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1 Introduction

In these notes we’ll give an introduction to deformation theory and apply it to the special case of
abelian schemes. We'll start by defining the deformation functor and show how the cohomology
groups of the sheaf of derivations of a scheme can be used to both determine if deformations
exist and if so, what the set of deformations looks like.

After that, we’ll introduce the 800 pound gorilla of the subject, Schlessinger’s criteria, which
says that under fairly weak and natural assumptions the deformation functor is representable (or
more precisely, pro-representable). This will allow us to produce an object encoding the set of all
deformations of the given scheme.

We'll then apply this theory to the special case of abelian varieties and see that the object given
to us by Schlessinger’s criteria has a simple geometric interpretation.

The main source that I used to learn this material is Oort’s paper [1].

2 The Deformation Functor

Given a scheme X over a ring k, we're interested in determining the ways in which the scheme can
be deformed. Intuitively, a deformation of a scheme is a continuous family of schemes passing

through our given scheme. One way to formalize this is to study morphisms of schemes E 75 Y
such that X = 7! (p) for some k-point p of Y. In other words, the fibers of 7 give us a family of
schemes including X which is parametrized by Y. Since we’re interested in the local properties of
the family around p, we focus on the case where Y = Spec(A) for some local artinean ring. This
leads us to the formal definition of the deformation functor.

Before stating it, we first define the category of rings that we’ll be working with.

Definition 1. Let A be a local artinian ring.

1. Arta will denote the category of local artinian A-algebras (R, mg) such that the following diagram
commautes:
A R

L

A/mA%R/mR

2. E\ is defined to be the category of complete local noetherian A-algebras O such that O/mg™ €
Artp for all n.

The morphisms in this category are the ones which respect the diagram as well.

Definition 2. Let R — R’ be a surjection of rings in Arty. Let X — Spec(R’) be a smooth scheme over
Spec(R’). We define Defy(X’, R) to be the set of isomorphism classes of pairs

(X, ")



Where X is a scheme over Spec(R) and X xg R’ P X! s an isomorphism over Spec(R). The functor

Defy (X', _) : Arty, — Set is called the deformation functor.
The above definition is captured in the following diagram:

X/ <—— X xgR ——= X

N ]

Spec(R’) —— Spec(R)

Also, in order to talk about isomorphism classes, we need to explain what a morphism of
deformations is. Suppose (X, ¢') and (Y, ') are two deformations of X’. A morphism f between
these deformations is a morphism of schemes fitting into the following diagram:

Y xgR ——Y

!’
11) leRR, lf

X! <—— X xg Rl ——= X

N ]

Spec(R’) —— Spec(R)

Given a Spec(R’)-scheme X', it is natural to ask to ask when Defy (X, R) is non-empty. In other
words, when does there exist a Spec(R)-scheme X that base changes back to X’? In the category
of e’tale schemes, we’ll see that for certain maps extensions R — R’ we not only can always find
such a scheme X, but there is even an equivalence of categories between schemes over Spec(R)
and schemes over Spec(R’).

We start by studying how morphisms behave under base change.

Theorem 1. Let X and Y be two schemes over S. Let So — S be a closed subscheme with sheaf of ideals T
such that T? = 0. If X is etale over S and Xo = Sq x s X then the natural map

Mors(Y, X) — Mors, (Yo, Xo)
is a bijection.

Proof. First of all, consider the following fibered diagram obtained by base changing first by
Y — S and then by base changing the entire fibered square by So — S.

X xgY X
[
[

\

Y xg X X5 Sp } X XsSo

[
[
Y

Y‘\ ______ ”\

YXsSO SO

By the universal property of fibered products, maps from Y X g Sy to X X g Sg are naturally
equivalent to maps from Y X g Sp to X xXgY Xg Sg which are in turn equivalent to maps from
Y x5 SptoX xgY. Similarly, maps from Y to X are naturally equivalent to maps from Y to X xg Y.



Therefore, it’s enough to prove that for any map Y x5 Sy 29 X x5 Y there exists a unique map

Y & X x Y such that the diagram above together with o and oy commutes. Since X xgY — Yis
etale as well, we can replace S with Y and prove:

X
0

o)

SOHS

In other words, for any morphism Sy 20 S there exists a unique map S % X such that the
diagram commutes.

Since morphisms glue, it is enough to prove the theorem locally. As X is etale over S, we can
assume without loss of generality that S = Spec(A), Sy = Spec(A/I) and that we have a rings A,
B = A[t]/(p(t)) such that X = Spec(By) for an invertible element b € B and a monic polynomial
p € Alt] such that p’ is a unit in By,. Let Ag = A /1

By moving to the category of rings we have to show the following;:

By

v I
v

Ag<=—A

Assume that go(t) = a+ 1. In order to define g we need to find some element a’ € A such that
a—a’ €land p(r’) =0. Leta’ = a+hforsomeh € L. Since I2 =0, p(a’ +h) = p(r) + hp’(a).

Therefore, p(((ll 3 =0iff h = — ;),((‘2) which proves that the map g exists and is uniquely defined
pla
bytb—>a—|—p/(a). O

Theorem 2. Let X and Y be schemes over S. Let So — S be a closed subscheme with ideal sheaf T such
that T2 = 0. Then the functor
X = XO =X Xs So

is an equivalence of categories between the category of e’tale schemes over S and the category of e’tale
schemes over Sy.

Proof. By theorem 1, the functor is fully faithful. It remains to show that it’s essentially surjective.
In other words, we need to show that for and e’tale scheme Y over Sy there exists an e’tale
scheme X over S extending Y such that the following diagram is fibered:

Y——X

|

SOHS

We'll prove this claim locally and then glue the extensions together with the uniqueness.
Locally, we can assume that S = Spec(A) and Sy = Spec(A /1) for aring A and anideal I C A
such that 12 = 0. Furthermore, there exist polynomials fq, ..., fm € Alty,..., tn] such that for

g= det(aﬂ/atj)

gisaunitin A/I. Butsince 12 = 0, units in A /1 lift to units in A so g is a unit in A. Therefore,
we can define X = Spec(A[ty, ..., tnl/(f1,...,fn)). O

In particular, by theorem 2 it follows that e’tale schemes over S can always be lifted to S. We
can immediately deduce that a smooth scheme over Sy can locally be lifted. As we’ll see in the
next corollary, we can use the equivalence of categories to prove that all of these local lifts are
compatible up to isomorphism.



Corollary 1. Let R be a ring and 1 C R an ideal with 12 = 0. Let X’ be a smooth scheme over Spec(R/1).
Then for each x € X' there exists an open x € U’ C X' and a smooth scheme U over Spec(R) such that
UxgR/I=U"

Furthermore, if x € U NV’ and V and U are as above, then for every open W' C U’ N V' we have
an isomorphism

Ul Viw:

NS

W/

Before proceeding to the proof, note that since I = 0, U and U x R/I have the same topo-
logical space so Ul is well defined.

Proof. Since X’ is locally e’tale, the first part of the theorem follows immediately from theorem 2.
For the second part, assume that U x g R/1 4 U and V x RR/I ¥, V' are the isomorphisms

given to us by the first part. By restricting to W’ we get isomorphisms Ulyys x g R/1 4% W and

/ gy =1
Viw XgR/1 Pwe, Together this gives us an isomorphism UJyy» xg R/1 L Viw XgR/L

By theorem 2 we can extend this to an isomorphism from U to V. O

We'll now set the notation for the rest of the section.

Let0 — I — R — R’ — 0 be a short exact sequence with R and R’ in Art; such that I- mg = 0.
For any Spec(k)-scheme Y, let ©y be the sheaf of germs of k-derivations from Oy to itself. Also,
for each Spec(R)-scheme Y, let Autg(Y, R’) denote the Spec(R) automorphisms of Y which induce
the identity on Y xg R’.

The following lemma will give us an extremely useful connection between @7, x and Autg(Z,R’)
where Z is a Spec(R)-scheme. The general idea is that given an automorphism ¢ of Z which re-
stricts to the identity on Z x g R/, measuring the amount that ¢ moves each point gives us a
derivation on Oz, .. Roughly speaking, the derivation that we obtain is the vector field associ-
ated to ¢. This coincides with our more basic intuition for the relation between a function and
it’s associated derivative. The main technical difficulty lies in showing exactly what space the
derivation should act on in order for the converse to hold. Le, given a vector field we want the
induced automorphism to be an element of Autg(Z,R’).

Lemma 1. Suppose that Z is a flat finite type Spec(R) scheme. Let Z' = Z xg R’ and Zo = Z xg k.
Then we have a canonical isomorphism:

N(Zp,®z,) ® I — Autg(Z,R’)
where composition on the right corresponds to addition on the left.

Proof. We have the following fibered diagram:

Zy z’ Z

L]

Spec(k) — Spec(R’) —— Spec(R)

We'll construct the isomorphism locally. Assume that Z = Spec(A). By flatness, A Qg1 = IA
and A ®g R/I = A/IA. Therefore,

A/mMRA ZARrR/mr = A®rk

and
IA = (A®rk)® I



So it will be enough to show an equivalence between Autg(A, R’) and k-derivations A / mgA D,
IA
Let ¢ € Autg(Z,R’). This means that we have the following commutative diagram:

A/IA

A/ \A
o

R

We define a map A DA by D = ¢ —id. We claim that D is a derivation and that D(A) C IA.
Indeed, from the commutativity of the proceeding diagram we see that D(A) C IA. Furthermore,

$(ab) = ¢(a)d(b) = (a+ D(a))(b+D(b)) =

ab+ aDb+bDa+ DaDb = ab+ aDb + bDa

which implies that D(ab) = ¢(ab) —ab = aDb + bDa. It’s clear that D is additive and that
D(k) = 0so D is a k derivation from A to IA.
Now, since mgI = 0, this induces a map

A/mgA 25 1A

Similarly, given a derivation A/mgA D, IA we obtain a derivation A = IA which can then
be used to define an automorphism
A—A

a— a+Da

Indeed, since D(A) C IA, id + D induces the identity on A/IA and by flatness [4, III 4.2] this
implies that id + D is an automorphism.
O

At first glance, the above lemma seems like an elaborate exercise in unwinding definitions.
The next few glances tell a different story. One important consequence is that given an open cover
of a scheme Z, it provides us with a convenient way to talk about a family of automorphisms of
the open subschemes. For example, as we'll see in the proof of the following proposition, prop-
erties such as the family satisfying the cocycle condition naturally correspond to characteristics
of the homology groups of @z,. And as usual, the ability to translate the verification of a prop-
erty to the existence of an element in a certain structure is extremely useful. For instance, in well
behaved cases the structure may be trivial.

In this vein, we can use lemma 1 to give a succinct answer to the general question of when we
can deform a scheme. As we saw in corollary 1, for certain extensions we can always deform our
scheme on a local scale. Given a collection of local deformations, we’d like to produce a global
deformation by gluing together the local ones. One way to go about this is to apply a certain
automorphism to each one of the local deformations and hope that the new deformations will
satisfy the cocycle condition and hence glue together. As we’ll see, the existence of such a family
of automorphisms is equivalent to a certain element of H?(X,, Ox,) @ I being equal to 0 so by
looking at this element we can tell if a global deformation exists. As in the lemma, the general
idea is straight forward and the devil is in the details.

Proposition 1. Let X be a smooth Spec(R’)-scheme. Let Xo = X X gs k. Then:
1. There exists a canonical element o € H?(Xo, Ox,) @ Lsuch that o =0 iff Defy (X',R) £ @



2. If o = 0 then given any element (X, $') € Defy (X', R) we have a bijection
tx : H'(Xo,Ox,) ®x I — Def (X', R).

Proof. By corollary 1 there exists a cover {U’ 4} of X" such that each map U’y — Spec(R’) can be

lifted to a smooth affine Z« scheme over Spec(R) with an automorphism Z 4 x g R’ ¢—°‘> U/ .
Let U’ B = u’,nu’ p and similarly for more indices. Since X' is separated, each of these
open sets are affine.
On each open set U’ 3 we have an isomorphism

b’ b o Za xR = Zg Xg R’
By theorem 2 we can extend this to an automorphism Cgy : Zalur, g Zglu, . Note that
since Zy and Zy x g R’ have the same topological space, Zaly,, ¢ is just a pullback of Z along

an open embedding.
Similarly, we define

Y .
CBOC o Cﬁ‘x‘u,txﬁv ’ ZO‘|u/0ch - ZB‘ulOLBY

We thus obtain an automorphism

-1
o= () 5 Che € Aty

apy
By the definition of CZcB’

1., -1 1
CoPy XRR/ = d)/oc d)/y q)lyd)/{sq)lﬁ d),oc =1
which means that copy € Autr(Zalur .,/ R/).
At this point, we could use lemma 1 to produce a collection of elements of I'( (U g )0, Ox,) ® 1
and thus obtain a cochain in I'(Xy, ©x,) ® I. However, since it will be easier and more intuitive
for us to work with elements of Autgr(Zulur, By,R’ ), we’ll now show that we can talk about

r((u’am)o,e)xo) ® Iin terms of elements in AUtR(ZOJU’O(Byr R’).
We first note that by lemma 1, we have a canonical isomorphism

AutR(Z(Xlu’“By/R,) — F((Z‘x\u/wy)o, @ZO) ®1

where composition on the left corresponds to addition on the right. A happy consequence is
that AutR(folu/“m, R’) is an abelian group. Furthermore, by using the isomorphisms (¢p«)g =

¢’ & X g k we can construct an isomorphism of differentials

fo
MUopy)o Ox,) —5 T((Zalw o, )0 Oz,)

D — (da)oD ((da)o)

Together, we obtain an isomorphism of abelian groups

fapy |
Autg(Zolury g,/ R") = T(Zadury g, )0 Ozy) @1 —EY 3 T(Ugpy)o, Ox,) @1

Using this isomorphism, we can describe elements of I'(Uyg. )0, O@x,) ® I using elements of
Autr(Zaluryg, R’). Tt will also be useful to know how elements of Autg(Zg|u, oy’ R’) corre-
spond to elements of I'(Uypgy)o, Ox,) ® I. The following commutative diagram shows us how
it’s done:



Autg(Zalur ., RY) —T((Zalw )0, Oz,) ©1

J{(ffxf_’)y)]

b (L) 'blpa MUxpy)o, Ox,) @1
T(fﬁ(xy)]
AU’CR(ZBM/“M,R’) -5 r((ZB|u/“By)O,®ZO) ®I

To check that this is commutative, let b € Autgr(Zg|w,., R’). Going right and then left we
get
bisid—b e ¢/glid—b)(d'g) ' = dgb(d’p)

Going up, right and then down we get

b (L) "blpa — id— (Cpa) 0lpa = dalda) ' dpbdp(da) Tha=d b p) !

We'll now show that the collection {c4g,} is a cocycle and hence represents an element of
H?(X,, ©x, ) under the isomorphism given above. By the definition of the boundary,

(a{ccxﬁy})cxﬁyé = Cﬁyécayéilccxﬁécaﬁyi1 1)

We'll show the restriction of this element to Autg(Z«lu/, By R’) is the identity. As we showed

with the large commutative diagram above, the element cg5 € Autgr(Zg|y R’) maps to the

By’
same element in I'(Uyg )0, Ox,) ® L as (CB“)_]CB‘WC‘ga € AutR(Zodu/“By,R’)

Therefore, as elements in the abelian group AutR(Z(xlu/“ By R’) we have

(a{caﬁy})ocﬁyé = (Cocyé)_1coc|35CBy5(Cocy5)_] =
((650) ™M (CE) ML NEE )M (€8p)(23)
((Cpa) () (CE SR (Cpa) ((Ch) T (0s) T (ha)) =1

The next thing to show is that the homology class {c4gs} does not depend on the choice of
isomorphisms 94 o
Suppose 0o : Zolur,, — Zplur,, Were another choice of isomorphism extending ¢ ! |3_1 ¢ 5
Since 0, and (g, agree on the pullback to Spec(R’), ey = Opq (Cpa) e Autr(Zolw /R
Now, if we use the new isomorphisms to generate the homology class, the elements correspond-
ing to c4p are
¢/ apy = (054) 710550
So
{C/cxﬁy} = {Caﬁy}a({e [Ba})
This shows that the holmlogy class of {c4g,} that we defined does not depend on the choice
of isomorphisms (4. Furthermore, we see that [{c4g,}] = 1 iff there exists some choice of iso-

morphisms 0, as above such that the associated cocycle satisfies {c’ «py) = 1. But this in turn is
equivalent to
¢/ apy = (054)710%50% =1

which means that the isomorphisms 04 satisfy the cocycle condition. This implies that we
can use them to glue together the Z, and obtain an element of Defy (X', R) which concludes the
first part of the proposition.



For the second part, suppose that we have an element (X, ¢') € Defy(X’,R) and define X« =
X|u/ o

Let {dnp} be elements of Autg(Xy, . R’) which satisfy the cocycle condition. Then these
elements can be used to glue together the schemes X« in a different way and thus obtain an
isomorphic scheme X9 together with an isomorphism X4 x g R’ VLU In fact, Py = ¢’ since
dyp is trivial on Xo X g R’

We'll first show that the map {dyg} — X4 is an injection. Assume that we have an isomor-
phism of deformations X¢ I X, Letf « be the restriction to X4y . Since dyp xR R’ is the identity
by definition and f «(f B)*] X g R’ is the identity by the definition of a map of deformation, by the-
orem 2 we get that dyg = fa(fﬁ)_1. This means that {dyg} = 9({fu})-

We'll now show that the map {d g} — Xdis surjective. Let (Y,{’) € Defi (X', R). By theorem
2, the maps

/o= (o) " ot Ya XRR' = X Xxg R’

extend to maps fx : Yo — X« We use these to define elements dog = f(g,(fo()*1 € AUtR(X\u’(XB ,R).
Finally, since we have
Yuap
5N
dup
Xop ————— Xop
and
Yo( XR R’
Vg
U« faxgR!
'«
X XR R’
the maps f« glue together to give us an isomorphism of deformations Y Iy x4, O

3 The Schlessinger Criterion

In proposition 1 we saw that the set of deformations of a scheme X’ was in a bijection with the
elements of a certain homology group. However, in order to get a better handle on the internal
structure of the set of deformations and to understand them more clearly, we would like the
deformation functor Defy (X', R) to be representable in the following sense.

Definition 3. A covariant functor F : Arta — Set is called pro-representable if it is representable by
an element of Arta.

Schlessinger’s criteria gives us necessary and conditions for such a functor to be pro-representable

—_—
and in certain cases even gives us the element of Arta. Before stating Schlessinger’s criteria we
will need a few more definitions.

Definition 4. Let C be a category with final object @ and fibered products. A covariant functor F: C —
Set is called left-exact if

1. F(©) = {pt}



2. the canonical map F(X Xy Z) — F(X) xg(y) F(Z) is a bijection.
Note that if F : Arty, — Set is left exact then F(k[e]) has the structure of a vector space over k.

Definition 5. A functor F : Arty, — Set is called formally smooth if for every surjection R = R’ in
Arty, F(R) Fr, F(R’) is surjective.

Definition 6. A surjection 0 — I — R 55 R’ — 0 in Arty is called small if Tmg = 0.

Theorem 3. (Schlessinger) A covariant functor F : Arty, — Set is pro-representable iff F is left exact and
dimy (F(kle])) < oo.
Also, it suffices to check left exactness for products of the form:

S
! -
small

where the bottom map is a small surjection.
Finally, if F is formally smooth and dimy (F(k[e])) = n then F is pro-representable by k[[tq, ..., tn]l.

The proof of this theorem is rather hard, so instead of proving it, in the next section we'll use
the criteria to prove a somewhat intuitive but deep result about abelian schemes.

4 Deformations of Abelian Schemes

In this section we’ll use the material from the previous two sections in order to study deforma-
tions abelian schemes.

Intuitively, an n-dimensional abelian variety has n? directions in which we can deform it.

In order to make this more concrete, let’s take a look at our favorite abelian variety - the n-
dimensional complex torus. Since a torus is determined by a lattice in C™, this explains the source
of the n? directions mentioned above.

More formally, let S be the set of matrices s;; € M(n,C) whose imaginary part has a non
zero determinant and define G to be the group of automorphisms of C™ x S generated by the
automorphisms 8; and ¢; for 1 < 1,j < n where

di(x,s) = (X+eys)

di(x,s) = (x+[s] ), 5)

and [s]; is the j-th column of s. In other words, for each matrix in S we have a collection of
translations of C corresponding to the lattice spanned (over R) by the columns of S and the
elementary basis vectors.

In addition, define B = (C x S)/G. Then the n-dimensional complex tori are exactly the fibers
of the projection 7 : B — S since each fiber represents the quotient by the lattice corresponding
to the columns of s € S.

Now let’s consider some element sy € S and the corresponding torus T = 71~ (so). Given
any path y on the manifold S centered at s(, by considering the fibers 7! oy on each point of
the path we obtain a family of tori which is a deformation of the torus T. Thus, to each tangent
vector of S at sy we can associate a deformation of T.

Interestingly, in the paper [2], Kodira and Spencer show that all deformations of T can be
obtained in this fashion. This shows that the tangent space of s is a concrete realization of the
mysterious n? directions mentioned above.

In a sense, the aforementioned result of Kodira and Spencer is a special case of the main
theorem that we wish to prove regarding deformations of arbitrary abelian schemes.

We start by setting notation and recalling some basic results relating to abelian schemes.



Definition 7. An abelian scheme over a scheme S is a group S-scheme X which is smooth, proper and
has geometrically connected fibers. If S = Spec(k) then we will call X an abelian variety over k.

For the remainder of this section, X, will be an abelian variety over k.

Definition 8. My, : Arty — Set is the covariant functor sending a ring R to the isomorphism classes of
pairs (X, ¢o) of the form

X0<LNOX XRk—>X

~N ]

Spec(k) —— Spec(R)
where X is an abelian scheme over Spec(R). We call M the deformation functor of abelian schemes.

A morphism of deformations of abelian schemes is defined in the same way as it is for ordi-
nary deformations.
We are now ready to state our main theorem for this section.

Theorem 4. The functor M, is pro-representable by kllty1, ..., tggll where g = dim(Xp).

Note that this makes sense in light of our discussion above since we can think of k[[t{1, ..., tgg]]
as space of tangent vectors of dimension g2.

Before stating the abelian scheme results that we’ll use, we’ll look at an example showing that
non abelian group schemes do not always have deformations.

Example 1. We start by constructing a non-abelian group scheme of rank p? for some prime p.
Let k = IF, and let B be a k-algebra. We define

waw-{(3 )

Now, Ny is a group Spec(k)-scheme since Ny = Spec(Ey) where Ey = k[T, p], TP = 1 and
pP = 0 with multiplication defined by mp(t) =t ®@ Tand mp(p) =p R T +T® p.

We'll now note that Ny(B) cannot be deformed to any integral domain R of characteristic 0.
Suppose for contradiction that N = Spec(E) is a smooth group Spec(R) scheme where E is a free
R-module of rank p2. Define L = Frac(R). It is possible (but surprisingly difficult) to show that
N ®g L is a reduced scheme. Since L is algebraically closed, we get that N ® L — Spec(L) is a
finite Spec(L)-scheme so N ® L is a finite group of order pZ which implies that it's commutative.
But we can use this to show that N is commutative as well which is a contradiction.

oceB,[SechPIBPO}

Lemma 2. ([3, cor 6.2]) Suppose we have the following diagram

where G is a group S-scheme, S is connected, p is flat and T'(Xs, Ox_) = k(s) forall s € S.
Then, if for some s € S we know that fs = gg then there is a section S D G such that f(x) =
(mp)(x) - g(x)

Corollary 2. Let X be an abelian scheme over Spec(R). Let X 5 Xbea map of Spec(R)-schemes such
that f xgk =id. Then f = id.

Corollary 3. ([3, cor 6.4]) Let X be an abelian S-scheme and G a group S-scheme. If X 5 Gisa map of
S-schemes and sends id to id then f is a group homomorphism.

10



The next proposition shows us how to transfer results about Defy to My, .
Proposition 2. Let 0 — I — R — R’ — 0 be a small surjection in Arty and let (X', o) be some
deformation in Mx, (R"). Then, forgetting the group structure, we have a bijection
My, (R) D (M, (7))~ (X, o) + Defy (X', R)

In other words, if we start with an abelian scheme X’ over Spec(R’), then we have a bijection
between deformations of abelian schemes from X to Spec(R) which restrict to X’ over Spec(R’)
and deformations of ordinary schemes from X’ up to Spec(R). The following diagram may be
helpful in keeping track of what is going on. In the diagram, (Y,1) is an element of Mx, (R)
such that Mx (71)(Y, o) = (x, o).

Y xpk——> Y xgR — =Y

ST
Xo<—X'xprk——=X’
| & ER E
Spec(k) —— Spec(R’) —— Spec(R)
Where o : Y/ — X' is an isomorphism of deformations of abelian schemes.

Proof. Let (Y, o) be an element of My, (R) such that Mx (71)(Y, o) = (x, ¢o) as in the diagram
above. Let o’ be the map in the diagram as well. We define

K(Y, o) = (Y xgR’,a’) € Defy(X',R)

We'll first show that k is well defined. Suppose that Y xR’ £, X' is a different map of

deformations of Xy. Define a map a = o'n' " X! X' Since o X g k agrees with p/ x g/ k,
a Xgrr k = id. Therefore, by lemma 2, a = id. This shows that « is well defined.
The next step is to show that « is injective. Suppose that

(Y, ") = k(Y, o) = k(Z, o) = (Z, 1)

Let o/ be the map we introduced earlier in order to define (Y, {) and let B’ be the corre-
sponding map for Z.
Equality as elements of Def(X’,R) implies that we have some isomorphism of Spec(R)-

schemes Y 2 Z such that (1/)b =1’. We want to use b to produce an isomorphism of deforma-
tions of abelian schemes. By the definition of k we have the following commutative diagram

Y xgk——> Y xgR ——>Y
bXR/k beR/ b
o/ Zxpk——>ZxgR ——>7
% Bl B
XO(TX/ X g k ——= X/
\

Spec(k) — Spec(R’) —— Spec(R)

together with maps Y xg R’ %5 X’ and Y x g k —> X’ X g/ k as before and

o' =B'(bxgR)

11



o xprk=(bxp k) (B xp k)

Now, let Y o, Spec(R) be the structure map and Spec(R) =5 Y the identity morphism. In
order for b x g R’ to be a group isomorphism, we fix it by defining

h=> 7beyfy

Clearly, hey is the identity. By corollary 3, this implies that h : Y — Z is a homomorphism
of abelian Spec(R)-schemes. In addition, since &’ X/ k and B’ x g/ k are both isomorphisms of
abelian varieties,

o' Xgrrk=(bXxXgs k)([?)/ Xgrr k) = o Xgr k= (h Xgs k)(f)/ X g k)

which means that h is indeed a morphism of deformations of abelian schemes. By applying
the same procedure to b~!, we get a morphism g from Z to Y such that g x k is the inverse of
h xg k. This implies that g is the inverse of h and that h is an isomorphism of deformations of
abelian schemes and that « is injective.

The last step is to show that « is surjective. Let (Y,1)’) be an element of Defy (X', R). We need
to show that (Y,{’) € k(Mx, (R)). For this, it will be enough to show that Y is an abelian Spec(R)-

scheme. Since Y xg R’ ¥, X' is an isomorphism by definition, the following lemma finishes the
proof. O

Lemma 3. ([3, prop 6.15]) Let X be a smooth and proper Spec(R)-scheme and let Spec(R) < X be a
section.

Spec(R’) — Spec(R)

Assume X x g R” is an abelian Spec(R’)-scheme with € x g R’ as the identity. Then X is an abelian
Spec(R)-scheme with € as the identity.

The proof of this theorem in GIT is quite nice and is an interesting application of proposition
1. The main idea is to take the multiplication map on X xg R’ and show that the obstruction
element in proposition 1 vanishes. This shows that the multiplication can be extended to X and
functoriality of the deformation functor tells us that this is indeed multiplication.

However, since this document is already much longer than I intended, I'll refer you to GIT [3]
for the details.

We are now in the position to prove theorem 4.

Proof. Our primary tool for this proof will of course be to apply Schlessinger’s criteria (theorem
3) to the deformation of abelian schemes functor Myx,. We'll check the conditions of the criteria
one by one.

We plunge in head first with a proof of left-exactness. Let’s recall exactly what it is that we
have to prove. Consider the following commutative diagram in Art, where the bottom square is
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fibered, the columns are exact and 7t is a small surjection.

0 0 )
J I
Q>R
o] 7T
08

We have to prove that the natural map
Mx, (Q) = Mx, (T x g/ R) =5 My, (T) XMy, (R)) Mx, (R)

is a bijection.

Note that since the bottom square is fibered, x(]) C Iand in fact] X Tisan isomorphism. This
follows from the uniqueness of the map ] — Q. Furthermore, we get that p is a small surjection
as well.

Using x we obtain a natural isomorphism

id
H2(Xo,Ox,) @ ] =2 H?(Xo,Ox,) ® 1

Let (Y, o) € Mx, (T) and Mx, (1)(Y, o) € MXO(R/)- Furthermore, let o(Y) and o(Mx, (1) (Y, o))
be the deformation obstruction elements given in proposition 1.

We claim that (id ® x)(0(Y)) = o(Mx, (1)(Y,Pp)). Recall that in proposition 1 we defined
the obstruction elements locally as elements in Autg(Z«, R’) where U’y was a local cover of the
Spec(R’)-scheme X’ and Z = Spec(A ) was a lift of Xy to an affine Spec(R)-scheme.

In our case, X’ corresponds to the Spec(T)-scheme Y. Let {U’} be an collection of open sub-

schemes of Y with deformations to affine Spec(Q)-schemes {Zy = Spec(A )} as in proposition
1.

U’ Spec(A«)

L

Spec(T) —— Spec(Q)

By base changing by Spec(R) — Spec(Q) we get

U & X gpec(T) Spec(R’) —— Spec(Ax @q R)

| |

Spec(R’) Spec(R)

In addition, recall that locally we identify I'(X, ©x, ) ® ] with k-derivations Ao ® g Q/mg b,
A« ®q ] and the canonical map Autg(Zqx, T) — T'(Xp,®x,) ® ] has the form ¢ +— D = id — ¢.

Similarly, we identify I'(Xo, ®x, ) ® I with k-derivations (Ay ® g R) ®g R/mg b, (Ax®QR) ®R1
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and the canonical map Autgr(Zx Xgpec(Q) Spec(R), R’) = T'(Xo,Ox,) ® I has the form ¢ = D =
id— .

Together, we obtain the following commutative diagram where the horizontal arrows are the
ones we just described and the vertical arrows are base change

Autg(Ze, T) (X0, Ox,) ©]

| |

Autg(Z« X Spec(Q) Spec(R),R’) —T'(Xp, @XO) ®I

Furthermore, after passing to homology, the right vertical map becomes id ® x. This shows
that indeed (id ® x)(0(Y)) = o(Mx, (1)(Y, o).

We are now ready to prove that w is a bijection. If My (T) XMy, (R) My, (R) = @ then there
is nothing to show. Otherwise, suppose we have an element

(Y, '), (X, do)) € Mx, (T) XMy, (R) Mx, (R)

Let (X', ¢’og) = My, (m)(X,do) € Mx,(R") In particular, (Mxo(n))q((X’,d)’o)) # @ and by
proposition 2, Defy (X', R) # @. By proposition 1 this means that o(X’) = 0. Therefore,

(id ®x)(0(Y)) = (0o(Mx, (W(Y)) = 0o(X") =0
Therefore, 0(Y) = 0 so again by propositions 1 and 2 we obtain the following diagram

id®
H' (X0, Ox,) @] ——=H'(Xo,0x,) @1

y §

Defy (Y, Q) Defi (X', R)
lN Xo (%) y iN
M, (Q) — 2% My (R)

where the middle horizontal arrow is base change. By following the construction in proposi-
tion 1 we see that the upper square is commutative. Similarly, by following the construction of k
in proposition 2 we see that the lower square is commutative. This means that the map Mx, (x)
defines a bijection

_ Mx, (x) _
(M, () (Y, o) —= (M, (7)1 (X, ¢"0)

which implies that that w is indeed a bijection as we wanted. This concludes the proof of left
exactness.

The next step is to prove that dimy(Mx, (k[e])) = g2,
sequence

As we’ve shown above, the exact

0—ke =2 kle] 2 k=0

implies that

My, (kle]) = H'(Xo, Ox,) ® ke = H'(Xo, Ox,)

Also, for any abelian variety Xo, ©x, = Ox, ® Tx e where Tx is the tangent space at the
identity. This is proved in most texts on abelian varieties but if you haven’t seen this before,
thinking about what happens in the case of lie groups provides good intuition. Another general
fact about abelian varieties is that H' (X, Ox,) = Tx,v,e where Xo" is the dual abelian variety
over k. Together, we get that
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My, (kle]) = H'(Xo, Ox,) @ Txy e = Tx,v e ® Ty e

and in particular, dim (M, (kle])) = g2.
The last thing to prove is that M is formally smooth. As usual, let

05I-5R—=SR 50

be a small surjection in Arty. Let (X, $p) be an element of My, (R’). We have to show that
Mx, (R) # @. By propositions 2 and 1, it’s enough to show that o(X’) = 0. To this end, we'll use
the fact that the obstruction element is invariant under automorphisms of X’ to show that it must
equal 0 by symmetry.

Consider the inversion map X’ L XA general fact for abelian varieties is that
H?(Xo, Ox,) = H'(Xo, Ox,) AH' (X0, Ox, )
Therefore,
H2(Xo,0x,) ©1= (T, ® Tty ) ATy ve 8 Ttp o) ©1= (Txgv,e ATxve) © Ty e @1

By applying i, we multiply each of the first three elements by —1. So i ®id acts on H?(X,, Ox,)®
I as —1. However, by well definedness of o(X'), it is invariant under automorphisms of X’. There-
fore, after extending i to inversion on X', we get that o(X') = (i ® id)(0(X")) = —o(X).

If char(k) # 2 then o(X’) = 0 and we’re done.

For the char(k) = 2 case we have to be slightly more sneaky.

We start be defining P/ = X’ X Spec(R!) X' and Py = P’ X Spec(R!) Spec(k). P’ is an abelian
Spec(R’)-scheme and o(P’) € HZ(PO,QPO) ® L. There are two natural projections from Py =
Xo X Xp to Xp and these induce two injections

i1,i2 : H3(Xo,©x,) — H%(Py, Op, )

We now claim that o(P’) = 11(0(X’)) +12(0(X’)). Let {U’} be a covering of X’ such as we
used when constructing the obstruction element in the proof of proposition 1. Similarly, let {Z «}
be the lifts of the U’y-s and let copy, € Autp(Zalw, 4,/ R’) be the automorphisms defined in
the same proof. Recall that we identified o(X’) with cocycles {c «py) and that locally, addition in
HZ(Xo, ©x,) ® I corresponded to composition in the Autg(Zulyrr,, by’ R).

Now, we can form an open cover of P’ by taking products of pairs of elements in the cover of
X'. This gives us the open cover {U’ (4, o) = W Xspec(R/) U e, }- Furthermore, the Spec(R)-
scheme Z (4, ,o,) = Zog Xspec(R) Loy forms a lift of U’ (&,«,) and we can obtain the element

!
Clo,00) (B1B2) (v1.72) € AMRIZ (0,000 [W (o, 16150 0v1 700 R )

by composing ¢y, g,,y, X idandid X cq, g, ~,- This is exactly what we claimed.

We now define an additional Spec(R’)-automorphism a’ of P/ by a’(x,y) = (x +y,y).

As we’ve already mentioned in the chark # 2 case, in the construction of 0 we could have first
applied the automorphism a’ to P’ and by the well definedness of o(P’) we would have gotten
the the same obstruction element. By looking at the induced automorphism on H2 (P, Op,) ® 1
we get that

1(0(X) +12(0(X") = i1(0(X")) + i2(0(X")) +12(0(X"))
The explicit way to see this is to note that if o(X’) is the derivation D from Ox, to itself then
i1(0(X’)) +12(0(X’)) is the derivation f ® g — D(f) ® 1+ 1 ® D(g) from Ox, ® Ox, to itself. and

after composing with (') we getf®g—D(f)®1+1®D(g)+1®D(g).
Since we are in characteristic 2, we get that o(P’) = 11(o(X’)). Similarly, we get that o(P’) =
iz(0(X’)). By adding these together we get that 0 = 20(P’) = o(P’) as we wanted. O
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