,0) — (x, %g—i) € C*" is injective, hence A, is of real dimen-

sion 2n, and Imo|s, = Imd(¢dz)|a, = Imd (252dz) |c, = Imd (252dz + 2922d0) |, =

Im d20¢|c, = Im %58g0|c¢, = 0 because %5&0 is real.

The non-degeneracy of 1 (z) + ¢(z, ) is equivalent to the transversality of A, and of
A_y.

Proposition 11.12. Let ¢(x) be pl.h. and let p(x,0) be an admissible phase. Then
P(x)+p(x,0) is non-degenerate of signature 0 if and only if A, and A_y, are pseudoconvez.

Proof. To replace (¢,v) by (¢ + 1,0) is equivalent to the C-canonical transformation
(,&) — (m,§ + %g—f(x)) We can then suppose that ¢ = 0, that is, that A_, is given by
£ = 0. If v is of signature 0, then H(&) = v.c.z9)(p(x,0) + Im £) is pl.s.h., and A, is
given by —x = %%—?, which shows that A, is A_,pseudoconvex.

Conversely, let A, be A_,pseudoconvex and let ¢n(z) be pl.h. such that ¢ + v is
non-degenerate of signature 0. Then A, is A_,,—pseudoconvex, and, following Proposi-
tion 11.5, we can find a homotopy [0,1] 3 t — F, € L with Fy = A_y,, F; = A_y, and
with F} transversal to A,. After a perturbation we may assume moreover that the F; are
transversal to x = 0 and hence are of the form A_,, with ¢, pl.h. and ¢, = 1. Then

Yy + ¢ is non-degenerate and hence is of constant signature = 0. U

The same perturbation argument as in Remark 11.9 shows that the Proposition remains
true when ¢ = ¢(z,w) is pLh. on C"™. We now let o;(z,0) and @y(z,0) be two
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admissible phases; then to say that ¢;(x,0) 4+ o(z, 5) is non-degenerate of signature 0

is equivalent to the condition that ¢y (z,0) + pa2(y, ) — Im (z — y)w is non-degenerate of

C3n+N+{\~/ ~

signature 0 on 00 Hence with v = —Im (xz — y)w and ¢ = @1(z,0) + pa(y, ) we

obtain:

Proposition 11.13. Let ¢1(x,0) and ¢(, 0) be two admissible phases. Then oy (x,0) +
a(x, 8) is non-degenerate of signature 0 if and only if Ay, x Ay, is F-pseudoconvex. Here
F C C? x C? is the fiber conormal to the diagonal,

F={(z,§2,-¢ € C" x C™ (2,§) € C"} = N"({z = y}).

Remark 11.14. If p(x,0) is admissible and ¢ (z, 0) < ¢(z,0) is pl.s.h., then Ay, < A,. In
fact, it suffices to repeat the first part of the proof of Proposition 11.12 while using again
the Fundamental Lemma. We remark also that, for F € LY, A € L* is F-pseudoconvex if
and only if A F for each A < A. One direction results from the definition of “<” and
its invariance. For the other direction, we suppose that A h F for all A < A, and F, € L°
such that A is Fy-pseudoconvex. (The existence of Fj results from the discussion preceding
Proposition 11.5.) After a small perturbation of Fy we may assume that Fy th F', and so
after a canonical transformation we may assume that Fy = {x = 0} and F' = {£ = 0}.
Hence A = A, where () is pl.s.h. and non-degenerate of signature 0. Proposition 11.12
then shows that A is F-pseudoconvex.

We now discuss the non-linear situation. In what follows we only consider the (micro-
)local theory, and the different phase functions and manifolds are only germs, defined near
certain fixed points. (Nevertheless, the theorem below should be able to serve as a point
of departure for a global theory.) All of the phases and manifolds below are supposed
to be of class C*. (However it seems possible to relax this regularity condition to C'!
phases and to Lipschitz I-Lagrangian manifolds.)

We let A C C*" be a C*° [-Lagrangian manifold defined near (¢, &) € C** (containing
this point), and we let FF C C?" be a C-Lagrangian manifold defined near (x¢, &) which
intersects A transversally at (z,&). After a C-canonical transformation x, we can reduce
to the case (z9,&) = (0,0), F' : {x = 0}; A is then of the form A,, where ¢(z) is C*°,
real, and defined in a neighborhood of 0.

Definition 11.15. One says that A is F-pseudoconver at (xo,&) if ¢ is pl.s.h. in a
netghborhood of 0.

The plurisubharmonicity of ¢ near 0 is equivalent to saying that 7{, ) (Ay) is T(y.n ({2 =
y})-pseudoconvex for n = %g—f(y) and for each y near 0, and so our results on the F-
pseudoconvexity in the linear case show that Definition 11.15 does not depend on the
choice of the C-canonical transformation, which reduces F' to {z = 0} and (z¢,&) to
(0,0). Moreover, if A is F-pseudoconvex at (zg,&), and if F is another C-Lagrangian
manifold passing through (zo,&), then A is F-pseudoconvex at (xg,&) if and only if

Two20)(A) 18 Tiag.0)(F)-pseudoconvex.
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As before, we have a partial order relation. If A; and Ay are germs of I-Lagrangian
manifolds at (xg, &), and if F' is a germ of a C-Lagrangian manifold at (z¢, &), one says
that A; < Ay relative to F at (wg,&) if x(A;) = Ay, with ¢ < ¢, both pls.h. and
with ¢1(0) = 5(0). Here s is a C-canonical transformation with s((x9,&)) = (0,0)
and k(F) = {z = 0}. We first note that this definition does not depend on the choice
of k. First, we well have the desired invariance if we replace k by k; o k, where Ky is
linear with x1({x = 0}) = {& = 0}. It then suffices to consider the case where we
replace £ by Ky o K, where ky satisfies k2((0,0)) = (0,0) and dry(0,0) = I. Hence, if
©(x,n) is the (holomorphic) generating function of ke with ¢(0,0) = 0, then we have
o(x,n) = xn+ O(|z> + |n|*). With ®(x,n) = —Imp(z,n) and ky(A,,) = Ag,, we have

@;(r) = v.Cotymy(P(z,m) + Im (yn) + ¢;(y))
and the Fundamental Lemma shows that ¢, and ¢, are pl.s.h. and that ¢; < ¢ near 0.

The same type of reasoning also gives the independence of F.

Proposition 11.16. Let Ay < A, relative to F at (x0,&), and let F be another C-

Lagrangian manifold passing through (o, &) such that Ay is F-pseudoconvezr. Then Ay <
Ay relative to F.

We have thus defined “A; < Ay at (xg,&)”.

Definition 11.17. A real (C*) function ¢(x,0) defined near (zo,0y) € C"™V is an
admissible phase function if ¢ is pl.s.h. and if there exists a pl.s.h. function (x,w),
w € CM | such that ¥ (z,w) + p(x,0) has a saddle at (g, 0y, wo).

As in the linear situation, we note that the admissible phases are non-degenerate phases
in the sense of Hormander, and that in Definition 11.17 it suffices to consider pl.h. func-
tions ¢ = ¥(x). If ¥(z,w) is a non-degenerate pl.h. phase, and V(¢ + ¢) = 0 at
(xo, 6o, wy), then A, is A_,—pseudoconvex at (xg, {) = (2o, %g—‘;(xo)) if and only if ¢ + ¥
has a saddle at (xg, 6, wp). (Here the I-Lagrangian manifold is defined as before.) If
1 < o and ¢1(xg, &) = pa(xo, &), with ¢ pls.h. and @9 admissible, then A, < A,,.

If p(x,0) is an admissible phase defined near (zo,6), on denotes by I, the space of
formal objects

u(z; h) = /a(x,@; h)do , a(x,0;h) € Hy (2,0

Of course, if 6 — ¢(z0, 0) has a saddle at 6y, we have a choice of a good contour and a u €
Hg 4, where () = v.c.o(@(z,0)). In general, one does not seck to define u(x; h) directly,
but one observes that if ¢)(x,w) is another admissible phase such that ¢(z,0) + ¢ (x, w)
has a saddle at (g, 6y, wp) with critical value 0, then, if v(z;h) € [ b(x,w;h) € I, one
defines the scalar product

(1, ) = ///F o, 0: 1) b, w: B dae 6 duw
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modulo the sign (which depends on the choice of orientation of A) and modulo an expo-
nentially decreasing term. Here I' is a good contour for ¢ + .

If p(z,0) is another admissible phase with

95(‘%07 éo) = 30(3:07 00)7

209 ~ 20¢

——(x0,00) = == (x0,0p) =:

i O (950, 0) i O (900, 0) &o,
and

A, = Ag,

then ¥ + ¢ has a saddle at (xg, 0y, wp) if and only if ) + ¢ has a saddle at (z, éo,wo);
in fact, Proposition 11.13 is still valid in the nonlinear case. We will identify v € I, and
@ € Iz if (u,v) = (@,v), modulo an exponentially small term, for all v € I, and all ¢ as
above. One writes then u = .

Theorem 11.18. (Equivalence of Phases.): Let p(x,0) and @(z,0) be two admissi-
ble phases defined near (xo,0) and (xo,0o), respectively, with ¢(xo,6) = ¢(xo,0),
%g—i(xo,ﬁo) = %g—i(%ﬂo) =:&, and A, = Ay. Then I, = 1.

Proof. After multiplication of I, and I by eLhI), where g(x) is holomorphic, we can reduce
to the case where {; = 0 and A, = A; is pseudoconvex with respect to {§, = 0. We can
also easily reduce to the case where 2o = 0, 6y = 0, and 6y = 0. Hence p(z, 0) and $(z, 0)
have saddles at (zg,6p) and (zo, y), respectively, and, as before, we introduce the pl.s.h.
function:

H(€) = v.c.(o(x,0) + Im (2€)) = v.c.(@(z, 0) + Im (x€)).

For u = [a(z,0;h)db € I, one can define the Fourier transform

and similarly one defines Fi € Hy, for @ € I5. The mapping Hy (z9.0,) 2 a(x,0;h) —
Fu € Hp is not injective, and we add then (as before) the variables #* dual to 6, and
one defines a more complete Fourier transform

Ta(§,0%h) = / / alz, 0; h)e™ #E0) du df € H, (o0,

where £(§,0%) = v.c.z0)((x,0) + Im (€ 4+ 60*)) is pl.s.h. with a saddle at (0,0). By
Proposition 3.3, T": Hy 0,0) — Hy,0,0) is bijective with inverse given by

a(z,0;h) = STa(x,0;h) = (2xh) ™ N / / e (TEH9) (T (0, 6% ) dE db*.

Lemma 11.19. F : I, — Hpy is surjective.

Proof. By our discussion, it suffices to find for each element f(&;h) € Hyo an element
g(&, 0" h) € Hy 00y : 9(§,0;h) = f(&§ h). We do it one variable at a time, and so it suffices
to consider the case where 0* = z is a single complex variable. We let y € C5°(C), = 1
near 0. Then we first put g(§,z;h) = f(§h)x(5) € Li,(O,O)' We then look for g of the
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form g+ zk(&,z;h). It then suffices to solve Ok = —f(gh)g(x(%)) in Li7(070). Placing
ourselves in a small pseudoconvex neighborhood of (0,0), we then find k € Li,(o,o) by the

standard results on the solvability of 0 of Hérmander [14]. O

We now let ¢(z,w) be admissible and such that ¢ + v has a saddle at (0,0, w,) with
critical value 0. Let v = [ b(z,w;h)dw € Hy, u= [a(x,0;h)d0 € H,, and A(£,0% h) =
Ta. Then, with a natural contour,

(u,v) = (2wh)™"" N///// B @0 (1 w; B)A(E, 0% h) dE dO* df dx dw.

The weight function ¢ (z, w) + k(&, 6*) — Im (z€ + 00*) has a saddle with respect to all the
variables, but also with respect to the variables (0, 0%). After a contour deformation we
can then apply the method of stationary phase in (6,60*), so we obtain (since A(£,0;h) =

Fu(&;h))
(u,v) = (2wh)™" / / / e Eb(x, w; h) Fu(; h) da dw dE.

We have the same formula with u replaced by @ € Iz. If @ € I is given, we can, by
Lemma 11.19, find u € I, with Fu = Fa in Hy, and hence (u,v) = (@, v). O

Remark 11.20. If a(z,0;h)d0 = hdgb(x 0;h) in Hy (g0, With b € Hy (5.00), then
[a(z,0;h)d§ = 0 in I,. Conversely, if [a(x,0;h) d9 = 0 in [, and ]:u = (0, then
Ta(€,0%h) = SN A€, 6% h)0% in Hy (g0 with A; € Hy g0 (This decomposition
which does not result directly from the Taylor formula is left as an exercise.) By the
Fourier inversion formula, we obtain

a<x,9;h)zzh£ b;(x,0; h)
J

?

where
b; = (2rh)" N / / 7 @EH00T) A dE O™ € Hoy (ay 00)-
Hence a(x,0;h)do = %deb(l’, 0; h) with
b= (~1)"la;di A...NdO; A ... A dOy.

Example 11.21. We consider the phase
¢ =ImaRed + C1(Imz)? + Cy(Im §)?
with Cy, Cy > 0. This is clearly a non-degenerate phase with Cy, : Imz = 0,Im ¢ = 0.

The Levi matrix is
92 92 1 1
dmpr 9zl | — :Gil =5l
o Oy —+L1 10T
000z 9006 4 2

So ¢ is pls.h. it C1Cy > i. With this hypothesis we verify that ¢ is admissible: Let

¥(x) be a pLh. quadratic form that is < 0 on R”. Then v (z) < —Cs(Re z)? + C4(Im z)?
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for C5 > 0 and C; > 0. Let I' C C?® be the subspace of real dimension 2n given by
Imx = —€eRef and Im O = 0, with ¢ > 0. Then

0+ Y|r < —€(Red)? + (C1 4 Cy)(eReh)? — C3(Rex)?
< —g(Reef — Oy(Rex)?,

if € > 0 is sufficiently small. Then I' is a good contour for ¢ + 1, and consequently ¢ + ¢
is non-degenerate of signature 0. Finally we find

A, ={(z,—0); Imz =Im# =0} = T*R".

Example 11.22. Here we have a second example of an admissible phase which generates
T*R™: We consider ¢(0,y), ¢1(0,y) = —Im ¢(0,y), and ®(0) = sup,cg~ ¥1(0, %), as in the
beginning of Section 7, verifying (7.1)-(7.3). We consider then the pl.s.h. phase:

@(ya ‘9) - _901(‘97 y) + @(9)

Let 1(y) be a pl.h. function with 2‘%’ = —no and V*)|gs < 0. We then verify that, for
€ > 0 sufficiently small, the contour

{(,0) eR"x C" 0 €T(y)} > (y,0) — (y — eVy(@(y,0) +1(y)),0)

is a good contour for ¢ + 1. Here V, denotes the gradient in the real direction on C";
this is then a vector in C". Having shown that ¢ is admissible, we then find that C, is
given by 6 € I'(y) and y € R”, and that A, = T*R".

To finish this section, we finally discuss Fourier integral operators. If ¢(x, 8) and ¢ (x, w)
are admissible phases such that ¢(z,0) 4+ (x,w) has a saddle at (zo, 0y, wp), then we have
seen that this condition is equivalent to the N*({x = y})-pseudoconvexity of A, x A, at
(w0, &0, 20, —&o), With & = 2 8“" 2 (z0,60). We write then A, $A,. When ¢ is pLh., then A_,,
is C-Lagrangian, and a thlrd equlvalent condition is that A, is A_,—pseudoconvex.

We now let ¢;(y,w) be an admissible phase, defined near (yo,wp) € C ¥ and we let
o(z,y,0) be an admissible phase defined near (¢, yo,0p) € C"=+™™No. We suppose that

20 20
—ga—j(fﬂoayo,go) = gai;@o,wo) = To,

and we put

20¢

50 - Z &T (x0790700)

We introduce the following geometric hypothesis:

Hypothesis (H) There exists an admissible phase 1(z,w) defined near (xg,wy) €

CratNe with & = —292 (29, wy), such that Ay, $ Ay x Ay,

More explicitly, ¢ (z, w) 4+ ¢(z,y, 0) + ¢1(y,w) must have a saddle at (xg, Yo, wo, Oy, wo),
and Hypothesis (H) is equivalent to saying that

P2 = 90<x7y7 9) + Sol(yaw)
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is an admissible phase with y,0,w as fiber variables. If one introduces the I-canonical
relation Al, = {(z,&,y,—n); (z,§,y,n) € Ay}, then Hypothesis (H) gives that

T(xoﬁﬁo,yOJYO)(A:p) m (T($0,50)<(C2nz) X T(Am)) )

and, as observed by Hérmander [15], this transversality alone shows that C,(A,,) is an
(I-)Lagrangian manifold. Of course,

Ag, = A (Ay,).

We now let u(y;h) = [ f(y,w;h)dw € I, and A(z,y;h) = [a(z,y,0;h)do € I,.
Then, with Hypothesm (H)

Au(z; h) = /A(:r,y)U(y; h) dy = ///a(x,yﬁ;h)uw,w;h) dy df) dw

is an element of /,,. With ¢ as in (H), that is to say Ay$A,,, and normalized with a
constant such that ¥ (xq, wo) + ©(Zo, Yo, 00) + ¢1(yo, wo) = 0, let

v(x;h) = /g(az,w;h) dw € 1.

Then one can define

(v, Au) ///// (z,y,0; ) gz, w; h) f (y,w; h) dz dy df dw dw

= (4,0 ® u).

It is clear that if B(x,y,0) satisfies A, = A, V(p(xo,yoﬁo) = Vo(xo,Yo,6), and
&(xo, Yo, 00) = ¢(xo, Yo, 6p), and if Ae I satisfies A = A, then Au = Au. Similarly, if
u € I and @ = u, then Au = Aa. Infact

(v, Au) = (A, v @u) = ((Av,u) = ({Av, 0) = (v, AT).

We now write [ASD1 Iz, ...,inplace of I, I, ..., where the phases are now normalized:
©1(Y0, wo) = p(x0,%0,00) = -+ = 0. Then each A € I, gives, with Hypothesis (H), a

well-defined mapping (modulo the sign); A : I Ap, — In,,- We now let B € I, where
@(z, x,0) is an admissible phase such that (3, ¢,) satisfies (H). Then we have an operator
B:1y,, — Ia,,, where A, = Aj(A,,). We can then form the composition C' = Bo A :
In, — Ia,,. Here C € I, where ¢ = §(z,, 5) + ¢(z,y,0) is an admissible phase with
(A,y,0) as fiber variables and with (1, ¢;) satisfying (H). Of course, Ay, = Ao Al

Remark 11.23. In the case n, = ny, and when ¢ is pl.h. and A:O is the graph of a
C-canonical transformation s, then Hypothesis (H) is automatic for each (normalized)
admissible phase ¢;. In fact, it suffices to verify this in the linear case: Let ¢(z) be pl.h.
and such that Ay$x(A,,), that is, k(Ay,) is A_,—pseudoconvex. Let [0,1] 3 ¢ — ;1 be
a decreasing continuous deformation of admissible phases, with ¢ = ¢; and ¢;; pl.h.
Then r(Ay,,) < k(Ay,), and hence Ay$k(A,, ). Now since

¢(SL’) + 90<x7 Y, 8) + gol,t(y?CU)

is non-degenerate for each t € [0, 1] and is of signature 0 for ¢ = 1, ) + ¢ + 1 is non-
degenerate of signature 0, and we then have (H).
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12. A PRECISE STUDY OF PSEUDODIFFERENTIAL OPERATORS
IN A COMPLEX DOMAIN

(I've skipped ahead: this is really Lemma 12.2.)

We will also have to recall a version of Stokes’ Formula. For ¢t € [—¢, €], € > 0, we let
['; be the contour given by W 3 x — f(t,z) € R™, where W is an open neighborhood of
0 € R¥ and f is of class C'. We put v = %(0, x), which we can consider as a section of
the normal fiber to (the image of) I'y. We let w be a differential k-form of class C'! on R”
such that I, (f~*(suppw)) CC W, where II, : [—¢, ¢] x W — W is the natural projection.

Lemma 12.1. In the situation above,

(i)l o= [ e
[N

One can write f*dw = g(t,x)dt Adzxy A --- A dz,, where g is continuous. Then

( ) /w—/ (0,z)dxy N -+ A dx,.
dS s=0

Here g(0,2)dxy A -+ Ndx, = Jf*dw = f*(vow). O

Proof. By Stokes’ formula,
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