Homework 2 Solutions

First a comment on last week’s homework, extra problem, part (B). An alert student pointed
out that the original algorithm finds the position of a duplicate element, not just its value,
and sorting the list first would appear not to allow for that.

A more complete solution would be: first copy the original list, keep one copy as is, and
sort the other. Next scan the sorted list for a duplicate value. Finally, if a duplicate value a
is found, scan the original list to find the first position where a occurs. Both scanning steps

take time O(n), so if the sorting takes time O(nlogn), then the overall running time is still
O(nlogn).

Now for this week’s solutions.

1.5 #42: First we’ll show (ii) implies (i). Assume that a < (a + b)/2. Multiplying both
sides by 2 and then subtracting a gives a < b. To show that (i) implies (ii), reverse these
steps: given a < b, add a to both sides and divide by 2. We can prove (iii) implies (i) and
(i) implies (iii) by a similar argument with a and b switched and the < sign reversed. Since
(i) & (ii) and (i) < (iii), we have proved that all three statements are equivalent.

1.6 #18 (a) No, (b) Yes, power set of {a}, (c¢) No, (d) Yes, power set of {a,b}.

2.4 #14: We need to figure out the exponents of 2 and 5 in the prime factorization of
100!. Of the numbers 1 through 100, twenty are divisible by 5, and four of these (25, 50, 75
and 100) are also divisible by 25. The sixteen numbers that are divisible by 5 but not by 25
contribute a factor 5! and the other four contribute 5%, for a total of 524

The exponent of 2 in the factorization is clearly greater than 24, since there are 50 even
numbers from 1 to 100. Therefore the largest power of 10 dividing 100! is controlled by the
exponent of 5, namely 24. So 100! written in decimal ends with 24 zeroes.

Just for fun, here it is exactly:

100! =9332621544394415268169923885626670049071596826438162146859296389
5217599993229915608941463976156518286253697920827223758251185210
916864000000000000000000000000

2.4 #20 (a) Add up the divisors: 1 +2+3=6,14+2+4+ 7+ 14 =28.

(b) Suppose that 2”7 — 1 prime. Then the expression n = 2P71(2P — 1) is the prime
factorization of n, and the divisors of n are all the numbers 2* for £ = 0,1,...,p — 1 and
2F(2P=1) for k = 0,1,...,p—2 (stopping at p — 2 here, since we don’t want to include n itself
among the divisors). The sum is

(I+2+4++22 D4+ (1+2+44 - +2073)(2° - 1).
Now using the identity 1 +2 44 4 --- 4+ 251 = 2% — 1, we can express the above sum as
(2P =1+ (2 =1)(2P 1) =271 (2" — 1) = n.

Note that the identity 1 +2 +4 + --- + 2871 = 2% — 1 is the special case of the identity in
problem 23, with a = 1.

2.4 #24 (a) 2" — 1 = 127 is prime (try dividing by all primes < 11).
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(b) 2°—1 = 511 is composite, by exercise 23. Specifically, it’s equal to (2°—1)(20+23+1) =
7-73.
(c) 21 — 1 = 2047 is equal to 23 - 89, so it’s composite.

2.4 #32: Factor into primes: 1000 = 235% and 625 = 5. Then gcd(1000, 625) = 5% = 125,
and 1em(1000, 625) = 235 = 5000. Check: 125 - 5000 = 625000 = 1000 - 625.

2.4 #50: 3,6,4,3,6,4,. ..
2.4 Extra problem: to find p from ¢ = f(p) we need to solve
¢q=3p+7 (mod 26)
for p in terms of ¢q. Subtracting 7 gives
3p=q—T,
and multiplying by 9, using 3-9 = 1, gives
p=9(¢—T7)=9¢+ 15 (mod 26)

The message BXP CHST VXU decrypts to YOU HAVE WON.



