1. In the vector space Maxa(R), let S be the subspace consisting of symmetric matrices, and
let U be the subspace consisting of matrices A such that

(1t n4(})-0.
Find a basis of SN U.
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2. Show that if there exists an invertible matrix A € Mp,x,(R) such that AT = —A, then n
must be even (AT denotes the transpose of A).
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3. Let T: V — V be a linear transformation. Prove that W = N(T?) is an invariant
subspace for T, and that the restriction Ty of T' to W satisfies (Tw )% = 0.
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4. Let W, denote the subspace of P,(R) consisting of polynomials f(z) such that
f(1),f(2),..., f(k) are all equal to zero. Find dim(W,x), in terms of n and k. You will
probably need to consider the cases k < n 4 and k > n + 1 separately.
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5. (a) Find the real 3 x 3 matrix M such that M has eigenvectors

1 0 1
vy= 1], wvpo=1{1}, and v3= (1],
1 1 0

with corresponding eigenvalues A\; = 0, Ay = 1, A3 = —1.
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6. For which real numbers ¢ does the system of linear equations
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have a non-zero solution x? Justify your answer.
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7. Either diagonalize the matrix

or show that B is not diagonalizable.
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8. Use the Cayley-Hamilton Theorem to find real numbers a, b, ¢ such that A™! = al +bA +

cA?, where
1 2 -5
A=10 3 4 ).
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9. Using the standard inner product on R® in which the standard basis {ei,e2,es} is
orthonormal, find the orthogonal projection of the vector e; = (1,0,0) on the subspace

W = Span({(1, 1,1), (1,2,3)}).
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10. Let V be a finite-dimensional inner product space, and let {vy, ..., v,} be an orthonormal

basis of V. Let T: V — V be a linear operator such that 7% T = I, where T™ denotes the
adjoint of T. Prove that {T(v1),...,T(v,)} is an orthonormal basis of V.
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