Math 249 Algebraic Combinatorics Spring, 2004

Homework problems for Lecture 5

1. The following two identities are due to Gauss:
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(a) Interpret them combinatorially as partition identities.
(b) Prove them, either combinatorially (not so easy) or using Jacobi’s triple product
identity (see problems for Lecture 4).

2. Construct an involution ¢ on the set of all partitions with distinct parts, with the
following properties.

(i) For all A, |o(N\)| = |Al.

(ii) A is a fixed point of ¢ if and only if A = () or it has one of the forms A\ = (2k — 1,2k —
2,...,k)or A= (2k,2k—1,...,k+1).

(iii) For any other A, one obtains o(\) either by deleting the smallest part of A, say
A = k, and adding 1 to the k largest parts of what remains, or by subtracting 1 from each
of the k largest parts of A, and adding a new smallest part equal to k£ to what remains.

(iv) The parts to which +1 is added in (iii) are all consecutive.

From the existence of o satisfying (i) and (ii) and changing the number of parts of every
non-fixed point A by +1 as in (iii), deduce Euler’s pentagonal number theorem
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This proof is originally due to F. Franklin (Comptes Rendus 82, 1881).



