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Intr oduction

The main purposeof this article is to announceand provide supporting evidence
for two conjecturesabout the characters of the Hecke algebra H n (q) of type An � 1,
evaluated at elements of its Kazhdan{Lusztig basis. In addition, we prove a conjec-
tured immanant inequality for Jacobi{Trudi matrices (de�nitions below) and show
how our conjectureswould imply stronger inequalities of a similar kind.

The immanant inequalities belong to the combinatorial theory of symmetric
functions and consequently have gained considerableattention in algebraic combi-
natorics since their introduction by Goulden and Jackson [9]; see[10], [29], [30].
The Hecke algebraconjecturespresented here are, however, independent of the ap-
plication which led to their discovery, and becauseof their striking and unexpected
nature they should be of interest to a broader audience. In particular, they appear
to re
ect aspects of the geometry of the 
ag variety that cannot yet be understood
usingavailable geometricmachinery. It hasalsobeendiscoveredthat Heckealgebras
of type An � 1 arise naturally in the study of knots [7], [14], quantum groups [13],
and Von Neumann algebras [15], [34]. Their character theory in particular plays
an important role, via the Ocneanu trace and the commutant relationship between
H n (q) and the quantum group UGL n (q). Thus there are important reasonsto seek
a better understanding of the characters.

The �rst of our conjecturesassertsthat certain virtual characters, i.e., integral
linear combinations of irreducible characters, take valueson the Kazhdan{Lusztig
basis which are polynomials in q with non-negative, symmetric and unimodal in-
teger coe�cien ts. A corresponding assertion for the irr educible characters follows
from the theory of intersection homology and perverse sheaves for Schubert vari-
eties [3], [27], together with the fact that the Kazhdan{Lusztig cell representations
[17] are irreducible for type An � 1. This fact is a weaker statement than our con-
jecture, however, since the irreducible characters are non-negative combinations of
the virtual characters we consider. In fact, the conjecture for thesevirtual charac-
ters is best possible: any virtual character for which the assertionholds must be a
non-negative combination of these.

The secondconjecture assertsthat for purposesof character evaluation, most
Kazhdan{Lusztig basis elements are reducible to sums of certain of the simplest
possibleones. To be precise,we pick out certain permutations, called co-dominant,
whose corresponding Schubert varieties are smooth and very simple to describe.
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Consequently , the corresponding Kazhdan{Lusztig basiselements also have an ex-
tremely simple description. The conjecture then states that for each Kazhdan{
Lusztig basiselement C0

w , there is a sum C0
w1

+ � � � + C0
wk

of basiselements with wi

co-dominant, such that

� (C0
w ) = � (C0

w1
+ � � � + C0

wk
)

for every Hecke algebra character � . In particular, the secondconjecture would
reducethe �rst conjecture to its special casefor co-dominant elements, thus elimi-
nating Kazhdan{Lusztig polynomials from the problem.

We will make clear in our later discussionwhy there are good reasonsto expect
deep connectionsbetween these conjecturesand the geometry of the 
ag variety.
Unfortunately , even the powerful machinery of perverse sheaves and intersection
homology appears,at least for the moment, to provide inadequate information for
a solution of the conjectures.

We are able to prove various special casesof the conjectures. Several authors
[19], [24], [33] have consideredthe problem of evaluating characters of H n (q) at
elements of its natural basis, a problem which is the q-analog of determining the
character table of the symmetric group Sn . We have made use of these results in
order to prove a special caseof our �rst conjecture in Section 4. It is conceivable
that a similar approach could be usedto resolve the �rst conjecture for co-dominant
elements. To do so, onewould have to prove a q-analogof Proposition 5.1, without
the restriction assumedthere on the co-dominant permutation wf . The problem
of evaluating characters at arbitrary elements of the Kazhdan{Lusztig basis is in
general much more di�cult since little explicit information is known about the
Kazhdan{Lusztig polynomials, which appear asthe coe�cien ts expressingthis basis
in terms of the natural one.

In addition to the two aforementioned conjectures, this paper contains some
theorems, whoserelevance we now explain, along with the overall organization of
the paper.

The present investigation originated with the author's discovery that Kazhdan{
Lusztig theory for the Hecke algebraH n (q) is the natural setting for the immanant
inequalities conjectured by Goulden and Jackson [9] and extended by Stembridge,
Stanley, and Greene[10], [29], [30]. It turns out that all these immanant inequal-
ities would follow from our �rst Hecke algebra conjecture, combined with a the-
orem proved here (Theorem 1.5) relating a generating function for immanants to
the Kazhdan{Lusztig basis for H n (q). Even without the Hecke algebra conjec-
ture, Theorem 1.5 implies an immanant inequality stronger than the oneproved by
Greene.

Sincemany readerswill not be familiar with the subject of immanant inequalities
(or even the word `immanant'), we give a brief historical review of the topic in
Section1, and explain how our results and conjecturesapply. As the main theorem
of the section,Theorem1.5,hasa rather technical proof, using the Kazhdan{Lusztig
conjecture on composition seriesof Verma modules, we defer its proof to the end
of the paper, in Section 7.

Wethen turn to the presentation of our two central conjecturesand somegeneral
remarks about them, followed by sectionsdealing with computational and special
caseevidence for the conjectures with q general, with q = 1, and with q = 0,
respectively. If desired, the paper may be read beginning with Section 2, except
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for the de�nition (1.2) of monomial characters, sincethe Hecke algebraconjectures
and related results do not depend on the application to immanants.

We have included an appendix covering de�nitions and results from Kazhdan{
Lusztig theory, most of which are standard by now, but which may not be familiar
to all readers,especially from the combinatorial audience. Otherwise unexplained
notation and facts stated without citation refer either to the appendix, or, where
symmetric functions and Young tableaux are concerned,to the book of Macdonald
[23].

1. Immanants

We begin with the de�nition of immanants and a review of conjectured inequal-
ities involving them. A much more complete survey may be found in [30].

Let � be an irreducible character of Sn , or more generally any class function,
and let A be an n � n matrix. Littlew ood's immanants [22] are matrix functionals
generalizingthe determinant and the permanent, de�ned by

Imm � (A) =
X

w2 Sn

� (w)a1;w (1) � � � an;w (n ) : (1:1)

When � = � � is the irreducible character indexedby the partition � of n, we abbre-
viate Imm � � (A) to Imm � (A). In particular, the determinant and the permanent
are the immanants Imm (1 n ) (A) and Imm (n ) (A) corresponding to the sign character
and the trivial character, respectively.

The rule of thumb for immanant inequalities is that if a matrix hasnon-negative
minors in some suitable sense,then its irreducible immanants, or certain linear
combinations of them, ought to be non-negative.

The oldest branch of the subject, going back to Schur, involves immanants of
positive de�nite Hermitian matrices, typi�ed by the `Schur dominance theorem'
and `Lieb permanental dominanceconjecture,' which state the following.

Theorem 1.1. (Schur [25]) If A is positive de�nite, then Imm � (A) � f � det(A) � 0
for all � .

Conjecture 1.1. (Lieb [21]) If A is positive de�nite, then f � per(A) � Imm � (A) �
0.

In each of thesestatements f � = � � (1) is the degreeof the irreducible character
� � .

The more recent branches concern immanants of total ly positive matrices (A
is totally positive if every minor of A is non-negative) and Jacobi{T rudi matri-
ces(de�ned below). In their strongest forms the conjectured inequalities concern
monomial immanants, which we now de�ne.

From the theory of symmetric functions, the irreducible characters of Sn are
given by � � (w) = hs� ; p� (w ) i , where s� denotes a Schur function, p� (w ) is the
power-sum symmetric function indexed by the partition � (w) corresponding to the
decomposition of w into cycles, and hs� ; s� i = hm� ; h� i = � �� . Here h� and m�

denote the complete and the monomial symmetric functions, respectively.
Thus we have a natural linear correspondencemapping the Schur functions of

degreen to the irreducible characters of Sn . Under this correspondencethe mono-
mial symmetric function m� is carried to a `monomial' virtual character � � given
by

� � (w) = hm� ; p� (w ) i : (1:2)
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The corresponding monomial immanants are the immanants Imm � � (A). Sincethe
Schur functions are non-negative linear combinations of monomial symmetric func-
tions, non-negativity statements for monomial immanants are in general stronger
than their counterparts for irreducible immanants.

For totally positive matrices we have the following analogsof Schur dominance
and permanental dominance. Actually , Conjecture1.2 is a strongerstatement which
implies both permanental dominanceand Theorem 1.2. No correspondingly strong
statement holds for positive de�nite matrices.

Theorem 1.2. (Stembridge [32]) If A is total ly positive, then Imm � (A)� f � det(A) �
0 for all � .

Conjecture 1.2. (Stembridge [32]) If A is total ly positive, then Imm � � (A) � 0
for all � .

Our main concern will be with the third and most combinatorial branch of
the subject, immanant inequalities for Jacobi{T rudi matrices. Let hn denote the
completehomogeneoussymmetric function of degreen in countably many variables
X = (x1; x2; : : : ). By convention, hn = 0 for n < 0 and h0 = 1. Let � and � be
partitions with n parts, written in descendingorder as (� 1 � � 2 � � � � � � n ). We
allow 0 as a part. Jacobi{Trudi matrices are of the form

H �=� (X ) =
�
h� i � � j (X )

� n
i;j =1 : (1:3)

The classicalJacobi{Trudi matrix would be H � + � =� + � in this notation, where � =
(n � 1; : : : ; 1; 0). The Jacobi{T rudi identity expressesthe (skew) Schur functions in
terms of homogeneoussymmetric functions as

s�=� = det(H � + � =� + � ): (1:4)

We have altered the notation in order to include the possibility that H �=� may have
repeated rows or columns, which is a relevant casefor immanants other than the
determinant.

Since the minors of a Jacobi{Trudi matrix are skew Schur functions, they are
`non-negative' in the senseeither of beingnon-negativelinear combinations of mono-
mial symmetric functions, or of Schur functions.

In their survey of applications of immanants to matrices having combinatorial
signi�cance, Goulden and Jackson [9] conjectured the following result, which has
sincebeenproved by Greene.

Theorem 1.3. (Greene [10]) The irr educible immanants Imm � (H �=� ) of Jacobi{
Trudi matrices are non-negative linear combinations of monomial symmetric func-
tions for all � .

This theorem can be strengthenedin either or both of two ways: we can ask for
non-negativity in terms of Schur functions rather than monomials, or we can pass
to monomial immanants. The three conjecturesso obtained are due to Stembridge
[30]. Our main application of Kazhdan{Lusztig theory to immanants is the proof
of oneof theseconjectures. Thus we state the �rst conjecture asa theorem and the
other two as conjectures,as follows. Note that Conjecture 1.4 implies both of the
others.

Theorem 1.4. If H �=� is a Jacobi{T rudi matrix, then Imm � (H �=� ) � f � det(H �=� )
is a non-negative linear combination of Schur functions.
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Conjecture 1.3. (Stembridge [30]) The monomial immanants Imm � � (H �=� ) of
Jacobi{T rudi matricesare non-negative linear combinations of monomial symmetric
functions for all � .

Conjecture 1.4. (Stembridge [30]) The monomial immanants Imm � � (H �=� ) of
Jacobi{T rudi matrices are non-negative linear combinations of Schur functions for
all � .

To concludethis section, we shall explain how Theorem 1.4 can be proven using
Kazhdan{Lusztig theory, as well as how Conjectures 1.2 through 1.4 would follow
from the conjecture on Hecke algebra characters developed in the next section.

It is convenient to introduce the following formal sum, which servesas a kind of
generating function for the immanants of H �=� . Let

I �=� =
X

w2 Sn

Tw h� � w ( � ) (X ): (1:5)

This is an element of H n (1) 
 �( X ), the group algebra of Sn with coe�cien ts
extended to the ring of symmetric functions �( X ). Extending Sn characters � in
the obvious way to �( X )-linear functionals on H n (1) 
 �( X ), we may expressthe
immanants of Jacobi{Trudi matrices as

Imm � (H �=� (X )) = � (I �=� ): (1:6)

With this notation, Theorem 1.4 is an immediate consequenceof the following
two statements.

Theorem 1.5. I �=� is a non-negative linear combination of the basis elements
C 0

w (1)s� (X ) for H n (1) 
 �( X ), where f C0
w (q)g is the Kazhdan{Lusztig basis of the

Hecke algebra H n (q).

Lemma 1.1. Let � � be an irr educiblecharacter of H n (q), of degree f � , and let C0
w

be a Kazhdan{Lusztig basis element. Put � = � � � f � � (1 n ) . Then � (q` (w )=2C0
w ) is

a polynomial with non-negative integer coe�cients. In fact, thesecoe�cients are
unimodal and symmetric about q` (w )=2.

Theorem 1.5 is proven in Section 7; the coe�cien ts which appear have an ex-
plicit interpretation as multiplicities of irreducible composition factors in a certain
in�nite-dimensional tensor product of sl n modules.

Let us now prove Lemma 1.1.

Proof. First of all, the character � (1 n ) , which is the sign representation of H n (q),
vanisheson C0

w unlessw = 1, becausethe Kazhdan{Lusztig polynomials Pv ;w obey
Pv ;w = Psv ;w for any simple re
ection s such that sw < s. SinceC0

1 = T1 = 1, we
have � � (C0

1) = f � and � (1 n ) (C0
1) = 1. Thus � (C0

w ) is zero if w = 1 and we may
replace� with � � otherwise.

Recall that the irreducible H n (q) module V� can be constructed as a cell repre-
sentation: a quotient E � =F� of submodules F� � E � � H n (q), where each of E �

and F� is the linear span of a subsetof the Kazhdan{Lusztig basisf C0
w g. Thus V�

has a Kazhdan{Lusztig basis given by those elements C0
u which are in E � but not

F� , and a 2 H n (q) acts by a matrix whose(u; v) entry is the coe�cien t of C0
u in

aC0
v . In particular, whena = q` (w )=2C0

w the diagonal entries (whosesum is the trace
� � (q` (w )=2C0

w )) are the structure coe�cien ts q` (w )=2f u
w;u (q), which are polynomials

with the required non-negativity, symmetry and unimodalit y properties. �
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In the sameway that Theorem 1.4 follows from Theorem 1.5 and Lemma 1.1,
it is clear that Conjecture 1.4 (and the weaker Conjecture 1.3) would follow from
Theorem 1.5 and a stronger version of Lemma 1.1 in which monomial characters
replacethe characters � . Such a strengthening of Lemma 1.1 is precisely our �rst
Hecke algebra conjecture, Conjecture 2.1.

In fact, not only the conjectureson Jacobi{Trudi matrices but also Conjecture
1.2 on totally positive matrices would follow from Conjecture 2.1|see the remarks
at the end of the next section.

2. A first conjecture

Since the irreducible characters of H n (q) correspond to those of CSn = H n (1),
the sameis true of virtual characters. In particular, the monomial characters � � of
Sn de�ned by (1.2) have unique analogsfor H n (q), specializing to (1.2) for q = 1.
Our �rst conjecture,which is natural to make in view of the proof of Theorem1.4via
Theorem 1.5 and Lemma 1.1, concernsevaluations of thesemonomial characters.

Conjecture 2.1. For every monomial character � � of H n (q) and every Kazhdan{
Lusztig basis element C0

w , � � (q` (w )=2C0
w ) is a polynomial with non-negative integer

coe�cients. Moreover, thesecoe�cients are unimodal and symmetric about q` (w )=2.

Note that the symmetry of the coe�cien ts about q` (w )=2 holds for every virtual
character. This follows from Lemma 1.1, or, to give a more elementary reason,from
the invarianceof C0

w under the Hecke algebra involution de�ned in (8.5).
We shall discussfour broad aspects of Conjecture 2.1 here. More detailed infor-

mation can be found with the supporting evidencein Sections4{6.
Geometry. By de�nition, the homogeneoussymmetric function hn is the sumP
j � j = n m� of all monomials. Hencethe sum

P
j � j = n � � is the character correspond-

ing to hn = s(n ) , i.e., the `trivial' character � (n ) (Tw ) = qw . Applying this to C0
w

we obtain X

j � j = n

� � (q` (w )=2C0
w ) =

X

v � w

Pv ;w (q)qv : (2:3)

The expressionon the right is the Poincar�e seriesfor the global intersection homol-
ogy of the Schubert variety � w associated to w.

The intersection homology decomposition theorem of [3] gives, for a projective
algebraic map f : Y ! X of complex projective varieties, a natural direct sum
decomposition of the intersection homology of Y . The Poincar�e seriesof the sum-
mands have the symmetry and unimodalit y properties we want for � � (q` (w )=2C0

w ).
It is to be expected that (2.3) re
ects somesuch decomposition, where Y is either
the Schubert variety � w or somerelated variety.

Best possiblestatement. Conjectures 1.2 and 1.4 are best possible, in that by
appropriate choicesof totally positive matrix A or Jacobi{Trudi matrix H �=� , one
can seethat any immanant with the required non-negativity property must be a
non-negative linear combination of monomial immanants. It follows that any vir-
tual character with the properties assertedfor irreducible characters in Lemma 1.1
and for monomial characters in Conjecture 2.1 is necessarilya non-negative linear
combination of monomial characters. This can also be seenfrom the evaluation of
� � (q` (w )=2C0

w ) given by Proposition 4.1 for w the longest element of a parabolic
subgroup of Sn .
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Total positivity. Stembridge [32] provesTheorem 1.2 by associating to a matrix
A an element [A] of the group algebraCSn , in a manner analogousto the de�nition
(1.5) of I �=� . The main part of his proof is a demonstration that for totally positive
A, [A] is a non-negative linear combination of certain group algebra elements on
which the irreducible characters take non-negative values. In fact, if we let

P
H

denote the sum of all elements in a subgroup H � Sn , his proof shows that [A] is
a sum of products of elements of the form

P
WJ for various parabolic subgroups

WJ . It follows that [A] is a non-negative linear combination of Kazhdan{Lusztig
basiselements C0

w (1), and therefore Conjecture 2.1 implies Conjecture 1.2.
Other Coxeter groups. There is probably an analog of Conjecture 2.1 for other

Coxeter groups, or at least Weyl groups. At present, however, it is not apparent
what the analog of a monomial character should be. Nor do we even know that
the analog of Lemma 1.1 for irreducible characters holds, since in general the cell
representations are reducible.

3. A second conjecture

WhereasConjecture 2.1 appearsnatural in view of the proof of Theorem 1.4, our
secondconjecturearosecompletely unexpectedly from examining data computed to
verify Conjecture 2.1. The conjectureappliesto all charactersand could in principle
have been discovered independently of any computation of monomial characters.
It is a bit of good fortune, however, that becauseConjecture 2.1 is best possible,
tables of monomial characters are full of zeroes and small, highly recognizable
polynomials, making linear relationships stand out. This, together with the fact
that the co-dominant permutations de�ned below seemto play a special role in
immanant inequalities, is what made it possibleto detect the secondconjecture by
`inspection'.

To state the conjecture, we must de�ne a certain class of permutations which
we call co-dominant becausethey are of the form w0v, where v is one of Lascoux's
dominant vexillary permutations [20], and w0 is the longest permutation in Sn .

De�nition . Let f (1) � f (2) � � � � � f (n) be a non-decreasingsequenceof
integers with f (n) = n and f (i ) � i for all i . Let wf be the lexicographically
greatest permutation satisfying wf (i ) � f (i ) for all i . Such a permutation wf is
called co-dominant.

Prop osition 3.1. Let wf be co-dominant. Then wf determines f by the rule
f (i ) = maxf wf (j ) j j � ig. We have f v j v(i ) � f (i ) 8ig = f v j v � wf g, where
� is Bruhat order. The permutations v � wf may be described as those whose
permutation matricesare zero in a pattern of entries forming a Ferrers diagram in
the lower-left corner of the matrix. With respect to a �xed base 
ag 0 � F1 � F2 �
� � � � Fn = Cn in the 
ag variety F n , The Schubert variety � w f consistsof all 
ags
0 � G1 � G2 � � � � � Gn = Cn satisfying Gi � Ff ( i ) for all i . This variety is
smooth. In particular, Pv ;w f = 1 for all v � wf , or equivalently

q` (w f )=2C0
w f

=
X

v � w f

Tv : (3:1)

Proof. Clearly wf (1); wf (2); : : : can be obtained writing down in turn for each i
the greatestnumber between1 and f (i ) which hasnot yet beenused. In particular,
for i such that f (i � 1) < f (i ) (and for i = 1) we have wf (i ) = f (i ). The rule for
recovering f follows immediately.
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Suppose v(i ) � f (i ) for all i . Suppose v(j ) > v(k) for some j < k, and let
v0 = v � (j k). Then clearly v0(i ) � f (i ) for all i . This shows that the set f v j v(i ) �
f (i ) 8ig is closedgoing downward in Bruhat order, hencecontains f v j v � wf g.

Again suppose v(i ) � f (i ) for all i , and suppose v 6= wf . Let j be the least
index for which v(j ) 6= wf (j ). Let k = v� 1(wf (j )), so v(k) = wf (j ). Since
v(i ) = wf (i ) 6= wf (j ) for i < j , we have k > j . Sincewf is lexicographically greater
than v, v(j ) < wf (j ) = v(k). Hencev0 = v � (j k) > v in Bruhat order. Again we
have v0(i ) � f (i ) for all i . We may repeatedly replace v by v0 until we reach wf ,
showing v � wf and proving f v j v(i ) � f (i ) 8ig = f v j v � wf g.

The permutation matrix description merely restates the condition v(i ) � f (i )
for all i .

The description of � w f is a direct translation of the condition v(i ) � f (i ) for
all i into Schubert conditions on the 
ag. Consider the variety � k of partial 
ags
0 � G1 � G2 � � � � � Gk with dim(Gi ) = i satisfying Gi � Ff ( i ) for all i . We see
that � k +1 is a bundle over � k with �b er Pf (k +1) � k � 1(C). Henceeach � k is smooth,
including � n = � w f . The remaining statements follow immediately. �

We remark that w is co-dominant if and only if there are no i < j < k with
w(j ) < w(k) < w(i ). The number of these in Sn is well known to be the Catalan
number Cn = 1

n +1

� 2n
n

�
.

Now we may state our conjecture.

Conjecture 3.1. Write a � b if a; b 2 H n (q) are such that � (a) = � (b) for
every Hecke algebra character � . Then for every w 2 Sn there exist co-dominant
permutations w1; : : : ; wk such that C0

w � C0
w1

+ � � � + C0
wk

. The number k of these
is given by P1;w (1), and more precisely,

P1;w (q) =
kX

i =1

q( ` (w ) � ` (w i )) =2: (3:2)

Proof of (3.2), assumingwhat goes before. Consider the character � corresponding
to the action of H n (q) on the complex vector spacewith basis consisting of the
points of the �nite `
ag variety' over GL n (q), for q a prime power. We have� (T1) =
[n]q! = 1(1+ q) � � � (1+ q+ � � � + qn � 1) and � (Tv ) = 0 for v 6= 1. Hencea � b implies
that a and b contain T1 with the samecoe�cien t. Applying this to q` (w )=2C0

w �P
i q( ` (w ) � ` (w i )) =2q` (w i )=2C0

w i
, using P1;w i = 1, yields (3.2). �

We have several remarks to make about Conjecture 3.1.
Reduction. If Conjecture 3.1 holds, it clearly reducesConjecture 2.1 to the case

that w is co-dominant.
Geometry. Lik e Conjecture 2.1, Conjecture 3.1 seemsto suggestsomesort of

direct sum decomposition of perversesheaftheoretic objects. However, the picture
is much murkier. For Conjecture 2.1, onecan envision the kind of set-up that might
account for the character values, even if it is hard to guessexactly what varieties
and mapsare involved. It is not at all evident how to account for the decomposition
givenby Conjecture 3.1. Even how to givea geometricinterpretation to the relation
� is far from clear. Our feeling is that Conjecture 3.1 re
ects deeper phenomena
than Conjecture 2.1.

In particular, there are many smooth Schubert varieties corresponding to non-co-
dominant permutations. Yet the conjecture suggeststhat each such variety should
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be `equivalent' in someundetermined character theoretic senseto a co-dominant
one. In particular its cohomologyring must have the samePoincar�e seriesas that
of a co-dominant one. It seemsto the author rather amazing that anything like
this should be so.

Combinatorics of Kazhdan{Lusztig polynomials. Any rule for explicitly listing
the co-dominant permutations w1; : : : ; wk provided by the conjecturea�ords a com-
binatorial interpretation of the coe�cien ts of P1;w for all w. Instancesof the con-
jecture may be computed to seekcluesto such a rule. Unfortunately the resulting
information is incomplete, sincethe expressionsC0

w � C0
w1

+ � � �+ C0
wk

are in general
not unique.

SinceP1;w (0) = 1, the conjectured expansionC0
w � C0

w1
+ � � � + C0

wk
must have a

unique `leading term,' which we may take to be C0
w1

, with `(w1) = `(w). It seems
likely that any rule for the expansionwill obey certain additional conditions (which
still don't determine it uniquely): (1) if w is co-dominant, then w1 = w; (2) more
generally, if w � w0 with w0 co-dominant, then w1 � w0; and (3) wi � w1 for all i .

One might expect the leading w1 to depend on w in a Bruhat-order-preserving
fashion, but that is incompatible with (1). Consider w = 3412 in S4. For this w,
w1 must be 3241 or 2431. But 3214 and 1432 are co-dominants less than w and
neither candidate for w1 is greater than both of these.

More immanant conjectures. Stanley and Stembridge [29] o�ered conjectures
which reduce Conjecture 1.4 to special casesassociated with co-dominant permu-
tations. Restated in the languageusedhere, their [29, Conjecture 5.1] becomes:

Conjecture 3.2. ([29]) De�ne E �
�=� 2 H n (1) by expanding I �=� with respect to

Schur functions:
I �=� =

X

j � j = j � j�j � j

E �
�=� s� (X ): (3:3)

Then there exist co-dominant permutations w1; : : : ; wk such that E �
�=� � C0

w1
(1) +

� � � + C0
wk

(1).

A further conjecture in the samepaper ([29, Conjecture 5.4]) re�nes the above
statement with someconditions relating the terms in the expansionC0

w1
(1) + � � � +

C0
wk

(1) to Young tableaux.
Conjecture 3.2 would follow from Conjecture 3.1, since by Theorem 1.5, E �

�=�
is a non-negative linear combination of Kazhdan{Lusztig basis elements. One of
the conditions which the more re�ned conjecture [29, Conjecture 5.4] imposeson
the terms is that each wi � wf , where wf is the largest co-dominant avoiding the
pattern of zeros in the Jacobi{Trudi matrix H �=� . This would follow from the
conditions proposed above on the rule for the expansionC0

w � C0
w1

+ � � � + C0
wk

.
We do not seehow to account for the other conditions in their conjecture.

4. The generic case

In this section we discussspecial casesof the conjectureswhich hold when q is
regardedas an indeterminate.

Both Conjectures2.1 and 3.1 have beenveri�ed by computer for n � 7. Table 1
givesthe monomial character values� � (q` (w )=2C0

w ) and expansionsC0
w � C0

w1
+ C0

w2

with wi co-dominant for w 2 S4. Note that a � b is equivalent to � � (a) = � � (b)
for all � . Thus equivalencessuch as C0

1243 � C0
1324 � C0

2134 (showing that the
expansionby co-dominants is non-unique) can be read o� at oncefrom the table.
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In the following proposition wecollect thoseevaluations � � (q` (w )=2C0
w ) which can

be obtained readily from well known properties of cell representations and Hecke
algebra characters.

Prop osition 4.1. (1) Let WJ = S� 1 � � � � � S� k be a parabolic subgroup of W = Sn .
Let wJ 2 WJ be its longestelement. Then

� � (q` (wJ )=2C0
wJ

) =
� P

w2 W J
qw = [� 1]q! � � � [� k ]q!; � = �

0; � 6= �:
(4:1)

(2) Let w be an arbitr ary element of WJ = S� 1 � � � � � S� k , and write it as w =
w1w2 � � � wk with wi 2 S� i . Then

� � (q` (w )=2C0
w ) =

X

� (1) [��� [ � ( k ) = �

j � ( i ) j = � i

kY

i =1

� � ( i ) (q` (w i )=2C0
w i

): (4:2)

(3) Let � be the shape of the tableaux P(w); Q(w) associated with w by the Schensted
correspondence; � 0 the conjugate partition. Then � � (q` (w )=2C0

w ) = 0 unless � � � 0

in dominance order.

Proof. We begin with (2). Formula (4.2) follows from the fact that q` (w )=2C0
w =

q` (w1 )=2C0
w1

� � � q` (wk )=2C0
wk

, together with the rule for restriction of H n (q) charac-
ters to H � 1 (q) 
 � � � 
 H � k (q) (the branching coe�cien ts do not involve q so are the
sameas for Sn characters).

Given (2), (1) reducesto the caseWJ = Sn , wJ = w0. The single element C0
w0

spansa two-sided ideal in H n (q), the Kazhdan{Lusztig cell a�ording the `trivial'
one-dimensionalrepresentation V(n ) in which Tw maps to qw . HenceC0

w0
acts as 0

in every cell representation except V(n ) , where it acts as
P

w2 Sn
qw = [n]q!. This is

(4.1) for WJ = Sn .
For (3), recall that the Kazhdan{Lusztig cells for Sn are given by the Schensted

correspondence,so that C0
w belongsto the two-sidedcell indexed by the partition

� 0. Since the ordering < LR among two-sided cells is opposite to dominance order
amongpartitions, the two-sidedideal H C0

w H in H = H n (q) is spannedby elements
C0

v belonging to cells indexed by � � � 0. In particular, C0
w acts as 0 in the cell

representation V� unless� � � 0. Sincethe monomial charactersand the irreducible
charactersare dominance-lower-triangular with respect to oneanother, this implies
(3). �

Next we shall prove Conjecture 2.1 in the casew = s1 � � � sk , where s1; : : : ; sk

are distinct simple re
ections (i.e., adjacent transpositions in Sn ). By (4.2) we may
assumethat s1; : : : ; sk are all the simple re
ections.

Prop osition 4.2. Let

 (a) =
X

j � j = n

� � (a)h� (X ) =
X

j � j = n

� � (a)s� (X ) (4:3)

for any a 2 H n (q). Let wn be a Coxeter element of Sn , that is, the product of all
n � 1 simple re
ections, in any order. Then  (q(n � 1) =2C0

wn
) depends only on n,

and we havethe generating function

1 +
X

n � 1

 (q(n � 1) =2C0
wn

) =

P
n � 0 hn (X )

1 � q
P

n � 2(1 + q + � � � + qn � 2)hn (X )
: (4:4)
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Proof. Write wn as s1 � � � sn � 1. The elements v � wn in Bruhat order correspond
to subsetsI = f i 1 < � � � < i j g � f 1; : : : ; n � 1g, with v = si 1 � � � si j . For all such v,
Pv ;w n = 1, or

q(n � 1) =2C0
wn

=
X

I

Ts i 1 ��� s i j
: (4:5)

This follows by induction from the formula (8.8) for C0
sC0

w .
Ram [24] has evaluated  (Tv ) for Tv of the form appearing in (4.5), obtaining

 (Ts i 1 ��� s i j
) =

qn

(q � 1)` ( � )
h� ((1 � q� 1)X ): (4:6)

Here � = (j 1; j 2 � j 1; : : : ; n � j k ) is the composition of n determined by f j 1 <
� � � < j k g = f 1; : : : ; ng r I ; equivalently it describes the cycle structure of the
permutation si 1 � � � si j . The expressionh� ((1 � q� 1)X ) on the right hand side

means
Q k +1

i =1 h� i ((1 � q� 1)X ), where hm ((1 � q� 1)X ) is the symmetric polynomial,
homogeneousof degreem in X , de�ned by

X

m � 0

hm ((1 � q� 1)X ) =
Y

i

1 � q� 1x i

1 � x i
: (4:7)

Combining (4.5) and (4.6) leadsto the generating function

1 +
X

n � 1

 (q(n � 1) =2C0
wn

) =
1

1 � 1
q� 1

P
k � 1 qk hk ((1 � q� 1)X )

=
1

1 � 1
q� 1 (H (qX )=H(X ) � 1)

=
H (X )

H (X ) � 1
q� 1 (H (qX ) � H (X ))

;

(4:8)

where H (X ) =
P

m hm (X ) =
Q

i (1 � x i )� 1. The �nal formula in (4.8) is just
another way of writing (4.4), so the proof is complete. �

Proposition 4.2 establishesConjecture 2.1 for w = wn . To seethis, rewrite (4.4)
as

1 +

P
n � 1(1 + q + � � � + qn � 1)hn (X )

1 �
P

n � 2(q + q2 + � � � + qn � 1)hn (X )
: (4:9)

In this form it is easy to seethat the coe�cien t of h� is a polynomial in q with
non-negative coe�cien ts, unimodal and symmetric about q( j � j� 1) =2.

The generating function (4.4) is an interesting one which has arisen in other
contexts [5], [28], [31]. Speci�cally , asexplained in [28], associated with the Coxeter
complexof Sn is a smooth toric variety whosehomology groupscarry an Sn action.
Let P� (q) be the polynomial whosecoe�cien ts are the multiplicities of V� in these
homologygroups. Then

P
� P� (q)s� turns out to be given by (4.4). In other words,

P� (q) = � � (q` (wn )=2C0
wn

): (4:10)

No direct explanation of (4.10) seemsto be known, nor whether the corresponding
result holds for every Coxeter group. It is known that

P
� f � P� (q) =

P
w2 W qjD (w ) j

for every Coxeter group W , where jD(w)j is the number of descents of w, i.e., the
number of simple re
ections s such that sw < w. This follows from the fact that
there is a W -equivariant isomorphism between the homology of the toric variety
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and a suitable quotient of the Stanley{Reisner ring of the Coxeter complex. It is
not hard to show that (4.10) agreeswith this.

We closethis section with a conjectured exact value for certain � � (w).

Conjecture 4.1. Let wf be co-dominant (f as in Proposition 3.1). Then

� (n ) (q
` (w f )=2C0

w f
) = [n]q[f (1) � 1]q[f (2) � 2]q � � � [f (n � 1) � (n � 1)]q; (4:11)

where [k]q = 1 + q + � � � + qk � 1.

This conjecture agreeswith Propositions 4.1 and 4.2 in the caseswhere they
overlap. Its q = 1 specialization will be proven in the next section.

5. The case q = 1

The caseof Conjecture 2.1 for q = 1 and w = wf co-dominant is equivalent to a
special caseof Conjecture 1.4. To seethis, choose� and � such that the 0 entries
of H �=� form the forbidden pattern describing permutations v � wf (such � and
� can always be found). Then the term Tv h� � v ( � ) in (2.1) is non-zero exactly for
v � wf , and the coe�cien t of s(N ) in I �=� is C0

w f
(1), where N = j� j � j� j. Hence

Conjecture 1.4 implies Conjecture 2.1.
Stanley and Stembridge [29] proved Conjecture 1.4 in two cases. First, they

proved it when �=� is a `rim hook', corresponding to the n-cycle wf = (1 2 � � � n).
Their result in this caseis equivalent to the q = 1 specialization of Proposition 4.1.

Second,they proved the part we need concerning the coe�cien t of s(N ) in the
casethat the forbidden pattern is not too big, which leadsto the following corollary.

Prop osition 5.1. ([29]) Let wf be co-dominant, let k be the least value for which
f (k) = n, and assumef (1) � k � 1. Then � � (C0

w f
(1)) � 0 for all � . �

Conjecture 4.1 can also be proven for q = 1, as follows.

Prop osition 5.2. Let wf be co-dominant. Then

� (n ) (C
0
w f

(1)) = n(f (1) � 1) � � � (f (n � 1) � (n � 1)): (5:1)

Proof. Let V be the pattern avoidedby onesin permutation matrices corresponding
to v � wf . This pattern V consistsof the last n � f (i ) entries in column i for each
i . On Sn , the monomial character � (n ) (w) is n if w is an n-cycle and 0 otherwise.
What (5.1) asserts, therefore, is that the number of n-cycles whose permutation
matrix avoids V is given by (f (1) � 1)(f (2) � 2) � � � (f (n � 1) � (n � 1)).

Let r k be the number of ways to placek mutually non-attacking rookson a chess
board of shape V , that is, the number of subsetsof V in which no two elements
sharea row or a column. Consider a �xed such `rook placement.' Permutations in
Sn whosematrix is 1 at the positions of all the rooks correspond in a fairly obvious
bijectiv e way to permutations in Sn � k , with n-cycles corresponding to (n � k)-
cycles. It follows by the sieve principle that the number of n-cyclesavoiding V isP

k (� 1)k r k (n � k � 1)!.
By the sieveprinciple wealso�nd that the total number of permutations avoiding

V is
P

k (� 1)k r k (n � k)!. Thus the number of n-cyclesavoiding V is the sameas
the number of all permutations avoiding a pattern of the sameshape as V in an
(n � 1) � (n � 1) matrix, which is easily seento be (f (1) � 1)(f (2) � 2) � � � (f (n �
1) � (n � 1)). �
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6. The case q = 0

In this section we calculate � � (q` (w )=2C0
w ) for all � and w, with q = 0. The

calculation con�rms Conjectures 2.1, 3.1 and 4.1 for the specialization q = 0.
The Kazhdan{Lusztig basis elements C0

w are not well-de�ned for q = 0, but
q` (w )=2C0

w is well-de�ned and equal to

C0
w =

X

v � w

Tv ; (6:1)

sincePv ;w (0) = 1 for all v � w.
The irreducible and monomial `characters' aren't properly named for q = 0,

since H n (0) is not a semi-simple algebra. Nevertheless they are well-de�ned by
specialization from H n (q), and in particular they may be computed from the W -
graph form of the cell representations by setting q = 0.

Prop osition 6.1. The monomial characters � � of H n (0) take the values

� � (C0
w ) =

�
1; WJ (w )

�= S�

0; otherwise.
(6:2)

Here J (w) is the set of simple re
ections appearing in a reduced expression for w,
WJ (w ) is the corresponding parabolic subgroup of Sn (the smallest parabolic subgroup
containing w), and WJ (w )

�= S� means WJ (w ) is a subgroup of the form S� 1 � � � � �
S� k with the factors in any order.

Remark. Conjecture 2.1 requires that � � (C0
w ) = 1 for one � and � � (C0

w ) = 0 for
all others, since by (2.3) the sum over all � is 1. Conjecture 4.1, taken together
with Proposition 4.1, requiresthat for co-dominant w, the � with � � (C0

w ) = 1 is the
onegiven by Proposition 6.1. This is compatible with Conjecture 3.1, and indicates
that the leading co-dominant w1 in the expansionof C0

w should have J (w1) = J (w).
We needa simple lemma for the proof of Proposition 6.1.

Lemma 6.1. Let I be a set of simple re
ections such that I \ J (w) 6= ; . Then
X

v � w
v2 W I

(� 1)` (v ) = 0: (6:3)

Proof. Sincew cannot be 1, the left descent set D(w) is non-empty. Let t 2 D(w).
If t 2 I , then v � w , tv � w and v 2 WI , tv 2 WI . This implies (6.3).

If t 62I , we proceedby induction on `(w). We have `(tw) < `(w) and J (w) �
J (tw) [ f tg, which implies J (tw) \ I 6= ; . By induction, the sum of (� 1)` (v ) over
WI \ f v j v � twg is zero. But WI \ f v j v � twg = WI \ f v j v � wg, for if we
�x a reduced expressiontU for w then either set consistsof all v having reduced
expressionswhich useonly simple re
ections in I and are subwords of U. �

Proof of Proposition 6.1. By M•obius inversion on the Bruhat order,

Tw =
X

v � w

(� 1)` (vw )C0
w : (6:4)

Hencethe proposition is equivalent to

� � (Tw ) =
X

v � w
W J ( v )

�= S�

(� 1)` (vw ) ; (6:5)
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or

� � (Tw ) =
X

�

K �;�

X

v � w
W J ( v )

�= S�

(� 1)` (vw )

=
X

v � w

(� 1)` (vw )K �;� (v ) ;

(6:6)

where � (v) is the type of the parabolic subgroup WJ (v ) , and s� =
P

� K �;� m� .
The `Kostka number' K �;� (v ) = hs� ; h� (v ) i has a combinatorial description: it is

the number of standard Young tableaux T of shape � whosedescent set D(T) is
disjoint from J (v). Hencethe last expressionin (6.6) is equal to

X

T 2 SYT( � )

X

v � w
v2 W S r D ( T )

(� 1)` (vw ) = (� 1)` (w ) jf T 2 SYT( � ) j D(T) � J (w)gj

= (� 1)` (w ) K � 0;� (w )

(6:7)
by Lemma 6.1 and the fact that the inner sum has only the term v = 1 for D(T) �
J (w). SYT( � ) stands for the set of standard Young tableaux of shape � .

Now we prove � � (Tw ) = (� 1)` (w ) K � 0;� (w ) for q = 0. Recall that the cell repre-
sentation V� can be regardedas spannedby the vertices of a W -graph G� . These
verticesare indexed by tableaux T 2 SYT( � ), and each is marked with the descent
set D(T). The edgesare labeled with certain integers e� (S;T) which are irrelevant
for us.

The element Ts 2 H n (q) acts on V� as follows. If s 2 D(T), then Ts(T) =
� T + q1=2 P

s62D (S) e� (S;T)S. If s 62D(T), then Ts(T) = qT. Thus for q = 0,

the matrix of Tw is diagonal, with (T; T) entry (� 1)` (w ) if w 2 WD (T ) and zero
otherwise. It is obvious that the trace of this matrix is given by (6.7). �

7. Pr oof of the main theorem of Section 1

In this section we prove Theorem 1.5, using a generalization of the Steinberg
tensor product theorem to in�nite-dimensional irreducible highest weight modules
over a simple complex Lie algebra (Proposition 7.2). The derivation of this gener-
alized Steinberg theorem is parallel to the usual derivation in the �nite-dimensional
case(see, e.g., [11]), with the role of the Weyl character formula played by the
Kazhdan{Lusztig conjecture.

We require the following notation. Let g be a �nite-dimensional simple complex
Lie algebra with Weyl group W (for our application, g = sln and W = Sn ). As
usual, � denotesone-half the sum of the positive roots. Let M � denote the Verma
module with highest weight � , L � the corresponding irreducible module (in�nite-
dimensional for non-dominant � ).

Becausewe must consider tensor products of in�nite-dimensional modules, we
shall work with a class of g-modules somewhat larger than the commonly used
Bernstein{Gel'fand{Gel'fand category O. Thus we de�ne the classC to contain a
g-module V if:

(1) V is a direct sum V =
L

� V� of weight spacesbelonging to integral weights
� .

(2) For every integer N ,
L

h�;� i� N V� is �nite-dimensional.
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The classC contains the Verma modules M � and the irreducible modules L � .
The formal character of V 2 C we de�ne by ch(V) =

P
� dim(V� )x � , where the

symbols x � denote formal exponentials, multiplying by the rule x � x � = x � + � .

Lemma 7.1. Let W � V be a submodule of V 2 C. Then W and V=W belong to
C, and we havech(V) = ch(W ) + ch(V=W). If in addition U 2 C, then U 
 V 2 C,
and we havech(U 
 V ) = ch(U)ch(V ).

Proof. For the �rst part, everything is clear, provided we know that W is the
direct sum of its weight spaces.But every element a 2 W belongsto V , and hence
a 2 V� 1 � � � � � V� k for a �nite set of weights f � i g. This spaceis a �nite-dimensional
module for the Cartan subalgebrah � g, and so is its intersection with W . Since
every such module is a direct sum of weight spaces,each weight spacecomponent
of a is again in W , so W =

L
� W� .

For the secondpart, if we let f a� g and f b� g be basesof weight vectors for U
and V respectively, then f a� 
 b� g is a basis of weight vectors for U 
 V . The
properties assertedfor U 
 V follow easily. �

Modules in C (even in O) are not necessarilydirect sumsof irreducibles, but for
formal computations with multiplicities we can get by with the weaker notion of
`composition series,'which we de�ne as follows.

De�nition . A composition seriesof a module V 2 Cis a �nite or in�nite sequence

0 = W0 � W1 � W2 � � � � (7:1)

of submodulesWi � V , with
S

i Wi = V and Wi +1 =Wi an irreducible highest weight
module L � i for each i .

Note that the weight spaces(Wi )� form a �ltration of the �nite-dimensional
spaceV� , so only a �nite number of the quotients (Wi +1 )� =(Wi )� are non-zerofor
any given � . Thus

P 1
i =0 ch(Wi +1 =Wi ) is well-de�ned and equal to ch(V ).

Lemma 7.2. Every V 2 C hasa composition series. The number m � (V ) of indices
i for which Wi =Wi +1

�= L � is �nite and is uniquely determined by the equation
X

�

m� (V )ch(L � ) = ch(V): (7:2)

In particular m� (V ) does not depend on the choice of composition series.

Proof. Obviously we may assumeV 6= 0.
Let � be a weight for which V� 6= 0 and h�; � i is maximal. Such a weight clearly

exists for V 2 C. Choosea nonzeroa 2 V� and let Va be the submodule generated
by a. Sincea is a highest weight vector, Va is a quotient of the Verma module M �

and therefore has a �nite composition series

0 = U0 � U1 � � � � � Ui = Va :

If we have constructed a partial composition series

0 = W0 � W1 � � � � � Wk 6= V

for V , we may apply the above construction to a maximal weight vector a in V=Wk

to obtain an extension

0 = W0 � W1 � � � � � Wk � � � � � Wl = Wk + Va :
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Repeating the process,we either reach Wl = V at somestage,or we produce an
in�nite sequence

0 = W0 � W1 � � � � :

At each stage, we reduce the dimension of a non-zero weight space(V=Wl )� for
which h�; � i is maximal. By condition (2) in the de�nition of C, we must eventually
exhaust every weight space,i.e., (V=Wl )� = 0 for su�cien tly large l. Hence our
sequenceis a composition series.

As for the multiplicities, clearly L � cannot occur as a quotient Wi +1 =Wi more
than dim(V� ) times, so m� (V ) is �nite. Equation (7.2) is thus well-de�ned and
valid. The formal characters ch(L � ) are linearly independent, since each has a
distinct leading term x � . Therefore (7.2) determinesthe multiplicities m� (V ). �

Remark. The rest of our work in this sectionconsistsentirely of computations upon
formal power seriesf (x) =

P
� c� x � with integer coe�cien ts obeying

(20) For every integer N , there are only �nitely many weights � with h�; � i � N
and c� 6= 0.

Formal seriesobeying (20) form a ring, and they have unique expansionsf (x) =P
� d� ch(M � ) =

P
� e� ch(L � ), where the coe�cien ts d� and e� obey the same

restriction (20) as c� . The formal seriesf (x) is actually the formal character of
somemodule in C if and only if the coe�cien ts e� are non-negative. Our need for
the underlying representation theory is con�ned to a single consequenceof it: the
product of two serieswhich are actually characters is again a character.

We now proceed to the derivation of the generalizedSteinberg tensor product
theorem from the Kazhdan{Lusztig conjecture.

It will be convenient to de�ne somenotation in connectionwith the action of W
on weights. If � is a weight and w is an element of W , de�ne w � � = w(� + � ) � � .
If � + � is dominant, then W � = f w j w � � = � g denotesthe stabilizer of � + � , a
parabolic subgroup of W . Each cosetwW � contains a unique longest element; let
D � denote the set of these.

De�nition . The expressionw � � is in standard form if (1) � + � is dominant, and
(2) w 2 D � .

Every weight has a unique expressionin standard form.
The formal characters of Verma modules are given by

ch(M � ) = x � =�( x); where �( x) =
Y

�

(1 � x � � ); (7:3)

the product taken over all positive roots � .
By Harish{Chandra's theorem, M v � � has a �nite composition serieswhosecom-

position factors areof the form L w�� . Their multiplicities are givenby the Kazhdan{
Lusztig conjecture:

Prop osition 7.1. ([2], [6], [12]) For � + � dominant and integral we have

ch(M v � � ) =
X

w2 D �

Pv ;w (1)ch(L w�� ) (7:4)

or equivalently
X

w2 W

(� 1)` (vw )Qv ;w (1)ch(M w�� ) =
�

ch(L v � � ); v 2 D �

0; v 62D � ;
(7:5)
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where Pv ;w and Qv ;w = Pw0 w;w 0 v are Kazhdan{Lusztig polynomials for W .

The proofs in [2] and [6] treat the case� = 0. The reduction of the generalcase
to this one had already been found in [12]. The equivalenceof (7.4) with (7.5) is
a consequenceof the fact that [Pv ;w ] and [(� 1)` (vw )Qv ;w ] are inverse jW j � jW j
matrices.

Prop osition 7.2. (GeneralizedSteinberg theorem) Let s�� , t � � and u�
 be integral
weightsexpressed in standard form. Then the multiplicity of L u �
 as a composition
factor of L s� � 
 L t � � is given by

X

r 2 D 


v ;w 2 W

(� 1)` (stv w )Pr ;u (1)Qs;v (1)Qt;w (1)p(v � � + w � � � r � 
 ); (7:6)

where p(� ) is the partition function, de�ned by

1
�( x)

=
X

�

p(� )x � � : (7:7)

Proof. If f is a formal character, let hch(L � )i f denotethe coe�cien t of ch(L � ) in the
expansionof f by irreducible characters, and let hch(M � )i f denote the coe�cien t
of ch(M � ) in its expansionby Verma module characters. By (7.4) we have, for u � 

standard,

hch(L u �
 )i f =
X

r 2 D 


Pr ;u (1)hch(M r � 
 )i f : (7:8)

We are to show that hch(L u �
 )i ch(L s� � )ch(L t � � ) is equal to (7.6). By (7.5),

ch(L s� � )ch(L t � � ) =
X

v ;w 2 W

(� 1)` (stv w )Qs;v (1)Qt;w (1)ch(M v � � )ch(M w�� ): (7:9)

Note that hch(M r � 
 )i ch(M v � � )ch(M w�� ) = hx r � 
 i (xv � � + w �� =�( x)), by (7.3). Apply-
ing this to (7.8) with f given by (7.9) yields

hch(L u �
 )i ch(L s� � )ch(L t � � )

=
X

r 2 D 


v ;w 2 W

(� 1)` (stv w )Pr ;u (1)Qs;v (1)Qt;w (1)hx r � 
 i (xv � � + w �� =�( x))

=
X

r 2 D 


v ;w 2 W

(� 1)` (stv w )Pr ;u (1)Qs;v (1)Qt;w (1)p(v � � + w � � � r � 
 ) �

(7:10)

Observe that (7.6) reducesto zero when s 62D � or t 62D � . This is clear from
the proof, since(7.9) reducesto zero in thesecases,by (7.5).

Finally , we apply this to immanants.

Proof of Theorem 1.5. The coe�cien t of C0
t (1)s� (X ) in I �=� is given by

mt;�
�=� =

X

w2 Sn

(� 1)` ( tw ) Qt;w (1)K �;� � w ( � ) ; (7:11)

where the Kostka number K �;� is by de�nition the coe�cien t of s� in h� . It is
well-known that

K �;� =
X

v2 Sn

(� 1)` (v ) p(v � � � � ); (7:12)
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where� is a partition, regardedasa dominant weight for sln , and � is any sequence
(� 1; : : : ; � n ) 2 Zn with j� j = j� j. Indeed, (7.12) is equivalent to the fact that ch(L � )
is the Schur function s� for � dominant.

Combining (7.11) and (7.12) we obtain

mt;�
�=� =

X

v ;w 2 Sn

(� 1)` ( tv w ) Qt;w (1)p(v � � + w � (� � � ) � (� � � )) : (7:13)

By Proposition 7.2, this is a non-negative integer, sinceit is (7.6) with � = � , s = 1,
� = � � � , t = t, 
 = � � � , and u 2 D 
 representing the coset 1W 
 . Note that
� + � , � + � and 
 + � are dominant as required, sincethey are partitions, and u � 

and s � � are in standard form. For t 62D � , t � � is not standard, but then, as we
observed above, (7.6) reducesto zero. �

It is instructiv e to examinethe caset = 1. Extracting the coe�cien t of C0
1(1)s� (X )

in I �=� amounts to �nding the coe�cien t of s� (X ) in det(H �=� ) = det(H 
 + � =� + � ) =
s
 =� (X ). The equality of this with hs
 ; s� s� i is the de�ning identit y for skew Schur
functions. But of course hs
 ; s� s� i is the multiplicit y of L 
 in L � 
 L � , since
ch(L � ) = s� for dominant � . Thus the symmetric functions hC0

w (1)i I 
 + � =� + � ap-
pear as rather natural generalizationsof the skew Schur function s
 =� .

It may also be worth noting that the coe�cien t of s� in hC0
w (1)i I 
 + � =� + � is the

multiplicit y of L 
 in L � 
 L w�� for w � � standard, and zero otherwise. Since L �

is �nite-dimensional, this particular tensor product doesbelong to the category O,
not just to C.

Appendix: Hecke algebra and Kazhd an{Lusztig pol ynomials

Herewe state the de�nitions and theoremswe usefrom Kazhdan{Lusztig theory.
Since this paper is meant for a varied audience, this material has been included
for completeness,despite the risk that it may be unnecessaryto specialists and
incomprehensibleto everyone else. Standard referencesare [4] and [17].

The symmetric group Sn is an exampleof a Coxeter group, with its distinguished
generatingset of simple re
ections S consistingof the adjacent transpositions (i i +
1). A minimum-length expressionfor w 2 Sn as a product of simple re
ections is
called a reduced expression; its length `(w) is the number of inversionsin w. The
sign of w is (� 1)` (w ) .

The Bruhat order is a partial order on Sn with the de�ning property that v � w
if for some,or equivalently for every, reduced expressions1 � � � s` for w, there is a
subword si 1 � � � si k which is a reduced expressionfor v. The Bruhat order is the
transitiv e closure of the relation v � w if v = w � (i j ) for somei < j such that
w(i ) > w(j ).

For each s 2 S, either sw > w or sw < w in Bruhat order. Thoses with sw < w
are the (left) descents of w. The descent set is denoted D(w). There is a reduced
expressionfor w beginning with s if and only if s 2 D(w).

A subgroup WJ � Sn generated by a subset J � S is called parabolic. If
(i1 i1 + 1); (i 2 i2 + 1); : : : ; (i k i k + 1) are the simple re
ections not in J , with i 1 <
� � � < i k , then WJ has the form S� 1 � � � � � S� k +1 , where � = (i 1; i2 � i1; : : : ; n � i k ).
Each cosetwWJ contains a unique longestand Bruhat greatestelement, which can
be obtained by sorting each of the successive segments of length � 1; � 2; : : : ; � k +1

in the sequencew(1); : : : ; w(n) into decreasingorder. The longest element of Sn is
denoted w0.
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A presentation of Sn is given by the generatorsS and relations

s2 = 1; (8:1a)

r s = sr if ji � j j > 1,
r sr = srs if ji � j j = 1;

(8:1b)

where r = (i i + 1) and s = (j j + 1). The Hecke algebra H n (q) associated to Sn

is the algebra with unit over C[q� 1=2; q1=2] generated by elements Ts for s 2 S,
subject to the relations

T2
s = (q � 1)Ts + q; (8:2a)

Tr Ts = TsTr if ji � j j > 1,
Tr TsTr = TsTr Ts if ji � j j = 1:

(8:2b)

For w 2 Sn , we de�ne
Tw = Ts1 � � � Ts` ; (8:3)

wheres1 � � � s` is a reducedexpressionfor w. This is well-de�ned becauseall reduced
expressionsfor w are connectedby relations of the form (8.1b). The elements Tw

form a basisfor the Hecke algebra and we have

TsTw =
�

Tsw ; sw > w
(q � 1)Tw + qTsw ; sw < w:

(8:4)

In view of (8.1), the specialization H n (1) is the group algebra CSn , with f Tw g
as the natural basis. For q an indeterminate, H n (q) is a semi-simple algebra.
Specializing them at q = 1 setsup a natural correspondencebetweenits irreducible
representations and those of Sn .

There is a C-linear involution of H n (q) de�ned by

q = q� 1; Tw = (Tw � 1 ) � 1: (8:5)

The Kazhdan{Lusztig basis f C0
w g of H n (q) is uniquely de�ned by the conditions

C0
w = C0

w ;

q` (w )=2C0
w =

X

v � w

Pv ;w (q)Tv ;

Pv ;w (q) 2 Z[q]; Pw;w (q) = 1; deg(Pv ;w ) < (`(w) � `(v))=2 for v 6= w:

(8:6)

The Pv ;w (q) are Kazhdan{Lusztig polynomials. They have constant term Pv ;w (0) =
1 for all v � w. The inverseof (8.6) is

Tw =
X

v � w

(� 1)` (vw )Qv ;w (q)q` (v )=2C0
v ; (8:7)

where Qv ;w = Pw0 w;w 0 v .
The basisC0

w satis�es the two equivalent formulas

C0
sC0

w =
�

C0
sw +

P
sv <v � (v; w)C0

v ; sw > w
(q� 1=2 + q1=2)C0

w ; sw < w;
(8:8)

TsC0
w =

�
� C0

w + q1=2
P

sv <v e� (v; w)C0
v ; sw > w

qC0
w ; sw < w;

(8:9)

where � (v; w) is the coe�cien t of q( ` (w ) � ` (v ) � 1) =2 in Pv ;w (q) if `(w) � `(v) is odd,
zero otherwise, and e� (v; w) is � (v; w) or � (w; v), accordingly as v < w or w < v.
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A re
exiv e and transitiv e relation � is called a preorder. To a preorder corre-
spondsan equivalencerelation de�ned by x � y if x � y � x. The preorder induces
a partial order on � -equivalenceclasses.

Preorders� L and � R are de�ned on Sn as follows: � L (resp. � R ) is the weakest
relation such that for all w, the linear span of f C0

v j v � L wg (resp. f C0
v j v � R wg)

is a left (resp. right) ideal in H n (q). The transitiv e closureof � L [ � R is denoted
� LR ; thus f C0

v j v � LR wg spansa two-sided ideal in H n (q).
The equivalenceclassesof � L , � R , and � LR are the left, right , and two-sided

cells, respectively. Regarding the span C[q� 1=2; q1=2]f C0
v j v � L wg as a quotient

C[q� 1=2; q1=2]f C0
v j v � L wg=C[q� 1=2; q1=2]f C0

v j v < L wg makes it a left H n (q)-
module, called a cell representation.

Let (P (w); Q(w)) be the pair of standard Young tableaux (of shape � (w)) cor-
responding to w under the Schensted correspondence. Then v � L w if and only
if Q(v) = Q(w), v � R w if and only if P (v) = P(w), and v � LR w if and only
if � (v) = � (w). It is convenient to index cells by the transposed tableaux P(v)0,
Q(v)0 of shape � 0. With this indexing the left cells indexed by tableaux of shape
� a�ord the irreducible representation V� , according to the usual indexing for Sn

modules.
The ordering < LR on two-sided cells corresponds to the opposite of the domi-

nanceorder on their indexing partitions. No direct statement of this fact seemsto
appear in the literature, but it can be deducedwithout much di�cult y from the
results of [1] and [16] on primitiv e ideals in U(gln ).

Using (8.9), the action of Ts in a cell representation can be described by a W-
graph. The vertices correspond to basis elements C0

v for v in a left cell, henceto
the tableaux P(v)0 of a �xed shape. Verticesv; w are connectedby an edgelabeled
e� (v; w) = e� (S;T), which depends only on the tableaux S = P(v)0, T = P(w)0.
SinceD(v) is the complement of the descent set D(P(v)0), we have for s 2 D(T),
Ts(T) = � T + q1=2 P

s62D (S) e� (S;T)S, and for s 62D(T), Ts(T) = qT.
The elements C0

w are closely connectedwith the geometry of the 
ag variety.
Let V be an n-dimensional complex vector space. The 
ag variety F n consistsof
all 
ags 0 � F1 � � � � � Fn � 1 � Fn = V of subspaceswith dim(F i ) = i . Fix a

ag F 0 and let B be its stabilizer in GL n , i.e., the Borel subgroup of all upper
triangular matrices. Each 
ag F = gF 0 corresponds to a cosetgB of B . We have
the Bruhat decomposition

GL n =
[

w2 Sn

BwB: (8:10)

(Regard w as a permutation matrix.) This induces a decomposition of the 
ag
variety into Schubert cells 
 w = f gF 0 j gB � BwBg with dimension dim(
 w ) =
`(w). Their closures� w = 
 w are the Schubert varieties. We have � v � � w if and
only if v � w in Bruhat order.

The 
ags F 2 � w can be described by Schubert conditions with respect to
the base 
ag F 0. Namely, F 2 � w if and only if for all i; j , dim(F i \ F 0

j ) �
jw(f 1; : : : ; ig) \ f 1; : : : ; j gj.

Let I H �
v (� w ) be the local intersection homology of � w at a point of � v . This is

non-zeroin even (real) dimensionsonly and satis�es (by [18])

Pv ;w (q) =
X

i

qi dim(I H 2n � 2i
v (� w )) : (8:11)
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In particular, the Kazhdan{Lusztig polynomials have non-negative coe�cien ts.
Moreover, they are equal to 1 for all v � w if � w is smooth.

Considera variety � u;v consistingof pairs (F 1; F 2) such that F 1 2 � u , and, with
respect to F 1 as a base
ag, F 2 2 � v . Projecting � u;v on F 2 inducesa decompo-
sition of the intersection homology of � u;v described by certain polynomials with
non-negative, symmetric and unimodal coe�cien ts [3]. By [27], thesepolynomials
are the structure coe�cien ts q( ` (u )+ ` (v ) � ` (w )) =2f w

u;v (q) de�ned by

C0
uC0

v =
X

w

f w
u;v (q)C0

w : (8:12)

When q is a power of a prime we may considerthe �nite `
ag variety' over a �eld
F(q). If we form a complex vector spaceby taking this �nite set of 
ags as a basis,
then the Hecke algebraH n (q) (specializedto this integer q) acts on it asthe algebra
of all operators commuting with the action of GL n (q). The operator Tw 2 H n (q)
mapsa 
ag F to the sum of all 
ags F 0 in the Schubert cell 
 w � 1 , constructed with
respect to F as base
ag. The trace of this action is therefore � (Tw ) = 0 for w 6= 1,
� (T1) = jF n (q)j = [n]q! = (1)(1 + q) � � � (1 + q + � � � + qn � 1). This character (really
a di�eren t character for each q) is the one used in the proof following Conjecture
3.1.
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C0
w � C0

w1
+ C0

w2
� (4) � (31) � (22) � (211) � (1 4 )

C0
1234 � C0

1234 0 0 0 0 1
C0

1243 � C0
1243 0 0 0 1 + q 0

C0
1324 � C0

1324 0 0 0 1 + q 0
C0

2134 � C0
2134 0 0 0 1 + q 0

C0
1423 � C0

1342 0 1 + q + q2 0 q 0
C0

1342 � C0
1342 0 1 + q + q2 0 q 0

C0
2143 � C0

2143 0 0 1 + 2q + q2 0 0
C0

3124 � C0
2314 0 1 + q + q2 0 q 0

C0
2314 � C0

2314 0 1 + q + q2 0 q 0
C0

1432 � C0
1432 0 1 + 2q + 2q2 + q3 0 0 0

C0
2341 � C0

2341 1 + q + q2 + q3 q + q2 q + q2 0 0
C0

2413 � C0
2341 1 + q + q2 + q3 q + q2 q + q2 0 0

C0
3142 � C0

2341 1 + q + q2 + q3 q + q2 q + q2 0 0
C0

3214 � C0
3214 0 1 + 2q + 2q2 + q3 0 0 0

C0
4123 � C0

2341 1 + q + q2 + q3 q + q2 q + q2 0 0
C0

2431 � C0
2431 1 + 2q + 2q2 + 2q3 + q4 q + 2q2 + q3 0 0 0

C0
3241 � C0

3241 1 + 2q + 2q2 + 2q3 + q4 q + 2q2 + q3 0 0 0
C0

3412 � C0
3241 + C0

2143 1 + 2q + 2q2 + 2q3 + q4 q + 2q2 + q3 q + 2q2 + q3 0 0
C0

4132 � C0
2431 1 + 2q + 2q2 + 2q3 + q4 q + 2q2 + q3 0 0 0

C0
4213 � C0

3241 1 + 2q + 2q2 + 2q3 + q4 q + 2q2 + q3 0 0 0
C0

3421 � C0
3421 1 + 3q + 4q2 + 4q3 + 3q4 + q5 q2 + q3 0 0 0

C0
4231 � C0

3421 + C0
3214 1 + 3q + 4q2 + 4q3 + 3q4 + q5 q + 3q2 + 3q3 + q4 0 0 0

C0
4312 � C0

3421 1 + 3q + 4q2 + 4q3 + 3q4 + q5 q2 + q3 0 0 0
C0

4321 � C0
4321 1 + 3q + 5q2 + 6q3 + 5q4 + 3q5 + q6 0 0 0 0

Table 1. Conjectures 2.1 and 3.1 for n = 4


