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9.4.2 Write the given system in matrix form =’ = Az + f

r'(t) = 2r(t) + sint
O'(t)=r(t)—0(t)+1

We write this as

(6) = € 2 + (%)

9.4.4 Write the given system in matrix form «’ = Az + f

%=w+y+z
%;2x—y+3z
z
S =x+52
We write this as
dz 1 1 1\ [z
¥ = 2 -1 3 Y
az 1 0 5 z

9.4.8 Rewrite % - % +y = cos(t) as a first order system in normal form.
N i ey _ dy ; _
ote that the equation says that 7 = %% —y + cos(t). Setting z; = y,
2 3
xQZ%,xS:%,( %:1’2—1’1 + cos(t)) we get
’ dy
T dt T2
! d>y — s(t
xh dy 9 — x1 + cos(t)
0 1 0 T 0
= 0 0 1 To + 0
-1 1 0/ \z3 cos(t)



9.4.10 Write the given system as a set of scalar equations

;L 2 1 e
:E—(lgx—i—el

This becomes the equations

Ty = 2x1 + 39 + tet
xh = —x1 + 32 + €

9.4.16 Determine whether the given vector functions are linearly dependent
or independent on the interval (—oo, 00)

sint sin 2t
cost )’ \cos2t
We compute the Wronskian

det sint  sin2t) _ sint cos 2t — sin 2t cost = —sint
cost cos2t

where the last step can be deduced by using trig identities. Since —sint is
not identically 0, the vector functions are linearly independent. (Alternatively,
one can check that the Wronksian is nonzero at a point such as t = 7.)

9.4.18 Determine whether the given vector functions are linearly dependent
or independent on the interval (—oo, c0)

1 t 2
o],{o].,[0
1 t t2

These functions are linearly independent, since a linear relations requires
finding nonzero constants ci,cs, cs3 such that ¢, + cot + c3t?> = 0. But 1,t,¢2
are linearly independent, so no such constants exist.

Note that even though the vector functions are linearly independent, their
Wronksian is still zero.

9.4.22 Determine whether the given functions form a fundamental solution
set to an equation z'(t) = Axz. If they do, find a fundamental matrix for the
system and give a general solution.



et sint —cost
z1= €|, zo=| cost |, z3=| sint
et —sint cost

We start by computing the Wronksian

t

e sint  —cost
det | e cost sint | = e’(cos® t+sin®t)—e'(sint cost—sint cost)+e’(sin? t+cos? t) = 2e’
e —sint  cost

Since this is nowhere 0, the solutions are linearly independent and form a
fundamental set. A fundamental matrix is

et sint —cost
et cost sint
et —sint cost

and a general solution is ¢y + caxa + c33.

9.4.24 Verify that the vector functions

o3t Bt o3t
zi=[ 0], zo=|[ €3 |, z3=]—-e%
e3t 0 e—St

are solutions to the homogenous system

1 =2 2
=Ar=|(-2 1 2|z,

2 2 1
on (—oo0,00) and that

5t +1

Tp = 2t

4t + 2

is a particular solution to
-9t
¥=Azx+ | 0 | =Az+ f(t)

—18¢



Find a general solution to 2’ = Az + f(t).

We check directly that

A general solution to &’ = Az + f(t)
9.4.25 Prove that the operator L[z] = ' — Az is a linear operator.
We must show L[z + y] = L[z] + L]y] and L[cz] = cL[z].

Liz+yl=(z+y) - Alx+y) =a"+y —Az— Ay = (2’ — Az) +

Sest
= Ailil

36315

_363t

3€3t = Az,
3673t

36_3t = A:Z?g
—3e~3¢
5
2| =Az, + f(1)
4

Llz] + Lly]

Licx] =

(cx) — A(ex) = ca’ — cAx = ¢(2' — Azx) = cL[z]

is c1x1 + coxo + c3x3 + Tp.

9.4.26 Let X (t) be a fundamental matrix for the system 2’ = Ax. Show

that z(t) = X ()X~

Az, z(t,) = xo.

L(to)zo is the solution to the initial value problem 2’ =

Since z(t) is a linear combination of the columns of the fundamental ma-

trix, we just need to check that it satisfies the initial conditions. But z(tg)

X (to)X ~(to)wo = Iy = mp as desired, so x(t) is the dersired solutions.

9.5.6 Find eigenvalues and eigenvectors of the matrix

011
1 0 1
1 1 0

We start by computing the characteristic polynomial.



A1 1
det [ 1 =X 1 | ==-N+32+2=(2-N)(1+))?
11 =)

So the eigenvalues are 2 and -1.

For A = —1 we must find the kernel of

)
— ==
— =

Row reducing we get

OO =
o O =
S O =

which gives eigenvectors

-2 1 1
1 -2 1
1 1 =2
Row reducing we get
1 1 =2
0 -3 3
0 0 O
which gives the eigenvector
1
1
1

9.5.10 Find all eigenvalues and eigenvectors of



We start by computing the characteristic polynomial.

1—X 2 -1
det| 0 1-X 1 |=01-MNMN-21+2)

0 -1 1-2A

The first factor gives eigenvalue 1, the second gives eigenvalues 1 + 7.

For A = 1, we must find the kernel of

0 2 -1
det |0 O 1
0 -1 0
which gives the eigenvector
1
0
0

For A\ =1 — 7 we must find the kernel of

. 2 -1
det |0 ¢ 1
0 —1 =2

Solving this we get the eigenvector

-2+
?
1

Taking conjugates, we get that the eigenvector for A =1+ ¢ is
—2—1
—i
1

9.5.14 Find a general solution to the equation 2’ = Ax where



-1 1 0
A=[1 2 1
0 3 -1

We start by computing the characteristic polynomial.

—“1-x 1 0
det 1 2\ 1 =N -A-6)=-A+1)(A+2)(A-3)
0 3 —1-2A

So the eigenvalues are —1,—2, 3.

For A = —1, we must find the kernel of

o = O
W W =
o = O

Row reducing we get

O =
O = W
O =

which gives the eigenvector

-1
0
1

For A = —2, we must find the kernel of

(e
W = =
=)

Row reducing we get

O =
W =
=)

which gives the eigenvector



For A\ = 3, we must find the kernel of

-4 1 0
1 -1 1
0 3 -4
Row reducing we get
1 -1 1
0 3 -4
0 0 O
which gives the eigenvector
1
i
3
1

Combining these, we get that the general solution to the differential equation
is

1
—t - o [ % 3t
cie 0 | +coe —3 | tcse
1 1

= COILo| =

9.5.20 Find a fundamental matrix for the system x’=Ax, where

=(50)

The characteristic polynomial of A is A> — 5\ +4 = (A — 1)(\ — 4), so the
eigenvalues are A = 1,4. For A = 1 we must find the kernel of

which is spanned by



For A = 4 we must find the kernel of

which is spanned by

(V)

The corresponding fundamental matrix is

—et —4ett
ot oAt

9.5.26 Find a general solution to the system of equations

=3z — 4y
y =4x — Ty

This system can be rewritten as 2’ = Ax, where

a=(1 )

The characteristic polynomial is A2 +4X — 5 = (A — 1)(\ + 5), so the eigen-
values are 1 and -5. For A = 1 we must find the kernel of

2 —4
4 -8
2
1
For A = —5 we must find the kernel of

(5 =)

which is spanned by

which is spanned by



)

Combining these, we see the general solution to the initial system is x =
2c1et 4 ey = cret + 2c0e70

9.5.34 Solve the initial value problem

0 1 1 —1
Z@)=[(1 0 1]z, z(0)=| 4
1 10 0

From the eigenvectors and eigenvalues from problem 6, the general solution
to this equation is

-1 -1 1
zt)=cret | 1 | et 0 | +eze* |1
0 1 1

Plugging in the initial condition, we must solve the equations

-1 -1 1 c1 -1
1 0 1 c|l=14
0 1 1 C3 0
Row reducing the system and backsolving gives, ¢; = 3,¢co = —1,¢3 =1, so
the desired solution is
-1 -1 1
zt)=3e | 1 | —e | 0| +e3e® |1
0 1 1

9.5.35 a. Show that the matrix

1 -1
=)
has a repeated eigenvalue, and only one eigenvector.

The characteristic polynomial is A24+2A+1 = (A+1)2, so the only eigenvalue
is A = —1. Searching for eigenvectors, we must find the kernel of

(i)



which is spanned by

)

b. Use your answer to part a. to find a nontrivial solution to ' = Ax.

1
~(2)

c. Try to find a second solution of the form te tu; + e tu,.

Plugging this expression into 2’ = Ax, we get

—te"tuy + e tug — e tug = te P Auq + et Aus.

Grouping the e~ and te~? terms together, we get to vector relations

—ug +uy = Aug or (A+TDNug = uy

and —u; = Aug, or (A4 Huy =0.

We want u; to be an eigenvector. To find us, we can either solve the given
set of linear equations, or just guess a us and see if (A + I)usg is an eigenvector.

(This may seem ad hoc, but it works as long as your guess for uy is not already
an eigenvector.) If we guess
o — 1
> \o

aem=()-()

which is an eigenvector. So we get a solution of the differential equation

—t 1 —t 2
e (O) + te 4
d. What is (A + I)%uz?

(A+1D)%uy = (A+ I)(A+ Dug = (A + Iuy = 0 from the equations we
derived in part c.

then

9.5.36 Use the method of problem 35 to find a general solution to the system



s0=(5 2)

Computing the characteristic polynomial, we get that A = 2 is a double root,

and
o 1
V1 = 1

2ty; is a solution to the differential equation.

is an eigenvector, so e

As in problem 35, we guess a solution of the form te*u; + e?*uy. This gives
rise to the equations (A — 2I)uy = 0, (A — 21)%us = u.

Guessing

== (o)
=6 5) 0=

which is an eigenvector. So another solution is te?*u; + e?*uy. Combining
these, we get a general solution

et (}) +eaee (3) e (1))

we get



