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Abstract

For any m x n matrix A we introduce a definition of strong rank revealing LU (RRLU)
factorization related to the definition presented by Pan, but with some extensions similar to
the notion of strong rank revealing QR factorization developed in the joint work of Gu and
Eisenstat. A pivoting strategy based on the idea of local maximum volumes is introduced and
a proof of the existence of strong RRLU is given.
© 2003 Elsevier Science Inc. All rights reserved.
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1. Introduction

Gaussian elimination (GE), along with its modifications like GE with partial piv-
oting, complete pivoting and block GE, is a fundamental tool in numerical linear
algebra, and hence, so is LU decomposition. In some applications, it is necessary to
compute decompositions with linearly independent columns being separated from
linearly dependent ones, i.e. compute the rank revealing decomposition, which is
not usually achieved by standard algorithms. One application of rank revealing fac-
torizations comes from constrained optimization problems discussed in Chan and
Resasco [1-3]. Another application is the active-set method discussed by Fletcher
[4]. Also, rank revealing factorization can be used to solve least-squares problems
using the method proposed by Bjorck [5,6]. In particular, rank revealing LU (RRLU)
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factorization for a rank deficient square matrix with well known numerical nullity
arises from the path-following problem [7].

Usually rank revealing factorizations produce a decomposition with two compo-
nents: the full-rank portion, and the rank deficient, or redundant, part. In practice, the
quality of rank revealing decomposition is governed by the following two distances:
how far from singular the full-rank portion is, and how close the exact rank deficient
part is to the numerical rank deficient portion, where rank deficiency is estimated
with some tolerance. We develop theoretical bounds (presented in Theorem 2) for
full-rank and rank deficient components of RRLU decomposition, which are very
similar to those obtained for rank revealing QR (RRQR) factorizations.

In particular, consider block LU decomposition

An A12>
Ay Ap

_ I i (A]l > Ii i A?llAlz
A21A1_11 Ln—kn—k S(A11) Ln—k n—k ’

where II;, II, are permutation matrices, A € R™" Aj; € REK A, € RmKkK,
Ay € R&"K Ay, € Rm=Kn=k "S(Ay) is the Schur complement of Ay and I, , is
p % g identity matrix. The numerical approximations to the left and right null spaces
of A are correspondingly

I .. 41
N1=< " kTm f) and er( A“Alz),
A 2 1 Im —k,n—k
which are governed by matrices V = Al_llA 12 and W = A21A1_11. Hence, we need
a pivoting strategy that reveals the linear dependence among columns of a matrix
and keeps elements of N; and Nj bounded by some slow growing polynomial in k,
m and n.

Pan in [9] uses a pivoting strategy based on the idea of local maximum volumes
to prove the existence of LU factorization where the smallest singular value of Ay is
significantly larger than the kth singular value of A, and the largest singular value of
S(A11) is significantly smaller than the (k 4 1)th singular value of A, where k is the
numerical rank of A. In this paper we use the maximum local volumes strategy that
was introduced by Gu and FEisenstat in [8], Pan in [9] and Chandrasekaran and Ipsen
in [10] to prove the existence of LU factorization with the property described above
and elements of W and V small, which is crucial for the stability of LU factorization.

The importance of matrix W in the context of backward stability of the Cholesky
decomposition for a symmetric matrix A was first discovered by Higham in [11]. Fol-
lowing Higham’s discussion, in Theorem 3 we consider a matrix with rank(A) = r
and show that the error bound for |A — L Ur||2, where L and Ur are the computed
lower and upper triangular matrices, is governed by V and W which implies that the
stability of the algorithm depends on how small ||V |2 and ||W ||, are.

H1AH2=<
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The rest of the paper is organized as follows: in Section 2, we give an overview of
the previous results on RRLU and RRQR factorizations. In Section 3, we introduce
a definition of strong RRLU decomposition, and, in Section 4, we discuss the exis-
tence of the strong RRLU defined in Section 3. In Section 5, we perform backward
stability analysis for partial LU decomposition. Concluding remarks are in the final
Section 6.

2. Previous results on RRLU and RRQR decompositions

Assume A € R™™ has numerical rank k. Then the factorization

AT <L11 > <U11 Ulz)
1 = ,
Ly Ik U

where Lii,Ujp € Rk, Upp € Rkm—k Uy € R —km—k Ly € Rrkk, I, €
R"%m=k and [T, and IT, are permutation matrices, is a RRLU factorization if

0k (A) = omin(L11U11) > omax(U22) = 0k41(A) = 0.

Given any rank-deficient matrix A € R™", exact arithmetic Gaussian elimination
with complete pivoting, unlike partial pivoting, will reveal the rank of the matrix.
However, for nearly singular matrices even complete pivoting may not reveal the
rank correctly. This is shown in the following example by Peters and Wilkinson [12]
(see also Kahan, [13]):

1 -1 -1 ... -1
r -1 ... -1

1
There are no small pivots, but this matrix has a very small singular value when size
of A is sufficiently large.

Several papers [1,14,15], were dedicated to the question of whether there is a
pivoting strategy that will force entries with magnitudes comparable to those of small
singular values to concentrate in the lower-right corner of U, so that LU decompo-
sition reveals the numerical rank. In [1] the existence of such pivoting is shown
for the case of only one small singular value. Later, in [14] the generalized case of
more than one small singular value is discussed. However, bounds obtained in [14]
may increase very rapidly (faster than exponential, in the worst case) because of
its combinatorial nature. In [15] improved bounds are obtained. Pan, in [9], using
Schur complement factorizations and local maximum volumes, deduced the follow-
ing bounds:
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Theorem 1 [9]. Let A e R"" witho| = -+ = 0 = 041+ = 0, = 0. Then there
exist permutations 111 and 11, such that

Ly Un Un
I Al = :
! <L21 In—k) ( Uzz)

where Ly is unit lower triangular and Uy is upper triangular,

U222 < (k(n — k) + 1ogy1
and
Ok

n( LU 2 ——.
omin(L11U11) k(n—k) +1

These bounds are very similar to those obtained in RRQR factorizations in [8,10,16].
One of the definitions of RRQR factorization presented in [10,16] is the following:
assume M € R™" has numerical rank k, Q is orthogonal, A; € R* is upper trian-
gular with nonnegative diagonal entries, By € R*" 7% C; e R" %"= and IT is a
permutation matrix. Then we call factorization

A B
MH:QR:Q(k &) (1)
RROR factorization if
kM)

omin(Ar) = and  oyax (C) < ox11(M) p(k, n), ()

p(k, n)
where p(k,n) is a function bounded by low-degree polynomial in k£ and n. Other,
less restrictive definitions are discussed in [10,17].

RRQR factorization was first introduced by Golub [18], who, with Businger [19],
developed the first algorithm for computing the factorization. The algorithm was
based on QR with column pivoting, and worked well in practice. However, there
are examples (Kahan matrix [13]) where the factorization it produces fails to satisfy
condition (2).

Pierce and Lewis in [20] developed an algorithm to compute sparse multi-frontal
RRQR factorization. In [21] Meyer and Pierce present advances towards the devel-
opment of an iterative rank revealing method. Hough and Vavasis in [22] developed
an algorithm to solve an ill-conditioned full rank weighted least-squares problem
using RRQR factorization as a part of their algorithm. Also, a URV rank revealing
decomposition was proposed by Stewart in [23].

In [16] Hong and Pan showed that there exists RRQR factorization with p(k, n) =
~k(n — k) + min(k, n — k) and Chandrasekaran and Ipsen in [10] developed an
efficient algorithm that is guaranteed to find an RRQR given %.

In some applications, such as rank-deficient least-squares computations and sub-
space tracking, where elements of Ak_lBk are expected to be small, RRQR does not
lead to a stable algorithm. In these cases strong RRQR, first presented in [8], is being
used: factorization (1) is called a strong RRQOR factorization if
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1. 0i(Ax) = 0:(M)/q1(k, n), 0;(Cr) < onyj(M)qi(k, n)
2. (AL BOij1 < qatk, n)

forl <i <kandl < j < n—k, where g1 (k, n) and g (k, n) are functions bounded
by low-degree polynomials in k and n.

Pan and Tang in [17] developed an algorithm that, given f > 1 computes strong
RRQR with g1 (k, n) = /1 + f2k(n — k) and g2 (k, n) = f. Later, in [8], a different,
but mathematically equivalent algorithm, was presented by Gu and Eisenstat. The
new algorithm was based on the idea of local maximum volumes. The same idea
will be used in this paper to prove the existence of strong RRLU.

3. Strong rank revealing LU decomposition

In this section, we explore the idea of using significant gaps between singular
values to define the numerical rank of a matrix and introduce strong RRLU factor-
ization.

Given any matrix A € R"™", we consider a Schur complement factorization

Al A
I AITY =
1 (AZ] Azz)

=( Ik 1 )(Au ><Ik,k A1‘11A12>
A21A1_1 Im—k,n—k S(All) Im—k,n—k ’

3)

where S(A11) = Az — Ay A Aia, A e REF, Ay e RPRE Ay e REnK,
Ay € R"%n=K and [ p.q denotes the p x g identity matrix. According to the
interlacing property of singular values, for any permutation matrices II; and II,
we have

0i(A11) < 0i(A) and 0;(S(A11)) 2 041 (A)
for]1 <i<kand1 < j<n—k.Hence,

omin(A11) < ox(A) and  oyax(S(A11)) 2 oxr1(A).

Assume that o (A) > ox4+1(A) = 0, so that k£ would be the numerical rank of
A. Then we would like to choose permutation matrices I1] and I in such a way
that opmin (A1) is sufficiently large and oy (S(A11)) is sufficiently small. In this
paper we will call factorization (3) a strong RRLU decomposition if it satisfies the
following conditions:

1. 6i(A11) = 0;(A)/q1(k, n, m); o;(S(A11)) < oy (A)qi(k, n, m)
2. [(A21ATDijl < qolk, n,m)
3. (A A)ijl < qatk, n,m),
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where | <i <k, 1< j<n—k,qik,n,m),qrk,n,m)and g3k, n, m) are func-
tions bounded by some low degree polynomials in k, m and n.

4. The existence of strong rank revealing LU decomposition

In this section we prove the existence of permutation matrices IT and IT, which
make a strong RRLU decomposition possible. It is proven in Theorem 2 of this
section that permutation matrices obtained using Proposition 1 are those necessary
for RRLU factorization with elements of W = AzlAfll and V = AfllAlz bounded
by some slow growing functions in n, m and k.

The bounds obtained by Pan in [9] are sharper than those proved in Theorem 2,
but they do not provide connections with matrices W and V.

As first observed in [8],

det(HlAHg) = det(A11) det(S(A11)),

hence

k n—k
det(A1p) = [ Jor(A) = det(A)/ [Toi(sam).
i=1 j=1

We are looking for permutations I1; and I1, which would extract from A a matrix
A1y with the largest possible singular values and S(A;;) with the smallest. Obser-
vation above implies that a search for A1 with the largest determinant will result in
A1 with the largest singular values, as well as S(A11) having the smallest singular
values.

Since we wish to maximize det(A1;), we are going to use the local maximum
volume idea to permute rows and columns of A. The following proposition tells us

how the determinant of A1; may change if we perform a row and column swap.

Proposition 1. Suppose we have matrix

Al A
A= ,
<A21 An
where Ajy € REK Ay e RM5n=k Ay e REK A e R0 IF 1 <i <k,
k < j < n — k and we interchange:

1. rows i and k + j in matrix A, then
det(A ;) _
=( 21A111) ji
det(All) Ji
2. columns i and k + j in matrix A, then

det(Aq)) )
— = A1),
det(All) ( 11 12)1J
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3. rows i and k + j; columns s and k + t in matrix A, then

det(Al]) .

det(All) - (Afll Alz)st (A21A1711)ji + (Afll)si (A22 - A21A;l] Alz)jt’

where in each of these cases matrix A is the result of corresponding interchanges,
and Ay is the upper left k x k portion of it.

Proof. For simplicity, we assume that i = k and j = 1. Other cases can be obtained
similarly. Consider the following partition of a matrix A:

Un a a Up

A bl vy v df
| BT dr |’
, Y21 v dy

Uy ¢ o Ux
Un a by )/21) (az U12>
Ay = ., Apy = 2 , Ap= )
H (blT 7/11> 2 <U21 1 12 yiz  df
T
V22 d2
Ap = ,
2 <Cz Uzz)
where Aj; € REK Ayy e R"hn=k Ay e REK A, e RMhK,

1. To prove part 1, we notice that

det(A11)
det(A11)
and

i _(Uu al)_(Ull al>+( 0 0 >
! by bl vn by —b] v — i

Ui al) T T
= +ev=A11+e v,
(blT Y11 k k

= det(A11A))

where e = (0,..., 1), v = (b] — b}, y21 — y11).
Hence

AnAﬁl = (An + ezv) Al_ll =1+ e,val_ll,
which implies that

det(Ay1) _
det(An)

where the last equality follows from the calculation below.

I+ (UAfll)kk =1+vAjle = (A21Af1])1k’
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Calle; = (1,...,0), then
-1 -1 —1 —1
(A21A77),, — VA e = etA AT —vA ¢
-1 T
= (elAZl - ”)An €k
T -1,T
= ((b2, v21) —v) AT}
T -1 T
= (b1, yi1) Ay ¢
Here Al_ll eg produces the last column of Al_ll, which is equal to
-1 —1 -1
Uy ar(b1Uy a1 = yn)
—1 —1
—(b{Ujy a1 = yir)
Then,
-1 Tyr—1 -1
U ai(b]Uf a1 — yin)
T 1T T 11 1-11
by, DA e = (b, v11) N . =1,
—(biUy a1 —yn)
which proves the statement.

2. Similar to part 1. B
3. After the row swap which results in matrix A we have

det(AU) -1
—— = (ApA .
det(All) ( 2147 )lk

After the column swap which results in matrix A we have

det(A:U) .

— = (A An),,
det(A1y) (A A)y
where
~ a U B a U
I N )
yi2  d; vy d]
Hence,
det(A:ll) 1 .
det(Ay) (A21477) 1, (A Ar2)-

As in part 1, /111 =A + eZv, where ¢, = (0, ..., 1) and
v=(b] —bl.y21 —y11) = e1Aia — (bl y11) = e1A12 — e Aqy.

By the same reasoning, /{12 =Ap+ egw, where
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T T
w=(y2—vi2.d, —d|) =e1An — e Ap.

So, A2 = A1x + ef (e1 A2 — exAr).

Using the fact that 1+ vAfl1 e,{ = e1A21Aﬁ1 e,{ and the Sherman—Morrison
formula, we obtain

A = A = (A gvAT) /(1 +vAT )
= (Al_llelAﬂAl_lle;cF — AjlegerAn AT + Al_]lezek)/(elAﬂAl_llel;F)‘
Using the fact that (A} A12),, = exAj}' A1ze], we obtain
(A21A1_11)1k(141_11’&12)k1
= (AnA})) ek AL} Arze]
= (Anay) el Ay = (A egoar) /(1 +vAe)]
x [A12 + e} (e1A2 — ex A1) e .

After plugging in v = e A2 — ex A11 and simplifying the expression we arrive to
the formula

det(A;) - . . .
m = (A111A12)k1(A21A111)1k + (Alll)k,k(A22 - A21A111A12)11

= (A1_11A12)k1(A21A1_11)1k + (Al_ll)k,kS(AU)“' 0

According to this proposition, we can permute rows and columns of matrix A,
accumulating these permutations in matrices 111 and I1, so that

Al Ap
AT = ,
e <A21 Azz)

until det(A;) is sufficiently large. The following theorem proves that by setting
bounds for elements of A]_l1 Aqz and Ap 1A]_11 we in fact obtain strong RRLU factor-
ization. Theorem 2 establishes bounds for o;(A11) and 0;(S(A11)) in terms of some
function g1 (n, m, k) and the singular values of A.

Theorem 2. Let

AT = <A11 Au)

Ayl Ap
and f > 1,g>1,h > 1. Suppose

det(Aq;)

1 -1
A2 Al < fJAL Al <gand g >
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Then
0i(A) .
oi(A11) 2 . 1< <k, €]
q1(k, n)
and
0j(S(A11)) < ok+j(A)qitk,n), k< j<n, &)
where

qi(n,m, k) = 3max(h, f2, g*)(1 + k{max(m, n) — k}).

Proof. Let us define

omax (S(A11))

of = Omin(A11)

Suppose
A A 1 A I AT A, -
A= = - 1 = WDV,
<A21 Azz) <A21A”1 aI) ( a5 S(A1) BI

where W is the leftmost matrix, D is the matrix in between, and V is the rightmost
matrix. According to theorem 3.3.16 in [24],

o(A) <o(ADIWIVI2, 1<i<n.

Since
S(A11)
Omin(A11) = Umax( s
ap
we have that 0; (A1) = 0;(D), 1 <i < k.

Moreover,
2 2 —1,2
Wi <1+a”+[1A21A7 |15

<14+ + 1An AR
k n—k

<1+2+ Y3 (A21A1_11)fj

i=1 j=1
2 2
Kl+a " +k(m—k)f-.

By the same reasoning we may conclude that || \_/II% <14 B2 +k(m —k)g>.
Hence,

o (A) < o (A1 + B2+ k(m — g1l +a2 + kin — k) f2].

Now we need to find & and 8 such that
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H(a, B) =1+ B* +km — k)1 + o +k(n — k) f2]

is the smallest, given that

omax (S(A11))

of = Omin(A11)

For the sake of clarity, define
a=14+k(n—kf*> and b=1+k(m—kg>.

After minimizing H (o, B) over the given set we arrive to

omax(S(A11)) ,Ja Omax(S(A11)) 4/ b
o= [T D) YD and p= [Tt 9T
Oomin(A11) b Oomin(A11) a

Notice that

max (S (A -
I A _ ISCAIDI2I1AT 2 < k(fg + )y (n — k) (m — k).

omin(A11)

For simplicity, define ¢ = k(fg + h)/(n — k)(m — k), then
b b
L+ B2+ 8%k — k) = B+ b <b+e/= = (Vab+c) /-
a a

and
1+a2—|—k(n—k)f2=(x2+aga—l—c\/g:(\/ab—i—c)\/g.

Hence, [1 + 8% + k(m — k)g?1[1 + a® + k(n — k) 2] < (c + ~/ab)?, which implies

o (A) < o (A11)(c + ab)
<o(An) CMk{max(m,n) — k} + 1 + Mk{max(m, n) — k})
< 0(A11)3M (1 + k{max(m, n) — k}) = o (A11)q1(n, m, k),

where M = max(h, f 2, g2). Similarly,
D— (aﬂAn )= ( An/a (An A12> (I/,B —A A
S(A11) —An Ay 1)\An Ax 1
= WAV.
Then 6;(S(A11)) = 04k (D) < 0j 4, (D IWI2 V2 = 014 (A)gi(n, m, k). O

So, if we put g2(k, n, m) = f, g3(k,n,m) = g and ¢ as defined in Theorem 2,
the resulting decomposition is strong RRLU according to our definition in Section
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3. Observe that g1 (n, m, k) is very similar to the bounds established in [8]. While
the bound obtained by Pan in [9] is a factor of 3 max(f 2 g2, h) better than the one
proved in this section, our bound provides connections with important matrices W
and V, the usefulness of which is discussed in the next section.

5. Backward error analysis for RRLU factorization

In this section, which is similar to Section 3 in [11] by Higham, we perform a
backward error analysis of LU decomposition. The main purpose of this section is to
show that for any given ordering of rows and columns of matrix A, Eq. (20) relates
the difference A — LU, to the norms of matrices V and W. Hence if the given order
is in strong rank-revealed form, the backward error can be expected to be small, and
it could be large otherwise. While we do not discuss ways to compute the ordering,
its importance can be seen from (20).

Consider a matrix

A <A11 A12>’ ©)
A Ax
where Ajj € REF Ay € RE7F Ay € R™TRK Ay e Rk Following [11]
for Cholesky decomposition, we ﬁnd an error bound for ||A — L Ur|| where Lr and
Uy are the computed lower and upper-triangular LU factors, in the special case where
rank(A) =r = k.
Denote Si(A) = Axpy — AzlAfllAlz to be the Schur complement of A; in A.

First we will prove a lemma which shows how Schur complement changes when
matrix A is perturbed.

Lemma 1. Assume |A['E11ll2 < 1. Then
Sk(A 4 E) = Si(A) 4+ Exa — (EsiW 4+ VER) + VELW + O(|E]3),

where W = A21Afll, V = Afll A12, and E is partitioned the same way as A.

The proof is similar to the one presented in [11, Lemma 2.1] .
Let A be a matrix of floating point numbers. We will write

A=A+ AA,

where A is the rounded computer representation of A and AA is assumed to have
small entries. Standard error analysis (see [25, Chapter 3]) reveals that

A—L0 =E+ A"*D, (7)

where

o Ly O A Uy Un
L d =
! <L21 I) an Ur ( 0 0 )’
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7 2 A 1
|EI < et (ILel| U] + 1AV,

€x = ku /(1 — ku) and u is the machine precision. Observe that
P ! O\ (ILullTul 0\ (1 10;' 0
L <~ A~ 11
el <|L21L“1| 1)( 0 0)\o 0

(T O\(ILullUnl O\ (I IVI\_
_(|W| 1)( o olo o)=MAaVL

where W is the leftmost matrix, A is the matrix in between, and V is the rightmost
matrix. Using inequalities || B2 < ||| B]ll2 < +/rank(B)|| B|| it is now easy to see
that

IWill3 < 1+ @m—r) W3 and Vi3 <14+ @—r) V5.
Let us introduce a new quantity

p = ILillUnll2/I1An 2. ®)

Then we obtain

IEl2 < éry1pll A1 ||2/(1 +m =P IWIB) (1 + @ —rVI3)
&1/ — AT,

= erp1(pmllAnll + Vn = r[ATTD]y), ©)
where
h =/ (L+ = IWIR)(1+ = PIVI). (10)

Since our goal is to obtain a bound for ||A — irﬁr”Z, we have to find a bound for
|A+D]15. Eq. (7) shows that AC+D is the exact Schur complement for the matrix

A—E=A+(AA—E)=:A+F.

Applying Lemma 1 to matrix A and using the fact that the Schur complement of A
is zero, we obtain

IS:(A + F)ll2= A"V |12 = || A4l
<1 P2allz + I Fatl2lW 2 + | Fi2ll2 1V 12
+IVIIW 20l Finllz + O(I1 Fiul13)
<NFl2 (L+ W2 + V]2 + IVI2IWI2) + O(IFI3)
= [IFll2A2 + O(|| F113). (11)
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where
=1+ [Wla+IVI2+[IVI2IIW2. (12)

We use (11) and the fact that || F||; < ||AA]|2 + || E||2 to obtain

IATD), < P (JAAlA + €r41pr1 22l A1 12) + O(IIFI3), (13)
where
-1
Y=(1—-¢epirovn—r) . (14)

Combining (7), (9) and (13) we get
IA = LeRell2 < IE N2 4 |ATTD,
<Y (|AAl2A2 + €rp1pM Al At ll2) (1 + €18/ — 1)
+er41pMlA11ll2 + O(IIF|13). (15)

Now we can formulate the following backward analysis result: Denote W = Ay A~1_11 ,
V = A} A2, and define p, A1, A2, and P as in (8), (10), (12) and (14).

Theorem 3. Let A = A+ AAbeam x n,m > n matrix of floating point numbers
where A has rank r < n and partition it like in (6) withr = k.
Assume that

AA AA
X{”nAlih!z; ”||A|||2|2} o (1o

where 0 is a small constant,
max {20r%u; 2(0u + €r4111) Jka (A1) < 1, (17)
€rp1ho/n —r < 1/2, (18)
u(r +1) < 1/2. (19)

Then, in floating point arithmetic with round off u, the LU algorithm applied to A
successfully completes r stages, and the computed LU factors satisfy the following
inequality

IA = LeUclla < (1 4+ 202)(0 + 441 (r 4+ D) || Allau + O@u?). (20)

Proof. Condition (16) allows us to replace O(||F||%) with O(«?). Condition (17)
provides two things: the first part makes sure that the first r stages of LU decompo-
sition are completed without breakdowns (the 20r3/24 part); the second part ensures
that ||A~1_11 F11]]2 < 1 which is required for applicability of Lemma 1. Indeed, it can
easily be shown that
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IE1il2 < €141l Artll2.
Also,

1A 2
—1 =
- ||A11 AAqrl2

1A 2 = lIAn = Ad ™ < 2147 .

Since FF = AA — E we have

1AL Fiilla < 211AT 2 (6111 ALt 2 + Oull A1 ]12) < 1.

Condition (18) provides that ¥ < 2 and 1 + €,41X2 < (1 + 2X2)/2A;, and now by
combining conditions (16)—(19) we get (20). [

Observe that p = || |ir| |0r| [l2/lA11]l2 is the growth factor which relates only to
the pivoting strategy applied to A1 and does not depend on W or V. For example,
if we factor A1 using GEPP we would have p = 2=1_in case of GECP we would

have p = /r(21 - 31/2...p1/r=1)1/2,

6. Conclusion

We have introduced a definition of strong RRLU factorization similar to the no-
tion of strong RRQR. We proved the existence of a pivoting strategy that efficiently
extracts full rank and rank deficient portions of matrix A and keeps elements of
V = AfllAlz and W = A21Af1] small. Backward error analysis has revealed the

key role played by matrices V and W in the bound (20) on the error term A — LU,
where L, and U; are the computed lower and upper-triangular LU factors.
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