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Math123 Ordinary Differential Equations:
Sample Final Solutions

This is an open book, open notes exam. You need to justify every one of your
answers. Completely correct answers given without justification will receive little
credit. Do as much as you can. Partial solutions will get partial credit. Look over
the whole exam to find problems that you can do quickly. You need not simplify your
answers unless you are specifically asked to do so.

Problem || Maximum Score | Your Score
1 20
2 10
3 20
4 20
5 10
6 10
Total 90

Your Name:

Your SID:
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1.

(a)

Suppose @ > 0 and let f be a continuous function on R with |f(y)| < |y|*>. Find an
€ > 0 such that every solution y of ' = —ay + f(y) with |y(0)| < € exists for all x > 0.
Solution: This is an almost linear system. Let y(x) = e **v(z), then the ODE
simplifies to

v'(z) =e*f (e_wv(m)) :
Integrating,

o(z) = v(0) + /0 " (emu(r)) dr.

Since v(0) = yo, we have

p@) < lyol + [ e IS (o)) ldr < lyol + [ e (72 fo(r) ) dr.

Assume for now that |v(z)| <1 for all z > 0. Then

@) < lyol + [ e lo(r)ar.

By Gronwall inequality,

o(@)| < lynlexp ([ mdr) = [yolexp (1= ) /a) < [yole!/"

Now we choose |yo| < e™'/* < 1. By existence and continuity of ODE solutions, we

know v(x) exists with |v(z)] < 1 for 0 < & < xy, where zy > 0 is sufficiently small.
The above argument shows that in fact |v(z)| < |yole'/® < 1 for all such x. By the
extension technique in the book, this implies that in fact v(x) exists for all x > 0 and
lv(z)| < |yole!/™ < 1 for all z. So € = e~/ For any |yo| < ¢, solution is bounded and
hence exists for all time.

By choosing the initial value y(0), find a solution of ¢ = —y + y* that does not exist
for all z > 0.
Solution: ODE has form ¢’ = y(y — 1), or

(1/(y—1) = 1/y)dy = dt.

Integrating, ODE has solution

Yo
y(t) = ;
Q Yo+ (1 —yo)et

where y(0) = yo. For any yo > 1, solution is undefined at ¢t = In (yo/(yo — 1)).
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2. Suppose that A is an n X n matrix whose eigenvalues all have nonzero real parts. Show that
every solution y of y' = Ay satisfies either ||y(z)|| — oo or ||y(z)]| — 0 as x — 0.
Solution: If A is a Jordan block, then the solution either decays to zero or go to infinity
depending on whether the eigenvalue has negative real part. In general, there exists a T
such that

A =Tdiag(J,,---,J.)T*

where the J’s are Jordan blocks. Let y(ty) = yo be the initial condition so that the solution

1S
eJl (tftO)ul

Yy = Tdiag(e‘h(t*m), .. 76Jr(t7t0))T71y0 _T

Jr (t—.to)

e Uy

U
where T-'yo = | : |. Then each component e’+(*=%)y, will go to infinity if the eigenvalue
Uy
value in Ji has positive real part and uy # 0; it goes to zero otherwise. The solution y goes
to zero if every component goes to zero, and go to infinity otherwise.
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3. (a) Suppose that f(z) is continuously differentiable satisfying || f(x) — f(v)|| < ||x — y|| for
all z and y. Show that the solution of y' = f(y) satisfies ||y(z)|| < (e*—=1D)||.f (o) ||+ ||voll
and exists for all x > 0.
Proof: Define ¢o(x) = yo and

Grs1(T) = Yo + /Oxf(gz)k(f))df, k=01, ..

Then for x > 0,

I¢1(2) = ¢o(@)] < /[ (yo)ll

In general,

den (@) = an(e) = [ (Fon(r) = FGea(T))dr, k=1,

and

[én1(2) = du@)l| < [ ll6n(r) = dua(Pl dr, k=1,
A simple induction shows that

Ik+1

[fr11 () — Pr(2)]| < ml!f(yo)“-

Thus, the sequence {¢g(z)}32, converges and converges to the solution of the ODE,
which can be written as

y(@) = do(@) + 3 (e (@) — dula)).

k=0

and hence

$k+1

19 = a4 [141(0) = n(] < Dnll 3 551 )l = (=) ool

Let cos (\/10 — x)
oy sin (\/10 — a:)

Yy = f(y) with a continuously differentiable function f(y)? If so, find such f(y);

otherwise, explain why not.

Solution: NO. Given y function is bounded, but undefined for x > 10. ¢’ is also

undefined at x = 10 and unbounded for x close to 10. If y was an ODE solution, it

would have to be extendable to all x > 0 and have finite derivatives at = = 10.

). Can y be the solution to a 2 x 2 autonomous system
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4. LetP:<0 9

) . Find

(a) The matrix Y (z) = .

Solution: Y (z) = e** (Oll I)

(b) the solution of ¢ = Py with y(0) = (0,1)T.

Solution: Solution is Y (x)(0,1)T = ?* <f>
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5. Consider the ODE ¢ = f(y), where y = (y1, 92, y3) and

—2y2Y3
f) = viys +v3ve |-
Y1Ya — Y3Y3

Define V (y1,v2,93) = ¥2 + y5 + y2. Suppose y = y(t) is a positive solution: y;(t) > 0,
y2(t) > 0, y3(t) > 0. Show that

V(y(t),y2(t),y3(t)) < V(y1(0),y2(0), y3(0)).

Solution: We can show that

d

2V (51(0), 32(1), 95(t)) = 0

Hence

V(yi(t), y2(t),y3(t)) = V(y1(0), y2(0), y3(0))
for all ¢.
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6. Consider the equation 3 = f(y) with y = (y1,%2)", where

f)= (i o))

Show that y = (0,0)7 is a critical point, and y = (0,0)” is an asymptotically stable solution.

Solution: _ 0
(2 ()
=" ) —

Hence ODE is almost linear. Theorem 4.3 will work. Alternatively, we can apply Theorem
5.5. with V(y1,v2) = 1/2(y2 — v1)* + 1/4(1 + 4?)* — 1/4. Show

e V is positive definite,

o V*(y1,42) <0,

o E={y[V*(y) =0} ={yly1 = 12},

e (0 is the only invariant subset of



