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Chapter 1

Matrix valued orthogonal

polynomials

1.1 An overview

Since the fundamental work of Szegé [51], Akhiezer [1] and many others, orthogonal polynomials
have been a major tool in the analysis of many problems in mathematics and physics, such as the
moment problem, numerical quadrature, rational and polynomial interpolation and approximation,
and applications of these techniques in engineering problems. The development of special and
important examples goes much further back, see for instance Lebedev [44]. Matrix valued orthogonal
polynomials supported on the real line are extensively used in the areas of rational approximations
and in system theory, see [25]; in the Lanczos method for block matrices, see [29, 30]; in the spectral
theory of the doubly infinite Jacobi matrices, see [5, 49] as well as [50]; in the analysis of sequences
of polynomials satisfying higher order recurrence relations, see [16, 11] and more. Applications of
matrix valued orthogonal polynomials supported on the unit circle include linear estimation theory,
where finite block Toeplitz covariance matrix of a multivariate stationary stochastic process needs
to be inverted, see [47]; the analysis of sequences of polynomials orthogonal with respect to scalar
measure supported on equipotential curves in the complex plane, see [45]; frequency estimation of a

stationary harmonic process (X,,) in time series analysis, where

n
X, = Z [Af cos nwy, + By sinnwy| + Z,,
k=1
and (Ag), (Bg) are matrices of dimension p and Z,, is a white noise. The frequencies wy are un-
known and need to be estimated from the data. They can be given in terms of zeros of matrix valued
orthogonal polynomials associated with some purely discrete measure supported on the unit circle,

see [50]. Zeros of orthogonal polynomials are used in the areas of spectral analysis, digital filter



design, quadrature formulas, etc. In the matrix setting, the zeros of orthogonal polynomials arise as
nodes in quadrature formulas and as eigenvalues of block Jacobi matrices. Another application of
orthogonal polynomials is the subject of rational approximations. Truncating a continued fraction
gives an approximant for the function to which it converges and the link with orthogonal polyno-
mials is that continued fractions are essentially equivalent to a three term recurrence relations, and
orthogonal polynomials on the real line are known to satisfy such a recurrence.

Starting with the work of M. G. Krein [41, 42] as well as [3, 10, 11, 12, 13, 14, 23, 16, 27,
46, 50] there is a general theory of matrix valued orthogonal polynomials. Some very important
results of the theory of scalar valued orthogonal polynomials, like Favard’s theorem and Markov’s
theorem have been extended to the matrix valued case, see [10, 11, 12, 21, 16], and many more still
need to be investigated in the new context of the matrix valued orthogonal polynomials.

The systems of orthogonal polynomials associated with the names of Hermite, Laguerre,
Bessel and Jacobi (including the special cases named after Chebyshev, Legendre, and Gegenbauer)
are the most extensively studied and widely applied systems. These four families of orthogonal
polynomials are called collectively the “classical orthogonal polynomials.” There are many charac-

terizations of the classical orthogonal polynomials, some of them are listed below.

e Second order differential equation. In 1929, Bochner posed a problem (called Bochner’s problem
below) of determining all families of scalar valued orthogonal polynomials that are eigenfunc-
tions of some fixed second order differential operator. This problem was solved by Bochner
in the original paper [5], and was rediscovered many times again, for example by Grinbaum
and Haine in [32]. The only families of orthogonal polynomials that are eigenfunctions of some

fixed second order differential operator are the classical ones with the classical weights:

Hermite weight: W (z) = e ze [—00, 00];

—X

Laguerre weight: W(z) = 2% ", x € [0,00], a > —1;

Jacobi weight: W (z) = (14 2)*(1 —2)%, z € [-1,1], o, B> —1.
The orthogonality measure for Bessel polynomials is in the complex plane, which makes Bessel
polynomials somewhat different from the ones above. A signed measure supported on the real

line was found by Duran, see [15].

In the matrix case Bochner’s problem was first considered in [14]. Examples of such families
of matrix polynomials can be found in [35, 36, 37, 38, 18]. For example, in [18] the matrix

inner product and the symmetric second order differential operator D are defined as
(P.Q) = [ PEW)Q @)ds

D = D2A2($) + DlAl (.I) + DOAo(.I),



where As(z), Ai(z), Ao(z) are matrix polynomials (which do not depend on n) of degrees

not bigger than 2, 1 and 0 respectively and D stands for the usual differential operator. The

following weights were discovered

— Hermite weight

— Laguerre weights

— Jacobi weights

2 x
e~ 7 eAmeA T
W(:E) - 2 Ax? A*z2
e~ T z° AT :
xaefmeAmeA T
W(zx) =
xaefmxAxA .

(1+2)*1—2)1+2)2(1+z)4
(1+2)*(1—2)’(1—2)2(1 —x)*,

where A is, in each of these cases, a matrix of a certain specific form which depends on number

of parameters (see sections 5, 6 and 7 of [18]).

e Derivatives. The following property of the classical orthogonal polynomials can be observed:

the derivatives of the classical polynomials are again orthogonal polynomials. It was first

proved by W. Hahn in [39] that this property also characterizes the classical polynomials.

In the matrix case, families of orthogonal polynomials were discovered with the property

of satisfying a second order differential equation, but not having derivatives as orthogonal

polynomials, see [18].

e Rodrigues’ type formula. This characterization was suggested by Tricomi in [52] and a complete

proof was supplied by Ebert in [24] and Cryer in [8]. It states that Jacobi, Laguerre and Hermite

are the only polynomial sequences that have Rodrigues’ type formulas

o
dx™

[P (@)W (2)], n=0,1,2--,

where K, depends on n, p(z) is a polynomial independent of n and of degree 2, 1 or 0, W(z)

is positive and integrable over (a,b), where (a,b) is (=1, 1), (0, 00) or (—o0, 00).

In the matrix case this characterization has not been discovered yet, but some progress in this

direction is reported in [18, 19].

e Differentiation formula. This characterization was suggested in a conjecture of Karlin and

Szeg6 in [43] and proved by Al-Salam and Chihara in [2]. It states that the only families of

orthogonal polynomials for which there exists a differentiation formula

(33) = (O‘nx + 5n)Pn($) + ”YnPnfl(x)a



where 7(x) is a fixed polynomial, are the classical ones. An analog of this characterization has

not been yet discovered in the matrix case.

In this work we present some classical properties of scalar valued orthogonal polynomials along with

appropriate extensions in the matrix setting:

e Determinant formulation. In sections 2.1 and 3.1 the matrix analogs of determinant formulas

for the real line and unit circle are presented.

e Orthogonality. In sections 2.2 and 3.2 the orthogonality of the matrix valued polynomials is

discussed.

e Recurrence relation. In sections 2.3 and 3.3 the recurrence relations satisfied by the polynomials

are considered.

o Gramm-Schmidt orthogonalization. Section 2.4 concerns the Gramm-Schmidt orthogonaliza-

tion process in the matrix setting.

o Christoffel-Darboux formulas. Section 2.5 and 3.4 discuss the kernel polynomials and the

Christoffel-Darboux formulas in the matrix setting.

e 7-function. In section 2.6 a T-function for the system of polynomials on the real line is intro-
duced in the matrix setting. Expressions connecting polynomials of the first and second kinds

with the 7-function are presented and compared to these in the scalar case.

e Bochner’s problem. In the last chapter Bochner’s problem in the matrix setting is considered

and several equivalent formulations are derived.

1.2 Future directions

The role of the classical orthogonal polynomials in numerical analysis, mathematical physics, engi-
neering and many other disciplines cannot be overestimated. The subject of matrix valued orthog-
onal polynomials is relatively young, but has already proved to be rich with applications and new
insights. Numerous connections with modern fields such as random matrix theory inspire a lot of
interest in the future development of the subject of matrix valued orthogonal polynomials.

One of the most important future directions is the solution of the Bochner’s problem in
the matrix setting. There exist a lot of very interesting examples demonstrating how much richer
than the scalar case the matrix setting is.

Another important aspect is the search for matrix valued analogs of Rodrigues’ type for-
mula.

It is very important to find more applications of the “classical” matrix valued orthogonal
polynomials in disciplines like physics and engineering, for example, analogs of the applications of

scalar valued polynomials to electrostatics and many other fields.



Chapter 2

Matrix valued orthogonal

polynomials on the real line

In this chapter the classical notion of scalar valued orthogonal polynomials on the real line
is extended to matrix valued ones; some new properties are presented and some known ones are

investigated in a new context.

2.1 Definitions

In this section we introduce the notations and present a definition of the scalar/matrix valued
orthogonal polynomials on the real line which is a natural extension of the classical determinant
definition discussed in numerous books and articles, for example, see [7].

Given a measure ju(dz) = W (z)dz with symmetric weight function W (z) € R¥** for k > 1,

supported on the real line, introduce

1. The nth moment of the measure p(dz) p, € R¥** where
o, = /x"u(d:c) = /x"W(x)d:c, n=0,1,---.
and x € R. Note that p,, = p). In this text “*” denotes transposition;

2. The matrix T),, where [ is k x k identity matrix

Ho Hi - Hn—1 Hn
B M2 Hn Hn+1
T, = . : : : : c Rk(n+1)><k(n+1)
Hn—1 Hn .. H2n—2 H2n—1
I xl ... "' "]

with n > 1;



3. A Hankel matrix

Ho Hi oo Hn—1
H, = H1 Kz - Hn eRankn
n— . . . . )
Hn—1 Hn .. H2n—2

n>1;

4. The matrix H which is the semi-infinite version of H,, for n — oo;

5. The vector
”
Un2n—1 = (,um Mn+1 - /Lgnfl) s

forn > 1;

6. In the matrix

denote the Schur complement of o,
Sn = /LQn — 02727171]{;10"72",1, Wlth SO = ,uo. (21)
Also, introduce the diagonal matrix

S = diag[So, Si1,---].
Using the notations above we introduce the following definition:

Definition 1 (Monic matrix valued polynomials on the real line) Define a family of poly-

nomials {Pn(:c)}zo: as the Schur complement of ™I in the matriz T, i.e.

0
-1
Mo M1 Mn—1 Hn
M1 2 Hn Hn+1
Puw) =21~ I al T , (2:2)
Hn—1 Hn .. H2n—2 H2n—1

with Py(x) = I. Denote by P the row vector of matrix valued polynomials
P = [Py(x), Pr(x), -] (2.3)
Note 1 In the classical theory of scalar valued orthogonal polynomials, monic polynomials are de-

fined as (for example, see [1])

~det(T})

pn(x) = m, with po(z) =1,



which is exactly what we obtain using definition (2.2) in the scalar case. This is because for any

A B
matriz with partitioning M = ( ) its determinant can be computed as
C D

det(M) = det(A)det(D — CA™'B),
hence det(T,,) = det(Hy,) det(P,(z)) = det(H,) P, (), where P, is the one defined in 2.2.

Note 2 In the definition 2.2 it is assumed that matrices H,, are invertible for all n > 1, which is
a restriction on the measure u(dx). In particular, all matrices H,, being invertible implies that the

matrices Sy, are invertible, since det(H,11) = det(H,) det(Sy).

Definition 2 (Matrix valued polynomials of the second kind) Define a family of matriz val-

ued polynomials {Qn(:c)}oo as

n=0

r—z

P,(z
Qule) = [ ptaz) 22, (2.4)
where the polynomials P, (x) are defined in 2.2. The polynomials Qn(x) are called polynomials of
the second kind.

Note 3 In the classical theory of scalar valued orthogonal polynomials, the polynomials of the second

kind are defined in the same way as in 2.4, see [48].

Note that in what follows our matrix indexing starts from zero, i.e. M; ; refers to {i,j}th k x k

block of matrix M, where 4,5 > 0.

2.2 Orthogonality via the moments of the measure

In this section it will be shown that a family of monic polynomials { P, (:c)}zozo defined in 2.2 forms

a set of orthogonal polynomials for any symmetric measure u(dz) = W(x)dx.

Proposition 1 Let {Pn(x)}zozo be a family of polynomials defined in 2.2 and S,, be defined in 2.1.

Define an inner product on Ly(R") by means of

(P.Q) = / P ()W (2)Q(x)dr, (2.5)

then
(P, Pj) = 0i; 55,

for any i,j > 0.

Proof: Observe first that for any 0 <m <n —1

Ummin—1H,, ' = [/Lm Hm+1  Hmt2 - /Lm+n—1} H,'= [0 U



where I is at the mth location. Hence,

—1
'Um,ernlen Un,2n—1 = Hm+4n- (26)

It is enough to show that P, is orthogonal to all z™1 for 0 <m <n —1, i.e.

/me(x)Pn(x)d:c - /me(x)(x"I—[J ol ... a" 1J}H Un2n 1>d:c

= /me(x)x"I— "W (x) [I 7 U 1]] H, oy on—1da
= Hmin — / [me(x) ™ TIW(x) ... mef"*lW(x)} H, 'on on—1dx
=  Hm4n — [/Lm Hm+1 - ,uern*l} Hglv"vQ"*1

= Pmtn — Hmtn = 0.
This proves that for any m <n
/P;l(:c)W(:c)Pn(x)d:c =0.

If m = n then

/ Py (z)W (z) P, (z)dx

/x"W(x) (3:"]— [I Il ... "~ 1]] H vn Y 1>d:c
= /x"W(x)x" — "W (z) [I 7 B L 1]] H, oy on—1dx
= 2on — |:,u/n Hn+1 - ,u2n71} Hglvn,%fl
= iz — Vo 1y Wzt = S,
which concludes the proof of the proposition. B
Note 4 The inner product introduced in 2.5 is different from the one used in many papers on this

subject, e.g. [38, 31, 18, 14, 50] and many others. The standard inner product used is called “left

inner product”
(P,Q), = /P(x)W(x)Q*(x)d:c,

which is different from the one defined in 2.5 by (P,Q)p = [ P*(z 2)Q(x)dx, called “right inner
product”. The left inner product has the following properties (see [50]):

1. (P.Q), = (P,Q)p;
2. if C1, Co € R*** then (C1Py 4+ CaP2, Q) = C1 (P1, Q) + Ca (P2, Q) ;
5. @P,Q), = (P,2Q),
4. (P,P), =0 if and only if P = 0.
Similar properties are valid for the right inner product, but property (2) becomes

2 if Cy, Cy € R¥** then (P,Q:Cy + Q202) g = (P,Q1) g C1 + (P, Q2) 5 C



2.3 Orthogonality via the recurrence relation

In this section the recurrence relation for the case of matrix valued orthogonal polynomials is inves-
tigated.
In lemma 1 it is proven that matrix valued orthogonal polynomials obey an appropriate

three term recurrence relation. The proof can also be found in [50].

Lemma 1 Let {P,(z)},", be a family of matriz valued orthogonal polynomials, where n corresponds

to the degree of the polynomial. Then, for some matrices c},, b} and a},
P i1(z)c + Po(x)b) + Pho1(x)a), = xPy(x).

Proof: Since the polynomials { P, (z)},, form a basis for the space of matrix valued polynomials,

one can write
n+1

2P, (x) = Z Pi(z)ay,

i=0
where «; are some constant matrices. Multiplying the expression above by P ()W (z) from the

left and integrating leads to the following:
/P;‘l(x)W(x):an(:c)d:c = Q.
From the orthogonality property it follows that «,, = 0 for m <n — 2, hence
xPp(x) = Ppyacy, + Po(2)b}, + Pp_1(x)ar,

for some matrices ¢, b} and a;. W

In lemma 2 we present expressions for ¢, by, and a}, in terms of the moments of the measure.

Lemma 2 The monic orthogonal polynomials defined as in 2.2 obey the following recurrence relation

2Py (x) = Ppy1(x) + Po(2)b), + Poo1(z)ay, (2.7)
with
afz = S;ilsm b;kz = UZ - uz:%’
where
-1
ug
n—1
n—1 U1 -1 n -1 * -1
u - . =11y, Un2n-1; U, = Sn (/LQnJrl - vn,2nlen ’UHJFLQH) : (28>
(T

Proof: In the previous lemma we obtained the following recurrence relation

2P, (z) = Ppiic, + Po(2)b) + Pr_1(x)ay, (2.9)
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After multiplying 2.9 by Py, ()W (x) from the left and integrating we obtain

/P,erl(x)W(x)xPn(x)d:c = Spt16.
Note that from the orthogonality property it follows that

/P,erl(x)W(x)xPn(x)d:c = /P,erl(x)W(x)x"Jrld:c = Spt1,

hence ¢} = I. The expression above can also be written in the following way:

Swn = [aPia@ W) Pa(e)ds

/ (P;+2<x> bt Poar (2) + 4 P <x>) W (2) Po ()
= 0+0+ /anJrlP,f(x)W(x)Pn(x)d:c = an+15n,

implying
an = SpS; b, or al =S8, (2.10)

After multiplying 2.9 by P’ (z)W (z) from the left and integrating we obtain
/xP:; ()W (2) Py (z)dz = (/ P,f(x)W(x)PMx)d:c) by, = Spby,

which implies that S,,b} = b,.5y.
In order to compute b, in terms of the moments let us compare powers of x in the recursion

relation 2.7, which can be written out as

x (x"I - [I al ... x"’ll} u"*l) = (x"“l - [I al ... x"I} u")
+ (a:"I - [I xl ... x"’ll} u"*l) b
+ (xn*lf— [I 7 x"*QI] u"*Q) ay
Equating the coefficients of front of x™ we get —u/ "] = —u? + b5, hence

* _.mn n—1
bn = Uy —Up_1-

Let us compute ] in terms of the moments of the orthogonality measure. In order to

compute the inverse of H;il we partition H,; and H;il in the following way:

Hn n,zn— A
0o ( * VU2 1> and H.l, = ( : ”Y>, (2.11)
v

n,2n—1 H2n Y @

and after some simple calculations the following expressions are derived:

a=8"1 v=—H, v,0, 15", (2.12)
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and
A= H;l + H;lvnygn,nglv* H'=(H, - vnygn,llu;nlv:‘ly%fl)fl. (2.13)

n,2n—1""n

From the definition " = H ;ilvn+172n+1 and the formula for H ;il above it follows that

n * —1 * —1 1
Up = V' Unyion + & figngr = =5, VU 0 1 Hy Ung1on + 5, Hanga

. —1 * —1
= Sy (2n+1 — V) on 1 Hy Mongion)

which concludes the proof of the lemma. B

Note 5 In the classical theory of scalar valued orthogonal polynomials, the expression for a, is given
by (for example, see [1])

~det(Hpq1)det(H, 1) S,

N det(H,,)2 Spn-1’

Qn

det(Hn+1)
det(H,)

which is equivalent to our formula 2.10, since in the scalar case S, =

Note 6 As observed in note 2, invertibility of the matrices H,, implies invertibility of the matrices

Sy, hence the matrices a,, are always well defined in this setting.

Note 7 Matriz polynomials of the second kind defined in 2.4 satisfy the same recursion relation as

these of the first kind defined in 2.2, since
Pri1(u) + Pa(u)by, + Pa_1(u)ay,

Quir (1) + Qu@)W + Quor (@), = a / i(du)

T o
= x/u(dU)W +x2/,u(du) 1:"_(12

Note 8 (Matrix form of the recurrence relation) In the matriz form relations 2.7 for alln >
0 can be written as

LP*(x) = xP*(z), (2.14)

where L is given by the block tridiagonal matrixz

bp I 0 0
aq bl I 0 ...

L= . 2.15
0 as b2 I ... ( )

Note 9 (Favard’s theorem) In the classical theory of scalar valued orthogonal polynomials the

following result is known as Favard’s theorem, see [7], page 21.
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o Let {ap, bn}flozo be arbitrary sequences of complexr numbers and let a family of polynomials

{Pn(x)} ", be defined by the recurrence formula
P, (z) = (x —bp—1)Po—1(z) — an_1Pr_9, P_1(x) =0, Py(z) = 1.
Then there is a unique moment functional L such that
L[1] = ag, L[Pn(x), Pp(2)] =0, for m#mn, myn=0,1,---.

Define L to be quasi-definite (positive definite) if and only if det(H,) > 0 (det(H,) > 0) for
alln > 0. L is quasi-definite and {P,(z)},__, are monic orthogonal polynomials if and only if

an # 0 while L is positive definite if and only if b, are real and a, > 0.

e The matriz valued analog of Favard’s theorem was presented and proved in papers [11, 16,
21, 22]. In [16] it was shown that every system of polynomials satisfying some (2N + 1)-
term recurrence relation can be expressed in terms of orthonormal matriz polynomials for
which coefficients are N x N matrices. In [11] it was proved that any sequence of polynomials
satisfying (2N + 1)-term recurrence relation is orthogonal with respect to a positive definite
N x N matriz of measures. Results of these two papers combined allow us to conclude that for
any sequence of orthonormal matriz polynomials there exists a positive definite weight matrix

with respect to which the polynomsials are orthonormal.

Below the matrix valued orthonormal polynomials are presented.

Note 10 (Orthonormal matrix valued polynomials) Along with monic orthogonal polynomi-
als, one can try to introduce orthonormal matriz valued polynomials. Define a family {Pn(x)}zozo

by means of

Po(z) = P, (2)S; Y%, n >0, (2.16)

n

then

J Eiww @@ = Sn”Q(/ P;<x>w<x>Pn<x>d:c>snl/2

S-1/28,8-1/2 = 1.

The recurrence relation for {Pn(x)}zozo can be written as follows
2P, (2) = Ppy1(2)ans1 + Pu(2)by + Py_1(2)al, where (2.17)

by = | xP,(x)W (x)P,(z)dz = b* = S;'/?b,SL/2;
a,n - 81/2871/2

n—1 >

or, in the matriz form, LP*(x) = xP*(x), where L = SY/2LS~1/2,
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Observe, that

Also,
LS =SL",
since
L=S8"YLs '? =" =8 2LS">.

Orthonormal polynomials will be used in section 2.5 to derive the so called kernel polynomial

and Christoffel-Darbouz formula.

Note 11 In order to be able to define an orthonormal family in this fashion, the matrices Sy have
to be positive definite for all n. In general, the matrices Sy, being positive definite is equivalent to the
weight matriz W (z) being positive definite, and the reason for that is the following:
o W(z) is positive definite for all x € R <
for any vector v € R* and n >0 [v* P (x)] W (z) [Pa(z)v] >0 <
for any vector v € R* andn >0 [v*Spv] > 0, which implies that S, are positive definite for

allm > 0.

o The polynomials {P,(z)},—, form a basis for the space of matriz polynomials, hence any

polynomial Q(x) can be written as Q(x) = >, P;(x)ay. It is easy to see that
[@@w@amd =3 aisia:

The above expression implies that S, being positive definite for all n > 0 is equivalent to
J Q*(x)W (2)Q(z)dx being positive definite for all polynomials Q(z), which, in turn, is equiv-
alent to the weight matriz W (x) being positive definite.

2.4 Orthogonality via Gramm-Schmidt

A family of orthogonal polynomials (either scalar or matrix valued) can be obtained in at least three

ways: the method of moments introduced in section 2.1, the Gramm-Schmidt orthogonalization
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procedure and the familiar recursion relation. In this section we will try to establish a connection
between the last two.
Let us obtain a family of monic matrix valued orthogonal polynomials by performing the

Gramm-Schmidt procedure on the space of matrix valued k£ x k polynomials. Define the row vector
Q= [I ol 2?1 ... (2.18)

and a unit semi-infinite block upper triangular matrix

I 7101 To2

R=|0 I 72 ...|, where r;cRMF (2.19)

To find an orthogonal basis for the space spanned by {x"] }ff:o with respect to the given measure

we perform the Gramm-Schmidt orthogonalization procedure on €2, obtaining
Q) =PR, (2.20)
where the matrix R depends on the moments of the measure, and the vector P is defined in 2.3.

Note 12 Observe that in order to be able to perform the Gramm-Schmidt procedure, the norm (P, Q)
needs to have the following property: for any nonzero polynomial P # 0, (P, P) is non-singular.

Proposition 2 Let matrices Q, P and R be defined as in 2.18, 2.3 and 2.19. Assume that equation
2.20 holds and the polynomials in the vector P are defined in 2.2, then

SnTnm = Mntm — U;,Qn—nglvm,menfla (2-21)
for allm +1 <m. In particular, forn =0
To.m = [y Hon- (2.22)

This can be put in matriz form,

H =R'SR, (2.23)
where S = diag [So, S1,S2, -]
Proof: From 2.20 it follows that
Po(z)rom + Pr(x)rim + ...+ Pe(2)rgm + ... + Py(2)] = 2™
After multiplying the expression above by Py (z)W (x) from the left and integrating we obtain

SnTn,m /P )" dx

and 2.21 easily follows from writing out P (x) as defined in 2.2 and integrating.
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In order to show 2.23 consider the matrix [ Q*W (2)Qdz. Observe that

(/ Q*W(x)Qd:c) = /xiW(g;)xjd:c = Hitj-

4,J
Hence

H = /Q*W(x)ﬂd:c: /R*P*W(x)PRd:c: R* (/P*W(x)Pd:c)R

= R'SR.
In the last equation we used the fact that
S = /P*W(x)Pd:c, (2.24)
which is true since
(/ P*W(:c)Pd:c) = /Pi*(x)W(:c)Pj(x)d:c: 0i,55i.
2%

which concludes the proof of the proposition. B
The following proposition establishes the connection between the matrix L defined in 2.15

and the matrix R defined in 2.19.
Proposition 3 Denote Ry to be kth column of the matriz R, where k > 0. Then
L*Ri=Riy1 or Ri=(L*)"Ro. (2.25)
In particular,
(L)g0 = 1o k- (2.26)
Proof: After multiplying Q = PR by P*W(x) from the left and integrating, we obtain
SR = /P*W(:c)Qd:c, or (SR)M. = /P;(:c)W(:c)xjd:c. (2.27)
Also,
LSR = / rP*W (x)Qdz, or (LSR)M_ = / P (z)W (z)2? T d. (2.28)
From 2.27 and 2.28 it follows
(LSR)i; = (SL*R)ij = (SR)i,j1,

and since S is diagonal, we conclude that (L*R); j = R; j+1, which implies 2.25.

Observe that since R is a unit upper triangular, Ry is a column of all zeros except the
identity at the block {0,0}, so Ry is equal to the first column of (L*)*. From 2.22 we know that
(Rk)o = Ror = ,ualluk, hence

(L)5.0 = (Ri)o = pg 1o,

which concludes the proof of the proposition. B

Note 13 In the classical theory of scalar valued orthogonal polynomials expression 2.26 can be found

in Akhiezer [1].
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2.5 The Christoffel-Darboux formula: the case of the real
line

In this section a matrix valued form of the Christoffel-Darboux formula will be derived.

The following lemma introduces the matrix valued kernel polynomial.

Lemma 3 Given a family of orthonormal polynomials as defined in 2.16, denote the kernel polyno-

mial of degree n to be

Ku(z,y) = > Pi(y) P (x). (2.29)
i=0
Then .
Ho M1 N I
M1 p2 .. Hndgd xl
Koy =1 w1 oy |7 0 | (2.30)
Hn  Hp+1 - H2on "l

Proof by induction: For n = 0 we have Ko(z,y) = Po(x)P§(y) = py* which agrees with formula
2.30. To simplify the notation denote the right hand side of expression 2.30 as RHS(n). For the
inductive step (n — 1) — n we use the notation and partitioning in 2.11 as well as formulas 2.12 and
2.13 to rewrite RHS(n) as

1 1
- . xl zl
RHS(n) = |I yI ... yn A | +y™y"
-1y P
+ |1 oyl y"H | " +y "
1
- . zl
= |I yl ... y" I (Hnl“l‘Hnl'Un,Qn1Snlv:;,2annl>
"
1
zl
+ S H +[1 yl ... ynflf] Hytog 0naSy e 4y " a.
Ay

From 2.2 and 2.16 we have that for both = and y the following holds

L it IR 1)
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and substituting this into the above expression we obtain

I
xl
RHS(n) = [I yl ... ynflj} Ht i (ynsnl/z _p (y)> (:E"Snl/Q _ P*(x))
ikaty §
ynS;1/2 (annl/2 _ P*(:E)> _ (ynSnl/2 _p (y)) S;1/2 + yn.TEnS;l
I
o xl _ _
= [I yl ... y"ilf} H, ) + Po(y) Py (2)
ikaty §

RHS(n — 1) + P, (y) P¥ (),

which completes the proof by induction. H

Note 14 In the classical theory of scalar valued orthogonal polynomials (see [7]), the kernel poly-

nomaal is given by

Ho H1 R | I

H1 L2 - Ln, xl
Kn(z,y) = —det | : : : : - |

[T TP N YR A |

I yl -yl 0

which agrees with the scalar version of the formula 2.30 derived above.

In the next lemma the derivation of the Christoffel-Darboux formula is presented.

Lemma 4 Let a family of orthonormal polynomials {Pn(x)}zozo be defined by (2.2) and (2.16).
Then

> PulPi(e) = G Fin @) = B (o) (2.31)

m=0
Proof: From the recursion relation 2.17, we have

e Pu(y) Py () = Pa(y)ay 41 Py 1 (2) + P ()b Py (2) + Pu(y)an Py (2),

YPu(y) Py (2) = Pt (y)an+1 Py (2) + Pu(y)bn Py (2) + Pr1(y)ay, Py ().

Subtracting the second equation from the first yields
(- P PL(a) = (Pn<y>a:;HP;H<x> o Wans P <x>)

- (Pawn @ - PP,
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If we denote

Pa())ss Pt (%) = Paia (0)ansa P
Futa) - D0 Bl = Ponn i Fie)

then the last equation can be rewritten
Pm(y)p;‘l(x) = F(z,y) — Fn-1(2,y).

Summing the latter from 0 to n and noticing that F_1(z,y) = 0, we obtain (2.31), which concludes
the proof of the lemma. B

Note 15 In the classical theory of scalar valued monic orthogonal polynomials (see [7]) the Christoffel-
Darbouzx identity has the following form:

<pmapm> <pnapn> (:E - y) ,

z": P ()Pm (@) pn(Y)Prg1(2) — Pry1(y)pn (2)
m=0

which agrees with the scalar version of the formula 2.31 derived above.

2.6 A matrix valued 7(¢)-function

In this section we define a 7(¢)-function for a system of matrix valued orthogonal polynomials on
the real line and investigate some its properties.

Let us introduce “times” into the measure the following way:
pie(da) = X0t (), (2.32)
where [ is the k x k identity matrix. The new moments are defined as
palt) = [ = ),

Observe that

dpn (t)
dtm

:/ﬂmﬁﬁmﬁwm:Mm@- (2.33)

In what follows prime “’” denotes differentiation with respect to ¢y, in particular u!,(t) = pin41(t)

and 0;727171 = Up+1.2n-
Definition 3 Define
Ta(t) = Sn(t) = pan(t) — vy, 201 (O H, (H)vn,20-1(1), (2.34)

where Hy,(t) and vy, 2n,-1(t) are defined in section 2.1, but with “time” dependence.
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Note 16 In the classical theory of scalar valued orthogonal polynomials, the 7(t)-function is defined
in the following fashion

Tn(t) = det (H,(t)),
whereas our new definition in the scalar case is

det(H 41 (t
Tn(t): e( +1( ))
det(H,(t))

In theorem 1 the connection between the 7(¢)-function and the coefficients of the recursion relation

is established. In the proof of the theorem we will need the following lemma:

Lemma 5
M1 M2 e Hn Mn+1
H2 H3 cee Mntl 1
n Un2n—1=
H2n—2
Hn  Hn4+1 -+ H2n—1 Hon — Sn

This could also be written as

! 0
—1 /
(Hn> Hn Un2n—1 = Up on—1 — .

Sn
Proof:
—1
M1 M2 ... ln V] Hy 0n 201
* —1
125 M3 cee Mn41 1 v2,n+1Hn Un,2n—1
. Hn Un2n—-1 =
—1
Hn  Hn4+1 .- H2n—1 1)272"71]{" Un,2n—1
Hn+1
Hn+2 ' 0
= 7vn,2n71_ ’
,UJ2n_Sn Sn

where identity 2.6 was used. W
To ease the notation in the discussion below, the “times” ¢ will be dropped when not

essential, and vy, 2n,—1(t) will be substituted with v, i.e.
vi=vpon-1(t) and v = v,41 2, (8).

Theorem 1 Given a family of monic orthogonal polynomials as defined in 2.2 satisfying the recur-

ston relation

2P, (x) = Puy1(x) + Po(2)b) + Pp—1(x)a),.
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Then
and

for the T-function defined in 2.34.

Proof: By definition, 7, (t) = p2,(t) — v*(t)H, 1(t)v(t). According to (2.33), after we differentiate

with respect to ¢; we obtain

Observe that

hence

n

(H1>/ =_—H 'H H'.

Recall from 2.8 that pig, 1 — v* H, 'v' = S,u”, implying that

() = Sn(t)uZ(t)—v/*Hnlv—v*<Hnl>/v
= S,(tup(t) —v*H,'v—v"H 'H H"'
= Sp(t)un(t) ( —v*H, 'H! )H v
= Su(t)un(t) [O .. }Hglv
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From 2.10 we can see that
an = Tn(0)7'71 (0),

n—1

which concludes the proof of the theorem. B

Note 17 In the classical theory of scalar valued orthogonal polynomials, expression for b, is

b, — 0 1 (det(HnH(t)))'

~ ot -\ det(H, (1))
det(H 1 (t
With our definition of 1, (t) = %, the expression above is equivalent to the one obtained

in the previous theorem, by, = Bitl In (7,,(t)) -

The next theorem expresses the connection between the monic matrix valued orthog-
onal polynomials as defined in 2.2 and the 7-function as defined in 2.34. The following two

lemmas are used in the proof of the first part of the theorem. To ease the notation denote

X:[I xl ... x"flf}-

Lemma 6 For any r € R

(1-2) (%)
- —— v—— | =v+w
x x

w = Xwp, and P)(x,t)wg+ Sy (t) = 0.

(1-2) (+-2)
- —— v—— | =v4+w
x x

for some w, then using lemma 5 one obtains

where

Proof: Suppose

v H/ H* H!H v  H/ H ‘'w
ve— = (- | (v+w)=v+w-— -
x x x x
F © H,H;'w
Tl g g) o el
r  x x
which implies
H;H,;lw:war(o 0 .. Sn) . (2.35)
Note that
€1
€2

H H' = _ : (2.36)

v*H 1
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where e; = [0---7---0] and I is at the ith location. After applying 2.36 to 2.35 we obtain the

following equation

w1 woxr
w2 w1x
= . 5 (2.37)
v H tw Wyp_1T + Sy
where w; denotes ith element of w. Expression 2.37 implies that w; = 2’wq fori =0,--- ,n—1, and

v H P Xwy = 2™ wo + Sy,
leading to
0= (2" —v*H,; ' X) wo + Sp = Pi(z,t)wo + Sh,

which concludes the proof of the lemma. B

Lemma 7

Pro=a" Py — " H X,

n

Proof: Writing

x

X X
* _ .n+1 * —1 _ .n+1 /% —1
Pn+1($) = = Uit 2nt1H 1 ( nl =% —[v /L2n+1]Hn+1 n |
T

and using the partition of H,,; as discussed in 2.11, 2.12, 2.13 one obtains the statement of the
lemma. H
The following several lemmas are used in the proof of the second part of the theorem that

will follow. To ease the notation, v and H,(f) denote the ith derivatives with respect to t;.

Lemma 8 Let Q,(x,t) be defined as in 2.4. Then,

Qulent) = [t 2D

s et

1—u/x
= [ utdw Y ufey [ p@lw Y /e
i=0 i=0
. Hni - Ug(i) 1
o nti n— 1
= 2 Z i H, v
=0 =0
- i Hnti _US,(;)leﬁlv 1 = T:;,nJriS
o« xl . xi T
=0 =0
where ry, ,,, is defined in 2.21. Denote

R(n,z) =y enti, (2.38)
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hence

Qnlz,t) = %R(n, x)Sn(t), (2.39)

x

which concludes the proof of the lemma. A

Lemma 9 For any x € R let us consider the equation

0o @)\ L /oo 4
(Z Ii’; ) (Z ”;:) = H; Y (v +w). (2.40)

i=0 i=0
Then
R S, —U
w=[00 - w 4] wh_1= %, (2.41)
where »
e *(% H
v=y "7t v (2.42)

1=0

Proof: Rewriting expression 2.21 and keeping in mind that for any vector &
’U;nflJriH;lg =&,
for all i < n, and Vn4m 2n—1+m = 0™ for all m > 0 one obtains
U*(i)Hﬁlv = U;+i,2n+i71Hglv = finti = T ngiSn- (2.43)

Rearranging 2.40 one arrives at

Z'Ui _ (Z_ﬁ H;l(v‘i"LU): nn—i(v‘i'u}),
X X : X

i=0 i=0

or, element-wise

e’} e’} n—1
Hn+i pnti  R(n,z)S, Wy U
—_— = — — + E — 4+ —
Xt Xt xn Xt xn

1=0 1=0 1=0

o0 oo
xt 2t -
i=0 i=0

o0 oo
Hon—14i Hon—14i R(n,z)Sn U
D D L

R(n,xz)S, —U
T
that w,_2 = 0. By continuing this process we arrive at w; = 0 for all 0 < ¢ < n — 2, which concludes

The last equation implies w, 1 = . Substituting this into the previous one we obtain

the proof of the lemma. W

Lemma 10 Suppose U and R(n,x) are as defined in 2.42 and 2.38, then

U= (zR(n—1,2)— 2l)w,_1.



Proof: Using formulas 2.11 and 2.12 we conclude that

-1
H 1w = —H, “jvn—12n-3 g1
n W= 7 n—1Wn—1-

To ease the notation, denote p = vy, —1,2n—3, then

=0

e
=0

= (zR(n—1,2) — 2l)w,_1,
which concludes the proof of the lemma. B

Theorem 2 Let 7(t) be as defined in 2.54.

o Let {Pn(x,t)}zozo be a family monic matriz valued orthogonal polynomials as defined in 2.2

with space x and “time” dependence t. Then

Ppii(z,t) = aPp(z, t), () (t — [271]),

> 0@ _ B D) S g | (—Hy
(S mw - [R5 £ ()

_ ( o~ 20— 14 —p*(iH)Hnllp) -1
= Z - Snflwnfl

n

where
Hn (t - [3371]) - /Z"ezicil (ti*ii )ziW(Z)dz
= un(t) — a1 (t)

o Let {Qn(x,t)}zozo be a family matriz valued orthogonal polynomials as defined in 2.4 with

space x and “time” dependence t. Then

2Qnt1(x,t) = Qulx, )7, ()70t (t + [277]),

—1
S _1Wn—-1

where
pn(t+271) = /Z%Zil(ti“:)ziw(@dz
_ iﬂfﬂri(t)
i=0 @t
Proof:

e Observe that ) )
Hy(t —[27Y]) = Ho(t) — == and v(t—[z7Y]) =v— —
T T
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T (t—[z71)
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pon (t = [z71) —v* (¢
1 v\" H N\ v

Hon — —H2n4+1 — (v - —) H, — —") (v - —)
x x x x

1 v’

Hon — —H2n41 — | U — —
x x

v

|
B
=
=
L
—~
~
|
B
L
=
<
—~
~
B
L
=

1 N
H2n — —H2n+1 — (U - —> H (v +w)
X X
+

1 /*Hfl /*Hfl
pon — U H M — =g Lo 0 v H, ! T B
T T
nxg _ *H-1X (P7LS,
S — M i (Pt s, — e X )
T T
n*P* /*Hle B
(P;; ~n e D e —l—v*Han) (P75,
T T

(2" — Py — 0" H, ' X) (P21 S,
X
* * -1
PnJrl(xat) (Pn('rat)) Tn(t)

3

x

where lemma 6 was used in the fourth equation and lemma 7 was used in the ninth equation.

e Observe that

Then

H

Tn (t + [xil])

(i)

H (1

i o and vt+ i

1=0 =0

pion (E+ 7)) —v* (b4 [z H (E+ [z ) v (t+ [271)
sl $ 000

i
=0

Z Hnti ) — U*(l)H i

1=0 1=0
R(n, I)Sn(t) -,

*(1

where lemma 9 was used in the second equation. From lemma 9 we know that R(n,x)S,(t) —

U = zw,_1, hence

Tn (t + [:cfl]) = TWp_1.

Using the result of lemma 10 we can write

R(n,x)Sy(t) —

which implies

R(n,z

3

U= R(n,x)S, —xzR(n —1,z)w,—1 + xw,_1 = 2W,_1,

=zR(n—1,2)w,—1 =xR(n—1,x)5, 15’ S Wn_1.
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Using the result of lemma 8 the expression above becomes
Qn(z,t)2" = Qu1(z, )" 1S 7 (t+ [271Y]),

implying
Qu(z,t)x = Qu-1(z, )7, 5 ()7 (t+ [271])

which concludes the proof of the theorem. H

Note 18 In the classical theory of scalar valued orthogonal polynomials, the expression 2.44 has the

following form

oo (t=[71)
()

where T, (t) = det (H,(t)), see [40] and [48]. Observe that in the scalar case 2.44 is equivalent to

2.406, since

pn(z,t) =2 (2.46)

Poii(z,t) = zPy(z,t)7, ()T (t - [xil])

= 2°P, 1(x, t)Tnill(t)Tn,l (t - [xil]) 7 )T (t - [xil])

= gnt! (Tn(t) . ~7'0(t))71(7'n (t - [xil]) < T (t - [xil]))
Using the facts that

_ det(Hnia(t))

ma(f) det(H,(t))

and To(t) = So(t) = det (Hl(t)) = /Lo(t)
the expression above becomes

o (det(Haga(t))  det(Ha(t)) -

Pri(wt) = 2™ ( det (H,(t)) .“det(Hl(t)) det(Hl(t)))
det(Hny1 (t = [271]))  det(H2 (

det(Hy, (t — [z71]))

n1 det (Hon (t =
det (Hy41(t))

L Tn+1 (t - [xil])

7~'n+1(t)

The scalar valued analog of expression 2.45 is

77172"4’1 (t + [xil])

gn(z,t) =2 0 ,

and its equivalence to 2.45 is proved similarly.

The next proposition is a collection of facts about the recursion relation coefficients.
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Proposition 4 Let {P,(z,t)},", be a family of monic orthogonal matriz valued polynomials as
defined in 2.2 with “time” dependent moments. Let a, and b, be the coefficients of the recursion

0
relation 2.7 with “time” dependence, and let e be denoted by “'”. Then
1
1. Ppig(a,t) = —Pa(z, t)ag 1

2. (up) =1 () Tnga (8) = S (D) St (t) = ajy iy

8. (b3)' = @ — al

4- (ay,) = anby, — by _qay,.

Proof:
1. Denote X — [I oI .. x"‘llr,then
Py(zt) = —[X* 2™ (Hy L vesionm1)

= —[X* 2"]] ((H;jl)’vn%znﬂ +H, (vn+172n+1)/)
= —[X*z"]] (_H;ile/H—lH;ilv?H—l,Q?H—l =+ H;ilv;z+l,2n+l)

0

. *x on -1 7 —1 -1 7
= —[ X" 2" | -H vpiione1 T Hof | | Hobi Vgt 20

= -0 Sn)*.

Using partition and notation from 2.11, 2.12 and 2.13 we conclude that

* —H_l’Un e S‘lSn
—[X* "I H, (0 0 - Sn) = —[X*a"]] n Un2n—19g Ontl
S8,
= —(z" - X*Hglvan_l)a;‘lJrl = —Pyal 4.
2. By similar reasoning,
(UZ)/ = tn (H;ilv""'lzn-l—l)/ = enH;il (O 0o --- Sn) = S;lsn+1.

3. Follows from the previous part and the fact that b = u? — u/"].

4. a¥ = S, S,41, hence Spal = Spy1. After differentiating both sides we obtain S)aj, ; +
Sp(ay 1) =S, Since S;, = S, b}, we obtain
!/
(afm) =ayby, — by _yay,.
Note 19 It is only natural to call (3) and (4) in the above proposition the non-Abelian Toda equa-
tions, see [26].
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Chapter 3

Matrix valued orthogonal

polynomials on the unit circle

In this chapter the classical notion of scalar valued orthogonal polynomials on the unit
circle is extended to matrix valued one; some new properties are presented and some known ones

are investigated in a new context.

3.1 Definitions

In this section we introduce the notations and present a definition of the scalar/matrix valued
orthogonal polynomials on the unit circle which is a natural extension of the classical determinant
definition discussed in numerous books and articles, for example, see [7].

“ ”

Throughout this section “*” means transposition and conjugation.

Given a measure pu(df) = f(6)df with Hermitian weight function f(f) € R¥** &k > 1

supported and integrable on [—7, 7], introduce

1. The nth moment of the measure u(df) u, € C***, where

_ 1 " in6 _ 1 " in . .
Fn=or ) . “(d‘g)—zw/ e f(0)do; n=0,%1,+2...

—T

Note that p—,, = u.

2. The matrices M7 and ML in CFOHI>¥FOHD where T is k x k identity matrix, = = ¢ € C,



0 € [—m, 7
Ho H1
H—1 Ho
M, = :
H—n+1 H—n+2
I xl
Ho H—1
H1 Ho
ML =
Hn—1 Hn—-2
Hn Hn—1
forn > 1;
3. Toeplitz matrices 77 and T}, € CFxkn
Ho H1 Hn—1
H—1 120] Hn—2
T, = :
Hent+1 H—n+2 Ho
forn > 1;
4. The vectors
n
Hn—1
Vp = )
H1
forn > 1;
5. In the matrices
- " vy,
n+1 = %
Vp Mo

denote the Schur complements of pg

Hn—1 Hn
H—n+2 Hn—-1
Ho H1
Ak B
H—n+1 I

H—n+2 xl

1o xnflj
w1 "1
Ho H—1
H1 Ho
and T = )
Hn—1 Hn—2
—n
H—n+1
and fn: n ’
H—1

T, &
) = (% )
n Ho

H—n+1

H—n+2

Ho

Sy o= po — vy vn; )= po — &5, 6, with S}, = S}, = o,

where T.-! and T, denote (Tfl)f1 and (7))

-t correspondingly.

Using the notations above we introduce the following definition:

29
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Definition 4 (Monic matrix valued polynomials on the unit circle) Define two families of

polynomials {Pf;(x)}zozo and {Pfl(:c)}zo: as Schur complements of x™I in the matrices M} | and

0
M,llJrl, i.e.
fin
- Hn—1
Pl(z) =a"I — [I xl T ) (3:2)
H1
and
1
l . zl
Ph@) = 2" = [pn i | Ty , (3:3)
"

where “r” and “I” stand for the right and the left polynomials.

Note 20 Observe that

I
I 0

Tr = PT'P, for P =
I 0 0 0

Note 21 If k = 1, i.e. in the scalar case PlL(x) = PT(x). In the classical theory of scalar valued

orthogonal polynomials on the unit circle (see [51]), monic polynomials are defined as

(o) = o) = .

which is exactly what we obtain using definition 3.2 in the scalar case.

3.2 Orthogonality via the moments of the measure

o0 o0

and {Pfl(x)}nzo a
defined in (3.2) and (3.3) form sets of monic orthogonal polynomials for any symmetric measure
(d6) = £(6)do.

In this section it will be shown that families of monic polynomials { P! (z)} s

n=0

Proposition 5 Let {Pf;(x)}zozo and {Pfl(x)}zozo be families of monic polynomials as defined in 3.2

and 3.3. Define right and left inner products on the unit circle as
(P.Q), = [P 1) Q) do, (PQ) = [ P() 1 () Q" () do.
Let S” and S', be defined in 3.1. Then

P, = [P 5O () ao =,

—T
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(pl) = [P ) 0 () =51

for any i,j > 0.

Proof: We will prove the proposition for the right norm only, conclusion for the left norm can be

proved similarly. Observe first that for any 0 <m <mn —1

[,u,m Hemt1l Hemt2 .- ,u,ern,l} T "= [O .. I ... 0],

where I is at the mth location. Hence,

[N*m H—m+1 H—m+42 .- ,u,ern,l} T, "V = fl—mtn- (3.4)

It is enough to show that P (e*?) is orthogonal to all e~ for 0 < m < n —1, i.e.

/ efimef(o)P:; (em) do = / efimef(o) (Ieinﬁ _ |:I etfr ... ei(nfl)ﬁj} TnTVn> do

- r
= Hn-m — |:IUJ*m H—m+1 .- ,ufernfl} T;Tyn
= Hn—m — HUn—-m = 0.

This proves that for any m <n
/ ’ P () f(0) Py () df = 0.
If m = n then
/ P (") f(0)Py () do = / e "0 f(6)Py () db
= po—vyT, v, =S,.
Statement for the left norm is proved similarly. H

Note 22 In the classical theory of scalar valued orthogonal polynomials on the unit circle (for ex-
ample, see [51]),

o det (TnJrl)
T det (Ty)

which s identical to our formula applied for the scalar case.

(P, Py)

3.3 The recursion relations

In this section the recurrence relation for the case of matrix valued orthogonal polynomials is inves-

tigated.

Proposition 6 Let {P}(z)} ~, and {Pfl(x)}zozo be families of monic matriz valued orthogonal

polynomials as defined in 3.2 and 3.3. Then the following recursion relations are equivalent:
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1. Py (z) =P (z)+ pfz(x)PﬁJrl(O);
2. Pﬁﬂ(x) = 155(35) + 2P}, (0)PL(2);
3. Pl (z) =2Pl(z) + P£+1(0)pﬁ($);

4 Phiy(@) = Pl(z) + 2P} (x) P, (0);

5. Pri(z) =aP;(z) (I - Pﬁil(O)Pﬁﬂ(O)) + Plii(a) Py (0);
6. Pp(z) =2 (I - P£+1(O)P£il(0)>Pﬁ($) + Pl (0)Pry (2);
7. (I - Pﬁil(O)Pﬁﬂ(O)) =5, "5h 415

8. (I - P£+1(O)P£il(0)> =515, 5

9. SLPr(0) = PL(0)S”.

where PPl (z) = z" (Pf;l(:c))* .

Proof: We will prove the first recursion relation, and the rest of them can be obtained from the

first one by trivial manipulations. Let us partition matrices T}, T, ), and v, in the following

way:
H—1
po  QF _ a v Hnt1 H—2
Thi = s T = ; VUngl = ;=
o (@5 Tf{) o (v A) (%) :
H—n

After some simple calculations we arrive at

a=(uw—¢"T, )" v=-T,"¢a; A=T," =T, ¢v"
and
Pp1(0) = —(aptns1 + 7 vn).
Observe that
Pl(z) = =z" (3:"]— [z '1 ~~~x"+1I]Tnl§n>
= I—[z"T 2" T - 1T '€,
= I—[Tal ---2"I|T, "¢,
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hence
Pl i (x)—aP)(x) = [I I ... x"[} T 1 Vny1 + [x] 22 .. x"[} T, " "vn
= [x] 22T . x"[} (T Un — Yin+1 — AVn) — Qi1 — Y Vn
— [x] x2I . x"I} ( oy v, + T ¢aun+1> + P .,(0)
= - [xf 22l . I"I} w OPy1(0) + Ppiq(0)

- pl( )P7:+1(0)

which proves identity (1) of the proposition.

(1302}

By applying the operator (introduced at the end of the proposition above) to the
identity (1) in the proposition we obtain (2). By partitioning the matrix 7!, and applying the
same technique as above we obtain (3) and (4). Identity (5) is obtained by expressing P! (z) from
(4) and substituting into (1). Identity (6) is obtained similarly.

In order to prove (7) let us rewrite identity (5) from the proposition in the following way:

Pin(@) _ Bi(x) (1 p,gil(o)P,:H(o)) + Py (2) Py (0).

anrl xn

After multiplying this expression by P! (e?) f(6) from the left, substituting z = €'’ and integrating

we arrive at the following three integrals:

T ) Pf{ eiH Pl i )
| @) oy 2ty — A L) poppra () ao
— / —e WD PL0) f(0)Pr (') db
= _P7ll(0) Z+1,

where we used the facts that

/ e~™O0 F(9)PrL (¢0)df = 0 for m < n + 1; / e~ WD FO)Pr L (e9)do = ST,

—T

Similarly,

I r (16 I l 0
[ e s D = [l )y 00y a9 = P

By orthogonality,

Finally,
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and the expression (7) follows. Identity (8) is proved similarly.

In order to prove (9) we rewrite expressions (1) and (3) from the proposition in the following way:

Pri(@) P (z) I r
1 - o + Pn (x)Pn+l(O)a

Pp(z) _ Pi(x) e

After multiplying the first expression by P! (e'?) f(#) from the left and second expression by

f(O)Pr,, (€') from the right, substituting # = ¢ and integrating we arrive at:

s ] Pf{ ei@ s ] Pf{ ei@
/Pflﬂ(e“’)f(t?)(;ziifl)e)de = / Ple(ew)f(H)#dH

—T

+ (/ﬁ Pl (e") f(@)#d@)

—T

= 0- SLHPZJH(O)

and
T ) P;; ei@ T ) P;; ei@
/77? Pl () f(@)(;ziifl)e)d@ = /77? PL (&) f(@)%do
T ) Pf{ ei@
+ Pflerl(O)‘/i P (619) f(o)%d@

= O_Pflerl(O) Z+1-

Hence, P! (0)Sr ., = S 1 Pr.1(0), which concludes the proof of the proposition. B

Note 23 Formulas similar to the ones in the proposition above are obtained in a different way and

presented in [50].

Note 24 In the classical theory of orthogonal polynomials on the unit circle, for example see [28], a

family of monic orthogonal polynomials {p, ()}~ as defined in 3.2 satisfies the following recursion

relations:
1. pn(z) = xpn—1(x) + pn(0)ps _,(x), (forward recurrence relation);

2. pu(z) = (1= [pn(0)[*)2pn_1(2) + pu(0)ps(z), (backward recurrence relation), where p(z) =

2"pp(1/T) and “7 denotes complex conjugation.

3.4 The Christoffel-Darboux formula: the case of the unit

circle

In this section a matrix valued form of the Christoffel-Darboux formula will be derived.
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Along with monic orthogonal polynomials, one can introduce orthonormal matrix valued
polynomials on the unit circle.

Define families {Q}, ()}, and {Q',(x)} _ such that
Qn(x) = Pr(2)S,"? and Q) (x) = 5,2 Py(x), (3.5)

then
7,1 7,1 _ —nrl/2 Pr,l Pr,l —nrl/2 _ —nrl/2 qr,l g—mr,l/2 — I
< n ,Qn >r,l Sn < n I n >Sn Sn Sn Sn

The following lemma introduces the matrix valued kernel polynomial on the unit circle.

Lemma 11 Given two families of orthonormal polynomials on the unit circle as defined in 3.5,

denote the right and the left kernel polynomials of degree n to be K (x,y) and K' (z,y). Then

I
n . . '
LK) =Y Qi@ @ = [T ol .. I T ||
i=0 :
x " |
.
l S 3 l —l zl
2 Ki(w,y) = Y QFW@i@) = [1 y Ty 1| T ||
i=0 :
"1 |

3. Christoffel-Darboux formula

Aﬁz+1($) Aﬁi‘ﬂ(y) - Qhp(2) :zil(y)

I —zy ’

K (z,y) =

4. Christoffel-Darbouz formula

Aﬁn@)@fzﬂ(y) - Qﬁz*Jrl(x)Qﬁerl(y) '

K} (z,y) = T

Proof: Proofs for identities (1) and (2) are very similar to the proof presented in lemma 2.29 for
the case of the real line.
In order to derive the Christoffel-Darboux formula (3) we write the following two recursion

relations for orthonormal polynomials:
n(t) = 1Qn (H)a + Q1 (D)b;

1 () = Q) (D)e + tQ;, (1)d;
where a = Sy/28, 112 b = S{2Pr, (0)S,702, ¢ = S{?S17 and d = S/ P (0)S, 2. Tn the

matrix form this could be written as

Dppa(t) = C(H)Pa(t);



A d
where 11 (t) = [Qflﬂ(t);QﬁlH(t) and C(t) = (tl? tc>.

-1 0
Define J = ( 0 I), and note that

de* —ab* = Si2PL(0)S, 1SS — 8128, RS 1 P (0) 82
- &?(Rﬁd@&#y-&i&ﬁd@)ﬂf—o
according to the identity (9) in the proposition in the previous section. Similarly,
dd* —aa* = S}/2PY, (008,18, P PLL(0)81/2 — 5528 RS, R s
(PO P (0 = 5.2, )81 = -1
and
it —bb* = SIS VRS VIS — SYPPr (008, 107S, T Py (0)S!
= sz/2 (SnJlrl - P1:+1(0>Snllp7:il(0)> sz/2 =1

Hence

C@)IC () = (xy(dd* —aa*) z(dc* — ab*)) _ (—xﬂ[ O) ,

y(ed* — ba*) cc* — bb* 0 1
which implies that

CI)nH(x)JfI):;H(y) = Aﬁz+1($) Aﬁi‘ﬂ(y)— Z+1(‘T> Zil(y)

= &, (2)C(2)JC*(y)},(y) = Qr(2)Qy; () — 7y Q;, (2) Q1" (y).

Thus,

A (@0 (1) — Qi (0)Q ()

> QL@ (1) = -

k=0

Identity (4) is proved similarly. H

36
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Chapter 4

Bochner’s problem

4.1 Introduction

In the classical paper [5], Bochner characterized all families of polynomials {P,(z)},~, with the

following property:

LP* = zP* and DP = PA (4.1)
where L is defined in 2.15; P = [Py(x), Pi(z), ---]; A =[Ao, A1, ---];
d? d
D= BQ({E)— +Bl(£€)— + Bo,

dx
By (x) = asx® + anz + ag;
Bi(z) = Brz + Bo;

By = 0,

with as, a1, ag, B1, fo, Y0, An € RFF and A, depends on n, but not on z.
Let us call the problem of finding families of polynomials which satisfy both a three term

recursion relation as well as a second order differential equation a ‘“‘Bochner’s problem.”

Note 25 In the classical theory of scalar valued polynomials, Bochner’s problem is solved and the
families of polynomials which possess the two properties mentioned above are called the “classical

orthogonal polynomials” (Jacobi, Hermite, Laguerre and Bessel).

4.2 Matrix formulation: “ad” condition

In this section we will derive several equivalent formulations of Bochner’s problem involving the “ad”
condition, which was first introduced by Duistermaat and Griinbaum in the continuous-continuous

version, see [9], and adapted in the continuous-discrete case by Griinbaum and Haine in [33]. These
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conditions were used in the matrix valued case in [34]. For a collection of examples obtained by
solving the equations resulting from the “ad” condition in the case of differential operators of order

one see [6].

Proposition 7 Given a family of monic matriz valued polynomials { P, ()}, , which satisfy a three

term recursion relation LP* = xP*, the following conditions are equivalent:
1. DP = PA, where D is defined in 4.1;
2. 2BoP' 4+ B1P = P(AL* — L*A) = PA(L* — «I) = P ad(L*)(A);
3. 2BoP = P((L*)2 A —2L*AL* + A (L*)2> = P ad(L*)*(A) = PA (« — L*)?;
4. (adL*)3(A) = 0, where ad(A)(B) = AB — BA.

Proof:

Note 26 If PL* = xP, where P is a vector containing the monic orthogonal polynomials, then
any other vector Q = [Qo(z), Q1(x), ---] (wherei denotes the degree of the polynomial) such that
QL* = zQ can be expressed as QQ = M P, where M is some matriz, i.e. Q;(x) = MP;(x) for all
1> 0.

The equation PL* = x P implies
P'L*=xP + P and P'L* = zP" +2P". (4.2)

To prove (1) = (2) we substitute 4.2 into DP = PA and after simple manipulations we obtain
statement (2) in the proposition.

In order to prove (2) = (1) substitute
P =(P'L*—aP")/2 and P =P'L*—aP’
into (2) and obtain the expression
(BoP" + BiP'— PA)L* = (BoP" + BiP' — PA)x.
As observed in the note at the beginning of the proof, there must exist a matrix By such that
ByP" + By P' — PA = —B,P.

Observe that by comparing powers of x in the expression above we conclude that By has to be a
constant matrix, and statement (1) of the proposition follows.

In order to show (2) < (3) and (3) < (4) the same technique is used. To illustrate, let us
show that (4) = (3). Observe that

(adL*)*(A) =0 & PA(x] — L*)® =0 & PA(2®] — 32°L* + 3zL** — L*3) = 0.
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Denote Q = PA(2?I —2xL* + L*?), then one can see that QL* = x@Q, which implies that Q = 2By P,
for some matrix Bs. By comparing powers of x we conclude that Bs has to be quadratic in z, i.e.
By = 22+ 2001 + g, where o, aq and g are some coefficients independent on z. We have proved
that (adL*)3(A) = 0 implies

PA(2®] — 22L* + L*?*) = PA(xI — L*)* = B, P,
which is exactly condition (3) of the proposition. H

Note 27 Let us consider condition (4) in more detail. Introduce a seven diagonal matrixz M, such
that
M = L**A —3L**AL* + 3L*AL** — AL*. (4.3)

Since LS = SL*, condition 4.3 can be written as
SMS™ = LA — 3L2AL 4 3LAL? — AL? (4.4)
where A = SAS™?. If we transpose condition 4.4 and change the sign, we obtain
—(SMS™Y)* = L*3A* —3L*2A*L* + 3L*A*L*? — A*L*. (4.5)
From equations 4.3 and 4.5 above we conclude the following:

1. The equations resulting from equating the upper three diagonals of M to 0 are the same as the

equations for the lower three diagonals, but with A substituted with A*.

2. 1If A* = A, (which is equivalent to D being symmetric, will be discussed later), then M =
—(SMS—Y)* = —S~YM*S. This implies that when the upper three diagonals of M are zero,

the lower three diagonals of M will be zero automatically.

3. In the scalar case N* = A, hence the top three diagonals of the matriz M being zero implies
that the bottom three diagonals are also zero. The diagonal entries My, ,, can be easily checked
to be identically zero in the scalar case. This implies that in the scalar case the matriz M is
identically zero once its top three diagonals are zero. In the matrix case this is known not to
be true, i.e. it is possible to have the top three diagonals of M to be zero and have non-zero

entries in the rest of the matriz M.

4.3 Matrix formulation: direct computation

Given a family of monic orthogonal polynomials {P,(z)} ~, as defined in 2.2, consider a second

order differential operator

(a2x2 +air + a0> P (x) + (5133 + 60> P! (2) 4+ v Pu(z) = Po(x)A,, (4.6)
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where as, a1, o, Bi, Bo, Y0, A € RF**. By comparing powers of z in 4.6 we arrive at the set of

conditions summarized below:

L. A(n) = agn® 4+ (—az + fB1)n + v = n(n — 1)az + nf +70;

Ay —2A1 + A
Y0 = Ao; 1 =A1 — Ag; 02:%;
An+1 —3A, + 30N 1 Ao = 0;
2. 60 = A0u8 — u8A1,
Anfluz:% - 'UJZ:%An nﬂo
3. o] = — ;
nin —1) nin—1)
A n(n—1) n=l n(n —1) '
5 n—1 _ An*iuz:zl - uﬁiiAn (n—it 1) ((n ~Hent 60) n—1 .
- QOUp o = T - Uy i1, fori=3,..n—1.

n—i+2)(n—i+1) n—i+2)(n—i+1)
The formulas above can be written more compactly in a matrix form. Using the previous notation
write P = QR™! and substitute this expression into the differential equation 4.6. The following

expression is obtained
Bo(2)QY + By(2)Y + BoQ = QR AR = QK and K = R 'AR.

By looking at the matrix Q2 we arrive at the following formulas for the matrix K in terms of the

coefficients of the differential equation:
Kp_2,=n(n—1)ap;
Kn—1n=n(n—1)as + nfo; (4.7)
Kpn =n(n—1Das+nb1 + 7
for n > 0. The matrix K is upper tridiagonal, and
RK = AR. (4.8)

From the equation above we see that the problem of generating polynomials that satisfy a given
differential equation is equivalent to the problem of diagonalizing a tridiagonal matrix K, which is

always possible to do by solving the following Sylvester’s equations with respect to r; ; :
rij—2Kjoj+rija K15 = Airij —rijA;.

This will have a unique solution provided all A,,’s have disjoint spectrums. Note that expression 4.8
is equivalent to formulas 1-5 above.

We can now reformulate problem 4.6 in the following way:
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Summary 1

e R*SR = H : this equation describes the situation when we have a family of orthogonal polyno-

maals defined by a matriz R as a result of the Gramm-Schmidt procedure on the space spanned

by {=" I}, -

e RK = AR : this equation describes the situation when the family of polynomials defined by R
satisfies a second order differential equation defined by K.

Problem 4.1 is now equivalent to both of the equations above being true for some symmetric measure

w(dz) = W(x)dx defining a matriz of moments H and a matriz K defining the differential operator.

The matrix formulation above is used in the next section to derive moment equations.

4.4 The case of a symmetric operator D

Let us consider the specific case of a symmetric differential operator D, i.e. for any polynomials P
and Q)

(@, DP) = (DQ, P), (4.9)

where the norm (,) is defined in 2.5.

Note 28 It is clear that the orthonormalized polynomials satisfy the same differential equation
DP,, = P, A, asthe monic ones, except for the eigenvalue matrices which now are A, = 5’711/21\"5’;1/2.

From the two equations below

(P,DP) = / PPV (2) DPdx — / P*W () PAde = A:

(DP, D) = / (DP)"W(x)Pdx = / R*P*W (2) Pdz = A"
it is clear that the operator D being symmetric is equivalent to A being Hermitian, i.e.
D is symmetric if and only if Sp,A, = A)S,,

or

SA = (SA)* = A*S. (4.10)

In the summary 1 at the end of the last section we derived the equivalence of the problem 4.1 to the
two conditions, which imply the following:
A=RKR™!

= SA=SRKR'=(R*)"'HR 'RKR' = (R*) 'HKR™ "
H=R*SR
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From (4.10) it follows that
SA = (SA)" = (R) '"HKR™ = (R")'"HKR™)" = (R*)"K*HR™*,

which implies that
HK = K*H (4.11)

Problem 4.1 in the case of the symmetric differential operator D is now equivalent to the matrix

HK being Hermitian, as we see below.

Lemma 12 Given very particularly structured matrices K and H such that
1. H is a Hankel matriz
2. K is defined in (4.7)
3. The matrix HK is Hermitian,

then there exists a family of orthonormal polynomials defined by the matriz H satisfying a second

order differential equation defined by the matriz K.
Proof: After performing the Cholesky decomposition on matrix H one obtains
H =R*R = R*SR,

where R is unit block upper triangular, R = S*/2 R and a family of orthogonal polynomials is defined
by QR~! = P. The matrix HK being Hermitian implies

R*RK = K*R*R,
hence
RKR™' = (R*)"'K*R*. (4.12)

Matrices R and K are upper triangular, hence RKKR™' is upper triangular. For the same reason

(R*)~'K*R* is lower triangular, which implies that equation (4.12) in fact can be written as
RKR™ = A,

where A is the diagonal of K. The expression above is equivalent to having a family of orthogonal
polynomials P satisfy a second order differential equation defined by the matrix K. B
In the next proposition element-wise conditions for the matrix HK to be symmetric are

derived.

Proposition 8 Given a semi-infinite Hankel matriz H and a matriz K with structure described in

(4.7), then the matriz HK being Hermitian is equivalent to the following set of equations:

Ag = A3; (4.13)
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ok 4 1) As = Ay + AT (4.14)
Ag(k+1)(k +2) + As(k +2) + Ao = A3 (4.15)
where
Az = pgt202 + prr100 + o,
A1 = 281 + pe1Bo;
Ao = pr427%0;
for k> 0.

In other words, having a family of matriz valued orthogonal polynomials that are eigenfunc-

tions of a symmetric second order differential operator is equivalent to formulas (4.13), (4.14) and

(4.15).
Note 29 The formulas 4.13 , 4.14 and 4.15 were first discovered by A. Duran in [14]. See also [18].

Proof: Denote the matrix Z = HK — K*H and consider the “right-to-left” diagonals of Z, i.e. all
7 and j such that i + j = m, where m > 0.
Denote Ji(n) = n(n — 1), Ja(n) = n, then

Zij = pm—2J1(§)ao + fim—1 (Jl(j)al + J2(j)51> + fim (Jl(j)a2 + J2(5)B1 + ”Yo)

T2 ()t — (awl(i) s J2<z'>)um1 ; (a;Jl () + B i) + vz;)um
= (ﬂmO@ + pm—101 + #m2040> Ji(j3) + (#mﬁl + Hm150> J2(3) + pm o
— (o + @St + 2 ) 10 = (B + G2 ) ()~ o2

For simplicity, lets denote
Ay = im0 + flm—101 + flym—200;
A1 = pim 1 + fim—150;
Ao = ptm0-
Using this new notation we put Z = HK — K*H = 0 and write the following system of equations
Zij = Ao J1(j) + A1 (j) + Ag — A1 (i) — A Ja(i) — Ap =

for some (i, j') such that ¢/ 4+ j* = m. After subtracting the first equation from the second one we

arrive at the expression

As(G4+7 — 1)+ As2m—j—j5 — 1)+ A + AF =0, (4.16)
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which must also hold for any pair (i, ;") such that i + j” = m, i.e.

A(G+7" =D+ A2m—j—j5"—1)+ A + A7 =0. (4.17)

Subtracting (4.16) from (4.17) we obtain

which implies that

A (j" = ") = A5 (5" = j") =0,

Ay = A3

Substituting this into (4.16) gives

and plugging this into the equation for Z; ; we obtain

Az(m — 1)m + Aym + Ay = Ag,

which concludes the proof of the proposition. B

Note 30 Rewriting equation (4.13) in the following way

Ay — A5 = / (W(x) (xk+2a2 + 2oy + xkao) - (xk+2a; — ot - xkag) W(x)) dz

/xk (W(x)BQ — B;W(@)d:c =0, forall k>0,

implies, under appropriate conditions,

W (2)By = BiW (). (4.18)

Equation (4.14) can similarly be rewritten as

245(k+1)+ Ay + A]

which implies

— /(2(k+1)33’“BQW(3;)+3;’““W(3;)31+x’“+1B;‘W(x)>d:c

= /xk“ (—2(W(x)32))’ + W(x)B1 + Bi‘W(x))d:c =0,

2 (W(x)B2>/ = W(z)B, + B:W(z), (4.19)

with W (x)Ba(x) vanishing at the boundary of the support of the measure. Equation (4.15) can be

rewritten as

(W(x)B2>N - (W(x)Bl>/ + W (x)By = BiW (x), (4.20)

with (W(x)BQ)/ — W (x)By vanishing at the boundary.
The equations 4.18, 4.19, 4.20 and the boundary conditions mentioned above first appeared

in [18] and [38].
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Further research is being done in the direction of better understanding the Bochner’s problem in the
matrix setting. The matrix case is richer in examples and hopefully will help to describe a variety
of physical phenomena. There are many promising connections of this subject with other disciplines

and hopefully more applications will be discovered.
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