
An in teresting result ab out subset sums

Nitu Kitc hlo o

Lior P ac h ter

No v em b er 27, 1993

Abstract

W e consider the problem of determining the n um b er of subsets B � f 1 ; 2 ; : : : ; n g

suc h that

P

b 2 B

b � k mo d n , where k is a residue class mo d n (0 < k � n ). If the

n um b er of suc h subsets is denoted N

k

n

then

N

k

n

=

1

n

X

s j n

s odd

2

n

s

' ( s )

' (

s

( k ;s )

)

� (

s

( k ; s )

) :

Here ' denotes the Euler phi function and � is the M• obius function. This elab orates

on a result b y Erd} os and Heilbronn. W e also deriv e a similar result for �nite ab elian

groups.

1 In tro duction

Let A

n

= f 1 ; 2 ; : : : ; n g . There ha v e b een a n um b er of results in the past ab out ho w large a

subset A � A

n

has to b e so that the sums of the elemen ts of A p ossess a certain prop ert y ,

[1], [2], [3]. In particular, Erd} os and Heilbronn [2] pro v ed the follo wing result:

Let n b e a p ositiv e in teger, a

1

; : : : ; a

k

distinct residue classes mo d n , and N a residue

class mo d n . Let F ( N ; n ; a

1

; : : : ; a

k

) denote the n um b er of solutions of the congruence

e

1

a

1

+ : : : + e

k

a

k

� N mo d n

where e

1

; : : : ; e

k

tak e the v alues of 0 or 1.

Theorem 1 (Erd} os, Heilbronn) L et a

i

b e nonzer o for every i and let p b e a prime. Then

F ( N ; p ; a

1

; : : : ; a

k

) = 2

k

p

� 1

(1 + o (1))

if k

3

p

� 2

! 1 as p ! 1 .
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W e consider the related problem of explicitly determining the n um b er of subsets A � A

n

with the prop ert y that the sum of the elemen ts of A is congruen t to k mo d n . Note that this

is equiv alen t to determining F ( k ; n ; a

1

; : : : ; a

n

) when 0 < k � n . This follo ws if w e accept

the con v en tion that the elemen ts of the empt y set sum up to 0 mo d n . W e will denote

F ( k ; n ; a

1

; : : : ; a

n

) b y N

k

n

.

Clearly N

k

n

� 1. This is b ecause for an y n; k , the subset f k g of A

n

has the desired

prop ert y . Another subset of A

n

with this prop ert y for n � 3 ; k = 0 is the subset B = f x 2

A

n

: g cd ( x; n ) = 1 g . This is a w ell kno wn result.

2 Calculation of N

k

n

Prop osition 2 Consider the p olynomial P

n

( x ) de�ne d as fol lows:

P

n

( x ) =

n

Y

j =1

(1 + x

j

) =

n ( n +1)

2

X

r =0

a

n;r

x

r

:

L et !

n

= e

2 � i

n

b e a primitive n th r o ot of unity. Then

N

k

n

=

1

n

n

X

j =1

!

� k j

n

P

n

( !

j

n

) :

Pro of : Notice that eac h co e�cien t of x

r

in P

n

( x ) is equal to the n um b er of subsets of

A

n

that sum to r . N

k

n

is the sum o v er the co e�cien ts of x

r

where n divides r � k . Therefore,

N

k

n

=

X

� : �n + k � 0

a

n;�n + k

: (1)

W e will pro v e the prop osition using (1) and the follo wing Lemma:

Lemma 3 L et � b e a p ositive inte ger. Then

P

n � 1

j =0

!

�j

n

= 0 when n 6 j � and n when n j � .

Pro of : Consider the equation x

n

� 1 = 0. W e factor this as

( x � 1)(1 + x + x

2

+ : : : + x

n � 2

+ x

n � 1

) = 0 :

Note that !

�

n

is a ro ot of x

n

� 1 for ev ery � . Hence it is a ro ot of the second factor if and

only if !

�

n

� 1 6= 0. The result follo ws.

No w consider

P

n

( !

j

n

) =

n ( n +1)

2

X

k =0

a

n;k

!

j k

n

:
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Then

n

X

j =1

!

� k j

n

P

n

( !

j

n

) =

n

X

j =1

!

� k j

n

n ( n +1)

2

X

r =0

a

n;r

!

r j

n

=

n ( n +1)

2

X

r =0

a

n;r

n

X

j =1

!

( r � k ) j

n

= n

X

� : �n + k � 0

a

n;�n + k

= n ( N

k

n

) :

Prop osition 4 P

n

( !

j

n

) = 2

( n;j )

if

n

( j;n )

is o dd and 0 otherwise. Her e ( n; j ) denotes the g.c.d.

of n; j (1 � j � n ) .

Pro of : W e shall �rst pro v e t w o tec hnical lemmas and then com bine them to obtain the

required result.

Lemma 5

P

n

( !

j

n

) = [ P

n

( n;j )

( !

n

( n;j )

)]

( n;j )

:

Pro of : Note that

P

n

( !

j

n

) =

n

Y

r =1

(1 + [ !

j

n

]

r

( n;j )

( n;j )

)

=

n

Y

r =1

(1 + [ !

( n;j )

n

]

j r

( n;j )

) :

No w !

( n;j )

n

= !

n

( n;j )

. Hence

P

n

( !

j

n

) =

n

Y

r =1

(1 + [ !

j

( n;j )

n

( n;j )

]

r

) :

F urthermore, (

j

( n;j )

;

n

( n;j )

) = 1 so !

j

( n;j )

n

( n;j )

is a primitiv e

n

( n;j )

th ro ot of unit y . Therefore as r

ranges from 1 to n , the factors rep eat themselv e s ( n; j ) times, i.e.

P

n

( !

j

n

) = [

n

( n;j )

Y

r =1

(1 + [ !

j

( n;j )

n

( n;j )

]

r

)]

( n;j )

= [ P

n

( n;j )

( !

j

( n;j )

n

( n;j )

)]

( n;j )

:

Recalling that (

j

( n;j )

;

n

( n;j )

) = 1 w e notice that P

n

( n;j )

( !

j

( n;j )

n

( n;j )

) is just a p erm utation of the factors

in P

n

( n;j )

( !

n

( n;j )

). Hence,

P

n

( n;j )

( !

j

( n;j )

n

( n;j )

) = P

n

( n;j )

( !

n

( n;j )

)
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whic h giv es the result

P

n

( !

j

n

) = [ P

n

( n;j )

( !

n

( n;j )

)]

( n;j )

:

Lemma 6 P

r

( !

r

) = 1 � ( � 1)

r

:

Pro of : Consider the p olynomial x

r

� 1. Then 1 ; !

r

; !

2

r

; : : : ; !

r � 1

r

are the distinct r ro ots

of this p olynomial. Th us

x

r

� 1 = ( x � 1)( x � !

r

)( x � !

2

r

) � � � ( x � !

r � 1

r

) :

Substituting x = � 1 w e get

(( � 1)

r

� 1) = ( � 1)

r

(1 + !

r

)(1 + !

2

r

) � � � (1 + !

r

r

) :

i.e. 1 � ( � 1)

r

= P

k

( !

r

). No w

P

n

( !

j

n

) = [ P

n

( n;j )

( !

n

( n;j )

)]

( n;j )

= [1 � ( � 1)

n

( n;j )

]

( n;j )

:

This is equal to 2

( n;j )

when

n

( n;j )

is o dd and 0 otherwise.

Prop osition 7 Supp ose t j n , � =

n

t

. Then

X

x 2 Z

�

�

!

� k tx

n

=

' ( � )

' (

�

( k ;� )

)

X

x 2 Z

�

�

( k ;� )

!

x

�

( k ;� )

:

Pro of : First note that !

tx

n

= !

x

�

. Also x and � x are b oth elemen ts of Z

�

�

. Therefore

X

x 2 Z

�

�

!

� k tx

n

=

X

x 2 Z

�

�

!

k x

�

:

No w rewrite !

k x

�

as !

k

( � ;k )

x

�

( � ;k )

. Hence

X

x 2 Z

�

�

!

k x

�

=

X

x 2 Z

�

�

!

k

( � ;k )

x

�

( � ;k )

=

' ( � )

' (

�

( k ;� )

)

X

x 2 Z

�

�

( k ;� )

!

k

( � ;k )

x

�

( � ;k )

:

This is b ecause

' ( � )

' (

�

( k ;� )

)

summands are iden tical 8 x 2 Z

�

�

. Finally , since (

k

( � ;k )

;

�

( � ;k )

) = 1 this

reduces to

' ( � )

' (

�

( k ;� )

)

X

x 2 Z

�

�

( k ;� )

!

x

�

( k ;� )

whic h completes the pro of of the prop osition.
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Prop osition 8

X

t 2 Z

�

n

!

t

n

= � ( n ) :

Pro of : Let �

n

( x ) denote the n th cyclotomic p olynomial. Then

P

t 2 Z

�

n

!

t

n

is just the

negativ e of the co e�cien t of x

' ( n ) � 1

in �

n

( x ).

Claim 9 �

n

( x ) = �

d

( x

m

) wher e n = dm and d is the pr o duct of al l the distinct prime

factors of n .

Pro of : It is w ell kno wn that �

n

( x ) =

Q

r j n

( x

n

r

� 1)

� ( r )

. F or a pro of of this result see [4],

page 353. No w �

d

( x

m

) =

Q

s j d

( x

n

s

� 1)

� ( s )

. If s j n and s > d then s is divisible b y the square

of some prime and so � ( s ) = 0. Hence the claim.

Claim 10 �

pn

( x ) =

�

n

( x

p

)

�

n

( x )

if p is a prime that do es not divide n .

Pro of : Once again w e use the fact that �

n

( x ) =

Q

r j n

( x

n

r

� 1)

� ( r )

. In our case w e ha v e

�

pn

( x ) =

Y

r j pn

( x

np

r

� 1)

� ( r )

=

Y

r j pn : p= j r

( x

np

r

� 1)

� ( r )

Y

r j pn : p j r

( x

np

r

� 1)

� ( r )

=

Y

t j n

( x

np

t

� 1)

� ( t )

Y

s j n

( x

n

s

� 1)

� ( sp )

:

Ho w ev er � is a m ultiplic ativ e function hence � ( sp ) = � � ( s ) so

�

pn

( x ) = (�

n

( x

p

))(�

n

( x ))

� 1

:

If p

2

j n for some prime p then b y Claim 9 the co e�cien t of x

' ( n ) � 1

in �

n

( x ) is 0. So

assume that n =

Q

m

i =1

p

i

, where the p

i

's are distinct. W e no w use induction on m and Claim

10 to obtain that

P

t 2 Z

�

n

!

t

n

= � ( n ).

Theorem 11

N

k

n

=

1

n

X

s j n

s odd

2

n

s

' ( s )

' (

s

( k ;s )

)

� (

s

( k ; s )

) :

Pro of : Using Prop osition 2 w e obtain that

N

k

n

=

1

n

n

X

j =1

!

� k j

n

P

n

( !

j

n

) :
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No w w e use Prop osition 4 to obtain

N

k

n

=

1

n

X

j :

n

( j;n )

odd

!

� k j

n

2

( j;n )

:

No w let ( j; n ) = t . Then

N

k

n

=

1

n

0

B

B

@

X

t j n :

n

t

odd

2

t

X

x 2 Z

�

n

t

!

� k tx

n

1

C

C

A

since as x ranges o v er Z

�

n

t

, tx ranges o v er the elemen ts r suc h that ( r ; n ) = t . Applying

Prop osition 10 w e obtain

N

k

n

=

1

n

0

B

B

B

B

B

@

X

t j n :

n

t

odd

2

t

' (

n

t

)

' (

n

t

( k ;

n

t

)

)

X

x 2 Z

�

n

t

( k ;

n

t

)

!

x

n

t

( k ;

n

t

)

1

C

C

C

C

C

A

:

Finally , w e use Prop osition 7 to conclude that

N

k

n

=

1

n

X

t j n :

n

t

odd

2

t

' (

n

t

)

' (

n

t

( k ;

n

t

)

)

� (

n

t

( k ;

n

t

)

) :

Substituting s =

n

t

this reduces to

N

k

n

=

1

n

X

s j n

s odd

2

n

s

' ( s )

' (

s

( k ;s )

)

� (

s

( k ; s )

) :

F or the case when k = n this form ula can easily b e simpli�ed to obtain

N

n

n

=

1

n

X

s j n

s odd

2

n

s

' ( s ) :

3 A Theorem Ab out Finite Ab elian Groups

A natural generalization of the problem discussed in the previous section is a similar problem

for �nite ab elian groups. That is, if G is a �nite ab elian group of order n , w e w an t to calculate

the n um b er of subsets of G whose elemen ts sum up to the iden tit y elemen t ( 0 ) of G .

F or the purp oses of this section w e will use the follo wing notation: Let S denote a k -tuple

of n um b ers, i.e. S = ( s

1

; s

2

; : : : ; s

k

). Giv en t w o k -tuples J and N de�ne

X

0 < J � N

=

j

1

= n

1

X

j

1

=1

j

2

= n

2

X

j

2

=1

� � �

j

k

= n

k

X

j

k

=1

:
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Will will denote the n um b er of subsets of a �nite ab elian group G whose elemen ts sum up

to 0 b y N

G

.

Theorem 12 L et G = Z

n

1

L

Z

n

2

L

: : :

L

Z

n

k

b e a �nite ab elian gr oup of or der n = n

1

n

2

� � � n

k

.

Given a k -tuple J de�ne T

J

= g.c.d. (

j

1

n

n

1

; : : : ;

j

k

n

n

k

) and let N = ( n

1

; n

2

; : : : ; n

k

) . Then

N

G

=

1

n

X

0 < J � N

[1 � ( � 1)

n

( n;T

J

)

]

( n;T

J

)

:

W e shall pro v e this theorem using the same ideas as b efore.

Prop osition 13 Consider the p olynomial

F ( x

1

; x

2

; : : : ; x

k

) =

Y

0 < S � N

(1 + x

s

1

1

x

s

2

2

� � � x

s

k

k

) =

X

�

a

�

x

�

1

1

x

�

2

2

� � � x

�

k

k

:

Then

N

G

=

1

n

X

0 < J � N

F ( !

j

1

n

1

; : : : ; !

j

k

n

k

) :

Pro of : The pro of is iden tical to that of Prop osition 2.

Prop osition 14

F ( !

j

1

n

1

; : : : ; !

j

k

n

k

) = [1 � ( � 1)

n

( n;T

J

)

]

( n;T

J

)

:

Pro of : Note that !

j

i

s

i

n

i

= !

j

i

s

i

n

n

i

n

. Therefore

F ( !

j

1

n

1

; : : : ; !

j

k

n

k

) =

Y

0 < S � N

(1 + !

j

1

s

1

n

1

!

j

2

s

2

n

2

� � � !

j

k

s

k

n

k

)

=

Y

0 < S � N

(1 + !

P

i

j

i

s

i

n

n

i

n

) :

Consider the exp onen t in one factor of the ab o v e pro duct for a �xed S , i.e.

X

i

s

i

(

j

i

n

n

i

) = T

J

(

X

i

s

i

(

j

i

n

n

i

T

J

)) :

Claim 15 F or every m ( 0 � m � n ) ther e exists a k -tuple S such that

T

J

(

X

i

s

i

(

j

i

n

n

i

T

J

)) � T

J

m mo d n:
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Pro of : Note that g.c.d.(

j

1

n

n

1

T

J

; : : : ;

j

k

n

n

k

T

J

) = 1 and therefore for an y in teger m there exists

s

i

2 Z suc h that

m =

X

i

s

i

j

i

n

n

i

T

J

:

Equiv alen tly ,

T

J

m = T

J

(

X

i

s

i

j

i

n

n

i

T

J

) :

No w note that if an y s

i

is replaced b y s

i

+ n

i

in the ab o v e equation then w e still ha v e equalit y

(mo d n ). Th us ev ery s

i

can b e c hosen to b e less than n

i

.

Therefore b y the ab o v e claim w e obtain

Y

0 < S � N

(1 + !

P

i

j

i

s

i

n

n

i

n

) =

n � 1

Y

m =0

(1 + !

T

J

m

n

)

= P

n

( !

T

J

n

)

= [1 � ( � 1)

n

( n;T

J

)

]

( n;T

J

)

and so w e ha v e pro v ed the prop osition.

Pro of (main theorem): The theorem no w follo ws imm ediatel y b y com bining Prop ositions

13 and 14:

N

G

=

1

n

X

0 < J � N

F ( !

j

1

n

1

; : : : ; !

j

k

n

k

)

=

1

n

X

0 < J � N

[1 � ( � 1)

n

( n;T

J

)

]

( n;T

J

)

:

4 F urther Results

Another problem related to the calculation of N

k

n

is the calculation of N

n

n;m

where 0 <

m <

n ( n +1)

2

. N

n

n;m

is de�ned to b e the n um b er of subsets B � f 1 ; 2 ; : : : ; n g suc h that

P

b 2 B

b � 0 mo d m . W e Remark that N

n

n;m

is easily obtained when m j n .

Prop osition 16 L et n; m b e p ositive inte gers with m j n . Then

N

n

n;m

=

1

m

X

s j m

s odd

2

n

s

' ( s ) :

Pro of : Using Lemma 3 and the same pro of as giv en in Prop osition 2 w e obtain that:

N

n

n;m

=

1

m

m

X

j =1

P

n

( !

j

m

) :

8



No w 1 + ( !

j

m

)

m + i

= 1 + ( !

j

m

)

i

so the factors in P

n

( !

j

m

) rep eat themselv es

n

m

times. Therefore

P

n

( !

j

m

) = [ P

m

( !

j

m

)]

n

m

. No w w e pro ceed as b efore to get

N

n

n;m

=

1

m

X

s j m

s odd

2

n

s

' ( s ) :

Snevily , [5] has prop osed the follo wing conjecture:

Conjecture 17 The se quenc e f N

n

n;m

g

n ( n +1)

2

m =1

is monotonic al ly de cr e asing.

W e also men tion an in teresting connection b et w een our problem and t w o other coun ting

problems in com binatorics. Let C

n

denote the n um b er of circular sequences of 0's and

1's, where t w o sequences obtained b y a rotation are considered the same. This problem is

discussed in [6], page 75. The solution is

C

n

=

1

n

X

t j n

' ( t )2

n

t

:

This is inden tical in form to our form ula for N

n

n

except that in our case w e sum o v er all t j n

where t is o dd. Another related problem is the calculation of the n um b er of monic irreducible

p olynomials of degree n o v er a �eld of q elemen ts where q is prime ([6], page 116). If the

n um b er of suc h p olynomials is denoted M

q

n

then

M

q

n

=

1

n

X

d j n

� ( d ) q

n

d

:

F or q = 2 this has the exact same form as our form ula for N

k

n

where ( k ; n ) = 1. Once again,

the only di�erence is that our sum is o v er d j n suc h that d is o dd.
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