
ASSIGNMENT 7 SOLUTION

JAMES MCIVOR

1. Stewart 14.6.48

[2 pts] If g(x, y) = x2 + y2 − 4x, find the gradient vector ∇g(1, 2) and use it to find the tangent
line to the level curve g(x, y) = 1 at the point (1,2). Sketch the level curve, the tangent line, and the
gradient vector.

Solution: The gradient vector is

∇g(1, 2) = 〈gx(1, 2), gy(1, 2)〉 = 〈−2, 4〉
Since the gradient vector is perpendicular to the tangent line at the point, the equation for the

tangent line can be found by
〈−2, 4〉 · 〈x− 1, y − 2〉 = 0

which simplifies to
−x+ 2y = 3

The curve g(x, y) = 1 and this tangent line are shown below - the gradient vector is perpendicular
to the tangent line and points away from the ellipse.

2. Stewart 14.6.53

[3 pts] Are there any points on the hyperboloid x2−y2−z2 = 1 where the tangent plane is parallel
to the plane z = x+ y?

Solution: The answer is NO. Here’s why. Let F (x, y, z) = x2 − y2 − z2, so the hyperboloid is
the level set F (x, y, z) = 1 of this function, and the normal vector to the tangent plane at (x, y, z)
is given by the gradient ∇F (x, y, z) = 〈Fx(x, y), Fy(x, y), Fz(x, y)〉. Thus the tangent plane to the
hyperboloid will be parallel to the given plane if and only if ∇F is parallel to the normal vector
n1 = 〈1, 1,−1〉 for the given plane. This will happen when

〈2x,−2y,−2z〉 = c〈1, 1,−1〉
for some constant c. But the first two components say that 2x = −2y, hence x = −y, and plugging
this into the equation for the hyperboloid gives −z2 = 1, and there are no solutions for z, so there
are no points on the hyperboloid for which ∇F is parallel to n1.

3. Stewart 14.7.42

[2 pts] Find the points on the surface y2 = 9 + xz which are closest to the origin.
[Note - Do not mark off for bad reasoning regarding boundary points, or the lack

thereof, or for just assuming that there is a min, and not even worrying about the
boundary. We didn’t do nay non-compact optimizations in lecture, so they may not
have known what to do. Just grade based on whether they found the right critical
point.]

Solution: We want to minimize the distance
√
x2 + y2 + z2 to the origin, but it is equivalent

to minimize f(x, y, z) = x2 + y2 + z2 (the reason this is equivalent is that the square root function
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is an increasing function, but you don’t need to mention this, since we used this trick in lecture a
few times already). To apply the extreme value theorem we need to consider a closed and bounded
region. The domain of f is all of R3, which is unbounded, but we can restrict our attention to the set
of points where x2 + y2 + z2 ≤ 25, since there are at least some points on the surface that lie inside
this region (a solid sphere), and no minimum can occur outside the sphere since the distance to the
origin is greater outside the sphere than inside it (we could have chosen any other solid sphere whose
intersection with the given surface is nonempty). Therefore we are guaranteed to find a minimum.

The requirement that the point lie on the given surface means that we can replace y2 by 9 + xz
in this expression for f and obtain a new function

f(x, z) = x2 + xz + z2 + 9,

which we now seek to minimize.
We first find the critical points of f(x, z). These occur when∇f(x, z) = 〈0, 0〉, i.e., when 2x+z = 0

and 2z+x = 0, which gives x = z = 0. So there is only this one critical point. It must be a minimum
- the only other place we may find a minimum is on the boundary of our region - the solid sphere of
radius five. But all the points on that boundary have distance five to the origin, whilst our critical
point has distance f(0, 0) = 3 to the origin. Thus (x, z) = (0, 0) is the minimum of this f , and this
gives the TWO points (0,±3, 0) on the surface with minimal distance to the origin.

4. Stewart 14.7.56

[3 pts] Find an equation of the plane that passes through the point (1, 2, 3) and cuts off the
smallest volume in the first octant.

Solution: We must find the components of the normal vector n = 〈a, b, c〉, in such a way as to
minimize the volume of the “pyramid” region it cuts off. We first need to find this volume. To do
so we need to find the intersections of this pyramid with the coordinate axes. The equation of the
plane is

n · 〈x− 1, y − 2, z − 3〉 = ax+ by + cz − (a+ 2b+ 3c) = 0

Since any vector parallel to n will work as a normal vector, let’s choose a, b, c in such a way that
a + 2b + 3c = 1. Therefore the plane meets the x-axis at ( 1

a , 0, 0); the y-axis at (0, 1b , 0); and the

z-axis at (0, 0, 1c ). Since the pyramid is the lower half of a rectangular solid, the volume of the

pyramid is the area of the base, 1
2
1
a
1
b , times the height which is 1

c , times 1/2. So we obtain a

function f(a, b, c) = 1
4abc , which represents the volume of the pyramid as a function of a, b, c, which

we now seek to minimize, subject to the restriction we imposed: a+ 2b+ 3c = 1.
This would be easier with LaGrange multipliers, but using the methods of this section we substitute
a = 1− 2b− 3c into f to obtain a function of two variables:

f(b, c) =
1

4bc(1− 2b− 3c)

Its partials are

fb(b, c) =
−4c+ 16bc+ 12c2

16b2c2(1− 2b− 3c)2
, fc(b, c) =

−4b+ 8b2 + 24bc

16b2c2(1− 2b− 3c)2

So the critical points of f occur when

−4c+ 16bc+ 12c2 = 4c(−1 + 4b+ 3c) = 0

−4b+ 8b2 + 24bc = 4b(−1 + 2b+ 6c) = 0

If either b or c is zero, we have a pyramid of “infinite volume”, so we can assume they’re nonzero
and cancel them. Thus the system reduces to

−1 + 4b+ 3c = 0

−1 + 2b+ 6c = 0

whose solution is (b, c) = (1/6, 1/9). From our constraint a+ 2b+ 3c = 1, it follows that a must be
1/3, so n = 〈1/3, 1/6, 1/9〉, and an equation of the plane is

1

3
x+

1

6
y +

1

9
z = 1, or 6x+ 3y + 2z = 18.
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5. Stewart 14.8.12

[3 pts] Use LaGrange multipliers to find the maximum and minimum values of the function
f(x, y, z) = x4 + y4 + z4 subject to the constraint g(x, y, z) = x2 + y2 + z2 = 1.

Solution: We have ∇f(x, y, z) = 〈4x3, 4y3, 4z3〉 and ∇g(x, y, z) = 〈2x, 2y, 2z〉, so LaGrange’s
method gives requires that we solve the following system of equations:

4x3 = 2λx(1)

4y3 = 2λy(2)

4z3 = 2λz(3)

x2 + y2 + z2 = 1(4)

We split into four cases, depending on whether x and y are zero or not:

(a) x and y are both nonzero. Then equations (1) and (2) tell us that x2 = y2 = λ/2, and putting

this into equations (3) and (4) gives solutions (±
√

2/2,±
√

2/2, 0) and (±
√

3/3,±
√

3/3,±
√

3/3).
(b) x 6= 0 but y = 0. Then we have x2 = λ/2, from (1) and putting this into (4) gives λ/2 + z2 = 1,

which using (3) gives solutions (±1, 0, 0) and (±
√

2/2, 0,±
√

2/2).
(c) y 6= 0 but x = 0. This is just like case (b) but with x and y reversed: the solutions are (0,±1, 0)

and (0,±
√

2/2,±
√

2/2).
(d) x = y = 0. Then equation (4) tells us that z = ±1, so we get the two solutions (0, 0,±1).

Now we determine which of these points are maxima and minima by simply evaluating f at all these
points. We find that the maximum value of f is 1 and occurs at (±1, 0, 0), (0,±1, 0), and (0, 0,±1),

while the minimal value is 1/3, and occurs at (±
√

3/3,±
√

3/3,±
√

3/3), (±
√

3/3,±
√

3/3,±
√

3/3),

and (±
√

3/3,±
√

3/3,±
√

3/3).

6. Stewart 14.8.30

[2 pts] Using the method of LaGrange multipliers, solve 14.7.42 again.
Solution: Here f(x, y, z) = x2 + y2 + z2 is the function to be minimized and the constraint is

g(x, y, z) = y2 − xz = 9. LaGrange’s method gives us the four equations in four unknowns

2x = −λz
2y = 2λy

2z = −λx
y2 − xz = 9

From the second equation we obtain two cases

(1) y = 0. Then x, z and λ are all nonzero and we can divide the first equation by the third to
obtain x/z = z/x, which using the fourth equation gives the two solutions (±3, 0,∓3).

(2) y 6= 0, so that λ must be one. Then we have 2x = −z and 2z = −x. These imply that
x = z = 0, and y = ±3 follows, so we get two solutions (0,±3, 0).

Comparing these four points we find a distance to the origin of 3
√

2 for the first pair, and only 3
for the second pair, so the points on the surface closest to the origin are the two points (0,±3, 0).


