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Abstract

We prove the Extended Delta Conjecture of Haglund, Remmel, and Wilson, a combinatorial formula
for A;“A/ek en, where A}, and Ayp, are Macdonald eigenoperators and ey is an elementary symmetric
function. We actually prove a stronger identity of infinite series of GLy, characters expressed in terms
of LLT series. This is achieved through new results in the theory of the Schiffmann algebra and its
action on the algebra of symmetric functions.
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1. Introduction

We prove the Extended Delta Conjecture of Haglund, Remmel and Wilson [I4] by adapting
methods from our work in [2] on a generalized Shuffle Theorem and proving new results about
the action of the elliptic Hall algebra on symmetric functions. As in [2], we reformulate the
conjecture as the polynomial truncation of an identity of infinite series of GL,, characters,
expressed in terms of LLT series. We then prove the stronger infinite series identity using a
Cauchy identity for non-symmetric Hall-Littlewood polynomials.

The conjecture stemmed from studies of the diagonal coinvariant algebra DR,, in two sets
of n variables, whose character as a doubly graded S,, module has remarkable links with
both classical combinatorial enumeration and the theory of Macdonald polynomials. It was
shown in [I7] that this character is neatly given by the formula A _ e,, where e, is the n-th
elementary symmetric function, and for any symmetric function f, A} is a certain eigenoperator
on Macdonald polynomials whose eigenvalues depend on f.

The Shuffle Theorem, conjectured in [I3] and proven by Carlsson and Mellit in [4], gives a
combinatorial expression for A} _ e, in terms of Dyck paths—that is, lattice paths from (0,7n)
to (n,0) that lie weakly below the line segment connecting these two points.

An expanded investigation led Haglund, Remmel and Wilson [14] to the Delta Conjecture,
a combinatorial prediction for A ey, for all 0 < k < n. This led to a flurry of activity
(e.g. [0, M1 14} 15 16l 2T 22] 23] IEL 28]), including a conjecture by Zabrocki [27] that A e,
captures the character of the super-diagonal coinvariant ring SDR,,, a deformation of DR,,
involving the addition of a set of anti-commuting variables.

The Delta Conjecture has been extended in two directions. One gives a Compositional
generalization, recently proved by D’Adderio and Mellit [7]. The other involves a second
eigenoperator Ay, where h; is the [-th homogeneous symmetric function. The Extended Delta
Congecture [14, Conjecture 7.4] is, for { > 0 and 1 < k < n,

Ay, A;k en = <Zn7k> Z qdinv(P)tarea()\):L,wt+(P) H <1 + thri()\))’ (1)
/\GDn_H 7 7'1',()\)=7‘1'71()\)+1
PeLnJrl,l()\)

in which A is a Dyck path and P is a certain type of labelling of A (see § [2] for full definitions).
D’Adderio, Iraci and Wyngaerd proved the Schroder case and the t = 0 specialization of the
conjecture [5, 6]; Qiu and Wilson [21I] reformulated the conjecture and established the ¢ = 0
specialization as well.

Let us briefly outline the steps by which we prove (1.

Feigin—Tsymbaliuk [§] and Schiffmann—Vasserot [25] constructed an action of the elliptic Hall
algebra & of Burban and Schiffmann [3] on the algebra of symmetric functions. The operators
Ay and A} are part of the £ action. In Theorem {.4.1} we use this to reformulate the left hand
side of as the polynomial part of an explicit infinite series of virtual GL,,, characters with
coefficients in Q(g,t). The proof of Theorem relies on a symmetry (Proposition
between distinguished elements of £ introduced by Negut [19] and their transposes.
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In Theorem [5.1.1] we also reformulate the right hand side of (1] as the polynomial part of an
infinite series, in this case expressed in terms of the LLT series introduced by Grojnowski and
Haiman in [12]. This given, we ultimately arrive at Theorem an identity of infinite series
of GL,,, characters which implies the Extended Delta Conjecture by taking the polynomial part
on each side.

Although the Extended Delta Conjecture and the Compositional Delta Conjecture both
imply the Delta Conjecture, they generalize it in different directions and our methods are
quite different from those of D’Adderio and Mellit. It would be interesting to know whether a
common generalization is possible.

2. The Extended Delta Conjecture

The Extended Delta Conjecture equates a “symmetric function side,” involving the action of
a Macdonald operator on an elementary symmetric function, with a “combinatorial side.” We
begin by recalling the definitions of these two quantities.

2.1. Symmetric function side

Integer partitions are written A = (A; > -+ > );), sometimes with trailing zeroes allowed. We
set [A\| = A1+ -+ Ay and let £(A\) be the number of non-zero parts. We identify a partition A
with its French style Ferrers shape, the set of lattice squares (or bozes) with northeast corner
in the set

{(6,7) |1 <5 <lN), 1<i< A} 2)
The shape generator of A is the polynomial

Ba(g,t)= Y ¢ ' (3)

(2,7)EX

Let A = Ax(X) be the algebra of symmetric functions in an infinite alphabet of variables X =
Z1,T2, ..., with coefficients in the field k = Q(g,t). We follow the notation of Macdonald [I§]
for the graded bases of A. Basis elements are indexed by a partition A and have homogeneous
degree |A|. Examples include the elementary symmetric functions ey = ey, ---ey,, complete
homogeneous symmetric functions hy = hy, --- hy,, power-sums px = px, - - - Px,, monomial
symmetric functions my, and Schur functions s).

As is conventional, w: A — A denotes the k-algebra involution defined by wsy = sy, where
A* denotes the transpose of A, and (—, —) denotes the symmetric bilinear inner product such
that (sx, su) = 0 .-

The basis of modified Macdonald polynomials, H 1(X;q,t), is defined [9] from the integral
form Macdonald polynomials J,(X;q,t) of [18] using the device of plethystic evaluation. For
an expression A in terms of indeterminates, such as a polynomial, rational function, or formal
series, pi[A] is defined to be the result of substituting a* for every indeterminate a occurring
in A. We define f[A] for any f € A by substituting pi[A] for pi in the expression for f as a
polynomial in the power-sums py, so that f — f[A] is a homomorphism. The variables ¢, ¢ from
our ground field k count as indeterminates. The modified Macdonald polynomials are defined
by

~ X
H,(X;q,t) = tn(M)Ju L_t_1§Q»tl] ) (4)
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where

n() = (i~ Vg )

K2

For any symmetric function f € A, let f[B] denote the eigenoperator on the basis {H u) of A
such that

f[B] H,U. = f[BH((Lt)} HIL . (6)

The left hand side of is expressed in the notation of [14], where Ay = f[B] and A’, =
fIB — 1]. Hence, the symmetric function side of the Extended Delta Conjecture is

hl [B]ekfl[B - 1]6n . (7)

2.2. The combinatorial side

The right hand side of the Extended Delta Conjecture (1)) is a combinatorial generating function
that counts labelled lattice paths.

Definition 2.2.1. A Dyck path is a south-east lattice path lying weakly below the line segment
connecting the points (0, N) and (N, 0). The set of such paths is denoted Dy. The staircase
path § is the Dyck path alternating between south and east steps.

Each A € Dy has area(\) = |§/\| defined to be the number of lattice squares lying above A
and below §. Let r;(\) be the area contribution from squares in the i-th row, numbered from
north to south; in other words, r; is the distance from the i-th south step of A to the i-th south
step of §. Note that

N
() =0, m\)<rioa(AN)+1 fori>1, and Y ri(A) =[5/)l. (8)

Definition 2.2.2. A labelling P = (Py,..., Py) € NV attaches a label in N = {0,1,...} to
each south step of A € Dy so that the labels increase from north to south along vertical runs
of south steps, as shown in Figure [T} The set of labellings is denoted by Ly ()), or simply L()).
Given 0 <[ < N, a partial labelling of A € Dy is a labelling where 0 occurs exactly [ times
and never on the run at = 0. We denote the set of these partial labellings by L ;(A).

Each labelling P € L()) is assigned a statistic dinv(P), defined to be the number of pairs
(i < j) such that either

rj(A) and P; < P; or
Tj(/\) +1and P; > P;.

—N—
333
PN
> >
S— —
([

The weight of a labelling P is defined so zero labels do not contribute, by

2V (P) — H Tp, . (10)
i€[N]: Pi#0
wt(P)

This is equivalent to letting zo =1 in x = [Liev 2P

The above defines the right hand side of (L)), with (2"~*) denoting the coefficient of z"~*.

Remark 2.2.3. In [I4], a Dyck path is a north-east lattice path lying weakly above the line
segment connecting (0,0) and (N, N), and labellings increase from south to north along vertical
runs. After reflecting the picture about a horizontal line, our conventions on paths, labellings,
and the definition of dinv(P) match those in [14]. Separately, [13] uses the same conventions
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1 T
1 1 0
3 2 1
4 3 2
0 4 2
3 ) 1
5 6 2
2 7 0
1 8 0
9 0
6 10 1
4 11 1
Jj 11109 8 7 6 5 4 3 2 1
G 2 21 210001 0

N —

Figure 1. A path A and partial labelling P € Lyy2(X), with area(\) = 10, dinv(P) = 15,
2%t (P) 2 2

= ?rxinirswe, and 2V = p2r?roxdadsas.

that we do for Dyck paths, but defines labellings to increase from south to north, and defines
dinv(P) with the inequalities in ([J)) reversed. However, since the sum

Z qdinv(P)xwt(P) (11)
PeL()\)

is a symmetric function [I3], it is unchanged if we reverse the ordering on labels, after which
the conventions in [I3] agree with those used here.

We prefer another slight modification based on the following lemma which was mentioned
in [I4] without details.

Lemma 2.2.4. For any Dyck path A € Dy, we have

[I ()= I areee®), (12)

1<i<N 1<i<N
ri(A)=ri—1(N\)+1 ci(A)=ci—1(A)+1

where ¢;(A) = r;(\*) is the contribution to |6/ from bozes in the i-th column, numbered from
right to left.

Proof. The condition r;(A\) = r;—1(\) + 1 means that A has consecutive south steps in rows
1 — 1 and ¢ with no intervening east step. Similarly, ¢;(A\) = ¢;—1(A) + 1 if and only if A has
consecutive east steps in columns ¢—1 and ¢ (numbered right to left). Consider the word formed
by listing the steps in A in the southeast direction from (0, N) to (N, 0), as shown here for the
example in Figure [T}

SSSESEESSEEESESESSESEE
|| 1 I

Treating south and east steps as left and right parentheses, each south step pairs with an east
step to its right, and we have r;(\) = ¢; () if the i-th south step (numbered left to right) pairs
with the j-th east step (numbered right to left). Furthermore, the leftmost member of each
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double south step pairs with the rightmost member of a double east step, as indicated in the
word displayed above.

Since each index ¢ — 1 such that 7;(A) = r;_1(\) + 1 pairs with an index j — 1 such that
¢j(A) = ¢j—1(A) + 1, we have

[ aesereey = [ aeers®o) )
1<i<N 1<j<N
ri(N)=ri_1 (A\)+1 ¢;(N)=c;_1(A\)+1

Now follows. O

Setting N = n+1 and m = k + [, the right hand side of , or the combinatorial side of
the Extended Delta Conjecture, is equal to

<ZN_m> Z t\é//\| qdinv(P) .’L‘Wt+(P) H (1 + Zt—c,;()\)) ) (14)
AeDy 1<i<N
PeLy (M) ci(N)=ci—1(N\)+1

3. Background on the Schiffmann algebra £

From work of Feigin and Tsymbaliuk [§] and Schiffmann and Vasserot [25], we know that
the operators f[B] in form part of an action of the elliptic Hall algebra £ of Burban and
Schiffmann [3, 24], or Schiffmann algebra for short, on the algebra of symmetric functions.
In [2], we used this action to express the symmetric function side of a generalized Shuffle
Theorem as the polynomial part of an explicit infinite series of GL; characters. Here we derive
a similar expression (Theorem for the symmetric function side of the Extended Delta
Conjecture.

For this purpose, we need a deeper study of the Schiffmann algebra than we did in [2],
where a fragment of the theory was enough. We start with a largely self-contained description
of £ and its action on A, although we occasionally refer to [2] for the restatements of results
from [3} 24} 25] in our notation, and for some proofs. A precise translation between our notation
and that of [3, 24, 25] can be found in [2 eq. (25)]. In the presentation of £ and its action
on A, we freely use plethystic substitution, defined in §2.1] Indeed, the ability to do so is a
principal reason why we prefer the notation used here to that in the foundational papers on
the Schiffmann algebra.

3.1. Description of &£

Let k = Q(q, 1), as in §2| The Schiffmann algebra £ is generated by a central Laurent polynomial
subalgebra F' = k[clil, cgtl] and a family of subalgebras Ap (X" ™) isomorphic to the algebra
of symmetric functions Ap(X) over F, one for each pair of coprime integers (m,n). These are
subject to defining relations spelled out below.

For any algebra A containing a copy of A, there is an adjoint action of A on A arising from
the Hopf algebra structure of A. Using two formal alphabets X and Y to distinguish between
the tensor factors in A ® A = A(X)A(Y), the coproduct and antipode for the Hopf algebra
structure are given by the plethystic substitutions

Af =fIX+Y] S(f) = fl=X]. (15)

The adjoint action of f € A on ¢ € A is then given by

(Adf)¢ = Zfi (gi, where f[X-Y]= Z_ Fi(X)g(Y), (16)
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since the formula on the right is another way to write (1® S)Af =", fi ® g;. More explicitly,
we have

(Adpn) ¢ =[pn,¢] and (Adh,)C= > (=1)*h;Cey. (17)

j+k=n
The last formula can be expressed for all n at once as a generating function identity
(AdQ[2X]) ¢ = QzX] ¢ Q-2 X], (18)
where

QX) =) ha(X). (19)

n=0
We fix notation for the quantities
M=(1-q-t), M=(1-(qt)"")M, (20)
which play a role in the presentation of £ and will be referred to again later.

3.1.1. Basic structure and symmetries
The algebra £ is Z? graded with the central subalgebra F in degree (0,0) and f(X™") in
degree (dm,dn) for f(X) of degree d in A(X).

The universal central extension SLy(Z) — SLa(Z) acts on the set of tuples
{(m,n,0) € (Z*>\ 0) x R | 6 is a value of arg(m + in)}, (21)

lifting the SLo(Z) action on pairs (m, n), with the central subgroup Z generated by the ‘rotation
by 27’ map (m,n,8) — (m,n,0+27). The group ng(\Z) acts on £ by k-algebra automorphisms,
compatibly with the action of SLy(Z) on the grading group Z?. Before giving the defining
relations of £, we specify how Sm) acts on the generators.

For each pair of coprime integers (m,n), we introduce a family of alphabets X,"", one for
each value 0 of arg(m + in), related by

Xyoo = ey X", (22)
We make the convention that X" without a subscript means X,"" with 6 € (—m, «]. For com-
parison, the implied convention in [2] is § € [—m, m). The subalgebra Ap(X™™) = Ap(X,"")
only depends on (m, n) and so does not depend on the choice of branch for the angle §. When we
refer to a subalgebra Ay (X™™), which does depend on the branch, the convention 6 € (—, 7]
applies. -

The SLy(Z) action is now given by p - f(X,"") = f(Xg,ll’”/) for f(X) € Ax(X) where
pE Sm) acts on the indexing data in by p-(m,n,0) = (m/,n,0"). Note that if m,n
are coprime, then so are m’,n’. The action on F factors through the action of SLy(Z) on the
group algebra k - Z2 = F. -

For instance, the ‘rotation by 27" element p € SLo(Z) fixes F, and has p - f(X,"") =
F(Xghh,) = flei* s Xy""]. Thus p coincides with multiplication by cfc in degree (r,s), and
automatically preserves all relations that respect the Z? grading.

We now turn to the defining relations of £. Apart from the relations implicit in F' =
k[cit!, ¢'] being central and each Az(X™") being isomorphic to Ap(X), these fall into three
families: Heisenberg relations, internal action relations and axis-crossing relations.
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3.1.2. Heisenberg relations
Each pair of subalgebras Ap(X™") and Ap(X~™~") in degrees along opposite rays in Z?
satisfy Heisenberg relations

—

[pe(Xy ™), p(X )] = Ok ke pr(ci'cy — 1)/ M], (23)

where M is given by . As an exercise, the reader can check, using , that the relations
in are consistent with swapping the roles of Ap(X™™) and Ap(X ™ ™).

3.1.3. Internal action relations

The internal action relations describe the adjoint action of each Ap(X™™) on £. For sim-
plicity, we write these relations, and also the axis-crossing relations below, with Ap(X1?)
distinguished. The full set of relations is understood to be given by closing the stated relations

o —

under the SLy(Z) action.
Bearing in mind that X™" means X,"" with § € (—m,n], the relations for the internal
action of Ap(X10) are:

(Ad f(XM) pr(X™!) = (wf)[z]‘zlC = p (XY -
(A SO pr(X™) = (] o> pu ()

3.1.4. Axis-crossing relations
Again distinguishing Ax(X %) and taking angles on the branch § € (—m, ], the final set of

relations is the closure under the SLo(Z) action of

Carn|—MXLO
[p1(XPh), pr(X*h)] = —M

fora+b > 0. (25)
M

More generally, rotating this relation by 7 determines [py (X®>™1), p1(X®1)] for a +b < 0, and
the Heisenberg relations determine it when a 4+ b = 0. Combining these gives

Carp[—MX10] a+b>0
[P (X5, P (X)) = == 41— e, at+b=0 (26)
—cilese_(ain[-MXTO] a+b<0.

3.1.5. Further remarks

Define upper and lower half subalgebras £%>° £%<0 C £ to be generated by the Az (X™") with
n > 0 or n < 0, respectively. Using the ng(\Z) image of the relations in , one can express
any ek[—]/\Z[\X’"’"] for n > 0 in terms of iterated commutators of the elements p;(X®1). This
shows that {p;(X%!) | a € Z} generates £*>° as an F-algebra. Similarly, {p; (X%~ 1) | a € Z}
generates £%<0.

The internal action relations give the adjoint action of Ap(X1?) on the space spanned by
{p1(X**") | @ € Z}. Using the formula (Ad f)(G1¢2) = >_((Ad f1))C1)((Ad f(2))¢2), where
Af =3 fa) ® f2) in Sweedler notation, this determines the adjoint action of Ap(XH9) on
%20 and £%<0. The Heisenberg relations give the adjoint action of Ax(X*%) on Ap(X~10),
while Ag(X10) acts trivially on itself, with (Ad f) g = f[1] g.

Together these determine the adjoint action of Ap(X!?) on the whole algebra £. By
symmetry, the same holds for the adjoint action of any Ap(X™").
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3.1.6. Anti-involution
One can check from the defining relations above that £ has a further symmetry given by an
involutory anti-automorphism (product reversing automorphism)

b: £ E

Blgler,e2)) = ezt 7)), DU = FXI ). &0

Note that @ is compatlble with reflecting degrees in Z?2 about the line z = y. Together with

SLQ( ) it generates a GLQ( ) action on & for which p € G‘LQ( ) is an anti-automorphism if
det

GLQ( ) = GL2(Z) = {£1} sends p to —1.
3.2. Action of £ on A

We write f® for the operator of multiplication by a function f to better distinguish between
operator expressions such as (wf)® and w - f*. For f a symmetric function, f* denotes the
(—, —) adjoint of f°.

Here and again later on, we use an overbar to indicate inverting the variables in any
expression; for example

M=Q1-q¢H1-t). (28)

We extend the notation in @ accordingly, setting

FIBI Hy = f[Bulg™",t™ )] Hy. (29)
Proposition 3.2.1 (|2, Prop 3.3.1]). There is an action of £ on A characterized uniquely by
the following properties.
(i) The central parameters c¢1,ce act as scalars
e 1, epe (gt)h (30)
(i) The subalgebras Ay (XT10) act as
FXM) = (wh)[B -1/M],  f(X™H) = (wf)[1/M - B]. (31)
(i4i) The subalgebras Ay (X)) act as
FXOY) = fl=X/M)T, f(XOTY) = (X (32)
We will make particular use of operators representing the action on A of elements p; (X%1)

and p;(X1%) in £. For the first we need the operator V, defined in [1] as an eigenoperator on
the modified Macdonald basis by

Vi, = "W, (33)

where n(u) is given by and p* denotes the transpose partition.
For the second, we introduce the doubly infinite generating series

D(2) = wQ[z 7' X]*(wQ[-2M X)) *, (34)

where Q(X) is given by (19).
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Definition 3.2.2. For a € Z, we define operators on A = Ax(X):

B, = Ve (X)* VO, (35)
= (2~

The operators D, are the same as in [2] and differ by a sign (—1)® from those in [II, [10].

Proposition 3.2.3. In the action of £ on A given by Proposition|3.2.1|:
(i) the element p1[—M XY = —Mpy(X1?) € € acts as the operator D,;
(ii) the element py[—M X %] = —Mpi(X*t) € € acts as the operator E,.

Proof. Part () is proven in [2, Prop 3.3.4].

By (32), p1[-MX%!] acts on A as multiplication by pi[X] = e;(X). It was shown in [2,
Lemma 3.4.1] that the actlon of £ on A satisfies the symmetry Vf(X™") V=1 = f(X™mFnn),
More generally, this implies Vf(X™")V~¢ = f(X™Te") for every integer a. Hence,
p1[—MX%1] acts as Vop, [~ MXOV =0 = Vae, (X)* Vo 0

3.3. GL; characters and the shuffle algebra

As usual, the weight lattice of GL; is Z!, with Weyl group W = S; permuting the coordinates.
A weight A is dominant if Ay > --- > A\;. A polynomial weight is a dominant weight A\ such that
A; > 0. In other words, polynomial weights of GL; are integer partitions of length at most [.

As in [2], §2.3, we identify the algebra of virtual GL; characters over k with the algebra of
symmetric Laurent polynomials k[:lcl e ,xlﬂ]sl. If A is a polynomial weight, the irreducible
character x) is equal to the Schur function sy (z1,. .., z;). Given a virtual GL; character f(z) =
f(x1,...,21) = >, eaX», the partial sum over polynomial weights A is a symmetric polynomial
in [ variables, which we denote by f(x)po (this is different from the polynomial terms of f(x)
considered as a Laurent polynomial). We use the same notation for infinite formal sums f(z)
of irreducible GL; characters, in which case f(z)po1 is a symmetric formal power series.

The Weyl symmetrization operator for GL; is

(@, m) = 3 w (M) . (37)

wES;

For dominant weights )\, the Weyl character formula can be written x» = o (z*). More generally,
if () = ¢(x1,...,x;) is a Laurent polynomial over any field k, then o(¢(z)) is a virtual GL;
character over k.

The Hall-Littlewood symmetrization operator is defined by

H.(¢(z)) =0 (Hm (fbix; w77) ) : (38)

If ¢(z) = ¢(x1,...,a1) is a rational function over a field k containing Q(q), then H! (¢(x))
is a symmetric rational function over k. If ¢(z) is a Laurent polynomial, we can also regard
Hé((i)(m)) as an infinite formal sum of GL; characters with coefficients in k, by interpreting the
factors 1/(1— qx;/z;) as geometric series 1 +qz;/x;+ (qx;/x;)* +---. We always understand
H! (¢(z)) in this sense when taking the polynomial part H (¢())pol-
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We also use the two-parameter symmetrization operator

H, ,(¢(x)) = H} | ¢(x) [ | (39)

i<J

(1—gqtaz;/x;) Y o) [[;,;(1 — qtai/z;)
(1 —twi/z)) [ic; (0= qai/z))( = taifx;) |

Again, if ¢(x) is a rational function over k = Q(q,t), then H! ,(¢(z)) is a symmetric rational
function over k, while if ¢(z) is a Laurent polynomial, or more generally a Laurent polynomial
times a rational function which has a power series expansion in the z;/x; for ¢ < j, we can also
interpret Hfl’t((b(x)) as an infinite formal sum of GL; characters, similarly to ([39). This series
interpretation always applies when taking HY, ,(¢(x))pol-

Fixing k = Q(q,t) once again, let T' = T'(k[2*!]) be the tensor algebra on the Laurent poly-
nomial ring in one variable, that is, the non-commutative polynomial algebra with generators
corresponding to the basis elements 2% of k[zT1] as a vector space. Identifying 7™ = T™ (k[2*1])

with k[zlﬂ7 ceey zil], the product in T is given by ‘concatenation,’
f-9=1Ff(z, ., 20)9(2s1, ., 26p0), for feT* geTh (40)

The Feigin-Tsymbaliuk shuffle algebra [§] is the quotient S = T'/I, where I is the graded two-
sided ideal whose degree | component I' C T' is the kernel of the symmetrization operator
Hfm in variables z1, ..., z;, as explained further in [2], §3.5].

Let €T C & be the subalgebra generated by the Ay(X™™) for m > 0. We leave out the
central subalgebra F', since the relations of £t (as we will see in a moment) do not depend on
the central parameters.

The image of £ under the anti-automorphism @ in is the subalgebra ®(E™) generated
by the Ax(X™™") for n > 0. Note that our convention § € (—m,n| when the subscript is
omitted yields ®(f(X™™)) = f(X™™) for Ax(X™™) C ET, since the branch cut is in the
third quadrant.

Schiffmann and Vasserot [25] proved the following result. See [2] §3.5] for more details on
the translation of their theorem into our notation.

Proposition 3.3.1 ([25, Theorem 10.1]). There is an algebra isomorphism : S — €' and an
anti-isomorphism ¢°° = ® o 1p: S — B(ET), given on the generators by (z%) = p1[—M X 19]
and Y°P(2%) = pr[-M X *'].

To be clear, on monomials in m variables, representing elements of tensor degree m in S,
the maps in Proposition are given by

= MX Ty [ M (41)
pr[—M X4y [~ M X (42)

<
N
N
=
©
S
3
N
I

<
)
B
—~
N
B
©
)
3
N
I

Later we will need the following formula for the action of ¥(¢(z)) on A(X).

Proposition 3.3.2 (|2, Proposition 3.5.2]). Let ¢(z) = ¢(z1,...,21) be a Laurent polynomial
representing an element of tensor degree | in S, and let { = (¢(2)) € ET be its image under
the map in (41)). With € acting on A as in Proposition we have

w(C- (1, 1) = Hy 1 (6(2))pol- (43)
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4. Schiffmann algebra reformulation of the symmetric function side
4.1. Distinguished elements D}, and F,

Negut [19] defined a family of distinguished elements Dy, € £, indexed by b € Z!, which in
the case [ = 1 reduce to the elements in Proposition i). Here a remarkable symmetry
between these elements and their images F, under the anti-involution ® will play a crucial
role. After defining the Negut elements, we derive this symmetry in Proposition [£.3.3] with the
help of a commutator formula of Negut [20].

Definition 4.1.1 (see also [2, §3.6]). Given b = (by,...,b;) € Z!, set

by by
Zl ...Zl

N . 44
¢(2) TS (1= qtzi/zi0) "

and let v(z) = v(21,...,2) be a Laurent polynomial satisfying H!, ,(v(z)) = H ;(#(2)). Such a
v(z) exists by [19, Proposition 6.1], and represents a well-defined element of the shuffle algebra
S. The Negut element Dy, and the transposed Negut element E,, where a = (by,...,b1) is the
reversed sequence of indices, are defined by

Dy = Dy, = (v(2)) € EF (45)

Ea= By = ®(Dy) = ¥ (u(2)) € B(ET). (46)

We should point out that, strictly speaking, the Negut elements in the case [ = 1 are defined
to be elements D, = p;[-MX"%] and E, = p;[-MX*1] of £, while in Definition we
used the notation D, and E, for operators on A. However, by Proposition these Negut

elements act as the operators with the same name, so no confusion should ensue.
Later we will use the following product formulas, which are immediate from Definition [£.1.1]

Dy, oty Doy = Doyby = @ Dy by +1,6040 1,00 (47)

As noted in §3.1.5} the internal action relations determine the action of Ax(X%!) on ®(£T).
Using the anti-isomorphism between ®(£7) and the shuffle algebra we can make this more
explicit.

Lemma 4.1.2. Let ¢(z) = ¢(z1,...,2,) be a Laurent polynomial representing an element of
tensor degree n in S. Then

(Ad F(X0)) Y (6(2)) = ¥P((Wf) (21, 20) - $(2)). (49)

As a particular consequence, we have

ai QAn
AdF(XYONE, o = ger (@G ozn) 2z ) 50
(Ad F(X*)E,, . TS — (50)
Proof. This follows immediately from the rule in §3.1.5|for Ad f acting on a product. O

4.2. Commutator identity

We use a formula for the commutator of elements D, and Dy, and a similar identity for E,
and Fy. This commutation relation was proved geometrically by Negut in [20], but to keep
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things self-contained, we provide an elementary algebraic proof. It is convenient to express the
formula using the notation

b S fi for a <b+1
Z#fi = ) (51)
i=a — Z?:_b-&-l f,L for a > b+ 1.

As a mnemonic device, note that both cases can be interpreted as Z;}ia fi— Zfib_H fi-

Proposition 4.2.1 ([20, Proposition 4.7]). For any a € Z and b = (by, ..., b)) € Z', we have

[Das D, bs,...00] = *MZ Z#Dbl, bimr ksatbi—kbig1, b (52)
i=lk=a+1

[Ebz .,ba, bl? = _MZ Z Ebl,,m biy1,a+b;i—k,kb; _1,...,b1+ (53)
i=lk=a+1

We will need the following lemma for the proof. The notation Q(X) is defined in (19). Since
plethystic substitution into (X)) is characterized by

Q[a1+a2+~-~—b1—b2—-~-] Hz((izzi (54)
we have
~ (I—gz)(1—tz) n M= :(l—z)(l—qtz)
R T T R R TS (%)
Lemma 4.2.2. For any f(z) = f(z1,...,2m) antisymmetric in z; and z;11, we have

Proof. The definition of Hg", and ( 55]) imply that

HR @M s/mnlf() = 3w (SO [ TI a-Ma/al|. 6D
e 7 G )

which vanishes since f(z) is antisymmetric in z; and z;4. O

Proof of Proposition[{.2-1l Identity for [Ey,,.. b, Eq] follows from by applying the
anti-homomorphism ®, so we only prove , which can be written

l b;
D, Dy — Dy Dy + MZ Z#Dbl:-~~7bi—17k;a+bi*k7bi+lwuabl =0. (58)
i=1 k=at1

Using Definition and the isomorphism ¥: S — £, we can prove by showing that a
rational function representing the left hand side is in the kernel of the symmetrization operator
Hfl‘H For this we can work directly with the rational functions ¢(z) in . there is no need
to replace them explicitly with Laurent polynomials having the same bymmetmzatlon
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Let ¢(z) be the function in for Dy, and set

R ;. 1lzb+1 Zzb-l-1
¢£Z :(2521,...721'_1727; 1ye-sRl4+1) = Z : . 59
() = ol * +) (L—qtzi1/ziy1) JI (L—qtz;/zj41) (59)
1<5<1
jEii—1
To prove , we want to show
l
'21 i Z:TZ g 1lzfzfj1b _szrQl : Zlb-lH
~ a 1= a
7 (sf6() - o )afs + M : )=0. @)
Hj:l(l —qtzj/zj41)
Since 2§ ¢(2;) — ¢(Zi41)2f,, is antisymmetric in z; and z;41, Lemma implies
l
ZHZJ,rtl (Q[M zi/zip1) (2 (%) — ¢(5¢+1)Z?+1)> =0 (61)
i=1

The first formula in is algebraically the same as

M
(1—2"Y)1—qtz)

After substituting this into , the linearity of HH'1 gives

QMz]=1-

! eyl
Héﬁl(z (Z (b Zz Zz—&-l)Z?.H M 2 QS(Z’L) ¢(Zi+1)zz+1 ))) —0. (62)

— (1= zit1/2:)(1 —qtzi/zipa
i=1
The terms z{¢(2;) — ¢(2iy1)zf,, telescope, reducing this to
!

1 a e 22 P(2;) — ¢(2ik1)2 _
Hqﬁ; <Z1 (b(Zl) - ¢(Zl+1)zl+1 M; 1- Zi+1/zi)(1 - thi/ZiH)) =0 (63)

If we use the convention zp = 0 and 212 = 00, collecting terms in z#¢(%;) and some further
algebra manipulations give

L a0(5) — d(zn) 28 I4+1
1)zt 1 1 .
> o e B e e Sl s v e | KA C)
2 (- En)(i—grz) — 2| .xl T R [Ty
S PN
L L A e
%¢@m SqEEL) (i) (- gt
B 141 (l—qtzl 1)(1_qtzzi1) (1—qtzzll)(1—qtzti;)
- g
i=1 Zi

Expanding the definition of ¢(%;) for each i yields

. b b bs b
28 p(2) (1 — qt zi—1/zi41) 211 T Ziillzz('lzi+1 214

(I—qtzi/z)(1—qtzi/zi) [T (1 —qtz/z)
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so that
. Zl Zb1 ) Z}»)i_l ) zé‘ziﬂ —Z; Zg+1 . §i+1 . Zbl
Z Z; f0(2i) — o(ziy1)z 7,a+1 o =171 1 1 —2i11/% 2 I+
= L=z /)1 - gt zi/zi40) ILoi (1 —qt2/z41)
l by bi—1 b # k a+bi—k bit1 b;
=i A (k ZH ZiZig1 ) “Zit2 R4
=a
= 1
[T;o (T —qtzi/zj41)

Identity follows by substituting this back into . O

4.3. Symmetry identity for Dy, and F,

Next we will prove an identity between certain instances of the Negut elements Dy, € £ and
transposed Negut elements E, € ®(ET). Before stating the identity we need to describe how
the indices a and b will correspond.

Definition 4.3.1. A south-east lattice path v from (0,7n) to (m,0), for positive integers m, n,
is admissible if it starts with a south step and ends with an east step; that is, v has a step
from (0,n) to (0,n — 1) and one from (m — 1,0) to (m,0). Define b(y) = (b1,...,bm) by
taking b; = (vertical run of y at z =i —1) for ¢ = 1,...,m and a(y) = (an,...,a1) with
aj = (horizontal run of y at y = j — 1) for j = 1,...,n. Set D, = Dy, and E, = Ey(,)

Note that if v* is the transpose of an admissible path v with b(y) = (b1, ..., bs) and a(y) =
(an,...,a1), as above, then a(y*) = (b, ...,b1) and b(v*) = (a1,...,ay), and E, = &(D,+).
Ezample 4.3.2. Paths v and v* below are both admissible. v is from (0,8) to (4,0) with
b(y) = (2,1,3,2) and a(vy) = (0,1,1,0,0,1,0,1), whereas v* is from (0,4) to (8,0) and has
a(y*) =(2,3,1,2) and b(vy*) = (1,0,1,0,0,1,1,0).

*

~y

Proposition 4.3.3. For every admissible path v we have D, = E,.

Proof. Let v be an admissible path v from (0,n) to (m,0), where m,n are positive integers.
We first establish the case when n = 1. In this case, E, = E, = p;[-MX"™'] and
D, = Digm-1. If m = 1, these are By = Dy = p;[-MX"!]. In general, implies E,, =
pr[—MX™1] = (Adp(XLO)"=Ip [-M X1 = (Adp(X10)™ 1Dy, while and the
commutator identity imply (Adpy (X*9))Dygr = [p1(X10), Dygr] = —(1/M)[Dy, D1gx] =
Digr+1, and therefore (Adpy (X+0))™"1Dy = Dygm-1.
Using the involution ®, we can deduce the m =1 case from the n =1 case:

D,y = Dn = q)(En) = q)(Dl,O"_l) = EO"_l,l = E’y. (64)
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For m,n > 1, we proceed by induction, assuming that the result holds for paths from (0,n’)
to (m/,0) when m’ <m and n’ <n and (m/,n') # (m,n).

For a given m,n, there are finitely many admissible paths 7, and thus a finite dimensional
space V of linear combinations Zﬂ{ ¢y D., involving these paths. Let VV/ C V denote the subspace
consisting of linear combinations which form the left hand side of a valid instance of the identity

Z cyDy = Z cyEy. (65)
v B!

Note that V' =V if and only if D, = E., for all the paths  in question.

We will use the induction hypothesis to construct enough instances of to reduce each
D., modulo V' to a scalar multiple of D., where 7 is the path with a south run from (0,n)
to (0,0) followed by an east run to (m,0). We will then prove one more instance of for
which the left hand side reduces to a non-zero scalar multiple of D.,, showing that V' = V.

Suppose now that v # 9. Then v contains an east step from (m; — 1, n2) to (mi,n2) and a
south step from (mq,ns) to (my,ng —1) for some my +ms = m and ny +ne = n. In particular,
v = v - n for shorter admissible paths v and 7, where v - n is defined to be the lattice path
obtained by placing v and 7 end to end; thus v - 7 traces a copy of v from (0,n1 + n2) to
(m1,n2) and then traces a copy of n from (my,nz) to (my + ms,0).

Define v/ = v -’ ) to be the admissible path obtained from v - by replacing the east-south
corner at (my,ng) with a south-east corner at (m; — 1,ng — 1); 4/ contains a south step from
(m1 —1,n2) to (m; — 1,n9 — 1) and an east step from (m; — 1,na — 1) to (mq,nge — 1).

The product formulas (47) and imply that the elements corresponding to the paths
constructed in this way satisfy

D,D, =D,., —qtD,., and E E, =E,,, —qtE,.,. (66)

By induction, D, = E, and D, = E,, so implies D, — ¢t D, = E, — qtE,.. In other
words, in terms of the space V' defined above, we have D, = ¢t D, (mod V’). Using this
repeatedly, we obtain D, = (¢ t)h(V)D,YO (mod V”) for every path ~, where h(v) is the area
enclosed by the path v and the x and y axes.

To complete the proof it suffices to establish one more identity of the form , for which
the congruences D, = (¢t)") D, (mod V') reduce the left hand side to a non-zero scalar
multiple of D.,.

We can assume by induction that D, gm-2 = Egn-1 ,,,_1, since this case has the same n and
a smaller m. Taking the commutator with p; (X1?) on both sides gives

1
- M[DO, D, gm-2] = [p1(X"°), D, gm-2] = (Adp1 (X)) Egn-1 1. (67)

Using on the left hand side and on the right hand side gives

n—1

n—1
Z D(nfk‘,k,()mfz) == Z E(0"717m71)+6n_)€ . (68)
k=0 k=0
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Now, for 1 < k < n — 1, we have D(,_j om-2) = Dy and FEn-1 _1)4c, , = E, for an
admissible path with h(y) = k, as displayed below.

This shows that is an instance of . The previous congruences reduce the left hand side
of to (14+qt+---+(qt)" ') D.,. Since the coefficient is non-zero, we have now established

a set of instances of whose left hand sides span V. 0O
Corollary 4.3.4. For any indices a1, .. .,a;, we have
Ea,,“.,ag,al 1= Eal,m,amo - L (69)

Proof. To rephrase, we are to show that Eg, . 4,4, - 1 does not depend on a;. The symmetry
FX™™) = f(X™F) of ®(ET) sends Eq,,. .y t0 Eqtr.. a+r. By [2, Lemma 3.4.1], the
action of € on A satisfies V" f(X™")V~" = f(X™+™ ") and since V(1) = 1, this gives
V"Eq,.....as,a1 * 1 = Egy4r....as+ra,+r - 1. Hence, we can reduce to the case that a; > 0 for all ¢.

By [2l Lemma 3.6.2], we have that Dy, 5, 0,01 is independent of the number of trailing
zeroes. In the case that b; > 0 for all i and b; > 0, this and Proposition [£:3:3] imply that
E,,.....a; -1 is independent of a1, provided that a; > 0 for all 7 and a; > 0. However, we already
saw that this suffices. O

4.4. Shuffling the symmetric function side of the Extended Delta Conjecture
We can now give the promised reformulation of .

Theorem 4.4.1. For 0 <l <m < N, we have

(@(uBlem-1-1[B — ew—0)) @i, . @) = I (6(2) 0 - (70)
where

P(z) = Hz(lxj ;;;,q/@mﬁl)h]\_m(xl, oo xm)e(Ta, . L), (71)
and e)(T2,. .., xm) = e(xyt, ... ;") by our convention on the use of the overbar.

Proof. For any symmetric function f set g(X) = (wf)[X + 1/M]; then gives an identity
in A for every ¢ € £

FIBIC-1=g(XM0)¢- 1= ((Adgmy (X)) Q) gia)(X™0) - 1, (72)

where g[X + Y] = 3 g1)(X)g(2)(Y) in Sweedler notation and we used the general formula
g¢ = > ((Adgu))C)gc). Since g[X +Y] = (wf)[X +Y +1/M], and h[B] -1 = h[0] - 1 for any
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h(X), the right hand side of is equal to

Y (Ad@f) @)X Q) (@ X0 +1/M] -1
=D (A @)X Q) @) [0]- 1 = (Ad (wfH(X"0))¢) - 1. (73)

Let n = N —[. Taking ( = E,,,.... o, and using , this gives

fIBlEa.,.....a1 - 1= f(zn,...,71)

r r1
Z2pt 21t o B antre,an+r 0 L (74)

By Corollary the right hand side is a function of f(z,...,22,1), since the substitution
for the monomial z* does not depend on the exponent ry. Expressing f(z,,...,22,1) as flz, +
-+ =+ z9 + 1] and then substituting f[X — 1] for f(X) yields

flB— 1]Ean,---,a1 A= flon+t 2|zt e Eaptrp,.astra,ar - 1 (75)

By [19, Proposition 6.7], Egn = ®(Dgn) = ®(e,[-M X)) = e,[-M X% (see also [2,
Proposition 3.6.1]).
Using , we therefore obtain

ex—1[B—1len, =ep_1[zn+ -+ 2] |2 252 = Ep 01

Y Ego-l= Y E,1-1, (76)

|I|=k—1 [|=k—1

where the sum is over subsets I C [n — 1] and e; = ), ;€;. The terms in the last sum are
just Equ,y - 1 for paths v from (0,n) to (k,0) with single east steps on any k — 1 chosen lines
y =j for j € [n — 1], and a final east step at y = 0. Denote the set of these admissible paths
by Pin. For instance, with n = 8 and k = 4, the path v in Example [£.3.2] corresponds to
E, = FEy1,1,00,1,0,1-

By 7 applying h;[B] to gives
hl[B]ek 1 Z Z Er+a(y) (77)

vEPkK,n reN"
[r|=l

This last expression is the sum of E, -1 over admissible paths v from (0, n) to (k+{,0), together
with a choice of k — 1 indices j € [n — 1] for which v has at least one east step on the line
y = j. We can consider these indices as distinguishing k& — 1 east-south corners in 7. However,
we can also distinguish these corners by their z coordinates, that is, by a set of kK — 1 indices
i € [k + 1 — 1] for which « has at least one south step on the line z = 4. Setting m = k + [ and
using Proposition this yields the identity

h[Blem—1-1[B—1len = > Dgymy—e, 1. (78)
seN™:[s|=n—k
IC[2,m],|I|=l
Now, since
Z ST mer — gy To - Tmhn—g(T1, ..., Tm)e(Te, .. Tm) (79)

seN™:[s|=n—k
IC[2,m] 1=t
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the definition of Dy, and Proposition [3.3.2] imply that

w< > DS+(1m,)_8I~1)(z1,...,xm)—H;"t(qﬁ(:c))pol (80)
seN™:|s|=n—k
IC[2,m],|I|=1

with ¢(z) given by (71| . O

Remark 4.4.2. For any b € Z™, [2], Corollary 3.7.2] gives that the Schur expansion of w(Dy, - 1)
involves only s)(X) with £(\) < m. Hence, although Theorem is a statement in m
variables, it determines w(fy[Blen,—i—1[B — 1lex—;) by (78).

5. Reformulation of the combinatorial side
5.1. Statement of the reformulation

We reformulate by explicitly extracting the coefficient of 2N ~™. The most natural form
of the resulting expression involves a generating function Ng/, for g-weighted tableaux rather
than partially labelled paths. For now, we work only with the tableau description of Ng/, but
in we will see that Ng/, is a truncation of an LLT series introduced by Grojnowski and
Haiman in [12].

The g-weight in our reformulation involves two auxiliary statistics: for n,7 € N define

d(an) = Z |[77j777j + Tj] n [777’7777" + 7 — ]-H ) (81)

1<j<r<m
with [a,b] = {a,...,b} and [b] = [1,b], and for a vector n of length n and I C [n], define
hi(n) = {(r <s):rels¢lne=mn+1}[, (82)

where (r < s) denotes a pair of positions (r,s) in n with 1 <r < s <n.
Our reformulation of is stated in the following theorem, proven at the end of this section.

Theorem 5.1.1. For 0 <l <m < N, we have

<ZN—m> Z t\é/z\\ H (1 + Zt_c'i()‘))qdinv(P)th+(P)
€D 1<i<N
PeLy ZN(,\) ci()\):C: 1(A)+1

= > > tRlgHOADTRIRQN G oy 1m) ) j@oyes) (X3 0) 5 (83)

JC[m—1] T (Oa)eNm
IJIl |T|=N-—m

where Ng,o 1s given by Definition below.

5.2. Definition of Ny,

For a, 3 € Z' such that a; < B; for all j, define 3/a to be the tuple of single row skew shapes
(B5)/(cj) such that the x coordinates of the right edges of boxes a in the j-th row are the
integers a; +1, ..., 3;. The boxes just outside the j-th row, adjacent to the left and right ends
of the row, then have = coordinates a;; and ;4 1. We consider these two boxes to be adjacent
to the ends of an empty row, with o; = 3;, as well.

Given a tuple of skew row shapes 3/«, three boxes (u,v,w) form a wy-triple when box v is
in row 7 of §/c, boxes u and w are in or adjacent to a row j with j > r, and the z-coordinates
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—00[0]6 oo
—00 OO
—00 ‘OO

Figure 2. For § = (12211123233), oo = (11000121220), there are hqy,(8/c) = 29 wo-triples in

B/a. The row strict tableau S of shape B/a has hy,(S) = 15 increasing wo-triples, x™+5)

riraxdnivsre, and 2V = p3xlroadadasus.

T, by, Iy Of these boxes satisfy i, = i, and i,, = i, + 1. These triples are a special case of o-
triples defined for any o € S; in [2]. We denote the number of wo-triples in 8/a by Ay, (8/).
The reader can verify that

Py (B ) = Z |[O‘r +1,8:]N [O‘jvﬁj” . (84)

r<j

For a totally ordered alphabet A, a row strict tableau of shape 8/« is a map S: §/a — A
that is strictly increasing on each row. The set of these maps is denoted by RST(8/«, A). For
convenience, given a, 8 € Z! with some a; > ;, we set RST(8/a, A) = @.

A wo-triple (u,v,w) is an increasing wo-triple in S if S(u) < S(v) < S(w), with the con-
vention that S(u) = —oo if u is adjacent to the left end of a row of §/a, and S(w) = oo if w
is adjacent to the right end of a row. Let h,, (S) be the number of increasing wy-triples in S.

For S € RST(8/a, N), define

2V+(5) — H TS(u) and "9 = H TS(u) - (85)
uep/a, S(u)#0 uep/a

Definition 5.2.1. For «, 8 € N™, define

Ngjo = Npja(X;9) = > go gt S) (86)
SeRST(B/a,Zx0)
Note that if a; > 8; for any j then Ng,, = 0 by our convention that RST(3/ca, A) = @.

Remark 5.2.2. It is shown in [2, Proposition 4.5.2] and its proof that, for a, 3 € N, wNg/, is
a symmetric function whose Schur expansion involves only sy where ¢(\) < m.
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5.3. Transforming the combinatorial side

To prove , we first associate each Dyck path with a tuple of row shapes recording vertical
runs.

Definition 5.3.1. The LLT data associated to a path A € Dy is
B=(1,c2N)+1,...,ex(A) +1) and a = (c2(N),...,en(A),0),

where ¢;(\) counts lattice squares between A and the line segment connecting (0, N) to (IV,0)
in column ¢, numbered from right to left, as in Lemma [2.2.4]

Figure 2 I shows the LLT data /3, @ associated to the path A in Figure|l] l Note that 8; (resp.
;) is the furthest (resp. closest) distance from the diagonal to the path A on the line © = N —i,
so that 8; — «; is the number of south steps of A on that line.

This association allows us to relate g-weighted sums over partial labellings to the Ng/q.

Lemma 5.3.2. For A € Dy and its associated LLT data «, 3, we have

Z qdinV(P) Wt+(P Z th( )N,B/(oz—‘,-sj)(X q) (87)

PeLy (M) Ig‘[l ll]
Il=

Proof. There is a natural weight-preserving bijection mapping P € Ly () to S € RST(8/a, N),
where the labels of column x = i of P, read north to south, are placed into row N — i of 8/«
west to east. See Figures and Moreover, dinv(P) = hy, (S). To see this, let P be the same
labelling as P but with the ordering on letters taken to be 0 > 1 > 2---. It is proven in [2]
Proposition 6.1.1] that dinvy (P) = hu, (S), where dinvy (P) was introduced in [I3] and matches
dinv(P) as discussed in Remark [2.2.3] The bijection restricts to a bijection from Ly ;()) to the
subset of tableaux S € RST(5/a, N) with exactly I 0’s, none in row N. This gives

Z qdinV(P)th+(P) — Z Z thtro(s)th+(S) X (88)

PeLn,1(N) IC[N—1] SERST(B/a,N)
[I|=1l 0 in rows i€l
The claim then follows from Definition and the following Lemma. O

Lemma 5.3.3. For a,3 € NV and S € RST(8/a,N), let I C [N] be the rows of S containing
a zero and let T be the tableau in RST(B/(a+ €1),Zs¢) obtained by deleting all zeros from S.
Then

hawg (T) = hayy (S) — hr(a), (89)

where hy(a) is defined in (82).

Proof. Consider an increasing wo-triple (u, v, w) of S; the entries satisfy S(u) < S(v) < S(w),
v lies in some row r, and both v and w lie in a row j > r. When r ¢ I, either j ¢ I so that
(u,v,w) is an increasing wo-triple of T with the same entries as S, or j € I and S(u) = 0

changes to T'(u) = —oo where still (u,v,w) is an increasing wo-triple of T. However, if r € I,
S(v) = 0 changes to T'(v) = —oo and thus (u,v,w) is not an increasing wp-triple of T. Note
the increasing condition implies that this happens only when j ¢ I and o, = o; — 1 since
S(u) <0< S(w). Thus follows. O
Definition 5.3.4. Given a = (ay,...,a,m-1) € N*tand 7 = (r1,...,7m) € N™, we define
two sequences far and ag,, of length |7| +m as follows.

The sequence S, is the concatenation of sequences (1,2,...,71 + 1) and (a;—1 + 1,a,—1 +

2,...,a4;—1+7;+1) for i = 2,...,m. The sequence a,, is the same as 3., except in the positions
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corresponding to the ends of the concatenated subsequences. In these positions, we change the
entries Ty + 1,a1 + 2+ 1,...,0m_1 + Ty + 1 in Bar to ay,as,...,am_1,0. Equivalently, a,,
is the same as the sequence obtained by subtracting 1 from all entries of S, and shifting one
place to the left, deleting the first entry and adding a zero at the end.

Ezample 5.3.5. For a = (130012) and 7 = (2311022),

0,2)+ (™) +7=( 3 5 5 2 1 4 5)
Bar = (123 2345 45 12 1 234 345) (90)

aaT:( 21 2343 40 10 1 232 340)°

0)=( 1 3 0 0 1 2 0)

The wider spaces show the division into blocks of size 7; + 1. The last entry of a,, in each
block is a;, and the next block in aa,; and (., starts with a; + 1.

Lemma 5.3.6. For0 <l <m< N,

<ZN—m> Z t\é/)\\ H (1 +Zt—ci()\))qdinV(P)xwt+(P)
AED 1<i<N
PGLN,fV(A) ci(A):ci,l(A)

= > o g CINg ey (Xi9). (91)

IC[N-1] ,(Oa)eNm
III L |7|=N-m

Proof. Use Lemma to rewrite the left hand side of as

Ny Yo o II (L4275 3 ¢ INg e (92)

AeDy 1<i<N [CIN-1]
ci(AN)=ci—1(N)+1 |I|=l

where 8 = (1Y) + (0, c2(N), ..., en(N), a = (c2(N),...,en(N),0) are the LLT data for A. Note
that a tuple ¢ = (c1,ca,...,cn) € NV is the sequence of column heights ¢;(\) of a path A € Dy
if and only if ¢5 < ¢5—1 + 1 for all s > 1 and ¢; = 0; in this case, |0/A\| = |c|. Replace Dy
in by these tuples, and expand the product to obtain

<ZN_m> Z Z tlcl_ZiGA ¢ Z‘Al Z th(a) NB/(OL+EI)

Ag[N]\{l} ci<ci—1+1 Vi Ig[Nfl]
ci=c;i_1+1 VicA [I)=l
= Z Z tZJEJ cj Z q (a) Nﬁ/(a-i-fl) , (93)
{l}CJC[N] cj=cj_1+1 Vj¢J IC[N—1]
[7]= III l
where the equality comes from re-indexing with J = [N]\ A and noting that we can drop the

condition ¢; < ¢;_1 +1Vj € J because Ng/(ate,) = 0 if any (a +e1); > o > B;.

If we replace the sum over J by a sum over {7 € N : |7| = N —m} using J = {1,y +
2,71 +10+3,...,71 + -+ Tm—1 + m}, then, for fixed J (or fixed 7), the sum over ¢ can be
replaced by a sum over

c=(0,1,2,...,m,a1,a1 +1,...,a1 + T2,a2,...,Gm—1 + Tm) (94)

for a ranging over N™~'. Note that Y ._;¢; = |a]. With this encoding of ¢, we have 8/a =
Bar/Qar in the notation of Definition [5.3.4] and becomes the right hand side of (9.
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((0,a) +(1™) +71)/(a,0) Bar/ar
" [T
|
|
Yy ‘ T
|
. [T |
ro1 (LI -1y [TTTTTTD
; EEEN i EEEN

Figure 3. Comparing the tuples of rows Bar /aar and ((0,a) + (1™) + 7)/(a,0) for a € N™~1
and T € N™. Here a;j =2, ar_1 =0,a, =3, and 7 = 5.

We make a final adjustment to the right hand side of . This sum runs over tuples
Bar/(car + 1) with |7] necessarily empty rows which can be removed at the cost of a ¢ factor.
We introduce some notation depending on a given a € N™~! 7 = (7y,...,7,,) € N™ and the
associated Sar/aar from Definition @ First we set jy = j + Zx<j 7, for j € [m], so the
entry of Bar in position jy is aj_1 + 7; + 1, or 7y + 1 if j = 1, and the entry of a,, in the
same position is a;, or 0 if j = m. For a subset J C [m], we set Jy = {j; : j € J}. In positions
i & [m]4, the sequences S, and aa, agree, so row ¢ is empty in far/@ar. The tuple of row
shapes obtained by deleting these empty rows from far/aar is ((0,a)+ (1) +7)/(a,0), where
row j € [m] corresponds to row j4 of Bar/car; note that rows (j — 1)+ and j; are separated by
7; empty rows. See Figure

Lemma 5.3.7. For J C [m],a€ N"! and 7 € N™, let I = J;. Then

AT AN a4 (1m)7)/(8,0)+2) (95)

Nﬁaf/(o‘af+51) =49
where W;(a,7) = [{(j<r):j€Jrem],a; €lar—1,ar-1+ 7 — 1]} with a9 = 0, and

d((0,a),7) is defined by (81).

Proof. Set ap = 0. We can assume a; + (¢); < aj—1 + 7; + 1 for all j € [m] since otherwise
both sides of vanish by Definition Hence, each side is a g-generating function for
row strict tableaux on tuples of single row skew shapes; rows of Bar/(car +¢7) on the left hand
side differ from the right hand side only by the removal of empty rows r ¢ [m]+. Thus, the two
sides agree up to a factor ¢%, where d counts wo-triples of Bar /(car + 1) involving one of these
empty rows.

To evaluate d, consider such an empty row (b)/(b), coming from b € {a,_1+1,...,a,-1+7}
for some r € [m]. The adjacent boxes on the left and right of this empty row form a wp-
triple, increasing in every tableau, with one box in each non-empty lower row j;, of the form
(aj—1+7;+1)/(aj + (e5);), such that b € [a; + (¢7); + 1,a;—1 + 7; + 1]. Hence,

d= Z Haj +(eg)j,aj-1 + 1] N ar—1, ar—1 + 7 — 1H

1<j<r<m
= Y. apaa+ml0faaa+n -1 - > Ha}nle-1,a 0+ —1].
1<j<r<m 1<j<r<m

jeJ
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The sum after the minus sign is h;(a, 7). To prove that the remaining sum is d((0,a), ), first
rewrite it as

> (|laj,0) N [ar-1,ar1 + 7 = 1] = [[aj—1 + 75+ 1,00) N [ar_1,ar_1 + 7 — 1]), (96)
1<j<r<m

using the fact that a; < a;_1 + 7; + 1 by assumption. Next observe that since ag =0 < a,_1,
Har—lyoo) N [a’T—17a7"—1 + 7 — 1” = |[0,0,00) N [ar—laar—l + 7 — IH

Adding >3, ;. |laj—1,00) N ]ar—1,a,—1 + 7 — 1]| to both sides, it follows that

> laji00)Nar—1,ar 1+ 7 =1 = Y laj-1,00) Nar—1,ar1 + 7 — 1]].
1<j<r 1<j<r

Hence is unchanged upon replacing [a;, c0) with [a;_1,00) and is thus equal to

Z ’[aj_l,aj_l + Tj} N [ar_l,aT_l + 7 — 1” = d((O,a),T).

1<j<r<m

Proof of Theorem[5.1.1] Consider a summand t‘a|qh1(°‘”)NBaT/(aaTJrgI) on the right hand side
of identity for I C [N—1],a € N™"! 7 € N™. It vanishes unless I = J; for some J C [m—
1], since Ng/(a4e;) = 0 when (a+er); > f3; for some index i. For I = J;, we can use Lemma
to replace this summand with t‘a‘qd((o’a)"r)+h1(aa")ih/J(a’T)N((07a)+(1m)+7)/((a70)+5”.

It now suffices to prove that for a = aar,

hi(a) = b (a,7) + hy(a). (97)

([INI\[mlp) U ([m]\ )+

We recall that N = my and note that [N]\I = ([N]\ [m]+)U([m]+\I) =
1| + |S2] for

Hence, hi(a) ={(zx <y):zel,ye [N\ IL,a,=a,+1} =15

Si={(z<y):zeJy, ye [N\ [m, oy =z +1},
Se={(z<y):xed,ye(m\JI), oy =0, +1}.

—_—

Since ay,, = 0 implies (z < my) & S for all x < m4, we use that a,, = o, for every u € [m—1]
to see that

hy(@) =S| =|{(i<r):jedrem-1\J a =a;+1}|. (98)

Furthermore, {(j <r):j € J,r € /m],ar_1+1 < aj+1 < a,_1+7,} and S; are equinumerous,
as we can see by letting a pair (j < r) in the first set correspond to the pair (j4 < y) in Sy,
where y is the unique row index in the range (r — 1)1 < y < ry such that oy = aj, +1 = a;+1,
as illustrated in Figure [3 O
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6. Stable Unstraightened Extended Delta theorem
6.1. Overview

By Theorems [£.4.1] and the Extended Delta Conjecture is equivalent to

m Hi+1<j§m,(]' —qtai/zy)
Hy
Hi<j§m<1 _txi/mj)

_ Z Z tlalgd((0.:2).m)+h; (a) (wN,a/a) (1, s Tm;q),  (99)

JC[m—1] (0,a),7eN™
|J]=l |[T|=N—m

1 TN (21, T e (T, . .. ,xm)>
pol

where 8 = (0,a) + (1) + 7, « = (a,0) + &7, and (OJNg/a) (T1,..., T3 q) s WNg/o(X;q)
evaluated in m variables.

Although this is an identity in only m variables, it does amount to the Extended Delta
Conjecture by Remarks and both w(hi[Blem—i1-1[B —1]lex—1) and wNg /o (X q) for
the «, 8 arising in (99)) are linear combinations of Schur functions sy with £(\) < m.

By Proposition (below, proven in [2]), the functions wNg/, on the right hand side
of are the polynomial parts of ‘LLT series’ introduced in [12], making each side of the
polynomial part of an infinite series of GL,, characters. We then prove as a consequence
of a stronger identity between these infinite series.

Hereafter, we use x to abbreviate the alphabet x1, ..., .

6.2. LLT series

We will work with the (twisted) non-symmetric Hall-Littlewood polynomials as in [2]. For a
GL,, weight A € Z™ and o € S,,, the twisted non-symmetric Hall-Littlewood polynomial
ES(x;q) is an element of Z[g*!][z7!, ..., 5] defined using an action of the Hecke algebra on
this ring; we refer the reader to [2, §4.3] for the precise definition, citing properties as needed.

We also have their variants

F{(w1q) = E75°(25q) (100)

recalling that f(z1,...,2m;q) = f(z7' .. x; ¢ ).
For any weights o, € Z™ and a permutation o € S,,, the LLT series Eg/a(x;q) =

L%, (x1,...,Zm;q) is defined in [2 §4.4] by

B/
XNLE (a7 = (BE) xa - ES.- (101)

Alternatively, [2, Proposition 4.4.2] gives the following expression in terms of the Hall-
Littlewood symmetrization operator in :

% al@q) = HMwo(Fg (239)ES (239))), (102)

where wqy denotes the permutation of maximum length here and after. We will only need the
LLT series for ¢ = wy and o = id, although most of what follows can be generalized to any o.

In addition to the above formulas, we have the following combinatorial expressions for the
polynomial truncations of LLT series as tableau generating functions with g weights that count
triples. As usual, a semistandard tableau on a tuple of skew row shapes v = f/a is a map
T:v — [m] which is weakly increasing on rows. Let SSYT(v) denote the set of these, and
define z%4T) = [Le, o)
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Proposition 6.2.1 ([2, Remark 4.5.5 and Corollary 4.5.7)). If a; < 8; for all i, then

L (T po = Y g0 Mgt (103)
TESSYT(B/a)

where h, (T') is the number of wo-triples (u,v,w) of B/a such that T(u) < T'(v) < T(w).
Proposition 6.2.2 ([2, Proposition 4.5.2]). For any «, 8 € 2™,

L5 (5 @)pot = (wNp/a) (@59). (104)

6.3. Extended Delta Theorem

We now give several lemmas on non-symmetric Hall-Littlewood polynomials, then conclude by
using the Cauchy formula for these polynomials to prove Theorem [6.3.6} below, yielding the
stronger series identity that implies .

Lemma 6.3.1. For a € N* ! and wg € S,,, and Wy € Sjm_1 the permutations of mazrimum
length, we have

EE“;‘:O)(xl, T q) = B (21, .. 13 q) (105)
F(lg?a)(xlvaxmaq):Fawo(x27;xm7Q) (106)
Proof. By [2, Lemma 4.3.4], we have EZ;OO) (1, Tm;q) = EX (21, ... & 1; q)EEg) (Tm; q)
and Efg77a) (1, Tm;q) = Eég)($1;q)Ei_da($2, . Tm;q). The claim then follows from the

definition FZ = E™%? and noting that Eég)(xm; qQ)=1= F(i[’)i) (z1;q). O
Inverting all variables and specializing o0 = wp in [2, Lemma 4.5.1] yields the following
lemma.
Lemma 6.3.2. Forl <m, a€ Z™, we have
ei(z) Ea°(x;q) = Z qh’(a)E;”J?EI(x; q), (107)
IC[m]:|I|=l
where hi(a) = |{(i < j) | aj =a; +1,i € I,j ¢ I}|, as defined in (82).
Lemma 6.3.3. For every A € Z™ and o € S,,, we have
FS (25 ) = wo B8 (;.¢71). (108)
Proof. The desired identity follows from
woBS (a7, wnt q) = BYTSC (w5q) (109)
by applying wo to both sides, substituting o — cwg, A — —\, and ¢ — ¢~ !
definition of FY.
To prove (109), we use the characterization of EY (x;q) by the recurrence [2, (77)] and initial
condition EY = z* for A\ dominant. The change of variables # =) replaces the Hecke

algebra operator T; = T, in the recurrence with Ty, s,w,, giving a modified recurrence satisfied
by the left hand side of (109)). It is straightforward to verify that the right hand side of (109))
109)

, and using the

satisfies the same modified recurrence. Since both sides reduce to =0 for A dominant,
holds. O
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Lemma 6.3.4. Given «, 8 € Z™ and a symmetric Laurent polynomial f(x1,...,Tm), we have,
for any o € S,,,
(Epog™(z:q7Y) f(2) - Bgod™ (w507 ") = (Fo(259)) f(x) - F24(59). (110)
Proof. In fact, we will show that
(Epeg™ (zq7 1)) @) - Bgod (w547 ") = (F24(23.9)) wo(f(2)) - F24(x3q), (111)

even if we do not assume that f(z) is symmetric. By Lemma|6.3.3] the right hand side of (111
is equal to

(B0 (g~ Y)) flx) - BY07 (x3q7 ). (112)
By [2, Proposition 4.3.2], the functions EY (x;q) and E7Y°(z;q) are dual bases with respect to
to the inner product (—, —), defined there. Moreover, it is immediate from the construction of

the inner product that multiplication by any f(z) is self-adjoint. This gives

(f(@) Bl (wq7"), BY 5(x3q7 ))g = (Euod™ (x3q7"), f(2)EYS s(2507 1)1, (113)

in which the left hand side is equal to the left hand side of (111]), and the right hand side is
equal to (112)). O

Lemma 6.3.5. For wg the mazimum length permutation in S, and n € N™ we have

hi(x)Fy () = Y ¢" "I ER (3q) (114)
TEN™
I7|=l
recalling from that d(n, ) = Zj<r |[77j,77j + 7O [0,y + T — 1]|

Proof. Set o = —n — 7 and 8 = —n. By (101)) and Lemma (with o = wyp), we have
(ha(@)) L3g? 50 (@3 0) = (Egyg (w3 g™ ) ha(2) Bt (w347 1) = (F28(w5.0)) ha (@) P25 (w3 ). (115)

By specializing all but one variable in (L03]) to zero, Proposition implies that the coefficient
of hy in L° o (8/a) (%; @) por 1s ¢"=0™ for T the semistandard tableau of shape wq(3/«) filled with

a single letter where h;, (T) is the number of wo-triples of wo(8/a) = wo(—n/(-=n —7)). By
(84), this number is d(n, 7). H

Theorem 6.3.6. For0 <[ <m < N and wy € Sy, the mazimum length permutation, we have

[livi<cjem(l — atzi/z))
Hi<jgm(1 —tz;/z;)

_ al d((0,a),7)+hr(a w . W, ,

— § tlal gd((0:2),m)+hi(a) wO(F(O?a)+T+(1m)(x1,...,xm,q)E(a(jo)+EI(x1,...,xm,q)).
(0,a),7eN™
ISl 1]

fr|=N—m,| T|=1

1 T AN —m (1, - Tm)er(Ta, .o Thn)

Proof. Our starting point is the Cauchy formula [2, Theorem 5.1.1] for the twisted non-
symmetric Hall-Littlewood polynomials associated to any 6 € S,,_1:

Hi ] m(l thlyj a & _ &
1—[<J< (1—tl'y Z tl |E zla"'vxm—l;q I)Fa(yla"'aym—l;Q)' (116)
i<j<m )

acNm—1
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Take ¢ = wy the maximum length permutation in S,,_1, replace z; by .Ii_l

Yi = Tj4+1 to get

, and then let

Hi+1<j§m(1 —qtzj/z;)

= t‘a‘Ff’O(zg,...,xm;q)EgJO(xl,...,xm_l;q). (117)
[Licjcm(I —ta;/xi) aeNmel
By (106) and the definition of F,
(1'1 e '-rm)F;DO(an s axm;Q) = (xl e 'x7rL)F€S?a)($17 s Ty Q) = F(Ig?a)_,_(lm)(xh <o T Q)
for wy € S,,. Hence,
, . 1—qtzx;/z;
Hz+1<g§m( ]/ ) xlxm)

[licjem( —ta;/z;)

= Y RE e @ i B (2, 1 0)
acNm—1

Multiplying by hAn—m (21, ..., Zm) with the help of Lemma yields

Hi+1<j§m(1 —qtaj/x;)
Hi<j§m(1 —taj/z;)

(1 T )AN—m(T1, - -, Tn)

= Z tla‘qd((o’a)’T)FffﬁT(xh.--,:Em;q)Egjo(xh...,:qu;q),
(0,a),7eN™
|T|=N—m
where 7 = (1™) + (0,a) and we have used that d(n,7) = d((0,a),7) by (81). Now multiply by
ei(z1,...,2m—1) and apply (107) to get

Hi+1<j§m(1 —qtxj/x)
Hi<j§m(1 —tx;/;)

= Z Ztla‘qd((o’a)’T)+hI(a)F;)+()T($17~~'»xm3Q)E;DJ?EI($17~-~7$m71§Q)» (118)

(0,a),7 eN™ |I|=l
|[T|=N—-m

(1 zm)er(@1, - T ) AN (1, Ty

where I C [m — 1]. The result then follows by using 1) on the right hand side and applying
wo € S, to both sides, noting that wo(e;(xa, ..., Tm)) = e(X1, ..., Tm—1). O

Proof of the Extended Delta Conjecture. It suffices to prove the reformulation in ; this fol-
lows by applying Hy"* and (102) to the identity of Theorem [6.3.6} taking the polynomial part,
and using Proposition [6.2.2 O
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