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A comprehensive description of chromosome aberrations is
introduced that is suitable for all cytogenetic protocols (e.g.
solid staining, banding, FISH, mFISH, SKY, bar coding) and
for mathematical analyses. ‘‘Aberration multigraphs’’ system-
atically characterize and interrelate three basic aberration el-
ements: (1) the initial configuration of chromosome breaks;
(2) the exchange process, whose cycle structure helps to de-
scribe aberration complexity; and (3) the final configuration
of rearranged chromosomes, which determines the observed
pattern but may contain cryptic misrejoinings in addition.
New aberration classification methods and a far-reaching gen-
eralization of mPAINT descriptors, applicable to any proto-
col, emerge. The difficult problem of trying to infer actual
exchange processes from cytogenetically observed final pat-
terns is analyzed using computer algorithms, adaptations of
known theorems on cubic graphs, and some new graph-the-
oretical constructs. Results include the following: (1) For a
painting protocol, unambiguously inferring the occurrence of
a high-order cycle requires a corresponding number of dif-
ferent colors; (2) cycle structure can be computed by a simple
trick directly from mPAINT descriptors if the initial config-
uration has no more than one break per homologue pair; and
(3) higher-order cycles are more frequent than the obligate
cycle structure specifies. Aberration multigraphs are a pow-
erful new way to describe, classify and quantitatively analyze
radiation-induced chromosome aberrations. They pinpoint
(but do not eliminate) the problem that, with present cyto-
genetic techniques, one observed pattern corresponds to many
possible initial configurations and exchange processes. q 2002

by Radiation Research Society

INTRODUCTION

Chromosome Aberrations

Cells exposed to ionizing radiation undergo DNA break-
age and misrejoinings that lead to large-scale rearrange-
ments of the genome; such rearrangements have a number

1 Address for correspondence: University of California, Mathematics
Dept., Evans Hall, Berkeley, CA 94720-3840; e-mail: sachs@math.
berkeley.edu.

of important health-related implications. For acute irradia-
tion during the G0/G1 phase of the cell cycle, the rearrange-
ments typically found are chromosome aberrations [i.e.
chromosome-type chromosomal aberrations, as defined in
ref. (1)]. Chromosome aberration spectra help characterize
DNA repair/misrepair pathways and chromosome geometry
during cell cycle interphase [for a review, see ref. (2)].

A colorful diversity of radiation-induced chromosome
aberrations is now observed with chromosome painting
techniques, revealing a higher degree of complexity than
was previously assumed (3, 4). Particularly informative are
mFISH2 and SKY (5–9), where all pairs of autosome ho-
mologues, as well as the sex chromosomes X and Y, are
simultaneously assigned their own (pseudo-)color, so that
many aberrations become readily detectable. Still further
technical developments (e.g. 10–14) include ‘‘bar coding’’
and other techniques in which different parts of a single
chromosome are assigned different colors, making intra-
chromosomal rearrangements more readily detectable.

Cycles

Biophysical implications of observed aberration spectra
for DNA repair/misrepair pathways and interphase chro-
mosome geometry can be analyzed using ‘‘cycles’’ to de-
scribe the exchange process. A complete exchange involv-
ing just two DSBs (DNA double-strand breaks), i.e. a four-
ends pairwise misrejoining as occurs for example in stan-
dard scenarios for the formation of a simple dicentric or
translocation, is a ‘‘2-DSB cycle’’. More generally, an ‘‘n-
DSB cycle’’ characterizes an exchange process where n dif-
ferent DSBs, presumably close in time and space, have par-
ticipated in a single, irreducible reaction (7, 15). In large-
scale comparative genomics [for a review, see ref. (16)], a
very similar concept is used (e.g. 17), referring primarily
to rearrangement configurations rather than rearrangement
processes [for a review, see ref. (18) Chapter 10].

Describing Aberrations

How to describe all the different aberrations appropriate-
ly is problematic. For example, there are theoretical and

2 Abbreviations: ISCN, International System for Cytogenetic Nomen-
clature; mFISH, multiplex- (multifluor-, multicolor-) fluorescence in situ
hybridization; SEC, sequential exchange complex (e.g. Fig. 6); SKY,
spectral karyotyping.
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FIG. 1. Graphs and multigraphs. A graph consists of vertices and
edges, with each edge connecting two different vertices and with at most
one edge connecting any given vertex pair. For example, panel A shows
a graph known as ‘‘the wheel with six spokes’’ and usually designated
W6. It has seven vertices (circles) and 12 edges (lines). Panel B shows
a graph called the cyclic graph with six vertices. Graph theorists write
this graph as C6, but we designate it here as c3 because our later treat-
ment will emphasize DSBs rather than just vertices, with two vertices for
one DSB and thus three DSBs for the six-vertex graph shown. c3 is a
subgraph of W6; i.e., it is a graph obtained by deleting some of W6,
namely one vertex and six edges. When discussing graphs, only the pat-
tern of vertices and edges matters, so that in panel B the hexagon and
the lopsided figure are considered as the same graph, i.e. as two ways to
show c3. Panel C shows a subgraph of c3 which is not connected; rather
it has three different connected components, each consisting here of two
vertices and an edge. In general a connected component of a graph is
obtained by starting at any vertex and tracing out as much of the graph
as one can without lifting pencil from paper (repetitions are allowed).
Multigraphs are like graphs except that the restriction that at most one
edge connect any given pair of vertices is dropped. Every graph is a
multigraph, but not vice versa. Panel D shows an example, which we
designate c1, of a multigraph that is not a graph. Multigraphs that are
not graphs are sometimes needed, e.g. when analyzing simple ring ab-
errations. To include all relevant cases, we will henceforth talk primarily
about multigraphs, which automatically leaves the possibility open that
any particular multigraph is also simply a graph. Submultigraphs, and
connected components for multigraphs, are defined in essentially the
same way as for graphs.

experimental grounds to suppose that at the first metaphase
after acute irradiation, dicentric frequency and translocation
frequency are approximately equal (19), but unless one is
careful with the way dicentrics and translocations are char-
acterized, this underlying biological relationship can be
masked (20). With the complicated aberration spectra that
modern techniques are now making available, many similar
questions arise. Descriptions based on specific biophysical
models and those that are more model-neutral both have
drawbacks. Importantly, aberration nomenclature and clas-
sifications currently tend to change very substantially as the
experimental protocol changes, e.g. from solid staining to
banding or to mFISH, even though the underlying biology
is the same. The ‘‘detailed’’ ISCN designations for banding
(18–21) and mPAINT descriptors (4, 7) have similarities,
but they have not previously been unified. Recently devel-
oped computer and other quantitative modeling methods for
analyzing aberration spectra3 (e.g. 22–28) need improved
and more standardized ways to describe aberrations. We
will argue that ‘‘aberration multigraphs’’ provide the solu-
tion for this.

Graph Theory and Aberration Multigraphs

Graphs have been used in various applied fields and stud-
ied mathematically for more than two centuries (29). They
have been applied recently in computational biology (30),
though not for studying radiogenic aberrations or using the
particular type of graph theory discussed below. Figure 1
illustrates some basic definitions used throughout graph the-
ory.

Graph theory can be applied to aberration diagrams that
have been considered by Savage4 and similar diagrams that
have been presented by various authors [e.g. ref. (7), Figs.
3 and 5; refs. (25, 31)]. By abstracting from such diagrams,
one is led to aberration multigraphs, which unify three basic
aberration elements: an initial configuration, an exchange
process, and a final configuration. Each of these three basic
elements is important in its own right (7, 32).

An aberration multigraph refers in principle to the actual
biophysical process of aberration formation, as it occurred
in a cell, not just to a final pattern observed cytogenetically.
In any currently feasible experiment, one does not directly
observe entire aberration multigraphs, and many different
aberration multigraphs can correspond to one observed pat-
tern. Modeling the underlying process explicitly by using
aberration multigraphs helps organize the observations. We
now show how the unification of three basic aberration el-
ements (initial configuration, exchange process, and final
configuration) into an aberration multigraph works, starting
with some examples and then generalizing.

3 J. Arsuaga, R. Sachs, M. Vazquez and M. N. Cornforth, Comparing
DNA damage-processing pathways by computer analysis of chromosome
painting data. Manuscript submitted for publication.

4 J. R. K. Savage, private communication, 1999, and ‘‘Some thoughts
on ‘Sequential Exchange Complexes’ (SEC) and the principle of ex-
change configuration ‘reducibility’’’. Unpublished monograph, 2001.

METHODS

Examples of Aberration Multigraphs

Multigraphs consist of vertices and edges (Fig. 1). A vertex of an
aberration multigraph (e.g. Fig. 2F) represents either a DSB free end
(‘‘free-end vertex’’) or a telomere (‘‘telomeric vertex’’). An edge repre-
sents a chromosome segment (‘‘chromosome edge’’), or an initial part-
nership between the two free ends of a single DSB (‘‘initial edge’’), or
a final partnership between DSB free ends that have been misrejoined or
restituted (‘‘final edge’’). Each of the three basic elements of a chromo-
some aberration (initial configuration, exchange process, and final con-
figuration) can be considered as a submultigraph, obtained from the uni-
fied aberration multigraph by deleting some parts, and having some edges
in common with each of the other two basic elements. Figure 2 shows
how an aberration multigraph for a simple dicentric is constructed; Fig.
3 gives the aberration multigraphs for a simple centric ring with accom-
panying acentric fragment, a simple translocation, and a simple inversion;
Fig. 4 shows an aberration multigraph for a complex aberration.

mPAINT

Figures 2–4 use mFISH or SKY for illustrative purposes. Specifically,
we take mFISH and SKY to mean 24-color whole-chromosome painting,
with only color junctions, rings and centromere mismatches scored. For
example, inversions and homologue-homologue translocations will both
be counted here as cryptic in mFISH. The mPAINT descriptors (7) will
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FIG. 2. A dicentric multigraph. Panel A shows the formation of a
dicentric from two chromosomes, one painted red (color 1) and the other
painted green (color 2). Panels B–F show relevant multigraphs (all of
which are also graphs in this particular case). Panel B gives the initial
configuration, made up of telomeric vertices (a, d, e and h), DSB free-
end vertices (b and c, f and g), initial edges (shown dotted) specifying
which free ends were originally partners, and chromosome edges (solid,
colored lines). A prime indicates a centromere. The labels a–h are merely
guides for the reader, and such vertex labels will usually not be needed.
Panel C shows the exchange process; the vertices are the DSB free-end
vertices; the edges are the initial edges (dotted lines) from panel B plus
two final edges (solid lines), specifying that b misrejoined with f, and c
with g. A connected four-vertex exchange process as shown in panel C
characterizes a ‘‘two-DSB cycle’’, designated c2 and sometimes referred
to as a four-ends pairwise exchange or a complete reciprocal exchange.
Here the ‘‘2’’ refers to the number of DSBs involved, half the number
of free-end vertices in the exchange process multigraph. Panel D shows
the final configuration. Here the initial (dotted) edges of panel B have
been removed and the final (solid) edges of panel C have been inserted
instead. The two different connected components of the final configura-
tion define the two rearranged chromosomes, the dicentric on the left and
the acentric fragment on the right. The fact that there are corners here is
irrelevant (compare the caption to Fig. 1B). Panel E gives the aberration
multigraph, unifying panels B–D. Panel F repeats panel E in an equivalent
form that is easier to draw and print because dashed lines are used for
the chromosome edges instead of colors. The three basic aberration ele-
ments B–D can be read off from the multigraph F by the appropriate
deletions; the mPAINT descriptors (7) can also be read off directly, as
(19:: 29) (1 :: 2), by ignoring the dotted lines. Thus panel F concisely
encapsulates all the information given in panels A–D about the aberration.
For any aberration, the number of DSBs involved is half the number of
vertices in the exchange process submultigraph, which in turn equals the
number of vertices in the aberration multigraph minus the number of
telomeric vertices. These relationships, and similar ones for the total num-
ber of edges, give for any aberration multigraph

no. of vertices 5 2(no. of DSBs) 1 (no. of telomeres)

5 (no. of free-end vertices) 1 (no. of telomeres).

no. of edges 5 3(no. of DSBs) 1 (1/2)(no. of telomeres).

An aberration multigraph will be called simple if two unrestituted
DSBs are involved, complex if there are more than two.

FIG. 3. Interpreting aberration multigraphs. Multigraphs give a way to
see all relevant features simultaneously. For example, the multigraph in
panel A can be recognized directly as involving a centric ring. Panels B–
D show explicitly the steps required, but after some practice with aber-
ration multigraphs such extra diagrams are no longer needed. The detailed
interpretation of panel A is obtained as follows. (1) Ignoring the final
edges (solid lines, representing misrejoinings) characterizes the initial
configuration as a single chromosome with one DSB on each side of the
centromere (panel B1), since, as discussed in the legend to Fig. 2, the
dashed lines represent chromosome segments and the dotted lines rep-
resent initial partnerships between two free ends of a DSB. The fact that
the chromosome curves back in this figure is irrelevant; compare the
legend to Fig. 1B. The identification as one chromosome with two DSBs
is shown even more explicitly in panels C1 and D1. C1 repeats B1,
adding labels for the vertices; D1 shows the chromosome edges and the
DSBs of C1 more intuitively, with chromosome segments for the dashed
edges, gaps for the DSBs, and a constriction for the centromere. (2) In
panel A, ignoring the chromosome edges (dashed, labeled lines) and the
telomeric vertices (vertices with only one incident edge) shows that the
exchange process multigraph consists of a two-DSB cycle c2, as in Fig.
2. (3) In panel A, ignoring the initial edges (dotted lines) shows that the
final configuration consists of two rearranged chromosomes, an acentric
fragment and a centric ring (Panels B3–D3, where C3 and D3 show the
misrejoinings in detail). The mPAINT descriptors can be read off directly
as (1) r(19), where ‘‘r’’ refers to ring. Thus the aberration multigraph in
panel A already contains all relevant information given in panels B–D.
One can start with the intuitive picture of the aberration (panel D) and
work upward to construct the multigraph in panel A (see Figs. 2 and 4),
but a preferred technique is to work directly with aberration multigraphs,
which can also be constructed differently. For example, aberration mul-
tigraphs are often constructed by starting with an exchange process sub-
multigraph and then adding chromatin edges. Panels E and F give two
further examples, a reciprocal translocation and a paracentric inversion,
on which the reader can practice. The crossing of two edges in panel F
does not represent an extra vertex, just a convenient way to draw the
multigraph. Panel G gives an example of a multigraph applicable to the
recombinational misrepair model. The only difference from panel E is
that one initial edge is labeled ‘‘d’’ to indicate a DSB produced directly
by radiation, and the other initial edge is labeled ‘‘e’’ to indicate a DSB
produced by enzymatic action during a cell’s attempt to repair the first
DSB. The multigraph in panel A is not simply a graph because there is
a pair of vertices (namely the free-end vertices on the right) connected
by two different edges (compare Fig. 1D), but the multigraphs in panels
E, F and G are graphs.
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FIG. 4. The aberration multigraph for a complex, three-way aberration.
The method used to construct the multigraph is essentially the same as
in Fig. 2, but only a few key vertex labels are shown here for the inter-
mediate steps (even the vertex labels shown are in principle not consid-
ered part of the multigraph). The exchange process submultigraph shows
the initial edges (dotted lines) and the final (i.e. misrejoining) edges con-
necting appropriate free-end vertices; for example, the initial partner of
a is b and the final partner of a is d. The free end vertices are arranged
here in a hexagon for visual clarity, but in any case the exchange process
submultigraph is the cyclic graph with six vertices (see Fig. 1B). This
exchange process submultigraph characterizes the exchange process as a
three-DSB cycle, c3. Such ‘‘three-way’’ or ‘‘musical chair’’ aberrations
are among the most familiar complex aberrations. The reader can check
that all relevant aberration features can be read off directly from the
aberration multigraph by ignoring appropriate elements. For example, ig-
noring the initial edges (dotted lines) in the aberration multigraph gives
the final configuration, with mPAINT descriptors (19:: 2) (1 :: 39) (29::
3); the use of angles in drawing the rearranged chromosomes (19:: 2) and
(1 :: 39) is again irrelevant (compare Fig. 1B). When the three basic
elements of an aberration (initial configuration, exchange process and
final configuration) are unified in the aberration multigraph, additional
mathematical aspects, discussed in the Results section, emerge—the
whole is more than just the sum of its parts.

FIG. 5. A complex aberration involving six DSBs. The aberration mul-
tigraph gives the following properties for the three basic elements of the
aberration: (1) The initial configuration, obtained by ignoring the final
edges (solid lines), shows that originally there were three different chro-
mosomes, with three different colors, each having two DSBs, for a total
of six DSBs in all. The fact that there are various strange corners is not
relevant (compare Fig. 1B). (2) The exchange process is obtained by
ignoring the chromosome edges (labeled dashed lines) and ignoring the
telomeric vertices (vertices with only one incident edge). The exchange
process cycle structure here is c21c4, confirming that there were six
DSBs. The four-DSB cycle suggests a situation where four DSBs were
nearby in space and time and their free ends misrejoined in an irreducible
interaction. When the exchange process has more than one connected
component, as here where there are two connected components, one has,
by definition, a sequential exchange complex (SEC). For any SEC there
are several different reactions, here c2 and c4, counted as part of the
same aberration because they involve shared chromosomes (dashed, la-
beled edges in the aberration multigraph). (3) Final configurations are
obtained by ignoring the initial edges (dotted lines) in an aberration mul-
tigraph. Here the final configuration has mPAINT descriptors (7) (19::
29) r(1 :: 2) (1 :: 39:: 2) (3), where ‘‘r’’ again refers to ring, describing
the four rearranged chromosomes shown. An aberration involving as
many as six DSBs is complicated, no matter what description method is
used. In this case, as in all complicated cases, the aberration multigraph
(top) unifies the relevant information as simply as possible, at the cost
of being somewhat abstract.

be used and will define the observed mPAINT pattern. For example, the
mPAINT descriptors for a simple dicentric involving chromosomes 1 and
5 together with its acentric fragment are (19 :: 59) (1 :: 5), where the
primes indicate centromeres. Other examples are given in the figure leg-
ends. We here use double colons (::) instead of dashes to indicate ob-
served misrejoinings for two reasons: facilitating computer searches, and
indicating similarities of mPAINT descriptors (7) to ISCN designations
for aberrations scored with banding (18).

Completeness

For the time being, we assume that all exchanges are complete and
that all chromosome edges are long enough to be observable. If instead
there are chromosome segments so short they are not seen in the assay,
a different mathematical situation arises. In that case, if there are enough
short segments, every observed aberration pattern is consistent with an
exchange process consisting entirely of 2-DSB cycles, as can be shown
by generalizing an argument given earlier (15); a quite elegant mathe-
matical theory is available for determining how many 2-DSB cycles are
needed to produce a given observed pattern (21). These results are not
directly relevant when all chromosome edges involved are long enough
to be observable, and they will not play any further role in the analysis
below.

Defining SECs

The aberration multigraph for the entire altered karyotype in one cell
may have more than one connected component (connected components
are defined in the legend to Fig. 1). In that case, we are dealing with
several different aberrations that are presumably independent of each oth-
er. Formally, we can define an individual aberration as a connected ab-
erration multigraph. Even for a connected aberration multigraph, the ex-
change process submultigraph may have more than one connected com-
ponent (Fig. 5 shows an example). Having more than one component for
the exchange process then identifies the aberration as a sequential ex-
change complex (SEC). This mathematical definition captures the current
biology usage [for a review, see ref. (33)] even in complicated situations.

Biophysical Models

Possible biophysical pathways for producing chromosome aberrations
are breakage and reunion, based on nonhomologous end joining, recom-
binational misrepair, and the exchange theory pathway (34). The exam-
ples in Figs. 2–4 are easily interpreted using a breakage-and-reunion sce-
nario. However, aberration multigraphs can also be used to analyze re-
combinational misrepair scenarios as follows: (1) restricting attention to
those multigraphs where each connected component of the exchange pro-
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FIG. 6. A new strategy for aberration modeling and nomenclature. This
chart indicates the mathematical relationship between aberration multi-
graphs and the three basic elements of an aberration: initial configuration,
exchange process, and final configuration. These three basic elements can
be thought of as submultigraphs of the aberration multigraph (Figs. 2–
5). Their connected components also have direct interpretations: The con-
nected components of the initial configuration are the chromosomes par-
ticipating in the exchange; those of the final configuration are the rear-
ranged chromosomes; and those of the exchange process are the exchange
cycles. As the flow chart indicates, most current cytogenetic experiments
really only give information on one of the three basic aberration elements,
the final configuration. Other kinds of experiments not considered here
(for example pulsed-field gel electrophoresis experiments for DNA frag-
ment sizes prior to and during rejoining/misrejoining, or premature chro-
mosome condensation experiments designed to catch the evolution of
aberrations in time) do bear more directly on the other two basic elements
(initial configuration and exchange process). The flow chart indicates
three major points of this paper: (1) Changing from mFISH to any other
kind of scoring affects only the labeling of chromatin edges. Thus only
the two boxes on the bottom line of the figure are changed in any essential
way. Admittedly, the alterations in observed final pattern can be exten-
sive. But at least the changes are localized in the flow chart—the aber-
ration multigraph and the three multigraphs in the middle row supply an
overriding mathematical structure that is the same for all kinds of cyto-
genetic experiments involving G0/G1-phase exchange-type aberrations.
Having such a general mathematical structure helps in attacking three
important problems in quantitative aberration analysis—finding a con-
venient aberration nomenclature, finding useful classifications of aberra-
tion types, and comparing results among different experiments. It should
also facilitate accurate scoring in cases where two different protocols are
applied to the same metaphase [e.g. mFISH and banding, as in ref. (5)].
(2) The observed pattern does not determine the entire aberration directly
(7, 32), as indicated here by using only downward or horizontal arrows,
but no upward ones. Ambiguities arise because one observed pattern may
correspond to several different final configurations (e.g. two final config-
urations might differ only by the presence or absence of a cryptic inver-
sion) and also because one final configuration may correspond to a num-
ber of different aberrations (Fig. 8 gives an example). These ambiguities,
whether one wants to formulate them in terms of aberration multigraphs
or in some other way, present arguably the most important problems in
quantitative aberration analysis. (3) Graph theory, with its many known
results, is a powerful tool for attacking such problems.

cess submultigraph is a 2-DSB cycle c2 (i.e. a 4-end pairwise exchange);
(2) labeling each initial edge (e.g. by either ‘‘d’’ or ‘‘e’’) to identify
whether the corresponding break was caused directly by radiation or was
made by enzymes during the misrepair process (Fig. 3G). Likewise, one
can consider exchange-theory scenarios simply by insisting that each con-
nected component of the exchange process submultigraph be a two-DSB
cycle c2. In the rest of this article we sometimes assume the breakage-
and-reunion pathway to illustrate the results. It is probably the dominant
pathway for damage processing after acute irradiation during G0/G1

phase3 (35, 36). Moreover, its analysis indicates the full range of ques-
tions that arise, since its possible final configurations include all possible
final configurations of the other two pathways.

RESULTS

Generalizing the Examples

As will be seen, more complicated aberrations, different
experimental protocols, and other generalizations can be
analyzed without fundamentally altering the construction
shown in Figs. 2–5. What is required is changing the edge
labels on an aberration multigraph without changing the
vertices or edges of the multigraph (Figs. 6 and 7). Incom-
pleteness can also be taken into account by omitting or
labeling appropriate chromosome edges, but for the time
being we are assuming completeness.

Aberration Nomenclature: Generalizing mPAINT
Descriptors

In aberration work it is important to have some standard
way to describe observed aberration patterns. One would
like a single approach applicable to different protocols such
as solid staining, two-color FISH, mFISH, SKY, bar coding,
banding, length measurements for rearranged chromo-
somes, sequencing, etc. Aberration multigraphs suggested
a generalization of PAINT (37) and mPAINT (7) descrip-
tors, which gives a satisfying way to meet this requirement.

Figure 7 shows the basic idea involved. In mPAINT the
descriptors involve strings, such as (w :: x :: y), of labels,
such as w or x, where the labels are for chromosome seg-
ments and the double colons (::) designate color junctions
or junctions between two identically colored segments each
of which contains a centromere. For example, we might have
w 5 19 (representing a segment of chromosome 1, where
the prime denotes a centromere), x 5 29, y 5 1, z 5 2, u 5
3 and v 5 39; in that case (w :: x) (y :: z) is the observed
mPAINT pattern for a dicentric (Fig. 2) and (w :: z :: y)
(x :: u) (z :: v) is the observed mPAINT pattern for an
insertion coupled with a translocation. The key point is that
labels in the mPAINT descriptors are also the labels for
chromosome edges in an aberration multigraph (Figs. 2–5).
Aberration multigraphs show that a far-reaching general-
ization of mPAINT descriptors is obtained by simply giving
appropriate generalizations of the labels. Here are a few
possible examples for z, and in each case w, x, etc. would
have corresponding forms:

1. z 5 red → blue → green → blue → yellow → red →
purple (in a bar coding experiment);

2. z 5 23.5 Mb → 56.4 Mb on chromosome 3 (if break-
point locations are measured in Mb);

3. z 5 AGCCA . . . TTATT (for a hypothetical ‘‘post-ge-
nome’’ aberration experiment, in which the exact base
pair sequence of each chromosome segment is recorded;
here there could in principle be up to several hundred
million nucleotides given as part of the label z).

In these cases and many others that one might want to
consider (e.g. banding or solid staining experiments), the
final configuration submultigraph will automatically supply
descriptors consisting of strings of the labels, e.g. (w :: x)
(y :: z :: y), just as in the mFISH/mPAINT case, with one
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FIG. 7. Examples of nomenclature. Panel A shows an intuitive picture
of the formation of a simple dicentric with breakpoints at 1q22 (band 22
in the long arm of chromosome 1) and 5q13; pter and qter designate the
ends of the short and long arms, respectively. The mPAINT descriptors
are given in A1. A2 gives the suggested descriptors if the protocol is
banding instead. These suggested descriptors are similar to, but not iden-
tical to, ‘‘detailed’’ ISCN designations (21). Some of the differences be-
tween the suggested descriptors and the ISCN designations are designed
to improve computer searchability in databases; others are suggested by
the need for a general nomenclature that is applicable not just to banding
but also to solid staining, mFISH/mPAINT, bar coding, etc. In general,
for any protocol in which neither misrejoining is cryptic, the descriptors
would have the form given in A3. For example, v 5 19 in the mPAINT
case, v 5 1pter → 1q22 in the banding case, and for other protocols v
could have other forms, in principle even an entire DNA sequence, as
indicated by some further examples in the text. For some protocols the
misrejoinings could be cryptic. For example, suppose chromosomes 1
and 5 are both counterstained in an experiment with some other chro-
mosomes painted by FISH, and centromeres on counterstained chromo-
somes are not scored. Then the entire aberration is cryptic for this pro-
tocol and no descriptors apply. Panel B shows corresponding aberration
multigraphs. The actual multigraph, given by vertices and edges, is the
same for all protocols, even including protocols which make the dicentric
cryptic; only the labels for the chromosome edges are different for dif-
ferent protocols. The descriptors in panel A are obtained from the final
configuration by following the chromosome and misrejoining edges
(dashed and solid edges) of each rearranged chromosome. In some pro-
tocols, such as banding, the chromosome edge labels on the multigraph
have a direction, and this direction is then taken into account when going
from the multigraph to the descriptors. For example, ‘‘1q22 → qter’’
labeling a chromosome edge of the multigraph here becomes ‘‘1qter →
1q22’’ in the descriptor, where the ‘‘1’’ in 1q22, implicit in the edge label
and in detailed ISCN, is made explicit in the descriptor for the sake of
computer searchability. Panel C shows an intuitive picture for another
example. Panel D gives the corresponding multigraph and gives the ob-
served pattern in a banding protocol, which can be read off the multigraph
by following the dashed and solid lines. For an mFISH protocol, this
same aberration would have observed pattern (19 :: 5 :: 1) (59 :: 1 :: 5).
For any protocol in which none of the four misrejoinings is cryptic, the
observed pattern has the form (u :: v :: w) (x :: y :: z) illustrated by the

←

banding and mPAINT examples, where the six edge labels u,. . . ,z are
appropriate to the particular protocol; the aberration multigraph has the
same vertices and edges as in panel D no matter what protocol is used.

string for each rearranged chromosome (i.e. for each con-
nected component of the final configuration submultigraph
of the aberration multigraph; compare Fig. 6). If the labels
have a direction, as in the examples given above, the di-
rection is taken into account appropriately in the descriptors
of the observed pattern. Figure 7 gives two examples for
the case of a banding protocol.

This generalization of mPAINT should suffice for the
foreseeable future, no matter what advances are made in
aberration detection techniques. It allows considerably
more systematic comparisons among different kinds of ex-
periments or among different types of scoring within one
experiment than was possible previously. It is compatible
with the notation used for global comparisons of gene order
in modern comparative genomics (16, 18).

Cycles

The cycle structure (7, 15, 17) of an aberration can be
defined mathematically in terms of aberration multigraphs
as follows. Consider the exchange process, a submultigraph
of the aberration multigraph, obtained by deleting the chro-
mosome edges and the telomeric vertices (Figs. 2–6). In
general this exchange process can have several different
connected components, corresponding to several different
reactions that could be separated in time and/or space. A
theorem in graph theory3 (18, 29) shows that for an aber-
ration multigraph each connected component of the ex-
change process must have an even number of vertices in a
cyclic arrangement. The decomposition of the exchange
submultigraph into connected components thus defines the
cycle structure in the way exemplified by Figs. 2–5. Spe-
cifically, the cycle structure for each aberration multigraph
in Figs. 2 and 3 is c2, that in Fig. 4 is c3, and that in Fig.
5 is c21c4. A cycle structure c5 would correspond to an
exchange process that is a cyclic graph with 10 vertices
(for five DSBs); cycle structure c1 would correspond to a
single restitution (one DSB); cycle structure c21c31c4 de-
scribes an aberration which starts from nine DSBs and in-
volves three separate reactions that have some chromo-
somes in common; etc.

Classifying Aberrations

There are so many different kinds of aberrations that it
has long been common to classify them into groups. Unlike
primarily descriptive nomenclature such as mPAINT (or its
generalization suggested above), and in parallel with such
nomenclature, classifications have sometimes been based
on ‘‘mechanistic’’ considerations. We next discuss classi-
fication methods that are mechanistic in the sense that they
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TABLE 1
Examples of Diameter and Girth

Aberration Figure No. DSBs Diameter Girth

Ring
Inversion
Dicentric
Translocation
Three-way
Any c21c2
Any c4
Any c21c3
Star-fighter
c5
c21c4

3A
3F
2F
3E
4
—
—
—
8A
8B
5

1
1
2
2
3

1–2
1–4
1–3
3
3
3

2
2
2
2
3
4
4
5
5
5
6

3
4
4
4
5

4–7
4–9
4–7

6
6
8

2
3
4
4
6

2–4
2–5 or 8

2–4
4
5
4

Notes. This is how a typical graph-theory classification, using diameter
and girth, looks when it is applied to aberration multigraphs. No. is the
number of chromosomes involved and diameter is the multigraph diam-
eter. The reader is asked to check the assignments of the multigraph
diameter and multigraph girth in those cases where a figure is referenced.
In all cases it is assumed that the initial configuration consists of linear,
rather than circular, chromosomes. Often, girth 2 corresponds to a ring
being one of the rearranged chromosomes.

FIG. 8. An ambiguity. Each of the two panels shows an aberration
multigraph. In each panel the initial configuration can be read off by
following the dashed and dotted lines. The initial configuration is the
same in both panels, as follows: Chromosome 1 has two breaks, the
centromere being on an end segment; chromosome 2 has two breaks, the
centromere being on the middle segment; and chromosome 3 has one
break. The final configuration multigraphs can be read off by following
the solid and dashed lines and are the same in both panels; the mPAINT
descriptors are (1 :: 2) (2 :: 1 :: 29:: 3) (19:: 39), and there is no cryptic
damage. Nevertheless, the aberrations are different, as can be seen from
the dotted and solid lines: The exchange process for the ‘‘starfighter’’
multigraph in A has cycle structure c21c3 whereas the exchange process
in B has cycle structure c5.

can use an entire aberration multigraph, whereas the de-
scriptive nomenclature suggested above uses only the non-
cryptic aspects of the final configuration submultigraph
(Fig. 6).

Aberrations have often been classified according to the
number of chromosomes involved (i.e. half the number of
telomeric vertices in the aberration multigraph) and the
number of DSBs involved (i.e. half the number of free-end
vertices in the multigraph) (37). Recently (7, 15) they have
also been classified according to the cycle structure (given
by the exchange process submultigraph of the aberration
multigraph). Graph theory makes available additional ways
to classify aberrations.

Simple examples of quantities that could be used to help
classify aberrations, often used by graph theorists, are ‘‘di-
ameter’’ and ‘‘girth’’ (29). Table 1 shows values of these
particular quantities for some aberrations. The diameter of
an aberration multigraph is the longest distance between
any pair of vertices, where the distance between two given
vertices is defined as the number of edges in a shortest
connected path between the vertices. High diameter for a
given number of DSBs corresponds to many different cy-
cles in the exchange process, linked by the fact that they
have some chromosomes in common. Thus, serendipitous-
ly, an aberration whose formation was spread out in space
and/or time tends to have a higher diameter, in the graph-
theory sense, for its multigraph than does an aberration in-
volving the same number of DSBs in a tighter reaction.
The girth of an aberration multigraph is the number of edg-
es in a shortest cyclic submultigraph. Girth 2 usually cor-
responds to ring formation and girth 3 to inversions. Large
girth can occur only if every reaction of the exchange pro-
cess is complicated.

Diameter and girth are used throughout graph theory, but
special properties of aberration multigraphs also make a

somewhat deeper classification possible. All DSB free-end
vertices of an aberration multigraph have three incident
edges (compare Figs. 2–5), so aberration multigraphs are
closely related to what are called cubic multigraphs, defined
as multigraphs where every vertex has three incident edges.
An enormous amount is known about cubic multigraphs
(29), mainly because they happen to be related to the fa-
mous four-color problem for maps. Results on cubic mul-
tigraphs suggest a mathematical classification of aberration
multigraphs, as will be described elsewhere.

Cryptic Damage and Ambiguities

The connected components of the final configuration
submultigraph represent the rearranged chromosomes (Figs.
2–6). One of the main problems in quantitative aberration
analyses is that often the rearranged chromosomes have
cryptic damage, where the experimental protocol does not
uncover a misrejoining. An example is given by the para-
centric inversion in Fig. 3F. The misrejoinings will be cryp-
tic in an mFISH/mPAINT experiment, though a banding or
bar coding experiment might uncover them. Typically, a
more sophisticated experimental protocol decreases such
ambiguities but does not eliminate them. Thus the observed
pattern does not determine the final configuration multi-
graph of an aberration multigraph uniquely (given a specific
protocol, the converse does hold, as represented in Fig. 6
by an arrow from the final configuration multigraph to the
observed pattern).

Even when the final configuration is completely known,
the initial configuration and/or the exchange process (i.e. the
other two basic submultigraphs of the aberration multigraph)
are not in general uniquely determined. Figure 8 gives an
example. In both panels the final configuration is the same.
In this particular case the initial configurations are also the
same in both panels. Thus the two aberrations involve the
same number of chromosomes and DSBs, as well as having
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the same observed final mFISH/mPAINT pattern. Nonethe-
less, the two aberrations shown are different, as shown by the
fact that the cycle structures of the exchange processes differ,
being c21c3 in Fig. 8A and c5 in Fig. 8B. The difference
could, at least in principle, be uncovered by other kinds of
experiments, e.g. premature chromosome condensation ex-
periments.

Since different aberrations can correspond to the same
final configuration multigraph and different final configu-
rations can correspond to the same observed final pattern,
the number of different aberrations giving a particular ob-
served pattern can be large. We next consider some meth-
ods of coping with this ambiguity, trying to determine, or
at least give probabilistic estimates for, the actual damage
processing events from the observable patterns.

Obligate and Probabilistic Cycle Structures

Because aberration exchange processes are informative
about enzymatic DNA repair/misrepair3 (27, 34–36), atten-
tion has recently been focused on determining cycle struc-
tures. In cases where an observed final pattern defined by
mPAINT descriptors is consistent with different possible
cycle structures for the exchange process, Cornforth intro-
duced the concept of obligate cycle structure, essentially as
that consistent cycle structure which maximizes the number
of cycles involved3 (7); the concept is closely related to the
concept of maximal cycle decomposition (18) in compar-
ative genomic analyses. For example, the obligate cycle
structure in Fig. 8 is the cycle structure c21c3 of the ab-
erration shown in panel A, since the alternative method
(panel B) of making the given mPAINT pattern has cycle
structure c5. The obligate cycle structure is considered the
most conservative possibility for generating a given ob-
served mPAINT pattern, being closest to the older view that
all, or at least most, complete exchange processes are sim-
ply composed of one or more 2-DSB cycles, with higher-
order cycles rare or altogether absent.

However, the obligate cycle structure is not always the
one that occurs in aberration radiogenesis, so probabilistic
analyses are needed (15). Specifically, suppose we are giv-
en an observed mPAINT pattern. We can first carry out the
following four steps3 (7) to assign configurations:

1. Count telomeres in the observed pattern, to find out how
many chromosomes were involved.

2. By analyzing color junctions and cases of two contigu-
ous centromeres involving a single color, infer the min-
imum number of DSBs that could have given rise to the
observed pattern.

3. Assuming the minimum break number, deduce the final
configuration.

4. Work out, for purposes of estimating the cycle structure,
initial configurations which are consistent with that final
configuration and have the minimum break number.

For example, in Figs. 2, 3A, 3E, 4, 5 and 7, the mPAINT

descriptors and this procedure lead to the initial and final
configurations given in the figures. Figure 8 shows that
even given the initial and final configurations, the cycle
structure is not necessarily determined uniquely. However,
at this point one can determine all the different ways the
given final configuration can be generated from the given
initial configuration by different exchange processes in-
volving various possible cycle structures, and probabilities
can thereby be assigned to the different cycle structures.3

Here are some examples that we have tried:

1. The initial and final configurations of Fig. 8, involving
five DSBs, gave c21c3 (obligate cycle structure, two
cases out of eight for a probability of 1/4) compared to
c5 (six cases out of eight, probability 3/4).

2. An example involving four DSBs gave c21c2 (obligate
cycle structure, two cases out of four for a probability
of 1/2), compared to c4 (two cases out of four for a
probability of 1/2).

3. A six-DSB example gave c21c21c2 (obligate cycle
structure, probability 1/4), compared to c21c4 (proba-
bility 1/2), compared to c6 (probability 1/4).

Thus, in each case, there is a substantial probability of a
cycle structure with cycles of orders higher than that given
by the obligate cycle structure. This result was pointed out
by Savage,4 who analyzed a number of examples in detail.

In an actual experiment, there will be not only a proba-
bilistic mixture of cycle structures given the initial and final
configurations, but also a probabilistic mixture of configu-
rations given the observed mPAINT pattern. At low doses,
there will be a bias toward configurations having the min-
imum number of DSBs consistent with the observed pat-
tern, as assumed in the simple probabilistic approach just
described. For higher doses, aberrations with more DSBs
than the minimum consistent number may play an impor-
tant role, and more extensive probabilistic calculations are
required, using Monte Carlo simulations (e.g. 15, 38). Then
attention shifts from individual aberrations to probabilistic
estimates for the entire observed aberration spectrum.

An n-Color Theorem

In contrast to the analysis just discussed, where the ob-
jective is to estimate frequencies of particular kinds of ex-
change processes, one can also ask if the existence of high-
er-order cycles can be deduced unambiguously, at least in
principle, from observed patterns. It used to be implicitly
assumed in many papers that all exchange processes have
cycle structure c21c21 . . . 1c2 (i.e. consist exclusively of
four-end pairwise exchanges). However, by using three-col-
or painting (two FISH colors and a counterstain), it was
possible to show that some c3 exchange processes occur
(39).

Aberration multigraph analysis has shown that this situ-
ation is more general. For example, for aberrations involv-
ing three FISH colors (and no counterstain), we can un-
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FIG. 9. Multigraphs illustrating part b of theorem 1. The figure shows
two different aberrations; they have the same observed mFISH pattern,
with mPAINT descriptors (19:: 29) (1 :: 29) (2). The multigraph in panel
A has only three DSBs but there is a three-DSB cycle (panel B). In panel
E, four DSBs are involved, but only two-DSB cycles occur (panel F).
The information of panels A and E is repeated in pictorial form by panels
C, D, G and H. Panels A and E by themselves would be enough to give
all the relevant information.

ambiguously identify three-DSB cycles but not four-DSB
cycles (this statement is contingent on the condition that no
chromosome segments too short to be detected are in-
volved; whether centromeres are scored or not is irrelevant
in the present argument). Still more generally, a given ob-
served pattern whose mPAINT descriptors involve n colors
can never unambiguously identify the occurrence of an m-
DSB cycle with m . n. If we assume enough DSBs, we
can always produce any n-color pattern observed using at
worst n-DSB cycles. Stated more formally, we have the
following.
Theorem 1. Consider mPAINT observed patterns involving
n colors, with n $ 2.
a. There are observed patterns such that any exchange pro-
cess producing the observed pattern involves at least one
n-DSB cycle.
b. Given any observed pattern, there is an exchange pro-
cess producing that pattern which involves only m-DSB cy-
cle(s) with m # n.
The proof of the theorem, generalizing a proof given earlier
of a special case (15), involves modifying multigraphs by
adding extra DSBs. The proof is rather long and will be
given elsewhere. In lieu of the proof, we give examples
here for both part a and part b.

For part a, consider the aberration of Fig. 4. The mPAINT
descriptors for the observed pattern are (19:: 2) (1 :: 39)
(29:: 3). Thus we are considering n 5 3 in part a of the
theorem. There is an aberration multigraph involving a c3 that
can produce this observed pattern, namely just the aberration
multigraph in Fig. 4. Are there any aberration multigraphs
which give this observed pattern but have an exchange pro-
cess submultigraph involving only two-DSB cycles (pos-
sibly many c2s in some clever combination)? The answer
is ‘‘no’’. In the observed pattern the number of color junc-
tions between color 1 and color 3 is an odd number, namely
1. But every c2 makes either zero or two color junctions
between color 1 and color 3. Consequently, making the
observed pattern with mPAINT descriptors (19:: 2) (1 :: 39)
(29:: 3) requires at least one cycle involving at least three
DSBs. Thus part a of the theorem has been shown to be
true at least in case n 5 3.

To get an example for part b, suppose n 5 2 and sup-
pose the observed pattern has mPAINT descriptors (19:: 29)
(1 :: 29) (2). The observed pattern is of a familiar kind (32,
37) and is commonly considered to imply a c3 (Fig. 9A
and B). However, this same observed pattern is also gen-
erated by a different aberration (Fig. 9C) whose exchange
structure is c21c2 (Fig. 9D). The trick here is to use four
DSBs instead of just three DSBs, with one misrejoining
cryptic; by using an extra DSB, the maximum number of
DSBs in the cycles is reduced from three to two. Figure 9
shows that part b of the theorem is true at least in the special
case where n 5 2 and the observed pattern is (19:: 29) (1 ::
29) (2). Notice here that the aberration of Fig. 9C need not
involve chromosome segments too short to observe. As dis-

cussed earlier, cryptically short chromosome segments cor-
respond to a mathematically different situation.

The Telomere Removal Trick

As we have discussed, it is generally hard to infer from
an observed pattern the aberration cycle structure (which is
the feature of an aberration most directly informative about
enzymatic misrejoining pathways or interphase chromo-
some geometry), and the results can be ambiguous. If we
somehow have some extra information on the initial con-
figuration, the situation is sometimes better. Here are some
examples.

Suppose, in an mFISH/mPAINT experiment, we know
that the initial configuration has no color with more than
one break. Then the cycle structure of the exchange process
can be obtained directly from the mPAINT descriptors by
what we will call the telomere removal trick,5 which in-
volves hypothetical fusions of pter with qter segments. For
example, in the final configuration of Fig. 4, take the two
red chromosome segments, both of which terminate in telo-
meres, and join them into a single segment, mentally re-
moving the two telomeres. Proceed similarly for the green

5 The telomere removal trick was suggested by the methods Radivoy-
evitch introduced for analyzing telomeres and DSBs simultaneously in
experiments designed to measure length distributions for DNA fragments.
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and yellow segments. The result is a big ring with three
color junctions. This hypothetical ring, although construct-
ed directly from the observed pattern without using the rest
of the aberration multigraph, correctly identifies the ex-
change process as a c3. In terms of mPAINT descriptors,
the procedure is the following. We start with the descriptors
(29:: 1) (19:: 39) (3 :: 2) of Fig. 4. Fusing the telomeres of
color 1 now gives (29:: 19:: 39) (3 :: 2); fusing the telomeres
of color 3 gives (29:: 19:: 39:: 2); and, finally, fusing the
telomeres of color 2 gives r(29:: 19:: 39), where ‘‘r’’ refers
to ring. This mentally constructed ring with three color
junctions identifies the exchange process as a c3. Had we
started by removing telomeres of color 2 or 3 instead of
color 1 the same final conclusion would have been reached.
The reader can check that essentially the same procedure
works in Figs. 2 and 3B, giving cycle structure c2 in both
cases. In fact, the following fairly general result holds.
Theorem 2. In an mFISH/mPAINT experiment suppose no
color initially has more than one DSB; then the cycle struc-
ture of the exchange process is given directly by the telo-
mere removal trick applied to the mPAINT descriptors.

The proof of the theorem uses the fact that when telo-
meres are removed, one has a cubic multigraph (i.e. every
vertex has three incident edges, as discussed in a different
context above). This cubic multigraph structure leads to a
remarkable symmetry: There is no longer, in an aberration
multigraph with telomeres removed, any essential mathe-
matical distinction between initial edges, misrejoining edg-
es, and final edges. This unusual form of symmetry allows
one to prove a number of unexpected results, including the-
orem 2. However, the argument is again lengthy and will
be given elsewhere. In its place, we add two comments.

1. Similar but more complicated results can be proven for
cases where a few colors have two DSBs rather than
just one.

2. For fairly low doses, the theorem’s presupposition that
all colors initially have one DSB at most tends to hold,
because if there are not many DSBs, the chance that
there is more than one on any one color is small. How-
ever, in general there could be a more complicated initial
situation, so the telomere removal trick is only a partial
answer to the problem of inferring exchange processes
from observed final patterns, even assuming an mFISH/
mPAINT protocol.

Incompleteness

Two kinds of incompleteness can be incorporated into an
aberration multigraph. When true incompleteness occurs,
some DSB free ends have no final partners; i.e., some of
the final edges in the aberration multigraph are missing.
Apparent incompleteness, caused by chromosome segments
too short to observe, can be incorporated simply by giving
the corresponding chromosome edges of the aberration
multigraph an additional label (e.g. ‘‘s’’ for short). Incom-
pleteness in general can then be defined as a situation where

a free-end vertex has no detectable final edge incident on
it. These possibilities give a substantially more natural way
to describe incompleteness than has hitherto been available.

DISCUSSION

We introduced aberration multigraphs, which give the
most systematic method to date for analyzing radiation-in-
duced chromosome aberrations. Familiar aspects of aber-
rations, such as initial or final configurations, exchange pro-
cesses, SECs, cycle structure, rearranged chromosomes, in-
completeness, etc. re-emerge automatically as mathematical
aspects of aberration multigraphs (Fig. 6). Using the mul-
tigraphs allows drawing some comparatively subtle but es-
sential distinctions; for example, there is a difference be-
tween the final configuration of rearranged chromosomes,
as it actually occurs in a cell, and the observed pattern,
which usually characterizes some aspects of the final con-
figuration but not cryptic aspects (Figs. 3F and 6). We here
emphasized graph-theoretical results relevant to the hard
problem of trying to work out actual aberration exchange
processes, which are the focus of interest biologically, from
observed aberration patterns. Two theorems bearing on the
problem, and also probabilistic estimates, were discussed.

Aberration multigraphs suggested a generalization of
mPAINT descriptors flexible enough to include all current
cytogenetic scoring methods for exchange-type G0/G1-
phase rearrangements and, as far as can be foreseen, future
methods, including in principle even full DNA sequencing.
The generalization, given in the Results section above, can
be restated very simply, avoiding any reference to multi-
graphs. For a rearranged chromosome that is not a ring, the
descriptor is obtained by the following steps: (1) Start at
either end and write open parentheses, ‘‘(’’, to represent the
end; (2) describe the chromosome segment to the first rec-
ognizable breakpoint as explicitly as is possible given what-
ever cytogenetic protocol is being used (e.g. banding or
mFISH); (3) write ‘‘::’’ to represent a detected misrejoin-
ing; (4) describe the next chromosome segment as explic-
itly as possible; (5) continue until the other end, represented
by ‘‘)’’, is reached. For a ring, an analogous recipe holds.

Descriptors such as mPAINT descriptors or their gener-
alizations, being determined by observed patterns, are not
by themselves enough to classify aberrations fully. The pre-
sent approach allows a sharp distinction between nomen-
clature, which depends only on an observed pattern, and
‘‘mechanistic’’ classifications, based on a multigraph as a
whole. Mechanistic classifications involve various well-
known mathematical concepts, for example the diameter of
a multigraph.

Examples showed that using aberration multigraphs is
more informative than studying separately the three basic
aberration elements (initial configuration, exchange pro-
cess, and final configuration; see Fig. 6). One main reason
is that, serendipitously, aberration multigraphs are very
closely related to cubic multigraphs, which happen to have
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received an unusually large amount of attention from math-
ematicians. In fact, by using the telomere removal trick
discussed in the Results section, an aberration multigraph
can be made into a cubic multigraph. Some normal ge-
nomes, and human mitochondrial DNA, consist of one or
more circular chromosomes. Such a genome is especially
amenable to aberration multigraph analysis because its ab-
erration multigraphs are automatically cubic multigraphs,
and the telomere removal trick, whose use can involve
some loss of information, is never needed.

Graph theory has recently been applied to various as-
pects of computational biology (30), but the present paper’s
use of graph theory to analyze chromosome aberrations and
its use of cubic multigraphs are both new. Compared to the
analyses used in modern large-scale comparative genomics
(16), a key difference is that aberration multigraphs specify
the overall process of aberration formation, not just the final
configuration. A unique cycle structure is associated with
the process, whereas in the comparative genomics case, cy-
cle decompositions can be ambiguous (18). The radiation
cytogenetics approach suggests that, in comparative gen-
omics, searches in DNA sequences for details on break-
points should be undertaken. Zooming in on breakpoints
manifest in coarse-grained assays such as Zoo-FISH can in
principle determine cycle structures, breakpoint multiplets
due to clustering or consecutive nearby breaks, and, for
rearrangements made by ionizing radiation, characteristic
features of particular kinds of radiation.

To summarize, we argue that in the long run a graph-
theoretical approach will give the best way to describe ab-
errations, to analyze them mathematically, and to compare
aberration data obtained using different protocols.
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