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General	  Problem	  

-‐  Given	  a	  single-‐variable,	  real-‐valued	  func7on,	  f,	  we	  
would	  like	  to	  find	  a	  real	  number,	  x,	  such	  that	  	  	  	  	  	  	  	  	  
f(x)=0.	  

-‐  If	  we	  have	  an	  interval,	  [a,	  b]	  where	  f(a)f(b)<0	  and	  
f	  is	  con7nuous	  on	  [a,	  b],	  then	  there	  is	  guaranteed	  
to	  be	  a	  zero	  of	  f	  in	  [a,	  b].	  

-‐  The	  interval	  [a,	  b]	  is	  called	  a	  straddle,	  and	  finding	  
one	  can	  be	  part	  of	  the	  problem.	  



Zero-‐Finding	  Methods	  

-‐  Bisec7on	  
-‐  Newton’s	  Method	  

-‐  Secant	  
-‐  Inverse	  Quadra7c	  Interpola7on	  (IQI)	  

-‐  Hyperbolic,	  Bi-‐Confluent	  Hyperbolic	  
-‐  Halley’s	  Method	  



Bisec7on	  Method	  

-‐  Requires	  a	  straddle,	  [a,	  b].	  

-‐  Compute	  f((a+b)/2).	  If	  f(a)f((a+b)/2)<0	  then	  
new	  straddle	  is	  [a,	  (a+b)/2],	  otherwise	  it’s	  	  
	  [(a+b)/2,	  b].	  Stops	  when	  size	  of	  interval	  is	  
smaller	  than	  some	  δ>0.	  

-‐	  Guaranteed	  to	  converge,	  but	  only	  linearly.	  	  



Newton’s	  Method	  

-‐  Tracks	  a	  single	  iterate,	  xn.	  

-‐  Converges	  super-‐linearly	  in	  general.	  
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Secant	  Method	  

-‐  Tracks	  two	  iterates,	  xn	  and	  xn-‐1	  .	  

-‐  Converges	  super-‐linearly	  in	  general.	  
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Inverse	  Quadra7c	  Interpola7on	  

-‐  Tracks	  three	  iterates,	  xn,	  xn-‐1	  ,	  xn-‐2	  .	  

-‐  Converges	  super-‐linearly	  in	  general.	  
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What	  we	  want	  

-‐  Given	  a	  func7on,	  f,	  and	  a	  straddle,	  construct	  a	  
method	  that	  converges	  super-‐linearly	  in	  
general,	  but	  gives	  the	  same	  guarantees	  as	  
bisec7on.	  

-‐  If	  we	  do	  not	  have	  a	  straddle,	  begin	  searching	  
for	  a	  zero	  around	  a	  given	  star7ng	  point.	  If	  we	  
find	  a	  straddle,	  then	  maintain	  it.	  



First	  AXempt:	  Dekker’s	  Method	  

-‐  Maintains	  straddle,	  [a,b].	  

-‐  Uses	  secant	  method	  whenever	  possible.	  

-‐  Uses	  bisec7on	  method	  if	  secant	  method	  returns	  
an	  iterate,	  xn+1	  ,	  that	  is	  not	  between	  xn	  and	  (a+b)/
2.	  

-‐  Terminates	  when	  it	  finds	  a	  zero,	  or	  when	  	  
	  |b-‐a|	  <	  δ	  for	  some	  δ	  >	  0.	  



Problem	  with	  Dekker’s	  Method	  

-‐  Although	  the	  method	  is	  guaranteed	  to	  
converge,	  it	  does	  not	  place	  a	  reasonable	  
bound	  on	  the	  complexity	  of	  the	  search.	  

-‐  For	  poorly-‐behaved	  func7ons,	  the	  method	  can	  
take	  a	  very	  large	  number	  of	  extremely	  small	  
steps	  with	  the	  secant	  method.	  



Brent’s	  Method	  (Zero-‐In)	  

-‐  Uses	  IQI	  when	  possible,	  defaults	  to	  secant	  if	  it	  
cannot.	  

-‐  Let	  bj	  be	  jth	  iterate,	  computed	  with	  IQI.	  Forces	  
a	  bisec7on	  unless:	  
	  1)	  |bj+1	  –	  bj|	  <	  0.5|bj-‐1	  –	  bj-‐2|,	  and	  

	  2)	  |bj+1	  –	  bj|	  >	  δ	  



Brent’s	  Method	  

-‐  Terminates	  when	  it	  finds	  a	  zero,	  or	  when	  |b-‐a|<δ.	  

-‐  The	  two	  inequali7es	  ensure	  that	  in	  the	  worst-‐
case,	  a	  bisec7on	  will	  be	  forced	  every	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
2log2((b-‐a)/δ)	  steps.	  

-‐  This	  places	  an	  O(n2)	  complexity	  bound	  on	  Brent’s	  
Method,	  where	  n	  is	  the	  number	  of	  steps	  that	  the	  
Bisec7on	  Method	  would	  take.	  



Brent’s	  Method:	  Proof	  of	  O(n2)	  Time	  

	  If	  the	  first	  condi7on	  is	  never	  violated,	  then	  at	  
the	  jth	  step,	  the	  second	  condi7on	  will	  be	  
violated	  ader	  at	  most	  k	  more	  steps,	  where:	  
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Brent’s	  Method:	  Proof	  of	  O(n2)	  Time	  

	  Thus,	  a	  bisec7on	  step	  is	  performed	  at	  least	  every	  
k	  steps	  following	  an	  interpola7on	  step.	  	  

	  So	  the	  interval	  size	  decreases	  by	  a	  factor	  of	  2	  
every	  k	  steps,	  meaning	  that	  given	  an	  ini7al	  
interval	  [a,	  b],	  the	  method	  will	  terminate	  in	  no	  
more	  than	  m	  steps,	  where:	  
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Brent’s	  Method:	  Proof	  of	  O(n2)	  Time	  

	  The	  running	  7me	  of	  the	  bisec7on	  method	  is	  	  	  
O(log2(|b-‐a|/δ)),	  so	  Brent’s	  Method	  is	  O(n2)	  
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Worst-‐Case	  Func7on	  

-‐  We	  want	  to	  show	  that	  Brent’s	  Method	  can	  take	  Θ
(n2)	  7me.	  We	  do	  so	  by	  explicitly	  construc7ng	  a	  
worse	  case	  func7on.	  

-‐	  Start	  with	  straddle	  [a,	  b],	  and	  tolerance,	  δ.	  We	  will	  
force	  Brent’s	  Method	  to	  take	  k	  =	  log2(|b-‐a|/δ)	  
steps	  before	  it	  performs	  a	  bisec7on.	  

-‐	  In	  order	  to	  sa7sfy	  the	  first	  condi7on	  the	  distance	  
between	  successive	  iterates	  must	  also	  decrease	  
by	  less	  than	  a	  factor	  of	  0.5	  every	  two	  steps.	  



Worst-‐Case	  Iterates	  

-‐  Choose	  a	  factor,	  p	  >	  √2.	  We	  will	  make	  the	  
distance	  between	  two	  successive	  iterates	  
decrease	  by	  a	  factor	  of	  1/p.	  

-‐  The	  last	  step	  before	  a	  bisec7on	  is	  performed	  
will	  decrease	  the	  size	  of	  the	  interval	  by	  δ,	  
viola7ng	  the	  second	  condi7on.	  



Worst-‐Case	  Iterates	  

-‐  If	  the	  last	  step	  decreases	  the	  interval	  by	  δ,	  
then	  the	  first	  step	  must	  decrease	  the	  interval	  
by	  (p(k-‐1)	  δ).	  

-‐  So	  we	  get	  the	  series:	  
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Worst-‐Case	  Iterates	  

-‐  We	  will	  force	  Brent’s	  Method	  to	  evaluate	  the	  
func7on	  at	  this	  set	  of	  worst-‐case	  iterates,	  and	  
then	  perform	  a	  bisec7on.	  

-‐  This	  gives	  a	  new	  straddle,	  [a,	  b’]	  that	  is	  roughly	  
half	  the	  length	  of	  the	  original	  interval.	  

-‐  We	  now	  repeat	  the	  same	  process	  for	  [a,	  b’].	  
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It is clear that by construction, the next iterate fromBrent’s Method is precisely Xm−2.
We may continue this process until we reach Xk

(

k = log2
( b−a

!

))

, which is where a
bisection step will be performed. Since we are bisecting the function regardless of it’s
value at Xk, we may choose an arbitrary positive value for f (Xk), such as 100. After
the bisection step is performed, we simply repeat the above process on the bisected
interval.

This gives us a sequence X , and a function f : X → R, which causes Brent’s
Method to evaluate f for every value in X , and thus perform "

(

log2
( b−a

!

)2
)

it-
erations before it converges. See the included Matlab code for an example of con-
structing such a function in practice. The blue dots in Figure 1 show a short X se-
quence along with the corresponding (positive) function values. It is clear that Brent’s
Method is very inefficient with our function f (x) because it repeated zooms into local
minima of f (x) which are not even close to any zero.
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Fig. 1 124 Brent’s Method Iterates for a root near zero, tolerance = 1e-5

5 Proposed Modifications

We propose that instead of the criteria used in Brent’s Method, a bisection step should
be forced under the following circumstances:



Worst-‐Case	  Func7on	  

-‐  In	  conclusion,	  we	  first	  constructed	  a	  sequence,	  
X,	  containing	  Θ(n2)	  points.	  	  

-‐  Then	  we	  constructed	  a	  func7on	  that	  caused	  
Brent’s	  Method	  to	  evaluate	  it	  at	  every	  point	  in	  
X,	  proving	  that	  Brent’s	  Method	  is	  Θ(n2)	  in	  the	  
worst-‐case.	  



Modified	  Zero-‐In	  

-‐  Brent’s	  Method	  may	  be	  modified	  to	  ensure	  	  	  	  	  	  	  	  	  	  
O(n)	  7me	  instead	  of	  O(n2).	  

-‐  Force	  a	  bisec7on	  if:	  
	  1)	  If	  the	  size	  of	  the	  original	  interval	  is	  not	  reduced	  
by	  a	  factor	  of	  1/2	  ader	  five	  interpola7on	  steps.	  
	  2)	  If	  an	  interpola7on	  step	  produces	  a	  point,	  x,	  
such	  that	  |f(x)|	  is	  not	  a	  factor	  of	  1/2	  smaller	  than	  
the	  previous	  best	  point.	  



Modified	  Zero-‐In	  

-‐  The	  first	  condi7on	  ensures	  that	  the	  complexity	  
of	  the	  search	  is	  O(n).	  

-‐  The	  second	  condi7on	  addresses	  the	  issue	  of	  
very	  flat	  func7ons,	  for	  which	  Brent’s	  Method	  
converges	  rather	  slowly.	  
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Fig. 2 Brent’s Method Comparison

However, if a user wishes to find distinct zeros that both lie very close to zero, then
the default value of ! is no longer appropriate; it must be made smaller.

Ultimately ! is a confusing value to ask the user to supply, and is open to mis-
interpretation. Users may think that ! specifies a cutoff function value, when it does
nothing of the sort. In fact the value of the function at the point that is returned may
be arbitrarily large, as long as a sign change occurs across the interval and the interval
is sufficiently small (something that would occur if the method converged to a pole).

Instead of ! we propose two modifications, one to the algorithm and the other
to the way that users supply functions to the algorithm. First, the algorithm should
terminate either when it finds an exact zero of the function, or when the ends of the
interval straddle adjacent floating point numbers. Second, the user should determine
an error associated with the function, and when the value of the function is sufficiently
close to the error to make it indistinguishable from a zero, set the value of the function
identically to zero. In general, this should be a much easier task for the user than
determining a good choice for ! , and even if the user does not do so the worst case is
that the algorithm takes a few more iterations before stopping.

Acknowledgements The authors thank Prof. William Kahan and Dr. Hanyou Chu for a number of en-
lightening discussions while the ideas in this paper were in development.



Comparison	  

-‐  For	  the	  worst-‐case	  func7on	  shown	  earlier,	  when	  
Brent’s	  Method	  took	  2914	  itera7ons,	  Modified	  
Zero-‐In	  took	  85	  itera7ons.	  

-‐  This	  reduc7on	  in	  complexity,	  as	  far	  as	  we	  can	  tell,	  
comes	  at	  virtually	  no	  cost	  to	  performance	  in	  
general.	  

-‐  We	  compared	  the	  performance	  against	  a	  number	  
of	  func7ons	  from	  Burden	  and	  Faires’	  2009	  
Numerical	  Analysis	  textbook.	  
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Table 1 Comparison of Methods

Function Interval Brent’s Method Modified Zero-in Bisection√
x− cos(x) [0.0,1.0] 7 8 52

3(x+1)(x−5)(x−1) [-2.0,1.5] 2 2 53
3(x+1)(x−5)(x−1) [-1.2,2.5] 8 8 54
x3−7x2+14x−6 [0.0,1.0] 8 8 51
x3−7x2+14x−6 [3.2,4.0] 13 14 47
x4−2x3−4x2+4x+4 [-2.0,-1.0] 9 9 51
x4−2x3−4x2+4x+4 [0.0,2.0] 8 8 52
x−2( − x) [0.0,1.0] 5 6 52
ex− x2+3x−2 [0.0,1.0] 7 7 52
2xcos(2x)− (x+1)2 [-3.0,-2.0] 8 8 50
2xcos(2x)− (x+1)2 [-1.0,0.0] 9 9 52
3x− ex [1.0,2.0] 9 10 50
x+3cos(x)− ex [0.0,1.0] 7 6 52
x2−4x+4− log(x) [1.0,2.0] 9 8 49
x2−4x+4− log(x) [2.0,4.0] 10 10 51
x+1−2sin(!x) [0.0,0.5] 9 8 51
x+1−2sin(!x) [0.5,1.0] 10 10 51
ex−2− cos(ex−2) [-1.0,2.0] 11 11 53
(x+2)(x+1)2x(x−1)3(x−2) [-0.5,2.4] 13 13 53
(x+2)(x+1)2x(x−1)3(x−2) [-0.5,3.0] 15 15 52
(x+2)(x+1)2x(x−1)3(x−2) [-3.0,-0.5] 13 13 52
(x+2)(x+1)x(x−1)3(x−2) [-1.5,1.8] 15 15 53
x4−3x2−3 [1.0,2.0] 7 8 51
x3− x−1 [1.0,2.0] 9 10 51
!+5sin(x/2)− x [0.0,6.3] 7 7 52
2−x− x [0.3,1.0] 6 6 51
(2− e−x + x2)/3− x [-5.0,5.0] 11 15 53
5x−2+2− x [1.0,5.0] 8 8 52
√

ex
3 − x [2.0,4.0] 9 9 51

5−x− x [-2.0,5.0] 8 9 54
5(sin(x)+ cos(x))− x [-2.0,1.0] 7 7 53
−x3− cos(x) [-3.0,3.0] 13 13 54
x3−2x2−5 [1.0,4.0] 10 9 52
x3+3x2−1 [-3.0,-2.0] 8 8 50
x− cos(x) [0.0,1.6] 7 7 52
x−8−2sin(x) [0.0,1.6] 7 7 52
ex +2−x+2cos(x)−6 [1.0,2.0] 8 8 51
log(x−1)+ cos(x−1) [1.3,2.0] 9 8 50
2xcos(2x)− (x−2)2 [2.0,3.0] 8 8 50
ex−3x2 [3.0,5.0] 11 12 51
sin(x)− e−x [0.0,1.0] 7 7 52
3x− ex [1.0,2.0] 9 10 50
x+3cos(x)− ex [0.0,1.0] 7 6 52
x2−4x+4− log(x) [1.0,2.0] 9 8 49
x+1−2sin(!x) [0.0,0.5] 9 8 51
x+1−2sin(!x) [0.5,1.0] 10 10 51



Finding	  a	  Straddle	  

-‐  Methods	  that	  guarantee	  convergence	  need	  to	  
maintain	  an	  interval,	  [a,	  b],	  such	  that	  

	  f(a)f(b)<0.	  

-‐  Given	  a	  func7on,	  f,	  and	  an	  ini7al	  guess,	  x0,	  we	  
want	  to	  either	  find	  a	  straddle,	  or,	  if	  we	  have	  
monotonic	  convergence,	  a	  zero.	  



Matlab’s	  Approach	  

-‐  Matlab	  has	  a	  func7on,	  fzero,	  that	  tries	  find	  
zeros	  of	  func7ons.	  

-‐  Given	  an	  ini7al	  guess,	  x0	  ,	  it	  chooses	  dx=x0/50	  
and	  constructs	  the	  interval	  [x0-‐dx,	  x0+dx].	  

-‐  If	  [x0-‐dx,	  x0+dx]	  is	  a	  straddle,	  it	  returns	  it.	  
Otherwise	  it	  sets	  dx=√2*dx	  and	  tries	  again.	  



Problems	  with	  Matlab’s	  Approach	  

-‐  Can	  easily	  miss	  sign	  reversals	  since	  it	  takes	  
increasingly	  large	  steps.	  Simple	  example:	  	  	  	  	  	  	  	  	  	  
f(x)=x2	  –	  10-‐3,	  start	  with	  x0=1.	  

-‐  Discards	  the	  computed	  values	  of	  the	  func7on.	  

-‐  In	  some	  cases,	  fzero	  takes	  longer	  to	  find	  a	  
straddle	  than	  it	  does	  to	  find	  the	  zero.	  



Our	  Method	  

-‐	  If	  f(x0)<0,	  then	  set	  f(x)	  =	  -‐f(x).	  

-‐	  Choose	  a	  second	  number,	  x1.	  Start	  performing	  
itera7ons	  of	  Secant	  Method.	  



Termina7on	  Condi7ons	  

Terminate	  the	  search	  if:	  
	  1)	  We	  find	  a	  point,	  x,	  such	  that	  f(x)<=0	  

	  2)	  Two	  successive	  iterates	  are	  the	  same	  

	  3)	  Five	  successive	  iterates	  fail	  to	  reduce	   	  
	  func7on	  value	  by	  a	  factor	  of	  0.5	  
	  4)	  Ader	  five	  successive	  iterates	  the	  step	  size	  
	  has	  not	  decreased	  by	  a	  factor	  of	  0.5	  



Edge	  Cases	  

-‐  If	  f(xn+1)	  >	  f(xn)	  then	  there	  is	  a	  local	  min	  
between	  xn+1	  and	  xn-‐1	  .	  

-‐  Start	  searching	  for	  this	  min	  using	  a	  modified	  
Brent’s	  minimiza7on	  method	  to	  ensure	  that	  it	  
has	  O(n)	  complexity.	  

-‐  Stop	  search	  if	  we	  find	  a	  number,	  x,	  where	  	  	  	  	  	  	  	  	  
f(x)<=0,	  or	  we	  find	  a	  minimum.	  



Edge	  Cases	  

-‐  If	  we	  find	  two	  successive	  iterates,	  xn+1	  and	  xn	  ,	  
where	  f(xn+1)=f(xn),	  perturb	  xn+1	  .	  

-‐  Fail	  if	  five	  successive	  points	  all	  have	  the	  same	  
func7on	  value.	  



Edge	  Cases	  

-‐  If	  complex,	  NaN,	  or	  Inf	  value	  is	  encountered,	  
exclude	  that	  point,	  and	  do	  not	  allow	  search	  to	  
con7nue	  in	  that	  direc7on.	  

-‐  If	  two	  non-‐successive	  iterates	  have	  the	  same	  
value	  then	  we	  entered	  a	  cycle.	  Use	  modified	  
Brent’s	  minimiza7on	  method	  to	  find	  a	  local	  
min.	  



Function x0 Our Method fzero
x4 − 2x3 − 4x2 + 4x + 4 -1.0 3 17

x− 2( − x) 0.0 4 23

ex − x2 + 3x− 2 0.0 4 17

2x cos(2x)− (x + 1)2 -3.0 10 17

x cos(x)− 2x2 + 3x− 1 0.2 3 21

x− 2 sin(x) -1.0 14 23

3x− ex 1.0 3 19

x + 3 cos(x)− ex 0.0 3 25

x2 − 4x + 4− log(x) 1.0 4 19

x2 − 4x + 4− log(x) 2.0 3 17

x + 1− 2 sin(πx) 0.0 4 15

x + 1− 2 sin(πx) 0.5 3 19

(x + 2)(x + 1)2x(x− 1)3(x− 2) -0.5 3 25

(x + 2)(x + 1)x(x− 1)3(x− 2) -1.5 10 19

x3 − x− 1 1.0 3 19

π + 5 sin(x/2)− x 0.0 5 33

2−x − x 0.3 3 25

(2− e−x + x2)/3− x -5.0 18 19

5x−2 + 2− x 1.0 11 27�
ex/3− x 2.0 3 21

5−x − x -2.0 18 25

5(sin(x) + cos(x))− x -2.0 4 27

2 sin(πx) + x -2.0 5 13

−x3 − cos(x) -3.0 18 23

x3 + 3x2 − 1 -3.0 4 7

x− cos(x) 0.0 3 23

x− 8− 2 sin(x) 0.0 3 25

ex + 2−x + 2 cos(x)− 6 1.0 3 23

log(x− 1) + cos(x− 1) 1.3 3 9

2x cos(2x)− (x− 2)2 2.0 4 15

2



Conclusions	  

-‐  Given	  a	  straddle,	  we	  have	  constructed	  a	  method	  
that	  performs	  as	  well	  as	  Brent’s	  Method,	  but	  only	  
has	  O(n)	  complexity.	  

-‐  The	  method	  to	  bound	  the	  complexity	  may	  be	  
applied	  to	  arbitrary	  zero-‐finding	  iterators	  as	  long	  
as	  we	  have	  a	  straddle.	  

-‐  Linear	  7me	  to	  find	  local	  min,	  straddle,	  or	  zero	  
given	  an	  ini7al	  point.	  



Future	  Work	  

-‐  Modify	  Brent’s	  Minimiza7on	  Method	  to	  
reduce	  complexity	  from	  O(n2)	  to	  O(n).	  

-‐  Con7nue	  to	  develop	  and	  stress	  test	  zero-‐
finding	  method	  when	  we	  start	  with	  a	  single	  
point	  instead	  of	  a	  straddle.	  
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