Madn 110 - Tl 2868 — Hoduau,

1. (5 points each) Determine whether each of the following assertions is true or false. Give
a brief explanation for each answer (full proof is not required).

(a) If a linear transformation T': V' — W between finite-dimensional vector spaces is 1-to-1,

then dim(‘;z“ﬁmdﬁ:ig?- (+) =0, d-\m(V):MHT) ""} .\'L‘ iweusion lz"w‘e“'

Tru-&.
And  rewe(T)€dim(w) stwce RCTD €W,

(b) If V and W are finite-dimensional vector spaces such that dim(V) < dim(W), and
T:V — W is a linear transformation, then T is 1-to-1.

Fabe . A counbrepunple s T zem wap T R'=R" o asy VO,

(c) The set of vectors (z1,Zq, T3, z4) which satisfy z; = z4 and 7o = 73 is a subspace of R%.

True, Tie S‘w-«.v\ts%- reasow s T part @ % abe hue .

(d) The set of vectors in part (c) is the nullspace of a linear transformation from R* to some
vector space over R.

T . TH ke walipee o T: R 2R difaed by
T, ¥Xa, ¥, %)) = (X, XomXg ). (T easy o chack flad T 55
Linzewr, Yt you weedl wot do o b g Ll et o e pm‘v‘w«)

(e) The set of vectors in part (c) is the nullspace of a linear transformation from R* to R (in
other words, a linear functional).

Tolse. Sina T i pord @ 5 o, H las vmal()=2, and feanefore
i, wﬁ.\lscuu.l ol & W ot o wdwvi (e, Uas Awgusion 2. RByb
e mlbgaue{ Oy Liwtas StiR¥ =R lus  ciwewsin 22 by diveusion
“+aenem -

(f) Q™ is a subspace of the vector space R™ over R. (Q denotes the field of rational numbers.)

Talse, Nob closed under scalbr wulbiplication by rakioel scaless

(g) Q™ is a subdapce of R™ considered as a vector space over Q (with the usual addition, and

multiplication by rational scalars).

True . Cuw/«“ cloged wnder c\auikwl amQ cbseoo LV\AQM’ ;cc..lar

W u‘v(ﬁca“W\ Satn (&%, 0%) €@ f a.wd ol % an
rakoned



2. Let S be the following subset of P(R):
S = {f(&) = a°+ 3%, gla) =25 +2, h(z) =%, j(z) = 2* — 2}

(a) (30 points) Find a subset of S which is a basis of Span(S) and prove that your answer is
correct.

Tue 4% Moree \709S;\1La et answers aw; S»\M‘ WM‘SJ'\“«? .,&_
hix) ol o elowendty, b ‘z.CQL),S(m,J'(m&_ TU prove s

Rz § 46400, W G 1 & beis. T prock Lor B ofwar louses
;r:\:'a Shoo  Spom (8) = Span(s).  Guee BES, SPM(‘B)C-SPM\(;%
ol o \wv\r{ SPM(S)QQ‘)M(JS)’ Cinte S‘DM(\B) s Gi:ufSl‘);::i (‘S‘
ewough to provt S & Span(m). T we ouly need k& j
% w Spen(®) wiick s fue because

joo = ‘F(x)-g()t—) .
Now we'l Show B s 9)"2.04{4} M&,}m'\‘ Suﬂme 6, b, ¢ we

9 M S’v\b\'\ '\’L\ﬂ;\' i
“ &_((,q-\-\gg(x) +cwlx) =0

(:&.Mhulxﬂ Y yo(,-)wwtois), Ty Lefh Aaed il s
(a+b)d X% v ex? +ax® +2b .
Fr W b Wk Yee O PoL«)WaQ we s Jae a=b=c=0,

(b) (5 points) Find dim(Span(S)).

dim (Spaun($7) = \®) =3,



3. (30 points) Let T: V' — W be a linear transformation. Prove that if T is 1-to-1, and
v1,...,V € V are linearly independent, then T'(v;),...,T(v) are linearly independent.

SU‘("’OS‘ 6, TOWO +a, T D)« o+ & T 7O

Qe T o Qiwewr, te Reft -wewd sdo 0 Q.Tua( o
Tlay, + 6V, ... o) .

Since U is A- {—0'\/ Ao facd b Ay b @ luﬂ?\ib

AV, * AV % - SR LW 20 .
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