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In this handout we summarize the work of Iagolnitzer [1], [2] and consider how
it relates to our previous papers [4], [5]. Iagolnitzer proved certain microlocal
exponentially decreasing upper bounds in the framework of axiomatic quantum
field theory, with concrete estimates on the rate of exponential decrease. To prove
such estimates, we include a general exposition of the theory.

1. The Wightman Axioms

Our quantum field theory will simply consist of a single (“neutral”, bosonic,
scalar) field acting on a separable Hilbert space H of physical states. What we call
a “field” is an operator-valued tempered distribution A, and the corresponding test
functions are [Schwartz] functions of d-dimensional Minkowski space-time. Working
in Minkowski space-time, we use the notation:

p2 = p2
0 −

d−1∑

k=1

p2
k ≡ p2

0 − p2, and

|p|2 = p2
0 + p2.

With these as our basic objects, we assume the Wightman axioms:

1: Assumptions of Relativistic Quantum Theory. The rela-
tivistic transformation law of the states is given by a continuous
unitary representation U in H of the Poincaré group (the inhomo-
geneous SL(2,C)), which associates to each element g = (a, Λ) of
this group a unitary operator U(g) in H.

Since U(a, 1) is unitary it can be written as exp(iPµaµ), where
Pµ is an unbounded hermitian operator, interpreted as the energy-
momentum operator of the theory. The operator PµPµ = m2

is interpreted as the square of the mass. The eigenvalues of Pµ

(comprising the so-called “physical spectrum”) lie in or on the
forward light cone

V + := {p; p2 = p2
0 − p2 ≥ 0, p0 ≥ 0}.

There is an invariant state, called the vacuum, Ω:

U(g)Ω = Ω

unique up to a constant phase factor.
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2: Assumptions about the Domain and Continuity of the
Field. For each test function f ∈ S, defined on space-time, the
operator A(f) and its adjoint A(f)∗ are defined on a domain D of
vectors, dense in H. Furthermore, D is a linear set containing Ω,
and the operators U(g), A(f), and A(f)∗ carry vectors in D into
vectors in D.

If Φ, Ψ ∈ D, then 〈Φ|A(f)|Ψ〉 is a tempered distribution, re-
garded as a functional of f .

3: Transformation Law of the Field. The equation

U(g)A(f)U(g)−1 = A(fg)

is valid when each side is applied to any vector in D. Here

fg(x) = f(g−1(x)), g(x) = Λx + a.

This transformation law is especially simple because we are only
considering A to be a scalar field.

4: Local Commutativity, sometimes called Microscopic Causal-
ity. If the support of f and the support of g are space-like separated–
that is, if f(x)g(y) = 0 for all pairs of points such that (x−y)2 ≥ 0–
then

[A(f), A(g)] = 0

whenever the left-hand side is applied to any vector in D. We are
taking the commutator instead of the anticommutator because we
are only considering a single bosonic field.

And as a substitute for the assumption of canonical commuta-
tion relations, we assume:

5: Cyclicity.The subspace of states generated by vectors A(f1) · · ·A(fn)Ω
is dense in H.

These axioms alone do not give life to “particles”. For this, we
will assume:

6: The One-Mass (µ > 0) Spectral Condition. The mass spec-
trum is contained in the union of the origin, the hyperboloid H+(µ) :=
{p; p2 = µ2, p0 > 0}, and V +(2µ) := {p; p2 ≥ (2µ)2, p0 > 0}.

We need the mass spectrum to contain the whole continuum [2µ,∞) (corre-
sponding to masses of multiparticle states) in order to have the physical spectrum
be closed under addition, as the following lemma shows.

Lemma 1. H+(µ) ∪ V +(2µ) is closed under addition.
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Proof. To show that H+(µ) + H+(µ) ⊂ V +(2µ), it clearly suffices to show that

p2 = q2 = 1 ⇒ (p + q)2 ≥ 4.

But this is easy to check:

{(p + q)2 ≥ 4} ⇔ {p and q are space-like separated}.
And it is easy to see geometrically that

{p, q ∈ H+(µ)} ⇐ {p− q is space-like}.
It is also easy to see geometrically that

H+(µ) + V +(2µ) ⊂ V +(2µ) and V +(2µ) + V +(2µ) ⊂ V +(2µ).

¤

We now give a lemma which will play the essential role of creating support
properties from the spectral condition.

Lemma 2. For any states Φ and Ψ, we have
∫

e−ip·ada〈Φ|U(a, 1)Ψ〉 = 0

unless p belongs to the physical spectrum.

Proof. The usual (non-rigorous) way is to write an expansion over the [inter-
mediate] states of physical energy-momentum Q and some other quantum num-
bers α. To be precise, the eigenstates of the energy-momentum operator form
a complete orthonormal system in H, and the eigenvalues are all contained in
{0} ∪ H+(µ) ∪ V +(2µ); we label these eigenstates as |Qα〉, where Q is the eigen-
value and the α are some other quantum numbers that distinguish between different
eigenstates with the same eigenvalue Q. We may then give an expansion in terms
of these eigenstates:

∫
da e−ip·a〈Φ|U(a, 1)Ψ〉 =

∑
α

∫
dQ

∫
da e−i(p−Q)·a〈Φ|Qα〉〈Qα|Ψ〉

= (2π)d
∑
α

∫
dQ δ(Q− p)〈Φ|Qα〉〈Qα|Ψ〉,

since
〈Qα|U(a, 1)Ψ〉 = eiQ·a〈Qα|Ψ〉.

A rigorous proof is sketched in [3], using the SNAG (Stone, Naimark, Ambrose,
Godement) Theorem. ¤

That our assumptions give rise to “one-particle states” is made precise by the
following lemma:
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Lemma 3. Let f be a test function in x-space whose Fourier transform f̃ is a C∞

function of p = (p0,p) with support in a neighborhood of a point P of H+(µ) that
does not intersect the region V +(2µ) (and stays within the cone V +). Then A(f)Ω
depends only on the restriction f̂ of f̃ to the mass-shell hyperboloid H+(µ).

If A(f)Ω is non-zero, it is naturally interpreted as the free one-particle state |f̂〉
with wave function f̂ . More precisely,

A(f)Ω = const|f̂〉.
Proof. We will only give a non-rigorous argument; however, the reader may take
comfort in the fact that we will not use this lemma for anything.

Let f be a test function as in the statement, but with the additional condition
that f̃(p) = 0 for all p ∈ H+(µ). Then we are to show that

〈Φ|A(f)|Ω〉 = 0

for all physical states Φ.
We compute∫

e−ip·a〈Φ|A(f(· − a))|Ω〉da =
∫

e−ip·a〈Φ|U(a, 1)A(f)U(a, 1)−1|Ω〉da

=
∫

e−ip·a〈Φ|U(a, 1)A(f)|Ω〉da

= 0 if p /∈ {0} ∪H+(µ) ∪ V +(2µ),

where the last line follows from Lemma 2.
On the other hand, we have the formal argument∫

e−ip·aAx(f(x− a))da = f̃(p)Ax(e−ip·x)

so that ∫
e−ip·a〈Φ|Ax(f(x− a))|Ω〉da = f̃(p)〈Φ|Ax(e−ip·x)|Ω〉.

It follows that this quantity is zero in all cases. ¤

2. Connected Chronological Functions

Given a set of functions f1(x), f2(x1, x2), . . . , fN (x1, . . . , xN ), . . . , connected
functions (fN )c are defined inductively by the formulae:

f1(x) = (f1)c(x)

f2(x1, x2) = (f2)c(x1, x2) + (f1)c(x1)(f1)c(x2)

f3(x1, x2, x3) = (f3)c(x1, x2, x3) + (f2)c(x1, x2)(f1)c(x3) + (f2)c(x1, x3)(f1)c(x2)

(f2)c(x2, x3)(f1)c(x1) + (f1)c(x1)(f1)c(x2)(f1)c(x3),

and, more generally,

fN (x1, . . . , xN ) =
∑

π

k∏

j=1

fc(xπj ),

where the sum is over all partitions π of {1, . . . , N} into subsets π1, . . . , πk, k =
1, . . . , N .
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Now let T (x1, . . . , xN ) be the product of the time-ordered field operators A(x1),
. . ., A(xN ). That is, let

T (x1, . . . , xN ) = A(xπ(1)) . . . A(xπ(N)),

where π is a permutation of {1, . . . , N} such that (xπ(j))0 ≥ (xπ(j+1))0.
For a subset I of {1, . . . , N}, and x(I) = {xi}i∈I , we define T (x(I)) to be the

time-ordered product of the field operators {A(xi)}i∈I . Then we may define a
connected chronological function to be of the form

T (x1, . . . , xN ) = 〈Ω|T (x1, . . . , xN )|Ω〉c.
Moreover, for I again a subset of {1, . . . , N}, and J = {1, . . . , N}\I, we define

TI(x1, . . . , xN ) = 〈Ω|T (x(I))T (x(J))|Ω〉c.
We clearly have that

T (x1, . . . , xN ) = T (x(I))T (x(J)) if x(I) & x(J),

where x(I) & x(J) means that x(I) has no point of x(J) in its closed causal future.
Hence

(1) (T − TI)(x1, . . . , xN ) = 0 if x(I) & x(J).

We define the Fourier transform by

F̃ (p1, . . . , pN ) =
∫

exp{i
N∑

j=1

xjpj}F (x1, . . . , xN )dx1 · · · dxN .

Then the (one-mass) spectral condition gives the following support property:

Lemma 4. For N ≥ 2,

supp T̃I ⊂ {(p1, . . . , pN );
N∑

k=1

pk = 0 and pI ∈ H+(µ) ∪ V +(2µ)},

where pI :=
∑

i∈I pi.

Proof. For convenience we let

yk = xik
for k = 1, . . . , |I|,

yk+|I| = xjk
for k = 1, . . . , |J |,

and we let
W(y1, . . . , yN ) = 〈Ω|A(y1) · · ·A(yN )|Ω〉.

Then we are to show that

supp W̃c(p1, . . . , pN ) ⊂ {(p1, . . . , pN );
N∑

k=1

pk = 0 and
|I|∑

k=1

pk ∈ H+(µ) ∪ V +(2µ)}.

Say that

supp f ⊂ {p(J); pJ = 0 and pI∩J ∈ H+(µ) ∪ V +(2µ)}
and that

supp g ⊂ {p(K); pK = 0 and pI∩K ∈ H+(µ) ∪ V +(2µ)}
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for J ∩K = ∅. Then, since H+(µ) ∪ V +(2µ) is closed under addition,

supp (f ⊗ g) ⊂ {(p(J), p(K)); pJ∪K = 0 and pI∩(J∪K) ∈ H+(µ) ∪ V +(2µ)}.

So by induction it suffices to show that

(i) supp W̃(p1) ⊂ {p1 = 0} (that is, the case N = 1), and
(ii) supp W̃(p1, . . . , pN ) ⊂ {(p1, . . . , pN );

∑N
k=1 pk = 0 and

∑|I|
k=1 pk ∈

H+(µ) ∪ V +(2µ)}.

By Lemma 2, we have that
∫

eip1·ada 〈Ω|U(a, 1)A(y)|Ω〉 =
∫

eip1·ada 〈Ω|U(a, 1)A(y)U(a, 1)−1U(a, 1)Ω〉

=
∫

eip1·ada 〈Ω|A(y + a)|Ω〉

= W̃(p1)
= 0 unless p1 = 0,

which proves (i).

Now, to prove (ii), let

ξj = yj − yj+1 for j = 1, . . . , N − 1.

Since the vacuum is translation-invariant, there exists a tempered distribution W
such that

W (ξ1, . . . , ξN−1) = W(y1, . . . , yN ).

Moreover,

W̃(p1, . . . , pN )

=
∫

exp{i
N∑

k=1

ykpk}W(y1, . . . , yN )dy1 · · · dyN

=
∫

exp{i(y1 − y2)p1 + i(y2 − y3)(p1 + p2) + · · ·+ i(yN−1 − yN )(p1 + · · ·+ pN )}
exp{iyN (p1 + · · ·+ pN )}W(y1, . . . , yN )dy1 · · · dyN

=
∫

exp{iξ1p1 + iξ2(p1 + p2) + · · ·+ iξN−1(p1 + · · ·+ pN )}
exp{iyN (p1 + · · ·+ pN )}W (ξ1, . . . , ξN−1)dy1 · · · dyN

= (2π)dδ(p1 + · · ·+ pN )W̃ (p1, p1 + p2, . . . , p1 + · · ·+ pN−1).

So it suffices to show that

W̃ (q1, . . . , qN−1) = 0 if q|I| /∈ H+(µ) ∪ V +(2µ).
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Now we compute∫
eip·ada 〈Ω|A(y1) · · ·A(y|I|)U(−a, 1)A(y|I|+1) · · ·A(yN )|Ω〉

=
∫

eip·ada 〈Ω|A(y1 + a) · · ·A(y|I| + a)A(y|I|+1) · · ·A(yN )|Ω〉

=
∫

eip·adaW(y1 + a, y2 + a, . . . , y|I| + a, y|I|+1, . . . , yN )

=
∫

eip·adaW (y1 − y2, y2 − y3, . . . , y|I| − y|I|+1 + a,

y|I|+1 − y|I|+2, . . . , yN−1 − yN )

=
∫

eip·adaW (ξ1, . . . , ξ|I| + a, ξ|I|+1, . . . , ξN−1)

which, by Lemma 2, is equal to 0 unless p ∈ H+(µ)∪V +(2µ). This proves (ii). ¤

Macrocausality properties are described by exponential decay of T when applied
to test functions of the form

(2) ϕi,τ (xi) = const(γτ)−
d
2 exp{ipi · (xi − τui)} exp{−|xi − τui|2

4γτ
}

where the constant is chosen such that

ϕ̃i,τ (p′i) = exp{ip′i · τui)} exp{−γτ |p′i − pi|2}.
When the associated field operators are applied to the vacuum state, the resulting
state,

A(ϕi,τ )|Ω〉,
can be interpreted as asymptotic to a one-particle state, in the τ →∞ limit.

To precisely study such macrocausality properties, we present some general
mathematical results in the next section.

3. Mathematical Results

For a tempered distribution f , we let

f̃(p) =
∫

eix·pf(x)dx,

and define the generalized Fourier transform of f to be

F (x, p; γ) =
∫

f̃(p′)e−ip′·xe−γ|x||p′−p|2dp′,

defined for all γ > 0.
For the following theorem, let C be a cone with apex at the origin, let

d(x) := dist(x, {C),

and let
Ca := {x; d(x) ≥ a}.
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Moreover, let
da(x) := dist(x, {Ca),

and let x̂ := x
|x| .

Theorem 1. If f(x) = 0 in the cone C, then, given any ε > 0, F (x, p; γ) satisfies,
for x ∈ Cε,

|F (x, p; γ)| < [cε(γ|x|)− ν
2P(|x|, |p|,

√
γ|x|)] exp{−dε(x)2

4γ|x| }

where P is a polynomial and ν is an integer. Here dε(x) := (d(x̂)− ε
|x| )|x|.

Proof. First of all, we have the convolution formula

(3) (γ|x|)n
2 F (x, p; γ) =

∫
f(x′)eip·(x−x′)e−

|x−x′|2
4γ|x| dx′.

Since f is in general a tempered distribution (supported in {C), the equation
(3) is formally equal to

fx′

(
eip·(x−x′)− |x−x′|2

4γ|x|

)
.

Then, by the continuity property of tempered distributions, there are C, r, and s
such that ∣∣∣∣fx′

(
eip·(x−x′)− |x−x′|2

4γ|x|

)∣∣∣∣ ≤ C||eip·(x−·)− |x−·|24γ|x| ||r,s,

where
||g||r,s :=

∑

|k|≤r

∑

|`|≤s

sup
x
|xkD`g(x)|.

Hence, by direct computation, after fixing some δ > 0,

|(γ|x|)n
2 F (x, p; γ)| ≤ C(γ|x|)−νP(|x|, γ|x|, |p|)e−

|x−x0|2
4γ|x|

for some x0 such that
|x− x0| ≥ d(x)− δ.

Hence

|(γ|x|)n
2 F (x, p; γ)| ≤ C(γ|x|)−νP(|x|, γ|x|, |p|)e− |d(x)−δ|2

4γ|x| .

Since d(x) = |x|d(x̂), the theorem is proven by taking δ = ε. ¤

Remark 1. If f is a continuous function, we do not have to introduce cutoffs, so
then we may take ε = 0. Moreover, if f ∈ L1, then we have

|F | < const exp
{
−d(x̂)2

4γ
|x|

}
.
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Theorem 2. If f̃(p) = 0 in the ball S(P, r) := {p; |p−P | < r}, then, for all ε > 0,
F satisfies at P the estimate

(4) |F (x, P ; γ)| < [cε(γ|x|)− ν
2P(|x|,

√
γ|x|)] exp{−(1− ε)r2γ|x|}

for all γ > 0.

Proof. Again using the regularity property of tempered distributions (this time for
f̃), for any fixed ε > 0 there exists some p0 such that

|p0 − P | ≥ (1− ε)r

and such that
|F (x, P ; γ)| =

∣∣∣f̃p

(
e−ip·x−γ|x||p−P |2

)∣∣∣
≤ [whatever]e−γ|x||p0−P |2

≤ [whatever]e−γ|x|(1−ε)2r2
.

¤

Theorem 3. (a) If f = f ′ + f ′′, f ′(x) = 0 in a cone C and f̃ ′′(p) = 0 in S(P, r),
then F satisfies at P bounds of the form (4) in each direction x̂ of C if γ <
d(x̂)
2r . More generally, the rate of fall-off in each direction of C is at least equal (or

arbitrarily close) to inf
[

d(x̂)2

4γ , r2γ
]
, and, in particular, to 1

2rd(x̂) if γ = 1
2r d(x̂).

(b) Similarly, if f = f ′1 + f ′′1 = f ′2 + f ′′2 = · · · with f ′i(x) = 0 in a cone Ci and
f̃ ′′i (p) = 0 in S(P, ri), i = 1, 2, . . . , then F (x, P ; γ) decays exponentially in each
direction x̂ of ∪iCi. The rate of exponential fall-off is at least equal (or arbitrarily
close) to the “enveloping function” of

sup
i

{
inf

[
di(x̂)2

4γ
, r2

i γ

]}
.

Proof. This follows easily from Theorems 1 and 2. ¤

4. Macrocausality Properties of N-Point Functions

We define the causal set Σ as
Σ := {(u, p) ≡ (u1, . . . ,uN , p1, . . . , pN );

pk ∈ H+(µ) ∪ V +(2µ) ∀k,

N∑

k=1

pk = 0, and (C1) holds}

where the condition (C1) is:

(C1) Given any proper subset I of {1, . . . , N} such that u(I) con-
tains no other point uj , j /∈ I, in its closed future, then pI ∈
H+(µ) ∪ V +(2µ).
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The condition (C1) has a simple physical meaning in terms of collisions of par-
ticles. We take some proper subset I of {1, . . . , N} and consider the points u(I)
and energy-momenta p(I). We call a point (uk, pk) incoming if (pk)0 < 0 and out-
going if (pk)0 > 0. We then compare the incoming elements with index in I to the
outgoing elements with index in I.

The condition “u(I) contains no other point uj , j /∈ I, in its closed future” means
that, in the subsystem given by I, there are no “missing” outgoing points, although
there may be “missing” incoming points. Physically, we should have a net gain in
energy-momentum for this subsystem. If the incoming momenta are pi1 , . . . , pim

and the outgoing momenta are pim+1 , . . . , pim+n , we should have

−pi1 − · · · − pim < pim+1 + pim+n

in the sense that
pI =

∑

i∈I

pi ∈ H+(µ) ∪ V +(2µ).

That is, pI 6= 0 and is in the physical spectrum.
An easy special case is given in the following lemma:

Lemma 5. Let (u, P ) ∈ Σ. Then
(i) Each outgoing point uj is in the future cone of at least one in-
coming point, and

(ii) Each incoming point ui is in the past cone of at least one out-
going point.

Proof. For (i), we may take I = {1, . . . , N}\{j}. Then (C1) says

−pj = p1 + · · ·+ pj−1 + pj+1 + · · ·+ pN ∈ H+(µ) ∪ V +(2µ),

which gives a contradiction since by hypothesis (pj)0 > 0.
For (ii), we may simply take I = {i}. ¤

We now state the main result of this handout.

Theorem 4. (i) Given that test functions of the form (2), T ({ϕi,τ}) decays expo-
nentially, for any γ > 0, in the τ → ∞ limit, apart possibly from configurations
(u, p) ∈ Σ.

(ii) Given test functions of the form (2) and (u, p) /∈ Σ, the rate of exponential
fall-off in τ is at least equal (or arbitrarily close) to β(u, p; γ) for each γ > 0, where
β is strictly positive and is determined as follows. For each I(6= {1, . . . , N}), let
dI(u) be the distance from u to the set of points y such that y(I) contains other
points in its closed future, and let rI(p) denote the distance from p to the set of
points p′ such that

{∑N
i=1 p′i = 0

}
and {p′I ∈ H+(µ) ∪ V +(2µ)}. For each γ, let

βI(u, p; γ) = inf
[
dI(u)2

4γ
, r2

I (p)γ
]

.

Then
β(u, p; γ) = sup

I
βI(u, p; γ).
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If γ is chosen equal to dI(u)
2rI(p) for some I (such that dI(u) > 0, rI(p) > 0), then

β(u, p; γ) is at least equal (or arbitrarily close) to 1
2dI(u)rI(p).

Proof. It suffices to prove (ii). We take I(6= {1, . . . , N}), J = {1, . . . , N}\I, and
consider the sum

T = (T − TI) + TI .

We recall (1) and Lemma 4:

(T − TI)(u1, . . . , uN ) = 0 if u(I) & u(J)

and

T̃I(p1, . . . , pN ) = 0 if p1 + · · ·+ pN 6= 0 or if pI /∈ H+(µ) ∪ V +(2µ).

Then the result follows from using f = T , f ′ = T −TI , and f ′′ = TI in Theorem
3(b). ¤

5. Note to Reader

A few parts of this handout (especially the statements of some of the theorems)
are taken verbatim from the cited works of Iagolnitzer. Also, there are some minor
inconsistencies (a few unimportant wrong signs) that result, as usual, from the mul-
tiple conflicting conventions for the Fourier transform, etc. These inconsistencies
are also taken verbatim from the works cited.
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