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STRONG RANK REVEALING CHOLESKY FACTORIZATION  *

M. GU AND L. MIRANIAN

Abstract. For any symmetric positive definite x n matrix A we introduce a definition of strong rank revealing
Cholesky (RRCh) factorization similar to the notion of sigaank revealing QR factorization developed in the joint
work of Gu and Eisenstat. There are certain key properttasted to strong RRCh factorization, the importance of
which is discussed by Higham in the context of backward Btlm his work on Cholesky decomposition of semi-
definite matrices. We prove the existence of a pivoting eatvhich, if applied in addition to standard Cholesky
decomposition, leads to a strong RRCh factorization, aedeprt two algorithms which use pivoting strategies based
on the idea of local maximum volumes to compute a strong RR&Cbmposition.
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1. Introduction. Cholesky decomposition is a fundamental tool in numeriogldr al-
gebra, and the standard algorithm for its computation isiciemed as one of the most numer-
ically stable among all matrix algorithms. In some applimas, it is necessary to compute
decomposition with linearly independent columns beingasated from linearly dependent
ones, i.e., compute the rank revealing decomposition, misioot usually achieved by stan-
dard algorithms. One application of rank revealing facations is the active-set method dis-
cussed by FletcheB]. Also, rank revealing factorization can be used to solestesquares
problems using the method proposed by Bjortk]].

Usually rank revealing factorizations produce a decontjmsivith two components: the
full-rank portion, and the rank deficient, or redundanttpér practice, the quality of rank
revealing decomposition is governed by the following twstalinces: how far from singular
the full-rank portion is, and how close the exact rank deficfart is to the numerical rank
deficient portion, where rank deficiency is estimated witmedolerance. We develop the-
oretical bounds for full-rank and rank deficient componeftstrong RRCh decomposition,
which are very similar to those obtained for rank revealirig f@ctorizations, and observe
that using algorithms 3 and 4 significantly smaller boun@sadatained in practice.

In particular, consider Cholesky decomposition

nAn” = Lor?,

A I
whereL = ( °f D= ("), A € R B € RVBR O € RRTR T
Bk Infk Ok

is a permutation matrix, ant}, is p x p identity matrix. The numerical approximation to the
null space of4 is

-T
N = —Ay By ;
Infk ’

which is governed by matrik/ = A;TB[. Hence, we need a pivoting strategy that reveals
the linear dependence among columns of a matrix and keapgets of N bounded by some
slow growing polynomials irk and». Higham in [L3] has shown that nearly the tightest
possible upper bound for the eripd — Ly LT |2, whereL, is the compute@ x n Cholesky
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factor, is also governed by, which implies that stability of the algorithm depends on how
small |||z is.

We introduce a strong rank revealing Cholesky (RRCh) deamitipn and propose to
perform Cholesky factorization with diagonal pivoting, vk on every stage of the factor-
ization we look for the “most linearly independent” colunmrtihe “not-yet-factored” portion
of the matrix and swap it with the appropriate column in “atihg-factored” part of the ma-
trix. This pivoting strategy was first introduced by Gu anddfistat in11] and is known as
maximum local volumes strategy. Since Cholesky factaopatequires significantly less op-
erations than QR, algorithms presented in this paper cosrgirgng rank revealing Cholesky
factorization much faster than algorithms that use rankabng QR factorization.

The rest of the paper is organized as follows. In section 2giwe an overview of the
previous results on rank revealing LU and QR factorizatioimssection 3, we introduce a
definition of strong rank revealing Cholesky decompositand, in section 4, we discuss the
existence of such factorization. Section 5 contains thegdingposed algorithm. Section 6 is
devoted to the second algorithm which is based on converagtion approach. Complete
pivoting strategy is discussed in section 7, and numeriqa¢ements are presented in section
8. Concluding remarks are in the final section 9.

2. Previous results on rank revealing LU and QR decompositios. AssumeA €
R™™ has numerical rank. Then, according tol[9], the factorization

Ly Ui Ury
2.1 I, AT = ( ) < ) .
2.1) e Loy I,y Usz )

WhereLn,Un S ]Rk’k, Uis € Rk’mfk, Uyy € ]Rmfk’mfk, Loy € ]Rnik’k, I, . €
Rr—km—k andIl, andIl, are permutation matrices, is a rank revealing LU (RRLU) fac-
torization if

ak(A) > Umin(LllUll) > Umax(UQQ) > Okl (A) ~ 0.

Given any rank-deficient matrid € R, exact arithmetic Gaussian elimination with
complete pivoting, unlike partial pivoting, will revealghrank of the matrix. However, for
nearly singular matrices even complete pivoting may no¢akthe rank correctly. This is
shown in the following example by Peters and Wilkins@d]{

1 -1 -1 ... -1
1 -1 ... -1

1
There are no small pivots, but this matrix has a very smatjudar value when size ofl is
sufficiently large.

Several papers4| 18, 19], were dedicated to the question of whether there is a pigoti
strategy that will force entries with magnitudes compagdblthose of small singular values
to concentrate in the lower-right corner of U, so that LU daposition reveals the numerical
rank. In [4] the existence of such pivoting is shown for the case of omlg small singular
value, and for RRLU factorizatiof2.1) the following bound is obtained:

Nop—10n

||U22||2 S )
Op—1 —NoOp

whereo; denotegth singular value ofd.
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Later, in [L8] generalized case of more than one small singular valuesudsed, and
results are summarized in the following theorem:

THEOREM2.1.[18]
Let A € R™" be nonsingular, then for any integer1 < k < n there exist permutatiorig,

andII, such that
H]AHZ" _ <L]1 > (Ull U12> 7
Loy I, U

whereL, is unit lower triangular and,; is upper triangular, witi/s> = [u; ;] bounded by:

lui j| < f(n, k)org,

where

n! 1 n! Okt1
kl(n —k)! kl(n —k)! oy

Fln.k) =

for1 <i,j7 < n — k provided that the quantity inside brackets is positive.

However, bounds obtained ia§] may increase very rapidly (faster than exponential, in
the worst case) because of its combinatorial naturel1%hthe following improved bounds
are obtained:

THEOREM2.2.[19]

Let A € R™™ with numerical rankk andoy > ... > o > oy > ... > o, > 0. There
exist permutationsl; andIl, such that

I ‘
0, AT — 11 Ui Uiy 7
Loy I, U

whereL; is unit lower triangular and/; is upper triangular. If

Tk Dy, <1, where Dy, = k(n — k) + min(k,n — k),
Ok
then
OO} D k
|Uss|l2 < _TkTk+1 7k
Ok — Opy1 D
and

or — 01Dk
) > k ki1 Pnk

Umin(LnUn D
nk

Pan, in R3], using Schur Complement factorizations and local maximoiomes, deduced
the following bounds:

THEOREM2.3.[23]
LetA € R*" withoy; > ... > o > o411 > ... > g, > 0. Then there exist permutations

IT, andII, such that
L]] U]] U]2
manf = () (")
S\ P Uss
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whereL; is unit lower triangular and/;; is upper triangular,
Tp1 < |Usslla < (k(n — k) +1)0p4a
and

0k > Omin(L11U11) > m-

These bounds are very similar to those obtained in rank liege@R factorizations in§,
11, 15]. One of the definitions of rank revealing QR factorizatioegented in§, 15] is the
following: assumel/ € R™" has numerical rank, @ is orthogonal A; € RF* is upper
triangular with nonnegative diagonal entrig, € RF"~* O, € R™%7~F andIl is a
permutation matrix. Then we call factorization

2.2) M = QR = Q <Ak g:)

rank revealing QR (RRQR) factorizatidn

ok (M)
p(k,n)

wherep(k, n) is a function bounded by low-degree polynomiakiandn. Other, less restric-
tive definitions are discussed i6,[22].

RRQR factorization was first introduced by Gol@, jwho, with Businger 8], developed
the first algorithm for computing the factorization. The@ithm was based on QR with
column pivoting, and worked well in practice. However, thare examples (Kahan matrix,
[20]) where the factorization it produces fails to satisfy citiod (2.3).

Pierce and Lewis in5) developed an algorithm to compute sparse multi-frontafQRR
factorization. In 1] Meyer and Pierce present advances towards the developrhent
iterative rank revealing method. Hough and Vavasislifj fleveloped an algorithm to solve
an ill-conditioned full rank weighted least-squares peoblusing RRQR factorization as a
part of their algorithm. Also, a URV rank revealing decomifios was proposed by Stewart
in [26].

In [15] Hong and Pan showed that there exists RRQR factorizatiah wik,n) =
Vk(n — k) + min(k,n — k) and Chandrasekaran and Ipsen @h developed an efficient
algorithm that is guaranteed to find an RRQR gi¥%en

In some applications, such as rank deficient least-squamaputations and subspace
tracking, where elements eh‘,ngk are expected to be small, RRQR does not lead to a stable
algorithm. In these cases strong RRQR, first presentedilip is being used: factorization
(2.2) is called astrong rank revealing QR (RRQR) factorizatién

1 o) > 20060 < oy (M) (o)
q1(k,n)
2. (A" Bi)ijl < (k. m)
forl1 <i < kandl < j < n— k,whereq (k,n) andg.(k,n) are functions bounded by
low-degree polynomials ik andn.

Pan and Tang in42] developed an algorithm that, giveh> 1 computes strong RRQR
with ¢; (k,n) = \/1+ f2k(n — k) andgs(k,n) = f. Later, in [L1], a different, but mathe-
matically equivalent algorithm, was presented by Gu anér&tat. The new algorithm was
based on the idea of local maximum volumes. The same idedw®ililsed in this paper to
develop an efficient algorithms for computing strong rankeeting Cholesky decomposition.

(2.3) Omin(Ag) >

) and Umax(ck) S Ok+1 (M) p(k n)7
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3. Strong rank revealing Cholesky decomposition.In this section, we explore the
idea of using significant gaps between singular values toe#iie numerical rank of a matrix
and introduce strong rank revealing Cholesky decompasitio

Given any symmetric positive definite matrike R™", we consider a partial Cholesky
decomposition with the diagonal pivoting

(3.1) nAn® = Lor?,

Ay, p
<Bk Ink) ' < Ck> ’

Ay € REF B e RRE Oy € RPFn—k "andl, isp x p identity matrix. According to the
interlacing property of singular values, for any permutafil, we have

where

<Uz(Ak)> < O'Z(A) and Uj(Ck) > Uk+]‘(z4)

forl1 <i<kandl <j<n— k. Hence,

<amm(Ak>> < 04(4) and 0pun(Ch) > a1 (A).

Assume that; (4) > or41(A) =~ 0, so thatk would be the numerical rank of. Then we
would like to choose permutation matiikin such a way thad i, (4, ) is sufficiently large
andomax (C},) is sufficiently small. In this paper we will call factorizati(3.1) a strong rank
revealing Cholesky (RRCh) decompositidihsatisfies the following conditions:

1 (wan) 2 28 0500 < ou () ko

2. [(4,"BD)ij| < ga(k,n)
for1<i<k, 1<j<n-—k,whereg(k,n)andg, (k,n) are bounded by some low degree
polynomials ink andn.

4. The existence of strong rank revealing Cholesky decompitien. In this section
we prove the existence of permutation matiixvhich makes a strong RRCh decomposition
possible. It is proven in Theorem 4.2 of this section thatmpéation matrix obtained using
Lemma 4.1 is the one necessary for strong RRCh decompositthrelements ofA,;TB[
bounded by slow growing function ihandn.

According to the definition given at the end of the previougisa, strong RRCh decom-
position requires thaverysingular value of4,, is sufficiently largeeverysingular value of
C'. is sufficiently small, anéveryelement ofA,;TBkT is bounded. As first observed if 1],

det(A) = det(L) det(D) det(L") = det(A)? det(Cy),

hence

k n—~k
(4.1) det(Ay) = [ oi(Ax) = \ldet(A)/ II @i o).

This implies that strong RRCh decomposition also resultslargedet (Ay).
Let us introduce notation.
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1. If Aisanonsingulak x k matrix thenw;(A) denotes the 2-norm of theth row of
AT andw(A) = (w1 (A),...,wk(A)).

2. For any matrixC, v;(C) denotes the 2-norm of theth column ofC.

3. II; ; denotes the permutation matrix obtained by interchangimagi andj in the
identity matrix.

4. In the partial Cholesky factorization

X =LDLT

of a matrixX € R™", whereL and D are defined in section 3, I€},(X) be the
pair (L, D).
Now, givenk and some real numbgr> 1, Algorithm 1 below constructs a strong RRCh
decomposition by performing column and row interchangesaaimizedet(Ay).
ALGORITHM 1. Compute strong RRCh decomposition, giken

(L,D) :=Cr(A); II:=1;
while there exists andj such thaidet(Ay)/ det(Ag) > f,
Ap .
whereL = (B: Iﬂ) andCy (I; x4, AL, ) = (L, D), do
Find suchi andj;
Compute(L, D) := Cy, (HLHJ-AHZ,GH) andIl := IT II; 54

endwhile;

This algorithm interchanges a pair of columns and rows wheriticreasedet(Ay ) by
at least a factor of. Since there is only a finite number of permutations to perf@mad none
repeat, the algorithm stops eventually.

To prove that Algorithm 1 computes strong RRCh decompasitive first express
det(Ay)/ det(Ay) in terms ofw;(Ag), (Ck);; and (A,;TB,CT)M. Observe thatD is sym-
metric positive definite matrix, hence

w=(i )

is a symmetric positive definite square root of Let us write L = Lv/D. ThenA =
LDL" = LL", whereL is not strictly lower triangular, but instead block loweiatrgu-
lar:

SinceATI" = NILDL'N" = (NL)(IL)T, the permutatiodl swaps rows of’, and de-
stroys its lower triangular structure. So we use Givenstimia to re-triangularize it, i.e.,
ML = LQ, where( is an orthogonal matrix. Then,

nAn! = LT = LL”,

whereL is block lower triangular. o
Now assumed = LLT andIIAII" = LL”, wherell permutes rows andk + j
of L. The following lemma expressekt(A;)/ det(Ay) in terms ofw;(Ax), (Ck);; and
(A "B
LEMMA 4.1.

e (rar) v (an, (stan)
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Proof: To prove this lemma we apply Lemma 3.11]to L7 obtaining

det ()" _ <AkTB[>% * (”’ (V@) w (Ak)>2'

det (4)” i
Then we observe that

<% (\/07)>2 = (esv/r) (ejm)T =e;Crej = (Ch)j;

which proves the lemmal]
Let

~T pT\2 2

oLk = max ((ATBD + (G, (o (40)7)

Then, according to Lemma 4.1, Algorithm 1 can be rewrittefodsws:
ALGORITHM 2. Compute strong RRCh decomposition, giken

(L,D) :=Cy(A); TI:=1;
while p(L, D, k) > f,do
. . . _ 2 2
Findi andj such that(A, " B]) . + (Ci) ,; (wi(4k))” > f;
Computeg(L, D) := Ck(Hi1k+jAHz?:k+j) andIl := IT I1; 4 5
endwhile;
Since Algorithm 1 is equivalent to Algorithm 2, it eventyedtops and finds permutation
IT for whichp(L, D, k) < f. Thisimplies that conditio(2) of the definition of strong RRCh
decomposition in section 3 is satisfied with{k,n) = f. Theorem 4.2 discussed below will
imply that condition(1) is also satisfied withy; (k,n) = /1 + f2k(n — k), which means
that Algorithms 1 and 2 compute strong RRCh decompositimeng:.
THEOREM4.2. (Theorem 3.2 in11])

Suppose we have
i (Pk Qk) .
Ry,

p(M, ) = maX\/ (Pkl@kf + (i) w7:<P,Z“>)2.

Let

ij
If p(M, k) < f, wheref is some constantang (k,n) = /1 + f2k(n — k), then

Ui(Pk)Zm7 1<i<k

i

and
0j(Ry) <o j(M)qi(k,n), 1<j<n-—k

This theorem, applied tb”', implies condition(1) of the definition of strong RRCh decom-
position, and hence the existence of RRCh decompositiomiseg.

Theorem 4.2 and Lemma 4.1 combined together lead to AlgorBhwhich, on every
step of the Cholesky decomposition with diagonal pivotemmpare$ (L, D, k) (defined at
the beginning of the next section) with If p(L, D, k) > f, then Theorem 4.2 and Lemma
4.1 imply thatdet(Aj) can be made at leagttimes bigger by interchanging the appropriate
rows in L. We do the swaps untilet(Ay) is large enough, i.(L, D, k) < f, and then we
resume standard Cholesky decomposition with diagonatipiyo
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5. Computing strong RRCh decomposition: Algorithm 3. Given a real numbef >
1 and a tolerancé, Algorithm 3 computes numerical rarikkand produces a strong RRCh
decomposition. It is a combination of Algorithms 1 and 2, bsgs

(@, @)

and computes; (Ax) andA,;TBkT recursively for greater efficiency. Observe thék, D, k)
is different fromp(A, k), as defined in Theorem 4.2, but clearlygfL, D, k) > f then
p(A, k) is also greater thafi and hence the result of Theorem 4.2 is applicable to Algarith
3. In the algorithm below the largest diagonal element'pfis denoted bynax(diag(Cy,)).
Update and modification formulas are presented in sectibarkd 5.2.

ALGORITHM 3.

ij

- _ —T T
p(L,D,k) = 1<i<kfrlla<>§<nkmax{ ‘ (A, " B))

k:=0; Ck(A)=(L,D); O:=1;
Initialize w(Ay) € R*; A, "Bl € Rbn—k;
while max(diag(Cy)) > ¢ do
Jj = argmax; <, 4 (max(diag(Cj)));
k:=k+1;
ComputeCk(Hk7k+j,1AH[’HF] ); II:=11 Hk7k+j71§
Updatew(Ay); A, T BY;
while 5(L, D, k) > f do
Findi andj such that (A, " B]');;| > f or /(Ck)j; wi(Ar) > f
ComputeCk(HLkHAHZkH), II:.=1I H¢1k+j;
Modifyw(Ag); A, " B}
endwhile
endwhile

5.1. Updating formulas. Throughoutsections 5.1 and 5.2 lower-case letters deawate r
vectors, upper-case letters denote matrices, and Greeisléenote real numbers.
On the(k — 1)th step we have

Akfl kal
L= and D = .
(Bkl Ink+1> ( Ckl)

a? w b _
Cror = <wT Kn) = <B> ; AkirlBkal = (u”,U).

By Cholesky factorization, we have that

Ap- _ Al
A = ( kb ! a)’ By = (B;w'/a), A, ' = (7’;/; 1/a> i

Let

Then,

WI(AR) = wWi(Ap 1) +uija® for 1<i<k—1; wi(Ay)=1/a?
and

ATBT = (U — uTw/a2> '

w/a?
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5.2. Modifications formulas. We want to interchange thgh and(k + j)th diagonal
elements oflIAII”. This corresponds to interchanging tite and (k + j)th rows of L,
which will be done by reducing this general interchange toittierchange between thith
and(k + 1)st rows.

5.2.1. Interchange within the lastn — k diagonal elements ofA. If ; > 1, then
interchanging thék + j)th and(k + 1)st columns ofL.” corresponds to interchanging the
(k + 1)st and(k + j)th diagonal elements of andD. This interchange leaves lower
triangular andD block-diagonal and will only swap the first apth columns of B/ and
ATB

5.2.2. Interchange within the firstk diagonal elements ofd. If i < k, then we inter-
change théth andith rows of L. This leavesD unchanged, and is not lower triangular any

more. But we can re-triangularize it using Givens rotatidbenotelly, ;L = ﬁQ, whereL
is lower triangular. Then

I, LDL"N} ; = LQDQ"L" = LDL",

since( affects only the upper leftx k corner of D, which is identity. NowA, = My ArQT,
hence/i,;] = QA,;] H;{:i, and post-multiplication by an orthogonal matrix does ntgétfthe
2-norms of rows ot4,;T. This implies thatu( Ay ) just had itskth andith elements permuted.
Also, A, T B! has itskth andith rows permuted.

The main cost of this reduction comes from computing reigidarization ofL after
swapping itsith andkth rows, which takes abodk(2n — k) flops.

5.2.3. Interchange betweerkth and (k + 1)st diagonal elements ofd. Suppose we
have

g g1 AHkT,kH = g pgr LDLTHZJ@“ :

Here,I1; 11 L is not lower triangular anymore, so we re-triangularizd jt; 1 L = ETQ,
wherelL is lower triangular. Notice that in matrb;, 4, L only the elementk, k + 1) needs
to be reduced to zero, hen€keis a single Givens rotation matrix that affects only tk and
(k + 1)st rows of a matrix if multiplied from the right, and thigh and(k + 1)st column
if multiplied from the left. Let's assume that we performée {k + 1)st step of Cholesky
decomposition zeroing out elements to the right of elendght+ 1, & + 1). We have

Uy 1 LDLTIY = LQTDQLT = LDLT,

where we used the fact th@” DQ = D, since the upper-leftc + 1) x (k + 1) corner of D
is just the identity. Write

Ap_q Ay X
b1 B - by B
L= and L =
ba  Bu P b Bu/p Bv/p
B Lk B ¢T A

wherep = /12 + v2, B = Bp, é1 = (per + ves)/p, andéy = (vey — pes)/p. From the
expression for. we can see that

(A0
A (w%w)’
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whereu = b; A,;j] is computed using back substitution. Also,
A-TpT — (’II,]T U) _ A,;T] —ut/B (b}“ BT>
k k= nou2 0 1/B B ’

boAity = un o+, AT BT = Ut uler/B, up = ca/B.

so that

It follows that

X Al 0 Al 0
Al = L = et U] and
k (—bzAkll/ﬁ1/5> (—(m—i—uu)/ﬁl/ﬁ)' o

rar _ ((L=Bu2/(Bp)u” — (Bu/Bp)ui AT BT — (ul + pu")én /B o
A B = ( Bu/ (Bp) &/h ) s
plifying,

1= Bu?/(Bp) =1 —u?/p* =v*/p*, Bu/(Bp) = u/p.
We also have

A" BT — (ul + Ve )B=U +uTer [ — pu"éy )3 —uléy)p
=U+u" (per — pén) /B —uiér/B
=U+ uuTég/B — u?&/ﬁ.

Substituting these relations into the matrix, we get

iB ((u%ﬂ“ — )/ U+ f —uley /3> |
¢ s /B

Thenwy (Ay) = 1/3, and
wi(AR)? = wi(AR)? + (ug + pu)? /3% —u?)B?, for 1<i<k—1.

The cost of theék + 1)st step of Cholesky decomposition is ab®(it — k)? flops, the cost of
computingu is aboutk? flops, and the cost of computin@,;TB;{ is aboutdk(n — k) flops,
hence the “grand total” cost of modifications is abéut + 2nk — 2k flops.

Reasoning very similar to the analysis performedlifj gection 4.4 shows that the total
number of interchanges (within the inner loop) up to tkeh step of Algorithm 1 is bounded
by klog ; /n, which guarantees that the Algorithm 3 will halt.

6. Computing strong RRCh decomposition using max norm and Ziorm estima-
tors: Algorithm 5. In this section we discuss how convex optimization apprazash be
used as an alternative to carrying on modifications and ggdatsections 5.2 and 5.1 and
present Algorithm 5.

The convex optimization method was first developed by Willielager in [L2]. It is
based on the idea of finding a maximum of an appropriate fonaiver a convex set (the
maximum will be attained at a vertex of that set) by jumpiranirvertex to vertex according
to a certain rule. The vertices can be visited only once, amcksve have finitely many
vertices, the algorithm will halt in a finite number of itaats.
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We wish to develop estimators for

145" B lmax = max |45 "By lij and wmax(Ar) = max(w;(Ax))

using the method described below, instead of carrying onfisations and updates described
in section 5.

AssumeH is an invertible square matrix, and is anyn x m matrix, (hereH will be
matrix 4, and M will be A, B]'). Denote

||H||max row +— wmax(H) - mzax(wz(H))
and
1 lmase += max [(Mi;)]

We are going to use the following lemma which is discussed i [
LEMMA 6.1.

Hzx
and ||H||maT row — IMax H T||2

Max
/ w2l

220 ||zl
Using this lemma and the algorithm discussed ir?][we obtain an estimator for
||A1;TBIF£||max :
ALGORITHM 4.

Pick z at random, such thdiz|[; = 1
loop
Computedy = Bl z, 27 = ¢T A, "BY,
where¢ = sign((y).)e,, » = argmax; |y;| ande, is 1-th unit vector
if [|z]le0 < 2T
stop
else
1 = argmax; |z|;
T i= ey
end

endloop

Estimator for computingﬂA,;1 || maz row 1S the same as the previous one with the excep-
tion of different computation of, which becomes:

Apy =z, AT 2 = ¢, where¢ = QAI;Ta:.

We wish to construct an algorithm similar to Algorithm 3, lusing the above estima-
tions instead of carrying on modifications and updates d@sttin section 5. Algorithm 5,
presented in this section, performs regular Cholesky deosition with diagonal pivoting
until max(diag(Cy)) < ¢ for some smalb. Every, for instancer/10th step we use convex
optimization approach to estimate the largest entry (0f;,) and max norm of4,;TBkT and
find ¢ andj that correspond to these values. While

max(|4; " Biliz) > f. or  [max((Cr)s;) max(wi(Ar)) > f

we do the interchanges. When there is no need for swaps weagsti,,,.. (A ) to see if
1/wmax(Ag) = 1/w;(Ax) is smaller ther. A simple calculation shows Ehat if we permute
th andk-th rows of A; and re-triangularize it back, obtaining new matdx = 114, @, then
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Ap(k, k) = 1/wp(Ar) = 1/w;(Ay). Hence if Ay (k, k) = 1/w;(Ax) < 6 then we should go
one step back tb — 1 and considefk — 1)-st stage of the Cholesky decomposition, since we
do not want to have elements less tldaon the diagonal ofi.

The main advantage of convex optimization approach overifications and updates
is efficiency. The overall cost of estimations combined with potential swaps is usually
O(n?), while modifications combined with swaps c6tn?).

ALGORITHM 5.

k:=0; Ck(A)=(L,D); O:=1;
while max(diag(Cy)) > ¢ do
Jj = argmax, ¢ j<,,_(max(diag(Cy)));
k:=k+1;
Computék(Hk7k+j,1AH£k+j71); II:.=1I Hk,k—{-jfl;
do
while p(L, D, k) > f do
Find i andj such that (4, "B} );;| > f or \/(C)j; wi(Ar) > f
Computefk(Hi,kHAHZkH), II.=1I Hi,k+j;
endwhile
if 1/w;(Ag) > 6 break endif
k:=Fk—1;
enddo
endwhile
In the following table letV; and N, be the average number of iterations it took to esti-
matemzax(wi(Ak)) and|| A, " B'||max-The average of the ratios of the actual values over the

estimated ones is denoted @y and@-.

Matrix Order | Estimation of[A, 7 B} ||max | Estimation Ofm?x(w)
N1 Q] N2 Q2

96 2 3.4635 2 1.3955
Kahan 192 2 3.4521 2 1.0788
384 2 3.4462 2 1.1053
96 2 1.0000 2 1.7684
Extended 192 2 1.0000 2 2.2863
Kahan* 384 2 1.0000 2 1.0000
96 2 2.3714 2 1.1778
Generalized|| 192 2 1.0000 2 1.9075
Kahan 384 2 1.0000 2 1.9992

On average, it takes about two “jumps” from vertex to vertethe appropriate conveX to
obtain the desired result. Hence, in algorithm 5 we justestivo systems two times, which
takes abougk? flops.

There may be only finitely many iterations in theéo*enddd’ loop, so the algorithm will
eventually halt.

7. Effects of pivoting on Cholesky factorization.

7.1. Complete Pivoting. In this section we give an example, discovered in [5, sec-
tion 2], of a symmetric positive semi-definite matrix for whiCholesky decomposition with
complete pivoting does not result in strong RRCh decomjooslitecause conditiof2) of the
definition in section 3 is violated.
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Consider the following matrix, discovered by Higham ir8[;

1 —¢c -c —c —c —c
1 —c —c —c —c

R() = diag(1,s,...,s" 1) 1 € R,
1 —c —c

wherec := cos(f), s := sin(#) for somef. Let us scaleR (), i.e., putU () = diag(r,r —
1,...,1)R(8) and consider matri€'(9) = U(8)" U(6). When we perform Cholesky decom-
position with complete pivoting o@'(#), we will observe that, because of the way this matrix
is designed, no pivoting will be necessary. Suppose

cor= (g a2o) =G ) (" o) 7).

011(9)71012(9) = A;TB?

Then

Itis provenin [5, Lemma 2.3] that

(7.1) 1C11(8) ' C12(8)|]2 = ||A, "B} ||2 — \/%(n —r)(4"—1) asd — 0.

Simple calculation shows that
14, T B [lmax = e(1+¢)" .

To make the limit proved above more practical, we have to déuaway from zero to avoid
diag(1,s,...,s" 1), and hence’(6), being too singular. We want ! to be greater than
some fixed tolerance which usually is on the order of the machine precision. Sanph-
nipulation with Taylor expansions shows that quantity,. ' B! || max grows like

(7.2) 0 (e fzrlog@)

for larger instead of a factor o” as in(7.1).

The practical growth rate is much slower than the theorktioat it is still super-
polynomial, implying that Cholesky decomposition with qolete pivoting will not be strong
RRCh decomposition because condit{@nin the definition is violated.

Matrix A" BT also plays a key role in backwards error analysis for Chglecom-
position of semi-definite matrices, as discussed by Highaifi3]. As he shows quantity
Wl = ||A-"B!]||» contributes greatly to the accuracy of Cholesky decomiowsit|f
we perform Cholesky factorization without any of the pivgfistrategies described in Algo-
rithms 3 and 4 we get the following bounds obtained by Highanttfe error of the Cholesky
decomposition:

A = Lo LY |l2 < 2(2r(r +1) +0) (IW]l2 + 1) "ul|Ally + O(u?),

whereu is the machine precisiofi,is some small constant,. is the computed-th Cholesky
factor, andr is the computed rank ofl. As discussed in [5, section 4], the above bound is
about the best result that could have been expected andtsethecinherent sensitivity of
A — L,.LT (with L, being the precise-th Cholesky factor) to small perturbations.4f
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7.2. Generalization ofR(6). In this section we construct generalizations to the Kahan
matrix. We construct a matrix, such that Cholesky decontjposivith diagonal pivoting fails
to find a strong RRCh decomposition for the same reason ae prévious section: condition
(2) of the definition of strong RRCh decomposition is violated.

Consider the matrices

U, = (ul, e ,un)T; Ve = (1}1, e ,’Un)T,

whereu; andv; € RP*! andp <« n. We introduce an upper triangular mati%, € R**" :

1, ifi=]
(7.3) M, (i,7) =<X0, ifi <j

—ulv;, ifi >
Let’s call matrix P, = diag(1,s,...,s" )M, a Generalized Kahan matrix, and consider
matrix A = PT P, with numerical rankk. If we choose column scaling appropriately then
there will be no diagonal swaps during Cholesky decompwsitiith diagonal pivoting. Then
for matrix A we haveAffAlg = fM,;lUkV,;{k, wherelM, is the upper lefk x k& corner of
M, Uy is the topk rows ofU,,, andV,,_ is the lower(n — k) rows ofV,,. Lemma 7.1 proved

below gives a clue as to how to design matridés by choosing:; andv; appropriately and
to haveA; ' 4,, grow faster than any polynomial.

Let's computeX = (z1, ... ,mk)T = M, ' Uy, explicitly.
LEMMA 7.1.

k
of =uf T[ {1+vaf)

i=j+1
Proof by induction:
Base case: if = k, thenz! = ul —true.
Inductive stepy — j — 1
We have thai/, X7 = U}, hence
T T T T T T T T T T
Tj_q —Uj_qUGT U U1 T — U q V42T g — e — U Uk = U

Combining terms and using the inductive assumption, we get

k k k
T T T T T T
T =g E vir; +1| =uj_, E ViU H {1+ wvpu, } +1
i=j i=j p=i+1

After simplifying notation witht,,, := v,,ul , we obtain:

k

k
J:]?l] :u;r;] Zt,; H {1+t,}+1

i=j p=i+l

k

: k
=uj (D |1+ Dt D> |+
_Z:]

p=i+1 k>p1>p2>i+l

k

_ T E : E :
- Uj,1 tP + tm tp2 + tm tp2tp3"' +1
p=j k>p1>p2>j k>p1>p2>p3>j

k k
= u}ﬂq H{l +t} = u}ﬂq H{l + v;u] }. O

i=j i=j



ETNA

Kent State University
etna@mcs.kent.edu

a0 M. Gu and L. Miranian

If we putp = 1, u; = 1 andv; = ¢ for all i andj, then we obtain exactly the Kahan matrix.
In general, matrix?,, can have more than one small singular value, whereas thenkahgix
has only one.

8. Numerical experiments implemented in Matlab. We used the following sets of test
matricesM :

1. Random: is ann x n matrix with random entries, chosen from a uniform distribut
on the interval0, 1).

2. Scaled Random a random matrix, whoséth row is scaled by facton?, where
n = 20e and the machine precisionds= 1.1 x 1076,

3. GKS: an upper triangular matrix whogeh diagonal element i$/+/7 and whose

(i,7) elementis—1/+/7, for j > i.
. Kahan: we choose: = 0.285
. Extended Kahan the matrixM = S, Rs;, where

[S20F

SBl = dlag(17€, ey £3l7])

and
L —¢H 0
Ry = I, ¢H
i

where we chooskis a power of 2¢ > 0, ¢ > 1/v4l — 1, ¢ = 0.285, u = 20e/+/n
and¢? + ¢? =1; 0 < u < landH; € R'™*! is a symmetric Hadamard matrix.
. Extended Kahan*: we choosef = ¢l andd = 4i%0;41(A)
7. Generalized Kahan described in section 7.2],, andV,, consist ofn/48 blocks;
putk = n/48,c = 0.285andf = \/n.

For each matrixd = M* M we chose: = 96,192, 384, setf = 10y/n andd = 3 x 10713 x
[|A]l2- In Algorithm 5 we sefp = 4 forn = 96, p = 10 for n = 192, p = 20 for n = 384.
The results are summarized in the table below. Theoretjga@ubounds for

»

max
i3

( oi(L) \/o;(Ck)

and AV BR)i s
oi(Ar)’ Uk+j(L)> max (A" Be)lis

f ifk<n
0 ifk=n
experiments that theoretical bounds are much larger tresetbbtained in practice.

oi(L) /9;(Ck)
Denot ‘= max ,
e i \ 0i(Ar)" orgj(L)
N := number of iterations in the innevhile loops; E st denotes results of Algorithm 3, and
M od denotes results of Algorithm 5.

areqi(k,n) = \/1+ f2k(n — k) and ¢(k,n) = . We observe from our

andQs := max |(A; ' By)li ;,
2,7
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Matrix Order | Rank N Q1 Q2
Est | Mod | Est q Mod | Est q2 Mod
96 96 1 1 1 0 0 0
Random 192 192 1 1 1 0 0 0
384 384 1 1 1 0 0 0
96 43 3.10| 47x10° | 3.10| 1.54| 98 1.54

3.63| 1.3 x 10" | 3.63| 1.18| 139 | 1.18
6.24 | 3.7 x10* | 6.24 | 1.29 | 196 | 1.29

Scaled 192 82
random 384 158

96 95 1.12] 95x10* | 1.12] 0.71| 98 | 0.71

GKS 192 | 191 1.09| 1.9x10° | 1.09 | 0.71| 139 | 0.71
384 | 383 1.07 | 3.8 x10° | 1.07 | 0.71| 196 | 0.71

96 95 2541 95x 107 | 254 | 098 98 | 0.98

Kahan 192 | 191 1.26 | 1.9 x 10° | 1.26 | 0.98 | 139 | 0.98
384 | 298 8.15| 3.1 x10* | 8.15| 0.98 | 196 | 0.98

96 64 527 | 44x10° | 527 | 260| 98 | 2.60

Extended 192 | 128 10.0| 1.3 x 10" | 10.0 | 5.20 | 139 | 5.20
Kahan 384 | 256 169 3.5 x 10" | 16.9 | 10.4| 196 | 10.4
96 64 297 12x10> | 1.49| 260 | 2.60 | 0.38

6.04 | 4.7 x10% | 1.09 | 5.20 | 5.20 | 0.19
121 1.9x10® | 1.5 | 10.4 | 10.4 | 0.96

Extended 192 128
Kahan* 384 256

D W
N OO O0OFRPRFPFPOOO OOO OCOO
o N

NN BRwBRoooolkrkrrloooooooo o

96 94 1 404] 13%x10%2 | 404] 235] 9.8 | 2.35
Generalized|| 192 134 2 21.7| 1.2 x10% | 19.9 | 6.21 | 13.9| 6.59
Kahan 384 131 2 134 36x10% | 145| 421 | 19.6 | 4.12

9. Conclusion. We have introduced a definition of strong rank revealing €sloy de-
composition, similar to the notion of strong rank revealkpg factorization. We proved the
existence of such decomposition for any symmetric posd®initer. x n matrix and pre-
sented two efficient algorithms for computing it. Numerieaperiments show that if is the
numerical rank of4, then bounds which govern the gap betwéeh and(k + 1)-st singular
values of matrix4 and the norm of the approximate null spacedobbtained in practice us-
ing our algorithms are several orders of magnitude smdikan theoretical ones. Algorithms
presented in this paper produce strong rank revealing Gkylictorization at lesser cost
than analogous algorithms which use strong rank revealRde@torization.
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