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Abstract

In the work presented below the classical subject of orthogonal polynomials on
the real line is discussed in the matrix setting. An analogue of the determinant
definition of orthogonal polynomials is presented; the classical properties such
as the recurrence relation, the kernel polynomials, and the Christoffel-Darboux
formula are discussed. A t-function for the system of matrix-valued orthogonal
polynomials on the real line is presented. Some properties of the t-functions
are investigated.

PACS numbers: 02.30.Gp, 02.30.Tb

1. Introduction

Since the fundamental works of Akhiezer [1], Szegd [31], and many others, orthogonal
polynomials have been a major tool in the analysis of many problems in mathematics, such
as the rational and polynomial approximation and interpolation, the moment problem, and
numerical quadrature. The development of special and important examples goes much further
back, see for instance Lebedev [24]. Matrix-valued orthogonal polynomials supported on the
real line are used extensively in the areas of rational approximations and in system theory, see
[14]; in the Lanczos method for block matrices, see [17, 19]; in the spectral theory of the doubly
infinite Jacobi matrices, see [3, 29] as well as [30]; in the analysis of sequences of polynomials
satisfying higher order recurrence relations, see [6, 10] and more. Applications of matrix
valued orthogonal polynomials supported on the unit circle include linear estimation theory,
where finite block Toeplitz matrices need to be inverted, see [27]; the analysis of sequences
of polynomials orthogonal with respect to scalar measure supported on equipotential curves
in the complex plane, see [25]; frequency estimation in time series analysis and many more.
Zeros of orthogonal polynomials are used in the areas of spectral analysis, digital filter design,
quadrature formulae, etc. In the matrix setting, the zeros of orthogonal polynomials arise as
nodes in quadrature formulae and as eigenvalues of block Jacobi matrices.
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Starting with the work of Krein [22, 23] as well as [2, 5-10, 13, 16, 26, 30] there is
a general theory of matrix-valued orthogonal polynomials. Some very important results of
the theory of scalar-valued orthogonal polynomials, such as Favard’s theorem and Markov’s
theorem have been extended to the matrix-valued case, see [5—7, 10, 12], and many more still
need to be investigated in the new context of the matrix-valued orthogonal polynomials.

This paper is organized as follows. In section 2, notations are introduced and the matrix
analogue of the determinant formula for the polynomials of the first kind on the real line
is presented. Section 3 concerns orthogonality of the polynomials introduced in section 2.
In section 4, the Gramm—-Schmidt orthogonalization procedure is discussed in the matrix
setting. The recurrence relation in the matrix case is presented in section 5. Section 6
concerns the matrix-valued version of the kernel polynomials and the Christoffel-Darboux
formula. In section 7 a t-function for the system of matrix-valued polynomials on the real
line is introduced. Expressions connecting polynomials of the first and second kinds with the
t-function are presented and compared to these in the scalar case.

2. Definitions

In this section we introduce the notations and present a definition of the scalar/matrix-valued
orthogonal polynomials on the real line which is a natural extension of the classical determinant
definition discussed in numerous books and articles, for example, see [4].

Given a measure p(dx) = W(x)dx with symmetric weight function W (x) € R for
k > 1 and supported on the real line x € R, introduce

e The nth moment of the measure . (dx)u, € R**¥, where

Mn:/x"u(dx):/x"W(x)dx, n=01,....

Note that p,, = ;. In this text **’ denotes transposition.
e The matrix T, forn > 1, where [ is k x k identity matrix

Mo M1 oo Mp—1 Un
23! m2 ... Un sl

Tn = c Rk('l+l)><k(n+l)'
Hn—1  Mn o K2n-2  Hon—1
I xI ... x" ' x"I

o A Hankel matrix H, forn > 1

Mo L R .|
. M1 M2 .. g S
n = . . . . € .
Mn—-1 Hn ... H2p-2

e The matrix H which is the semi-infinite version of H, for n — oo.
e The vector v, 5,1 forn > 1

Un,2n—-1 = (/JLn Mn+1 - //L2nfl)>k .

Introduce a shift operator Ur(zl,nZ)n—l = Vptm.2n—1+m- 10 section 6 this ‘shift” notation will be

interpreted as a certain mth derivative.
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Hn vn,2n—1
Hn+l - %
vn,znf 1 Mon

denote the Schur complement of (i,

e In the matrix

Sn = Mon — U:’anlHn_lvnlnflv with SO = Mo. (1)
Introduce the diagonal matrix
S = diag[So, S] ) ] (2)
Using the notations above we introduce the following definition:

Definition 1 (Monic matrix-valued polynomials on the real line). Define a family of
polynomials { P, (x)}2, as the Schur complement of x"I in the matrix T, i.e.

Ho 1251 e Mn—1 Mn
1 M1 M2 .. Mn Mn+1
P,(x)=x"1—1[I xI ... x"7'I] ) . . . . , (3)
Mn—1 Hn ... H2p-2 M2n—1

with Py(x) = I. Denote by P the row vector of matrix-valued polynomials

P =[Py(x), P (x),...]. €]

Note 1. In the classical theory of scalar-valued orthogonal polynomials, monic polynomials
are defined as (for example, see [1])

det(7,,)
det(H,)’

which is exactly what we obtain using definition (3) in the scalar case. This is because
for any matrix with partitioning M = (A

pa(x) = with  po(x) =1,

pi g) its determinant can be computed as det(M) =
det(A) det(D — CA~'B), hence det(T,,) = det(H,) det(P,(x)) = det(H,) P,(x), where P, is
the one defined in (3).

Note 2. In definition (3) it is assumed that matrices H, are invertible for all n > 1, which is
a restriction on the measure @ (dx). In particular, all matrices H, being invertible implies that
the matrices S, are invertible, since det(H, 1) = det(H,,) det(S,).

Definition 2 (matrix-valued polynomials of the second kind). Define a family of matrix-
valued polynomials {Q,(x)}2, as

P, (2)
X

On(x) = X/M(dZ) , (&)

where the polynomials P, (x) are definedin (3). The polynomials Q, (x) are called polynomials
of the second kind.

Note 3. In the classical theory of scalar-valued orthogonal polynomials, the polynomials of
the second kind are defined in the same way as in (5), see [28].

In what follows our matrix indexing starts from zero, i.e. M; ; refers to {i, j}th k x k block of
matrix M, where i, j > 0.
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3. Orthogonality via the moments of the measure

The following proposition shows that a family of monic polynomials {P,(x)};2, defined in
(3) forms a set of orthogonal polynomials for any symmetric measure u(dx) = W(x) dx.

Proposition 1. Let {P,(x)}72, be a family of polynomials defined in (3) and S, be defined in
(1). Define an inner product on Ly (R¥) by means of

(P, Q) =/P*(X)W(X)Q(X)dx, (6)
then
(P;, Pj) = 6;;S;,
foranyi, j > 0.
Proof. Observe first that forany 0 <m <n — 1
Vimen—t Hy ' = [l Mot sz -« Mmen—t]JH, ' =10 ... 1 ... 0],
where [ is at the mth location. Hence,
Unmin—1 H  Wp 001 = s @)

It is enough to show that P, (x) is orthogonal to all x™ I for0 < m < n — 1, i.e.
/me(x)P,,(x) dx = /x’"W(x)(x”I — [ xI ... x""'INH,; v, 0,-1) dx

= Mm+n — [I'Lm Mm+1 - Mn1+n—1]H;1vn,2n—l
= Wmtn — Mmn = 0.
This proves that (P, (x), P,(x)) = 0 for any m < n. If m = n then

/P,;*(x)W(x)Pn(x)dx = /x”W(x)(x”I—[I xI oo xX"TUNH W, 0m0) dx
= Won — v:yzn_lHnilvn.Zn—l =S, O

The inner product introduced in (6) is different from the one used in many papers on this
subject, e.g. [9, 11, 18, 20, 30] and others. The standard inner product used is called ‘left inner
product’

(P, Q). =/P(x)W(x)Q*(x)dx,

which is different from the one defined in (6) by (P, Q)r = f P*(x)W(x)Q(x)dx, called
‘right inner product’.

4. Orthogonality via Gramm-Schmidt

A family of orthogonal polynomials (either scalar- or matrix-valued) can be obtained in at least
three ways: the method of moments introduced in section 2, the familiar recursion relation
and the Gramm—Schmidt orthogonalization procedure, which will be discussed in this section.

Let us obtain a family of monic matrix-valued orthogonal polynomials by performing the
Gramm-—Schmidt procedure on the space of matrix-valued k x k polynomials. Define the row
vector

Q=1[I xI x’I ..] (®)
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and a unit semi-infinite block upper triangular matrix
1 ror To2 .
R=|0 1 rm ... , where r;; € RFK. 9)

To find an orthogonal basis for the space spanned by {x"I};°, with respect to the given
measure we perform the Gramm—Schmidt orthogonalization procedure on €2, obtaining

Q = PR, (10)

where the matrix R depends on the moments of the measure, and the vector P is defined in (4).
In the next proposition elements 7; ; of the matrix R are computed.

Proposition 2.  Let matrices 2, P and R be defined as in (8), (4) and (9). Assume that
equation (10) holds and the polynomials in the vector P are defined in (3), then

Snrn,n+k = Mon+k — v:,anlHn_lv:f;n—l ’ (11)
for all k > 0, where notation v,(f;n_ | is defined in section 2.
In particular, forn = 0

Fom = Mot (12)
In the matrix form,
H = R*SR, (13)

where matrices S and H are defined in section 2.
Proof. From (10) it follows that
Po(xX)rom+ Pi)rim+ -+ PeQ)rgm + -+ Pn(x)] =x™1.

After multiplying the expression above by P (x) W (x) from the left and integrating we obtain

SuFn.m :/Pn*(x)W(x)x’”dx

and (11) easily follows from writing out P (x) as defined in (3) and integrating. To prove (13)
observe that

(f QW) dx> = /xiW(x)xj dx = pivj = H;
i,j
and

(/ P*W(x)de) =/Pi*(x)W(x)Pj(x)dx:5i.,jSiv
ij
hence

H= / QW (x)Qdx = R*(/ P*W(x)P dx)R = R*SR. 0

The following lemma expresses H,;ll in terms of Hn_l, vpon—1 and S, and will be very useful
throughout the paper.

Lemma 1. Given the following partitioning of the matrices H, | and Hn_+11

H, Un 2n—1 A
H,H_l _ ) n n,2n and Hn_+11 — ( . ]/) ,
Un,2n—l Man 14 o
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then
| _ -1 ~1
o= Sn ’ Yy = _Hn vn,2n—1Sn )
and
_ _ _ _ _ —1
A = Hn ! + Hn lvn,zn—lSn lv:,Zn—lHn ! = (H” - v”s2”—1ﬂ2nl v:;,Zn—l)
In particular,
—1(..(m+1)
HoA 0 s = (H" (02021 = ””*2"-1’"~"+m+‘)> . (14)
’ n,n+m+1
Proof. The formulae above can be easily verified by direct computation. Expression (14) is
obtained using (11). O
Lemma 2. Let polynomials P,(x) be defined in (3). Then
m
X' = P i+ XD e XUIH 0
i=0
To illustrate,
Post(x) = X" = Py()ruper = X1 - X" H, 0000
Proof. Follows from (14). O

5. Orthogonality via the recurrence relation

It is well known that matrix-valued orthogonal polynomials obey an appropriate three-term
recurrence relation, for example, see [30]. In the following lemma we present expressions for
the coefficients of the recursion relation in terms of the moments of the measure.

Proposition 3. The monic matrix-valued orthogonal polynomials defined in (3) obey the
following recurrence relation,

xPy(x) = Puyi(x) + Py (x)by, + P, (X)a,,, (15)
with
a*=S718,, br=u" —u"l, (16)
where
-1
g
u'll_1
u = . = t?lvil,2n71; Uy, = S;l(:“ZnH - U::,anlHnilv"*'l’z”)' (17
-1
Uy

Proof. Let the orthogonal polynomials obey the following three-term recursion relation,
xP,(x) = Pyiic, + Py(x)D; + Po_1(x)a; (18)

for some matrices a,, b, and c¢,. After multiplying (18) by P, (x)W (x) from the left and
integrating one arrives at

f PrLOW )™ dx = Syt = / P (OW ()2 Py(x) dx = Sy
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hence ¢ = 1. The above expression can also be written in the following way:

St = / P, (W () o (x) dx
/ (Pry(x) + st Py (X) + ey PEO) W () Po () dx

=040+ [ @ PIOWEO R, (0 dx = 4y,

implying a; = S 1 Sp. After multiplying (18) by P’ (x)W (x) from the left and integrating
one obtams

/xPn*(x)W(x)Pn (x)dx = (f PY(x)W (x)P,(x) dx) b = Syb; =b,S,.

In order to compute b, in terms of the moments compare powers of x I in the recursion relation
(15), which can be written out as

x(" T =1 xI ... x""u"Y =" =1 xI ... x"Iu")
+(" =1 xI ... x" "u"""b!
+ (" — 1 xI ... X" ar
Equating the coefficients of front of x"I leads to b* = u" — u"~|. From the definition
= Hn+1vn+1 on+1 and using lemma 1 one concludes that r, .1 = u) = Sn_l(,uz,m —

1
,12,1 1H Un+l Zn) O

Note 4. In the classical theory of scalar-valued orthogonal polynomials, the expression for
a, is given by (for example, see [1])
det(HtHl)det(anl) _ Sn
det(Hn)z Sn—l
which is equivalent to our formula (16), since in the scalar case S, = %. Also, as
observed in note 2, invertibility of the matrices H,, implies invertibility of the matrices S,,
hence the matrices a,, are always well defined in this setting.

n = ,

Note 5. Matrix polynomials of the second kind defined in (5) satisfy the same recursion
relation as these of the first kind defined in (3), since

01 (¥) + Qu(0)b* + Qu_1(¥)a = x / u(duy D) * Pal)by + Bucy@)ay

X —u
ub, (u)
=x M(du)
( x)P (u) P, (u)
=x / p(du) —————— / (du )
=x0n(x).
In the matrix form relations (15) for all n > 0 can be written as
LP*(x) = xP*(x), (19)
where L is given by the block tridiagonal matrix
by I 0 O
ap b1 1 0

L= 0 aj b2 I ...]- (20)
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The following proposition establishes the connection between the matrix L defined in (20) and
the matrix R defined in (9).

Proposition 4. Let R to be kth column of the matrix R defined in (9), where k > 0. Then
L*R; = Ris1, or Ry = (L")*Ry. (21)
In particular,
(L"00 = 1g ' 1. (22)
Proof. After multiplying 2 = PR by P*W (x) from the left and integrating, one obtains
SR = / P*W(x)Qdx, or (SR);; = f Prx)W(x)x/dx  (23)
and
LSR = /xP*W(x)Q dx, or (LSR), ; = / PF(x)W (x)x/*! dx. (24)
From (23) and (24) it follows
(LSR);,j = (SL*R); ; = (SR); j+1,

and since S is diagonal, we conclude that (L*R); ; = r; j+1, which implies (21). Expression
(22) follows from the facts that Ry is a column of all zeros except the identity at the block
{0,0} and (Re)o = rox = pg " 1k O

Note 6. In the classical theory of scalar-valued orthogonal polynomials the expression (22)
can be found in Akhiezer [1].

Along with monic matrix-valued orthogonal polynomials, one can try to introduce orthonormal
matrix-valued polynomials in the following fashion:

Definition 3. Given afamily of monic polynomials presented in (3) define a family { P, (x)}°>,
by means of

P,(x) = P,(x)S, "2, for n>0. (25)
It is easy to see that
(Pu(x), Ppy(x)) = 8, (/ P,i‘(x)W(x)Pn(x>dX> S;V = s, 87 = 1.

The recurrence relation for { P, (x)}52 can be written as

X Py (x) = Py (X)aps1 + Po(x)by + Py (X)ay, where

a, =SS b, =b" =5 ""p,8, 20
or, in the matrix form,

LP* = x P*, where L = S'2LSs™1/2,
Note that

L=1L" or LS =SL*.

In order to be able to define an orthonormal family in this fashion, the matrices S, have to be
positive definite for all n. In general, the matrices S, being positive definite is equivalent to
the weight matrix W (x) being positive definite, and the reason for that is the following:



Matrix-valued orthogonal polynomials on the real line: some extensions of the classical theory 5739

e W(x) is positive definite for all x € R < for any vector v € R¥ and n > 0 [v* P (x)]
W(x)[P,(x)v] > 0 < for any vector v € R¥ and n > 0[v*S,v] > 0, which implies that
S, are positive definite for all n > 0.

o The polynomials { P, (x)};°, form a basis for the space of matrix polynomials, hence any
polynomial Q(x) can be written as Q(x) = >, P;(x)a; for some matrices «;. It is easy
to see that

[ o@wwow a = ats.

The above expression implies that S, being positive definite for all n > 0 is equivalent to
f O*(x)W(x)Q(x) dx being positive definite for all polynomials Q(x), which, in turn, is
equivalent to the weight matrix W (x) being positive definite.
Orthonormal polynomials will be used in the next section to derive the so-called kernel
polynomials and the Christoffel-Darboux formula.

6. The Christoffel-Darboux formula

In this section a matrix-valued kernel polynomial will be introduced and the Christoffel—
Darboux formula will be derived.
The following lemma introduces the matrix-valued kernel polynomial.

Lemma 3. Given a family of orthonormal polynomials as defined in (25), denote the kernel
polynomial of degree n to be

Ky(x,y) =) Pi(y)P}(x). @7)
i=0
Then
-1

Mo M1 N 1

" M1 M2 .o Uptd xl
Ky(x,y)=1[1 yI ... y'Il[ . ) ) ) - (28)

Mn  MUp+1 oo M2n x"l

Proof by induction. To ease the notation, denote
Y=[ yI ... y"'I* and X = xI ... x"'J".
For n = 0 we have Ko(x,y) = Po(x)Pj(y) = p," which agrees with formula (28). To
simplify the notation denote the right-hand side of expression (28) as RHS(n). For the
inductive step (n — 1) — n we use the notation and partitioning in lemma 1, as well as the
fact that X*Hn’le,,_l/2 = )c”S,,_l/2 — P, (x) to rewrite RHS(n) as
RHS(n) =Y*AX +Y"y*X + Y y,x" + y"x"«
=Y (H, '+ H onone1 Sy vy 1 )X
— 'S vk sy Hy ' X = Y H v, 0018, X" + YS!
=Y*H;'X+(y"S,"* = P,(y»))(x"S,'/* = Pi(x))
_ ynSn—l/Z(ann—l/Z _ P:(.X)) _ xn(ynSn—l/Z _ Pn(y))Sn_l/z + ynann—l
=Y*H 'X+ P,(»)P(x) = RHS(n — 1) + P, (y) P}(x),

which completes the proof by induction. ]
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Note 7. In the classical theory of scalar-valued orthogonal polynomials (see [4]), the kernel
polynomial is given by

Mo M1 eee Mpmr T

Mni1 n2 v Mn xI
Ky (x,y) = —det | : : : ]

Mn Mn+l e Mon leI

1 yl - Y 0

which agrees with the scalar version of formula (28) derived above.

In the next lemma the matrix-valued version of the Christoffel-Darboux formula is presented.
The proof of the lemma is very similar to the one in the scalar case.

Lemma 4. Let a family of orthonormal polynomials { P, (x)}52) be defined by (3) and (25).
Then

Pu(y)ar, Pk (x) = Puut (0)ans1 P(x)
x—y

> Pu() P (x) = (29)

m=0

Note 8. In the classical theory of scalar-valued monic orthogonal polynomials (see [4]) the
Christoffel-Darboux identity has the following form:

’

i PnNPw () PaOD) Pt () = Prt () P (x)
{Pms Pm) (Pns Pn)(x = y)

m=0

which agrees with the scalar version of formula (29) derived above.

7. A matrix-valued 7(t)-function

In this section we define a 7 (¢)-function for a system of matrix-valued orthogonal polynomials
on the real line and investigate some of its properties.
Let us introduce ‘times’ into the measure the following way:

e (dx) = eXim ' 1 (dx), (30)

where [ is the k x k identity matrix. The new moments are defined as

(1) = f X" 2y (d).

Observe that
Ipen () _
Ol

/xn+m ez WL (dX) = s (7). S

Definition 4. Define 7o(t) = So(t), and forn > 1
(1) = S, (1) = p2n(t) — V)5 (O H, " ()Vy20-1 (D), (32)

where H,(t) and v, ,—1(t) are defined in section 2, but now with ‘time’ dependence.

Note 9. In the classical theory of scalar-valued orthogonal polynomials, the 7 (¢)-function is
defined in the following fashion,

T (t) = det(Hn (t)),
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whereas our new definition in the scalar case becomes
det(H,+1(2))

w0 = e Hy (1)

In what follows prime ” denotes differentiation with respect to 7, in particular u,, (t) = fn+1(t)
and v}, ,, | = Un+1,2¢- T ease the notation in the discussion below, the ‘times’ # will be dropped
when not essential, and v, »,— (¢) will be substituted with v, i.e.

UV 1= Upon—1 @) and V= Un+1,2n ().

In theorem 1 the connection between the 7 (¢)-function and the coefficients of the recursion
relation is established. The following lemma is needed in the proof of the theorem:

Lemma 5.
J751 17%) ce Mn Mn+1
M2 U3 Mn+1 |
n_ v=
. N . . Mon—2
MUn Mn+1 cee M2p—1 Mon — Sn
This could also be written as
(H)YH 'w=v -0 0 --- S)*
Proof 8. See the appendix. ]

Theorem 1. Given a family of monic matrix-valued orthogonal polynomials as defined in
(3), which satisfies the recursion relation

X Py(x) = Pupi(x) + Py (x)by, + Py (X)ay,,
and a t(t)-function defined in (32), then

a
b, = 57 (@ ()ln=0 and ay = 1,1(0)"'5,(0).
1

Proof. By definition, 7,(t) = w2, (t) — v*(t)H, Y(Hv(t). According to (31), after
differentiating with respect to #; one obtains
7, (1) = o+l — (U*Hn_lv)/ = Uous1 — UV H v — v*(Hn_l)/v — v H .
Observe that
0=1'=(H,'H,) = (H"YH, +H 'H],
hence
(#,') = —H,"HH,".
Recall from (17) that pp,41 — v*H'v' = S,u”, implying that
T (t) = S,(Oul (t) — v Hy v — v* (H ") v
= S, (ul(t) —v*H 'v—vH,'H H v
= S,(Out(t) — (vV*(t) —v*H,;'H))H, v
=S, (Ou"(t)—[0 ... 0 S,]H v
= S, (D (1) = S, (Oup =1 (1) = S, (1) (1 (1) — w1 (1))
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In the fourth equation lemma 5 was used. Observe that one could use
Manat (1) = VO H Ov() = (3 (0) " Su(0),

and obtain 7, (1) = (uZ (t) — uﬁj(t))*S,, (¢). Thus,
(1) = (@) (u) (1) — up - () = () (1) — up 1 (D) 7 (1),

which implies that

0 0 _ "
— In(t, () ly=0 = T () ' —Tu (D10 = ((0) — u}~{(0)) = b}.
ot ot
From (16) we can see that
an =Ty (O)T;JI(O),

which concludes the proof of the theorem. (]

Note 10. In the classical theory of scalar-valued orthogonal polynomials, the expression for
b, is
0 det(Hy4 (¢
b, 1n(ﬁ( +1())>_

T on o\ det(H, (1))

With our definition of 7, () = 4t ()

. det(- (1) » the above expression is equivalent to that obtained
in the above theorem.

The next several lemmas are used in the proof of theorem 2, where the connection between
the monic matrix-valued orthogonal polynomials as defined in (3) and (5) and the t-function
as defined in (32) is established. To ease the notation introduce X = [I xI ... x"~'IT%;
denote v and H” to be the ith derivatives with respect to ;. Note that the ‘shift’ notation
u,ﬂ{)zn_l introduced in section 2 can now be interpreted as the ith derivative of v, 2,1 with
respect to fq.

Lemma 6. Foranyx € R

H/H—l -1 /
(1550 () v
X X

& = X&, & = (£)oo and Pi(x, )& + S, (1) = 0.

where

Proof. See the appendix. ]
Lemma 7. Let Q,(x,t) be defined as in (5). Then

0u(x. 1) =Xfu(du)m
X —U

_ u"—[1u~-~u”_l]Hn_lv
—/u(du) 1 —u/x

= f u(diyu” Y (u/x) — f pdLu---u""1) (/x) H
i=0 i=0

= Mn+i = vs(jl)—l —1
>t (32
i=0 i=0

*(1) *

—1 00
Mn+i — UO,nlen v . i Z T n+i

xi x" xt
i=0

Il
.Mg

Il
=

Sns
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where ry; , is defined in (11). Denote
o0 r*
R — n,nA+i
(n.x) = ) = (33)
i=0
hence
1
Qn(x, 1) = —R(n, x)S,(1). (34
xn
Lemma 8. For any x € R let us consider the equation
< g\ [0
> = Yo — ) =Hw+w. (35)
i i—0
Then
R(n,x)S, —U
w=1[00--- wi_ 1% w,_1 = ;, (36)
X
where
> v*(i)Hn_lw
U=) ——. (37)
i=0 *
Proof. See the appendix. ]
Lemma 9. Suppose U and R(n, x) are as defined in (37) and (33), then
U=xRn—-1,x) —xDHw,_;.
Proof. See the appendix. ]

Theorem 2. Let t,(t) be as defined in (32).

o Let {P,(x, 1)}, be a family of monic matrix-valued orthogonal polynomials as defined

in (3) with the space variable x and ‘time’ dependence t. Then
P (x, 1) = x Py (x, )7, ()T, (1 — [x7']),
where
wn(t —[x7') = fz” eXint (1=7)e W(z)dz

_ /Ln(t) N /'Ln+1(t)'
X

(38)

o Let {Q,(x, )};2, be a family of matrix-valued orthogonal polynomials as defined in (5)

with the space variable x and ‘time’ dependence t. Then

X Qi1 (6, 1) = Qu(x, DT, O T (¢ + [x 1),
where

Mn(t + [x—l]) — /Zn ezil (f[+x,%’)ziW(Z) dZ

[ee]

Mn+i(t)
ZZT'

i=0

(39)
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Proof.

o Observe that

!/ v/

—1 I—In —1
H,(t—-[x"])=H,¢t) — —— and vt —[x" D=v— —.
X X
Then
Tt — [x ') = pon (¢ — [x ') — 0"t = [x ' DH; (¢ =[x Do — [x 71

o= (-5) () (5)
%Hl( SONGH

><|c

1
= M2on — —M2n+1 — (
X

1
= Man = ~Hont —( H'(v+§)
* pr—1 1 n v ;:1
= oy — V' H, v__:u*2n+l+7 UH §+7
X X X

nkg HH-IX(P*)TLS,

=S, - ”"x vt HIX(PHYS, - x( n) S
un*P* U’*H71X

— (P* _ "n no_ n + U*Hn1X> (Pn*)flsn

. X X

(x™' L —ul* Py —v*H'X)(P)'S,

X
Py, (P (x, 1)) (1)
x b

where lemma 6 was used in the fourth equation and lemma 2 was used in the ninth
equation.
e Observe that

o0 @) ()
H+x'n=3" BEO d s = 3L 0}

xl L
i=0 i=0

Then
T+ [x 7)) = ot + [x ') — vt + T H N+ T Do+ [x1)

_N e 000
_Z i _Z X

H (v +w)
i=0

N M (1) — v*O)H i *%)

i=0 i=0
= R, x)S,(1) —

where lemma 8 was used in the second equation. From lemma 8 we know that
R(n,x)S,(t) — U = xw,_1, hence

Gt + 7] = 2w,
Using the result of lemma 9 write

R(n,x)S,(t) —U = R(n,x)S, —xR(n — 1, )w,_1 +Xw,_1 = XW,_1,
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which implies

R(n,x)S, =xR(n—1,x)w,_1 =xR(n—1,x)S,_ lS C Wp—1-
Using the result of lemma 7 the above expression becomes

0, Dx" = Quy (0, D" 1S 1 (0 + [,
implying

On(x, Dx = Quot (0, DT, (DT + [x7'])

which concludes the proof of the theorem. ]

Note 11. In the classical theory of scalar-valued orthogonal polynomials, expression (38)
has the following form,

T, — [x7'])
n 9 t) = r— = ) 40
pn(x, 1) = x =0 (40)
where 7,(¢) = det(H, (1)), see [21, 28]. Observe that in the scalar case (38) is equivalent to
(40), since
Prsi (x, 1) = x Py (x, )7, (DT (1 = [x7'])

=P ()T, (O T (0 — [x ' DT O T =[x

= 1" (@ (@) 1) T (@ = [T ) o = [x7).
Using the facts that
B0 = et and () = Su(0) = det(Hi (1) = o)
the above expression becomes
net ((det(Hp (7)) det(Ha (1))
1) = ( de(Hy () dei(Hy (1) “H‘(”))
det(Hyi (t — [x7'D)  det(Hp(t — [x™'])
( det(H,(t — [x~'D)  det(H(r — [x~']))
i1 Qet(Hyan (0 = [x7']) et T (0= XD T (1 — [x7'])
det(Hu (1) Ty (1)
The scalar-valued analogue of expression (39) is
A (x~'D
T, (1)

and its equivalence to (39) is proved similarly.

det(H, (1 — [xl]»)

gn(x,1) =x

)

The next proposition is a collection of facts about the recursion relation coefficients.

Proposition 5. Let {P,(x, 1)};2, be a family of monic orthogonal matrix-valued polynomials
as defined in (3) with ‘time’ dependent moments. Let a, and b, be the coefficients of the
recursion relation (15) with ‘time’ dependence, and let 3/0t, be denoted by *’. Then

(i) P’+1(x 1) =—P,(x,a},;;

(ii) ( ) =1, (O Tu1 (1) = S, @) Sy (1) = af
(iii) (b} =al,, —a};

(iv) (a}) =a’b: — bn \ax.
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Proof.
(i) Denote X =[I xI ... x""'I]* then
P (x, ) = —[X*x"I1(H,}\ vy, 2n+1)
—[Xx*x"1(( n+1) Uit 2041 + L) (U, 2n+1) )
= —[X*x"11(- Ho Hy o o Ve 20t + H 0 2nt1)

0
0
= —[X*x"I1| —H '/ +H! +H
- n+1“n+1,2n+1 n+l : n+1 n+1 2n+1
Sn

= —[X*x"I1H ;0 0 --- S)*
Using partition and notation from lemma 1 we conclude that

_Hn_lvn,Zn—l Sn_ISnH
S_ISn+l

*
()C - X'H, v" 2n— 1) Apy1 = Pan+1

n

—[X*x"I1H,, 1(O 0o - S,J*:—[X*x”l](

(i) Denote e, = [0 O --- [I]. By the reasoning similar to that above one arrives at
(up) = en(Hy\vns12001) = en H N0 0 <o 8% =8, Sy
(iii) Follows from the previous part and the fact that b = u" — u""].
(iv) a;,, S_ Su+1, hence S,a;., = S,.. After differentiating both sides we obtain

S/ n+l +S (an+l)/ - S

n+l*

(an+1) _a*b* bn 161

Since S, = S,,b}, we obtain

O

Note 12. It is only natural to call (iii) and (iv) in the above proposition the non- Abelian
Toda equations, see [15].
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Appendix

Proof of lemma 5. Using identity (7) one arrives at

1
[ T 7% R Vi Hy Unon—
1
M2 U3 . Mgsl . V3 1 Hy Um0
Hn Un,2n—-1 = .
Mn  Mp+1 oov MH2p—1 Un n— 1H Un,2n—1
Mn+1 O
Mn+2 , 0
= . = vn,2n—1 - : . O

2n — Sn S”
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Proof of lemma 6. Suppose

H’H71 —1 /
(I—M> (v—v—>=v+$
X X

for some &, then using lemma 5 one obtains

v—v—,=(1—7H’;H’;l>(v+§)=v+§— HyH, o HyH, €
X X

X X
vl ., HHE
=v+E——+—-00 ... §)F— L2
X X X
which implies
HH's=xE+0 0 --- S)* (A.1)
Note that
€1
1 €2
HH'= . , (A.2)
v*Hn’1

where e; = [0---1---0] and [ is at the ith location. After applying (A.2) to (A.1) we obtain
the following equation,

&1 §ox
i N (A3)
v*H, g wn_l).c + S,
where & denotes the ith element of £. Expression (A.3) implies that & = x'& for
i=0,...,n—1,and
v H, ' XE) = x"& + Sy,
leading to
0= (x"—v*H,'X)& + S, = P} (x, )& + S,
which concludes the proof of the lemma. ]

Proof of lemma 7. Rewriting expression (11) and keeping in mind that for any vector ¥
~1
v;k,n—l+iHn w = wi’
for all i < n, and v,y 20— 14m = v™ for all m > 0 one obtains
VOH v =v H ' = pusi = 1) i S (A4

* *
n+i,2n+i—1 n,n+i

Rearranging (35) one arrives at

*, p® (°° H<”>> > HOH- (v +w)

PRl DR LA CEROEDS

i=0 i=0 i=0

xl
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or, element-wise

ZOO Mn+i ZOO Mnvi  R(n, x)S, +Z"—1 wi U
i=0 xi - i=0 xi xn i=0 x! xn
Z"O Mn+1+i ZOO Hn+i+i R(n, x)S, +Zn—2 Wit + U
i=0 xi - i=0 xi xn—l i=0 xi xn—l
o MUop—1+i o Mop—1+i R(n, x)S, U
R g TR v+ 2
=0 x! =0 x! X X
The last equation implies w,_; = w Substituting this into the previous one we obtain

that w,_, = 0. By continuing this process we arrive at w; = 0 for all 0 < i < n — 2, which
concludes the proof of the lemma. ]

Proof of lemma 8. Using the result of lemma 7 and the notation from lemma 1 we conclude

that
—H Uyt on
—1 — 1,2n-3 —1
H, wz( " 11" ) S wa

To ease the notation, denote p = v,_1 2,—3, then

0 (i) 00 L x(i+l) X , -1
v -1, )4 Mon—1+i —H 1P —1

S e = [y e (T s

i=0 i=0 i=0
_ i Mon—1+i — p*(Hl)Hn_,l]p 571
- )Ci n—1Wn—1

i=0
=@Rn—1,x) —xDw,_1,
which concludes the proof of the lemma. (]
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