COMMENTARY ON MICROLOCAL ANALYTIC SINGULARITIES

MICHAEL VANVALKENBURGH

1. H,, ETC.

The “€” in the definition of H};C(Q) allows us to neglect powers of h~!. Here is a basic
example:

Example 1.1. We take ¢(z) := 3[(Imz)? — (Rez)?]. Then for any k € R we have
up(z; h) = h ke /M ¢ H;OC(C").

We may also define equivalence in H () as follows:

Definition 1.2. For u,v € HL"C(Q), we say u ~ v if for all compact K C § there exist
Cr >0 and 6 > 0 such that

[u(z; h) — v(z; )| < Cj e@H=0m)/h Vze K, Yhe(0,1].

This definition is equivalent to the one given by Sjostrand. That is, with the notation
of [2], Section 1:

Exercise 1. u ~ v if and only if u ~ v.
Proof. ==~ Let K; C Q, j=1,2,..., be a sequence of compact sets such that
Kj C K;_H.

We may take each K; to be, say, a union of cubes. Then, by hypothesis, for each K there
exist C; > 0 and ¢; > 0 such that

lu(z; h) —v(z; h)| < C; el =03)/h Vz e K;, Vhe(0,1],
and we may of course assume that
0 >0,>...>0.
We first define ¢q to be the function
wo(z) = p(z) —9; for z € K;\K;_;.

We then modify ¢y in a neighborhood of K intersected with K; to obtain a continuous
function ¢, on €2 such that

o1 — o 2> 0 and p1 <¢@ on .

Then
(23 ) — v(z: B)] < G e

< Cjenr @M e K\K; .y, Yhe(0,1].
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Hence 3
lu(z; h) — v(z; h)| < C; e @/h Vze K;, Vhe(0,1].
Thus u —v € H (1;1c(9> As previously mentioned, we also have that ¢; is continuous and
©1 < @, s0 1 is thus a suitable function.
~<=~: This is the easy direction. OJ

Remark 1.3. Note that a classical formal analytic symbol has no “et</"” in the estimate:

lag(2; )] < Cg (1 - (smazz)l/h)

1—et
< const. (independent of h) < oco.

This is important in the proof of Proposition 6.2.

Re: the proof of Proposition 1.2. We use twice that Zﬁvzl X; = 1 on Q. For
Hormander’s existence theorem, see Theorem 4.4.2 of [1]. The last line of the proof uses
Cauchy’s integral formula; see Theorem 2.2.3 of [1].

Example 1.4. Here is a non-ezample of €2;’s: For 0 <t <ty < %,
Qe = {(x,€) € C; |z + ¢ < t*}.

Example 1.5.
Q= {(x,6) € C™; [z| < t}.

Example 1.6. For anyr; >0, j=1,...,n,
QF = {(z,8) € C*™; |ay| < rj + 1}

We recall that a set D C C" is called a polydisc if there are discs Dy, ..., D, in C such
that

D:HDj:{z; z;€Djj=1,...,n}.
1
A natural norm for points on a polydisc is given by
[lp.a. = max|z;,

and of course we have
|$|p-d- <lz| < \/ﬁ|x|p-d-'
The set [[} 9D, is called the distinguished boundary of D and we denote it by dyD.
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Exercise 2. With the notation of [2], Section 1,

Cylla

(t — s)lal”

Proof. Let (x,&) € Qs, u € B(€), and let D be a polydisc in C", centered at = and of
radius %f Hence D x {£{} C . The factor y/n is not necessary if €, is a polydisc of

radius constant + t—that is, as in Example 1.6 above, but where all the r;’s are equal.
By Cauchy’s integral formula, for all multi-indices o we have

u al u(Cr, -5 6oy §)

— 5 p— ; d DY d n-

T = G o G G e 66
By the choice of D, we have

D3 ]e.s <

t—s

G — x5l = N

nla‘/2a|

|Dyu(z, §)| < WH [ B(o)-

This proves the result with Cy = \/n.
Again, if €, is a polydisc of radius constant + t, the factor nl®//? may be omitted. O

V7,

so that

Remark 1.7. Sjostrand replaced a! by the often much bigger number |a|l, and I
believe there are two reasons for this. One is to emphasize that the bound k* fits into
the framework of classical formal analytic symbols, as defined earlier in the section. (And
presumably k" is the biggest number so that the general theory of classical formal analytic
symbols works.) Another reason is so that we can have an estimate that only depends
on the order of «, so that all derivatives of equal order can be treated equally. (However,
even then |a|! would be a much smaller upper bound.)

Exercise 3. “We leave as an exercise to show that r is in fact a classical analytic symbol
and that if p,q are local representatives of p,q and if T = p o q is defined by (1.9), then
1s in fact a representative of r.”

Proof. Let Q cC Q be a neighborhood of (0,&). With local representatives in this
neighborhood, we have

h|a|+j+lc o« D, o™ Qe
l‘ § h ZZ el agaj axa

= Z hm’l“m(l',f),
m=0

where

0“p; 0°
(1.1) (1, €) = Z a! i1l O P59 Gk

o&x Oz~
jol+5-+k=m ¢
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By the given conditions on the p;, g, and by the Cauchy integral formula, we have
C = Cg > 0 such that

1

al

8“pj
o0&~

< ol Ol (C757) (CFEF)

0“qp
oz

< |a|\alcla|+j+k+1(j + k)j+k
< C|a\+j+k:+1(’a| +] + k>|a|+j+k.

Since there are < (m + 1)"™! terms in (1.1), we then have

(2, €)| < (m+ 1) C™ ™

< C«m+1 mm

for some new constant C' = C'(Q) > 0. So indeed 7 is a classical formal analytic symbol.

O
Exercise 4. The operator associated to r =po q is
C=AoB=)>Y hMCy, where Cy= Y A,0B,
M=0 v+pu=M
Proof. By definition, the operator associated to r is
1
r(z,6 +hDyih) ==Y G @ &) (hD.)’
5 0!
=Y WMRy,
M=0
where
Ry — L o) (at) aaql@ Do
Jtk+|al+|y|+]6=M
On the other hand, one may check that
Cu= » AoB,
v+u=M
has the same expression, proving the result. U

In Theorem 1.5: Note that ¢ is elliptic (7). (See the proof of Theorem 4.5.)
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2. THE METHOD OF STATIONARY PHASE IN THE ANALYTIC CASE

The error bound (2.14) is tricky at first glance, since we are using (2.13) with 2n
replacing n. See later, when L(dz) is Lebesgue measure on C" ~ R?".

Exercise 5. Deduce the following version of the Cauchy inequalities from the proof of
Theorem 2.1:

1|/A\"
= (E) u(0)| < C(n)(k+ 1)"*(k — 1)1 2% sup |ul for k>1.
! B
Proof. Later. O

Check the remark before Theorem 2.8, and check Remark 2.10.

Lemma 2.1. Rep(z) > Cs|z|* on T;.

Proof. We have
|2? & |2]* + 6%|¢/ (2) 2,
and
Re p(2) & Rep(z) + 8|¢ (z)|?

when 0 < § < 1, so we are to show that

Re p(x) +0l¢'(2)* Zs 2.

By hypothesis, det ¢”(0) # 0, so we have
&' (@) = |¢"(0)2® + O(2?)]

2 |z
Hence
(2.1) Re p(z) + 0]/ ()|* 2 o[,
proving the result. U

The same argument, leading to (2.1), shows that for x € JVj,

Reyp(z) > e+ C5|Z|2
> €

for some € > 0 independent of §. Hence

I(h):/ e PO/ (z) da
Vr

= / e ?E/ My (2) dz + R(h),
r
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with
R(h) :/ew(")/hu(n) dn.
2

Here . is parameterized by

n=xz+ Ay (x)
for A € [0, 1] and with x € OVk. Hence

RO < [ o0 uy)|
b

e/h

A

1 _
< —e

sup |ul.
€ U

By the proof of Lemma 2.7 (Morse’s Lemma), we see that |z| ~ |Z| in a neighborhood
of 0, so we do indeed have (2.19).

Let #(s) be a curve on T such that 2(0) = 0 and such that 2(0) = t, + it,. Then

\}

Lo 2(8)

(ty +1ty)" = ££r€) =
o a(s)? - y(9)? + 2ia(s)y(s)
=i 2 !

and so

.
t2 — 2 = lim
v 50 52

By (2.19) we have
2(s)* = y(s)* = Cla(s)* +y(s)*) =20 Vs,

so we have shown that t2 — tg > 0.

Note that the the phase is

z2 1

2.2 —Re = = —=(z" —¢*

which clearly has a saddle point at 0, and the work above shows that I passes through 0
and lives in the region where (2.2) is non-positive. (Even strictly negative? See below.)

Draw the picture. This is where the name “saddle point method” comes from.

W C R" is a neighborhood of 0. It’s easy to see that H(x) is real-analytic, from
considering the construction of I' and T'.

Why do we have # < 1 and not the weaker condition § < 17 Does it follow from
real-analyticity”? He must be correct, because he says it again after the definition of good
contour in Section 3.
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3. “THE FUNDAMENTAL LEMMA” AND THE FOURIER TRANSFORM IN THE COMPLEX
DomMAIN

Proposition 3.1 is easy to prove, but at least here is a slightly different way of presenting
it:
Proposition 3.1. Let q(z) be a pl.s.h. quadratic form on C"...
Proof. We write the positive and negative subspaces for a decomposition of ¢ as L, and
L_ respectively. Since ¢ is pl.s.h.,

1
0</{(z)= §(q(x) + Sq(x)) Vr e C".

That is,
(3.1) q(x) > —q(ix) Ve e C".

Let 0 # z € L_. Then (3.1) shows that g(iz) > 0. This proves (i).
To prove (ii), let Ly, L_ be the corresponding subspaces for ¢. Since ¢ < g,

L,cL, and L_cCL_,

and so
dim L, < dimL_.
This combined with part (i) gives equality, proving the result. O

oImf _ 10f
Oxr =~ 2i0x°

Lemma 3.2. If f is holomorphic, then

Proof. Here is the shortest proof: Since f is holomorphic, we have
of ORef Olmf
= = —1 )

0= O ox ox

Hence

g_aRef_i_.@Imf_z.@Imf
or Oz “or  “Tor

Lemma 3.3. The fundamental lemma. He does mean for ¢ to be pl.s.h. in (x,y) and
not just in y, though that is the part I understand the least. Also, the hypotheses seem to
tacitly imply that Vzgo(o, 0) is real-valued as a quadratic form.

'l fill in the details of the proof in the following claims.

Claim 3.4. If ¢(t,s) is a real C* function defined near (0,0) € R+ with a critical
point at (0,0) and such that V21(0,0) is non-degenerate, then, if we introduce the critical
point s(t) of

s = Y(t,s),
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the function f(t) = (t, s(t)) has a critical point at 0. Moreover, V2 f(0) is non-degenerate
if and only if V?m)zﬁ(O, 0) is non-degenerate, and

signV; f(0) + signV31p(0,0) = signV7(, 41(0,0).

Proof. First of all, we have the existence and smoothness of s(t) by using the implicit
function theorem. Indeed, since VZt(0,0) is non-degenerate, then for (¢, s) near (0,0) we
have that VZ¢(t, s) is non-degenerate. Hence, by the implicit function theorem, the set

o,
E(t, S) =0

may locally be written as

oY
St s(1) =0,

Also, it is clear (at least, computationally) that f(¢) = ¢ (t, s(t)) has a critical point at 0.
To prove the “moreover” part, we make a change of variables in s. Let

D(ts) = 0ty s + s(t)).
Then s — 1)(t, s) has a critical point at s = 0 for all t. Also,

0*1) 3 a%p 0%

02
But since (t s(t)) = 0 for all ¢, we have

0% 0%
C(ts(0) + S5 (S5 =0 v,

In particular, it is true for ¢ = 0, which shows that

0%y
O0tos

=—(0,0) = 0.

We also have

F(t) = (t,0) = 9(t, s(t) = [ (1),

SO
0 f %)
oz = G (00
Since we are given that
%) 0?1
952 —(0,0) = a2 —(0,0)

is non-degenerate, and since we just showed that gt(;l} (0,0) = 0, we thus have the result
for 1.

Now clearly 5 i w £(0,0) = 82512” (0,0), and the other equivalences between the Hessians of ¢
and ¢ follow from the coordinate invariance of the Hessian (at a critical point). Right? O

Proof. So far we have not used the pl.s.h. assumption. The rest of the proof doubtless
follows from basic analysis of several complex variables. We reduce to the case of quadratic
forms, and then we decrease to a pl.h. form by simply deleting the component of Levi
type. 0]
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Remark 3.5. The moral of the fundamental lemma seems to be: “We can decrease f”(yo)
until it is a pL.h. form.” (See the discussion of ¢* on page 15 and also the discussion after
(4.13").) The lemma then guarantees that all the necessary properties still hold for the
resulting pl.h. form.

Since 2 (¢ +Ima - £)(z(€),€) = 0, we have

Op* . 1
(€)= 5;0(6)

To prove that
p(r) = v.ce(9"(§) —Imz - §),

it’s probably best to think of A, as facilitating this relationship.

In the proof of Theorem 2.8, T's is a good contour with respect to —Re ¢. That’s what
Morse’s Lemma did for us! I think we only need local injectivity.

In showing that U(x; h) € He, we seem to be using the saddle point method.

In (3.1), the composed contour is indeed a good contour:

e(y) —Im(z —y) - £ — p(z) < —Cly|* = Cl¢1.

To show that the point is a saddle point, it might be best to use the “my = max dimg L”
formulation.

Lemma 3.6. T'(2) is a good contour.

Proof. First, recall that

Ply) = ¢(w) + 92(@) - (g~ 2) + 2 (a) - T + Olly — o)
= pla) + 2Re 92(2) - (y — ) + O(ly — o)

ox
Secondly, we must realize that the general good contour condition is

«

e(y) — (o) < —Cly — yol.”
Now

(,€) = o(y) —Im (x —y) - €
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has a saddle at y = x, § = 222(x), so of course the critical value is ¢(x). Then on [(z),

@@)—mﬂx—y%f—wﬁﬂZw@)—w@)—ﬂ%%§@)%y—x%—cw—y9

< Mlz —y|* = Clz —y/?

S—%W—m?
This shows that
2 20¢ ’
oy) —Im(z —y) - & —o(r) < —Coly — z|* — Co _25#@’
so we are done. O

4. YDO’s AND FOURIER INTEGRALS IN THE COMPLEX DOMAIN

After (4.2), the “+¢/h” from estimating a gets absorbed into the “—(R — C')/h” term.
“We then have an obvious continuity result on the spaces L?D.” It follows from Folland’s
Theorem 6.18, which is easy to prove once you know the “Schur norm” trick. We then

get:
[ Aullzz < Coh™"|[ul| 2.

Recall that L2(€2) = L*(Q; e */"L(dx)) (as defined in the proof of Proposition 1.2).

In the proof of Lemma 4.1, recall that a is an analytic symbol defined in a neighborhood
of (x0,20,&) € C"; that is, a € H(Q). So u is of class H near (0,6).

I still need to check (4.6).

I still need to check that |z|* + |y — y(z)|* ~ |z|* + |y|* on p.19.

200 200N _(, % O
ZE, Z axvya Z@y - ZIZ', ax7y7 ay )

and I think he means that
dp dp
T, — | — ——
) am yJ ay

is a symplectomorphism in the sense that, writing £ = g—‘;, n= —%5, we have

In (4.13):

oAt

0xdy

dz N\ d€ = dz N\ dy = dy A dn.
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After (4.13'): At that one point, (y, —%g—f) = (y, %%)' That is, %(Q/J—l-f) = 0 at that
one point. Since V;(w + f) is non-degenerate, we can use the implicit function theorem:

0 0
%@w+%@:o

is given by

%mmm %mmzo

So y(z) is the critical point of
y = (x,y) + f(y)

Hence

g(x) = Y(z,y(x)) + f(y(x))

‘ 201\ 2 O 2 0y
v (n35) = (0-15) - (1)

by definition. Thus

and
0 0 0 0 0 0
S2(w) = Gola @) + o (a5 + 5 (ol 5
0
= (. y(a)
So indeed

o (128 w) - (22 20)

where y = y(x) is the critical point. (Amazing?) That is, K(Ay) = A,.

When he says “which is equivalent to the fact that the map x(Ay) 3 (z,§) — z € C"
is a local diffeomorphism,” the point is that we can go backwards... (Right?)

@ is acting like a mirror: from x to y and back.

In the proof of Theorem 4.5, I guess we're looking for an elliptic classical analytic sym-
bol of order zero b (and b). Otherwise we wouldn’t “recognize here an elliptic classical
pseudodifferential operator.” Maybe note this is Theorem 1.5: the symbol ¢ is elliptic (7).

“as we saw earlier in the section...” I think he’s referring to Remark 4.3 which I admit
I didn’t read. It seems trivial.

5. UYDO’s IN THE REAL DOMAIN AND RESOLUTIONS OF THE IDENTITY

In the second sentence, he seems to be referring to Hormander’s approach of using
carefully chosen cut-off functions to define W F,, (see p.283 of Hérmander Vol.I).
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The operators defined in this section are used in the proof of Proposition 6.2. In par-
ticular, that proof illustrates the role played by the “extra” variables y in (5.1) and (5.2).

The point of Section 5 seems to be: How to take an operator from Section 4 and turn
it into an operator

D'(R") — C$°(R™).

He calls this process the “realization” of the operator, in the sense of “real-ize.” We don’t
get to this until (5.9). The rest seems to be set-up.

The point of Section 5 seems to be: To define our “FIO with complex phases” for
distributions on R™. We do this by putting further conditions on the phase and by
introducing cutoffs in a simple way. The point of the cutoff is so that we can define it
on distributions in D’(Y"). If we didn’t have it, we might only be able to define it on S'(Y").

The main point about A and AY: they act equivalently on complex geometric optics
functions. Think of the “black box” point of view as stated by Guillemin (Intro to *FIO:
Past and Present™ book) and by Meyer in his Wavelets book. For Au, we are integrating
over I'(x), which is of real dimension 3n. For AYu we are also integrating over a “con-
tour” of real dimension 3n. So apparently given such a phase ¢, satisfying (5.1) and (5.2),
deforming the contour to the real domain gives an operator, AV, which is equivalent to A
when acting on complex geometric optics functions.

At first the factor h=3"/2 seems irrelevant in the definition of A in (5.8). After all,
h=3"2 can just be incorporated into the analytic symbol a. However, in Section 6 we will
restrict to classical analytic symbols a, and for such symbols there is no “et/"” in the
estimate. He is writing h=3"/2 to set up for Section 6, and at any rate it emphasizes the
fact that we are integrating over 3n real variables, so that the “inverse” of A would likely
have the same factor, as is the case with the Fourier transform.

After (5.10): By definition, 04 = 1 means
A (OUR) = g

So A is apparently the identity on Fourier transforms, hence on, e.g., &’ (right?). We saw
that A only depends on o4 (up to equivalence), and the same is apparently true for AY.
Since morally (and maybe actually?) the identity operator I has o; = 1, we should have
that if 04 = 1 then AY = I. For a use of these “partitions of unity,” see the proof of
Proposition 7.4.

To prove the second inequality in (5.12), we first note the elementary inequality
@+ BB” + B]* > (1= (> = )b + (1 — &)]al’
for any da, be R", any # € R, and any ¢ € R. In particular, for any § € R we have

@+ BB + [ = |af* + 5]
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Of course, it suffices to prove these estimates for n = 1. Then for (5.12) we have
2y — a4 = au P+ X0y + ae + 0,00(y) — Oy (x) + Outh(z) — a]?
=y — .+ |7 — P+ X|0O) (2 — uyy — ) + 0uth(x) — ael?
> C'(ly — aul? + o — au* + |ag — 90 (2) ).
The point is that ¢’ is now evaluated at . We only care about points near VV since

otherwise Im (¢ 4 ) > 0 uniformly. Hence we may assume y > ¢y > 0. This finishes the
proof of (5.12).

Now we use (5.12) to show that I's(z) is a good contour. When x = xg, (5.12) says
Im ((z0, 5, @) +9(5)) = C'(ly — aul* + |aw — o] + |ag — &ol*)
= C'(Jy — w0 + 20 — awl” + |ag — @0l + |ag — &)
> C"(ly — wol* + law — ol + |ag — o).

Hence T's(z) is a good contour.
I still need to check the last paragraph of the proof of Lemma 5.1.

See how he uses resolutions of the identity in the proof of Proposition 7.4. The main
property of ROI’s seems to be: Say 04 = 1. Then ogoa = op and o4, = o by the
usual formulas. Hence Ao B = B and B o A = B (right?). Then, morally, when B acts
on I = f 11, do, it replaces e“?/Mq by its own phase and amplitude, like a bird stealing
another’s nest

6. THE ANALYTIC WAVEFRONT SET

The point of this section is to give an FBI-like characterization of W F, (for elements
of D’'(R™)) in a general context. In Section 7 we impose stronger (?) conditions on the
phase to get good geometric properties.

In the proof of Proposition 6.2, Au is an integral over a good contour I'(z), which is
“found without difficulty” as in the previous section.

In the proof of Proposition 6.2, we use that A admits a parametrix to get b such that
A(D(-, a; h)e?!™) = a(x, a; h)e?@D/h,

Once we have that expression, we can use Lemma 5.1. Very cool!

In the proof of Proposition 6.2, the expression for Au should have the term ¢(7, @) in
the phase. This is also what appears in the expression for f, where Sjostrand correctly
writes it as @(z, #); I am just adding all the bars for emphasis. After all, among other
things, the phase is supposed to be analytic. We can easily check that (5.1) is satisfied,
and (5.2) is satisfied because that condition is on the real domain.
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In the proof of Proposition 6.2, in the definition of f, every parameter is real, so

F(o B h)| < hon2 / e=Clla=BeP+le=acP)/M . o Y| da
< Coh ™2 / e Olr=fal e /h gy

< Ooh—3n/2/6—0x|2/h dr
- Coohin.
We have used the fact that for a classical analytic symbol, there is no “et“"” in the

estimate. (See Remark 1.3.) So indeed f is of temperate growth.

Now that we have proven Proposition 6.2, we can show that W F, is conic. The propo-
sition shows that we may take a = 1 and the phase

Py @) = ¢y, z,§)
= —(z —y)§ +ilz —y)*/2,
where we are writing o = (,¢). Suppose that (z9,&) € CW F,(u). Then

—i(z— —(z—y)? YR
/ e=ile=0)E /b=y /2 (VT dy

is exponentially decreasing when h — 0, uniformly for v in a real neighborhood of (z, &).
Of course this is equivalent to

i(r— —(z—y)?
/ a0/ h=a=)2/2hy ()0 () dly

being exponentially decreasing when h — 0, uniformly for « in a real neighborhood of
(20,&). Now let A > 0. We define

Uy, a) = —(z — y)& +i(z —y)? /2.

This is an equivalent phase, in the sense of Proposition 6.2. That is, we have that

—i(z— —(z—y)? YR
/ e=iE=0)E b=z /AR (VTS g

is exponentially decreasing when h — 0, uniformly for o = (z,€) in a real neighborhood

of (x0,&). Let h = Ah and € = A6, Then
/ =)/~ 20y () dy

is exponentially decreasing when i — 0, uniformly for v = (2, £/)) in a real neighborhood
of (zg,&), that is, for & := (z,€) in a real neighborhood of (zg, A). Hence we are back
in the case of the standard phase, (y, &), which shows that (g, A&) € CW F,(u). Hence
W F, is conic.

The main ideas in the proof of Theorem 6.3: (1) If u is analytic in a neighborhood of xg
then we can deform the contour in the FBI integral. It is the usual contour deformation.
(2) Going in the other direction, we write u as essentially u convolved with an analytic
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reproducing kernel. We are integrating out the &, which is where we use the hypothesis.

In the proof of Theorem 6.3: the fact that a is analytic relies on the fact that we are
looking at a (small) neighborhood of §, € R™\{0}.

The last step of Theorem 6.3: Note that a(z,£/h) = a(x,§) for all h and that a(x,y, &) =
a(x —y, &) is in fact a classical analytic symbol defined near (z,y,&) = (o, xo,&). (Re-
stricting the neighborhood, we have a(z — y,€) ~ 1.) Let h := |¢|7! and & = £/|¢].
The hypothesis says that the integral decreases exponentially in a real neighborhood of
(20,&0). (Technically, we have to take the complex conjugate, but for the phase and the
amplitude we can replace £ by —¢, so it’s no big deal.) Moreover, Proposition 6.2 says
that we can replace a by a = 1. (And, throughout, we may assume that u € £'(X), since
the definitions of S5, and W F, involve a cutoff function anyway.) That is,

/ a0 ==/ @)y (1)

decreases exponentially in a real neighborhood of (x¢,&p). Precisely as in Martinez’s
Remark 3.2.4 (with no change at all!), we have that the integral decreases exponentially
in a complex neighborhood of (xq,&p). Recall that Martinez’s remark says

Tu(z + it, € 4 i) = " /AT RhtCHD /My (47 € — 1),

which shows that |Tu| is exponentially small in a real neighborhood of (zg,&p) if and
only if it is exponentially small in a complex neighborhood of (z¢,&). I don’t see why
Sjostrand says “Proposition 6.2 (and its proof) shows that...” Why can’t we just use the
statement of the proposition?

If we were only considering the standard FBI transform (as Martinez does), the proof
of Theorem 6.3 would be entirely self-contained. No need to read the rest of the book!

For the harder direction of Theorem 6.3, compare with Theorem 1.6 in Delort’s book.
Delort also gives credit to Lebeau for the “reproducing” result but cites Hormander’s
presentation in ALPDO.

Remark 6.1. The same argument almost works for the Fourier transform

Fla,6:h) = / DRy () dy.

Well, it’s almost the Fourier transform; I'm including the x so that it resembles the FBI
transform. Note that with ¢(y,z,&) := (z — y)§ we have ¢ = 0 for y = z, and we have
¢, = —&. However, we no longer have the Gaussian property (6.2).

Suppose that u is both compactly supported and analytic (!). By that same contour
deformation, y — y — iex(y)¢, we find that |F(x, & h)| < Coe /M,

Now suppose that u is compactly supported and that |F(z, &; h)| < Coe=%"/". Then by
Fourier inversion we have

u(z) = (27Th)_”/F(x,§; h) d¢.
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By the hypothesis on F', we can differentiate under the integral sign, even for z in a
complex neighborhood of “zy”:

Ju(2)| < Coo(2h) ™" / o) €/-CE i g

and by the hypothesis on F' this is fine for |£| large. Hence u is analytic.

Of course, in all of this I was sloppy, assuming u to be compactly supported when I
needed it and analytic when I needed it. I really need to take u to be analytic near x,
and then use a cutoff function to localize to the set where u is analytic. So I would really
want to study

Fy(x,& h) = / e (y)uly) dy.

But for this definition to be independent of x (modulo exponentially decreasing terms),
I need the Gaussian factor. This is the reason for the condition (6.2). That is, the main
feature of the FBI transform seems to be that it allows cutoff functions when working
modulo exponentially decreasing terms.

If/when teaching a class on this, maybe pose this as a thought exercise for the students:
“Does the same argument hold for the Fourier transform?”

7. THE FBI TRANSFORM

Example 7.1. The basic example of a Bargmann-FBI transform: Let
. 1
(20:90) = (o — im0, 90) ~ and  (z,y) = (2 —y)”

Writing 2z = z — £, we have

o1(z) = 56— (2= y))

This has a maximum at y(z) = z, so ®(z) = 3£%. The mapping in Lemma 7.1 is then the
trivial map

Z:ZL‘—ZgH (17,5)
Say a = 1 and say u € &’ (so that we don’t need a cutoff function). Then the corresponding
Bargmann-FBI transform is

Tu(z: h) = €6/ / === 2hy () o

There seems to be an inconsistency between the choice of phase in Definition 6.1 and
in (7.4). I feel like the signs are different in (6.1) and (7.1), since there’s that blasted
complex conjugation in Definition 6.1. Basic question: What is the relationship between
W F,(u) and WF,(q).

After Lemma 7.1:

Claim 7.2. T,(I'y) = {t, € C"; p, t, € R"}.
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Proof. For © € C" near xy we have V 1 (z,y(x)) = 0; that is,
Op Op
0P . R",
TRey DY) =5 (@ y() €
Let v(s) be a curve in I'y. Then

— : ,
(@O ER Y

where v(0) = x.
For the opposite inclusion, we use Lemma 7.1. 0

Claim 7.3. ®(z) > ¢1(x,y) + Cd(x,Ty)?, for C > 0. (Recall: in this expression, y € R";
after all, T, is only defined for y € R™.)

Proof. We know that g—‘;(x,y(a:)), y, and y(z) are all real. Also, Im ¢y, (7, y(z)) > 0, so
Im (p(z,y) — ¢(z,y(x))) > Coly — y(x))*.
Moreover, it is clear from the picture that
(y —y(@))? = d(x,T,)*.
To be precise, let g € I'y, be such that
|z — x| = d(z,Ty).
But then
Jdy
y(x) = y(xo) + %(xo)(l" —Zo) + ...

Since g—g(xo) is not orthogonal to (z — z¢) (in fact, it’s probably parallel-just look at the
picture), we are done. O

In Proposition 7.2, at first it looks odd that we're saying “(y(z1),n(x1)) ¢ WEF,(u),”
whereas we're considering T'u at 1 (see also Definition 6.1). But really it makes sense: we
want W F,(u) to live in u’s world, and we want to determine it by measuring in 7'u’s world.
And T can be viewed as a Fourier integral operator with associated complex canonical
transformation x (defined above (7.4)). That is, zo and (yo,70) are as in Lemma 7.1, so
x1 — (y(x1),n(z1)) is part of the diffecomorphism (between spaces of real dimension 2n)
in Lemma 7.1. But now we extend to a complez neighborhood of (yg,70) and even add
“directions” on the z-side. We now define it in the other direction (no big deal):

Iy Oy
k: (y, ay) — (z, &E).
It is now a local complex canonical diffeomorphism between spaces of real dimension 4n.
If we restrict to the real domain, it is a diffeomorphism onto the z-space (i.e. the first
component), as we saw in Lemma 7.1. In particular, on the real domain it just says

(0a1), =55 (o) = (plan) ) = (o0, 5 50 ).

In Snowbird, someone asked me why we have the weight in the definition of W F,. At
the time, thinking on my feet, I spoke about the FBI transform being a unitary operator
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on L? and the Bargmann transform being a unitary operator on that weighted L? space.
But also keep in mind that

(2mh)"/? / e~ (ai€=)2/2) gy, _

for any € R" and any £ € R" (in fact, also for any £ € C").

[ —t

After Proposition 7.2, the idea seems to be: We can’t expect v = STu (anyway, “=
here is meaningless, since u € D’), but at least we can get Tu = T'STu.

Re: (7.5): If the integral is over R, we’ve got serious problems, since

—i(—ip1(2,y) +1®(2)) = B(x) — @1 (2,y).
So we need to pick a contour that is as good as possible. However, even I', might not be
a good contour—it might not give exponential decrease away from the saddle point. But
it is good if instead we act on Hy, where ¥ < ®, W(zo) = $(z0), and V¥ (z0)|p,, <
V2®(xzg)|r,,. After all, ¥ < & and ¥(xzg) = ®(xo) imply that W(zg) = '(z0), by
considering Taylor series, and then

U(z) - (x) = %(‘I’”(wo) — @"(x0)) (2 — 0)* + O((z — x0)°).

Then
/ il y) U @) /g @)y
r

Yo

is well-defined.

The issue now is to extend the definition of T'S (and not S—remember, that was bad
on Hg) to Hp — Hy.

Before Prop. 7.4 it is correct as written: (T'S)u ~ u in HY¥¢(X). That is, he’s talking
about the special case when T =T

The main point of Prop. 7.4 is that we are acting on D'(Y’) now...

After Lemma 7.5: The critical point of y — ¢y(x,y) — ®(x) is y = y(z) with critical
value zero. The critical point of

y = iz, y) +9ly) — o(x)
is, by definition, y = g(z), with critical value ¢*(x) — ®(z), again by definition.

APPENDIX A. ADDITIONAL COMMENTS

The real heart of the book seems to be Sections 4, 5, and 6.

The main use of plurisubharmonicity seems to be in using Lemma 3.2 (hence also
(4.13'), (4.15), etc.). Moral: If we follow the critical point, it remains a saddle.
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Don’t forget that if ¢ is holomorphic then

dp 1 Oy
9z i0lmz’
I hope I never omitted the ¢ anywhere... I only remember writing
dp Oy
9z ORez’
which of course is ok.
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