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LOCAL COLLAPSING, ORBIFOLDS,
AND GEOMETRIZATION

Bruce Kleiner, John Lott

Abstract — This volume has two papers, which can be read separately. The first paper
concerns local collapsing in Riemannian geometry. We prove that a three-dimensional
compact Riemannian manifold which is locally collapsed, with respect to a lower
curvature bound, is a graph manifold. This theorem was stated by Perelman without
proof and was used in his proof of the geometrization conjecture. The second paper is
about the geometrization of orbifolds. A three-dimensional closed orientable orbifold,
which has no bad suborbifolds, is known to have a geometric decomposition from
work of Perelman in the manifold case, along with earlier work of Boileau-Leeb-Porti,
Boileau-Maillot-Porti, Boileau-Porti, Cooper-Hodgson-Kerckhoff and Thurston. We
give a new, logically independent, unified proof of the geometrization of orbifolds,
using Ricci flow.
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LOCALLY COLLAPSED 3-MANIFOLDS

by

Bruce Kleiner & John Lott

Abstract — We prove that a 3-dimensional compact Riemannian manifold which is
locally collapsed, with respect to a lower curvature bound, is a graph manifold. This
theorem was stated by Perelman and was used in his proof of the geometrization

conjecture.
Résumé —
1. Introduction
1.1. Overview. — In this paper we prove that a 3-dimensional Riemannian man-

ifold which is locally collapsed, with respect to a lower curvature bound, is a graph
manifold. This result was stated without proof by Perelman in [24, Theorem 7.4],
where it was used to show that certain collapsed manifolds arising in his proof of
the geometrization conjecture are graph manifolds. Our goal is to provide a proof
of Perelman’s collapsing theorem which is streamlined, self-contained and accessible.
Other proofs of Perelman’s theorem appear in [2, 5, 23, 30].

In the rest of this introduction we state the main result and describe some of the
issues involved in proving it. We then give an outline of the proof. We finish by
discussing the history of the problem.
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8 BRUCE KLEINER & JOHN LOTT

1.2. Statement of results. — We begin by defining an intrinsic local scale function
for a Riemannian manifold.

Definition 1.1 — Let M be a complete Riemannian manifold. Given p € M, the

curvature scale R, at p is defined as follows. If the connected component of M

containing p has nonnegative sectional curvature then R, = co. Otherwise, R, is the

(unique) number r > 0 such that the infimum of the sectional curvatures on B(p,r)
1

equals — 5.

We need one more definition.

Definition 1.2 — Let M be a compact orientable 3-manifold (possibly with bound-
ary). Give M an arbitrary Riemannian metric. We say that M is a graph manifold if
there is a finite disjoint collection of embedded 2-tori {T}} in the interior of M such
that each connected component of the metric closure of M — ;T 1s the total space
of a circle bundle over a surface (generally with boundary).

For simplicity, in this introduction we state the main theorem in the case of closed
manifolds. For the general case of manifolds with boundary, we refer the reader to
Theorem 16.1.

Theorem 1.3cf. [24, Theorem 7.4). — Let c3 denote the volume of the unit ball in R3
and let K > 10 be a fized integer. Fiz a function A : (0,00) — (0,00). Then there is
a wo € (0,c3) such that the following holds.

Suppose that (M, g) is a closed orientable Riemannian 3-manifold. Assume in
addition that for everyp € M,

(1) vol(B(p, Rp)) < woRy and

(2) For every w' € [wo,c3), k € [0,K], and r < R,, such that vol(B(p,r)) > w'r3,
the inequality

(1.4) |VFRm | < A(w') r~*+2)
holds in the ball B(p,r).
Then M is a graph manifold.

1.3. Motivation. — Theorem 1.3, or more precisely the version for manifolds with
boundary, is essentially the same as Perelman’s [24, Theorem 7.4]. Either result
can be used to complete the Ricci flow proof of Thurston’s geometrization conjec-
ture. We explain this in Section 17, following the presentation of Perelman’s work
in [21].

To give a brief explanation, let (M, g(-)) be a Ricci flow with surgery whose ini-
tial manifold is compact, orientable and three-dimensional. Put g(t) = @. Let
M; denote the time ¢ manifold. (If ¢ is a surgery time then we take M; to be the
postsurgery manifold.) For any w > 0, the Riemannian manifold (M, g(t)) has a
decomposition into a w-thick part and a w-thin part. (Here the terms “thick” and
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LOCALLY COLLAPSED 3-MANIFOLDS 9

“thin” are suggested by the Margulis thick-thin decomposition but the definition is
somewhat different. In the case of hyperbolic manifolds, the two notions are essen-
tially equivalent.) As t — oo, the w-thick part of (M, g(t)) approaches the w-thick
part of a complete finite-volume Riemannian manifold of constant curvature — %,
whose cusps (if any) are incompressible in M;. Theorem 1.3 implies that for large ¢,
the w-thin part of M; is a graph manifold. Since graph manifolds are known to have
a geometric decomposition in the sense of Thurston, this proves the geometrization
conjecture.

Independent of Ricci flow considerations, Theorem 1.3 fits into the program in
Riemannian geometry of understanding which manifolds can collapse. The main
geometric assumption in Theorem 1.3 is the first one, which is a local collapsing state-
ment, as we discuss in the next subsection. The second assumption of Theorem 1.3
is more technical in nature. In the application to the geometrization conjecture, the
validity of the second assumption essentially arises from the smoothing effect of the
Ricci flow equation.

In fact, Theorem 1.3 holds without the second assumption. In order to prove this
stronger result, one must use the highly nontrivial Stability Theorem of Perelman [19,
25]. As mentioned in [24], if one does make the second assumption then one can
effectively replace the Stability Theorem by standard C¥-convergence of Riemannian
manifolds. Our proof of Theorem 1.3 is set up so that it extends to a proof of
the stronger theorem, without the second assumption, provided that one invokes the
Stability Theorem in relevant places; see Sections 1.5.7 and 18.

1.4. Aspects of the proof. — The strategy in proving Theorem 1.3 is to first
understand the local geometry and topology of the manifold M. One then glues these
local descriptions together to give an explicit decomposition of M that shows it to be
a graph manifold. This strategy is common to [5, 23, 30] and the present paper. In
this subsection we describe the strategy in a bit more detail. Some of the new features
of the present paper will be described more fully in Subsection 1.5.

1.4.1. An example. — The following simple example gives a useful illustration of the
strategy of the proof.

Let P C H? be a compact convex polygonal domain in the two-dimensional hyper-
bolic space. Embedding H? in the four-dimensional hyperbolic space H?, let N4(P)
be the metric s-neighborhood around P in H*. Take M to be the boundary ON,(C).
If s is sufficiently small then one can check that the hypotheses of Theorem 1.3 are
satisfied.

Consider the structure of M when s is small. There is a region M?2-stratum Jving at
distance > const. s from the boundary 0P, which is the total space of a circle bundle.
At scale comparable to s, a suitable neighborhood of a point in M?2-stratum jg nearly
isometric to a product of a planar region with S'. There is also a region M°e® lying
at distance < const. s from an edge of P, but away from the vertices of P, which is
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10 BRUCE KLEINER & JOHN LOTT

the total space of a 2-disk bundle. At scale comparable to s, a suitable neighborhood
of a point in M®d8° is nearly isometric to the product of an interval with a 2-disk.
Finally, there is a region A/9-stratum ]ving at distance < const.s from the vertices
of P. A connected component of M?-stratum ig diffeomorphic to a 3-disk.

We can choose M Zstratum = jredge and Jro-stratum oo that there is a decomposition
M = MZFstratum  predge j prO-stratum with the property that on interfaces, fibration
structures are compatible. Now AMedee J Af0-stratum jg 5 finite union of 3-disks and
D? x I's, which is homeomorphic to a solid torus. Also, M?25tratum ig o circle bundle
over a 2-disk, i.e., another solid torus, and M2Zstratum jntergects Medse (y g0-stratum
in a 2-torus. So using this geometric decomposition, we recognize that M is a graph
manifold. (In this case M is obviously diffeomorphic to S, being the boundary of a
convex set in H*, and so it is a graph manifold; the point is that one can recognize
this using the geometric structure that comes from the local collapsing.)

1.4.2. Local collapsing. — The statement of Theorem 1.3 is in terms of a local lower
curvature bound, as evidenced by the appearance of the curvature scale R,,. Assump-
tion (1) of Theorem 1.3 can be considered to be a local collapsing statement. (This
is in contrast to a global collapsing condition, where one assumes that the sectional
curvatures are at least —1 and vol(B(p,1)) < € for every p € M.) To clarify the local
collapsing statement, we make one more definition.

Definition 1.5. — Let ¢35 denote the volume of the Euclidean unit ball in R®. Fix
w € (0,c3). Given p € M, the w-volume scale at p is

(1.6) rp(w) = inf {r >0 : vol(B(p,r)) = wr’}.
If there is no such r then we say that the w-volume scale is infinite.

There are two ways to look at hypothesis (1) of Theorem 1.3, at the curvature scale
or at the volume scale. Suppose first that we rescale the ball B(p, R,,) to have radius
one. Then the resulting ball will have sectional curvature bounded below by —1 and
volume bounded above by wg. As wg will be small, we can say that on the curva-
ture scale, the manifold is locally volume collapsed with respect to a lower curvature
bound. On the other hand, suppose that we rescale B(p,r,(wo)) to have radius one.
Let B'(p,1) denote the rescaled ball. Then vol(B'(p,1)) = wy. Hypothesis (1) of
Theorem 1.3 implies that there is a big number R so that the sectional curvature
on the radius R-ball B'(p,R) (in the rescaled manifold) is bounded below by —-5.
Using this, we deduce that on the volume scale, a large neighborhood of p is well
approximated by a large region in a complete nonnegatively curved 3-manifold IV,,.
This gives a local model for the geometry of M. Furthermore, if wq is small then we
can say that at the volume scale, the neighborhood of p is close in a coarse sense to
a space of dimension less than three.

In order to prove Theorem 1.3, one must first choose on which scale to work. We
could work on the curvature scale, or the volume scale, or some intermediate scale (as
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LOCALLY COLLAPSED 3-MANIFOLDS 11

is done in [5, 23, 30]). In this paper we will work consistently on the volume scale.
This gives a uniform and simplifying approach.

1.4.8. Local structure. — At the volume scale, the local geometry of M is well ap-
proximated by that of a nonnegatively curved 3-manifold. (That we get a 3-manifold
instead of a 3-dimensional Alexandrov space comes from the second assumption in
Theorem 1.3.) The topology of nonnegatively curved 3-manifolds is known in the
compact case by work of Hamilton [17, 18] and in the noncompact case by work of
Cheeger-Gromoll [7]. In the latter case, the geometry is also well understood. Some
relevant examples of such manifolds are:

(1) R? x S
(2) R x S?,

(3) R x X, where ¥ is a noncompact nonnegatively curved surface which is diffeo-
morphic to R? and has a cylindrical end, and

(4) R XZs 52.

If a neighborhood of a point p € M is modeled by R? x S! at the volume scale
then the length of the circle fiber is comparable to wy. Hence if wy is small then the
neighborhood looks almost like a 2-plane. Similarly, if the neighborhood is modeled
by R x S? then it looks almost like a line. On the other hand, if the neighborhood
is modeled by R x 3 then for small wq, the surface ¥ looks almost like a half-line
and the neighborhood looks almost like a half-plane. Finally, if the neighborhood is
modeled by R x7, S? then it looks almost like a half-line.

1.4.4. Gluing. — The remaining issue is use the local geometry to deduce the global
topology of M. This is a gluing issue, as the local models need to be glued together
to obtain global information.

One must determine which local models should be glued together. We do this by
means of a stratification of M. If p is a point in M then for k < 2, we say that p is a
k-stratum point if on the volume scale, a large ball around p approximately splits off
an RF-factor metrically, but not an R¥*!-factor.

For k € {1,2}, neighborhoods of the k-stratum points will glue together in order
to produce the total space of a fibration over a k-dimensional manifold. For example,
neighborhoods of the 2-stratum points will glue together to form a circle bundle over a
surface. Neighborhoods of the 0-stratum points play a somewhat different role. They
will be inserted as “plugs”; for example, neighborhoods of the exceptional fibers in a
Seifert fibration will arise in this way.

By considering how M is decomposed into these various subspaces that fiber, we
will be able to show that M is a graph manifold.

1.5. Outline of the proof. — We now indicate the overall structure of the proof
of Theorem 1.3. In this subsection we suppress parameters or denote them by const.
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12 BRUCE KLEINER & JOHN LOTT

In the paper we will use some minimal facts about pointed Gromov-Hausdorff con-
vergence and Alexandrov spaces, which are recalled in Section 3.

1.5.1. Modified volume scale. — The first step is to replace the volume scale by a
slight modification of it. The motivation for this step is the fluctuation of the volume
scale. Suppose that p and ¢ are points in overlapping local models. As these local
models are at the respective volume scales, there will be a problem in gluing the local
models together if r,(w) differs wildly from r, (). We need control on how the volume
scale fluctuates on a ball of the form B(p, const.r,(w)). We deal with this problem
by replacing the volume scale rp,(w) by a modified scale which has better properties.
We assign a scale t, to each point p € M such that:

(1) v, is much less than the curvature scale R,.
(2) The function p — t, is smooth and has Lipschitz constant A < 1.

(3) The ball B(p,t,) has volume lying in the interval [w't}, wtd], where w' < w
are suitably chosen constants lying in the interval [wy, c3].

The proof of the existence of the scale function p — t, follows readily from the
local collapsing assumption, the Bishop-Gromov volume comparison theorem, and an
argument similar to McShane’s extension theorem for real-valued Lipschitz functions;
see Section 6.

1.5.2. Implications of compactness. — Condition (1) above implies that the re-
scaled manifold %M , in the vicinity of p, has almost nonnegative curvature. Further-
more, condition (3) implies that it looks collapsed but not too collapsed, in the
sense that the volume of the unit ball around p in the rescaled manifold %M
is small but not too small. Thus by working at the scale t,, we are able to retain the
local collapsing assumption (in a somewhat weakened form) while gaining improved
behavior of the scale function.

Next, the bounds (1.4) extend to give bounds on the derivatives of the curvature
tensor of the form

(1.7) |IVERm| < A'(C,w')

for 0 < k < K, when restricted to balls B(p,C) in LM. Using (1.7) and stan-
P
dard compactness theorems for pointed Riemannian manifolds, we get:

(4) For every p € M, the rescaled pointed manifold (Tlp)M, p) is close in
the pointed C¥-topology to a pointed nonnegatively curved C*-smooth
Riemannian 3-manifold (N, *).

(5) For every p € M, the pointed manifold (%M , p) is close in the pointed
Gromov-Hausdorfl topology to a pointed nonnegatively curved Alexandrov

space (X,,*) of dimension at most 2.
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LOCALLY COLLAPSED 3-MANIFOLDS 13

1.5.8. Stratification. — The next step is to define a partition of M into k-stratum
points, for k € {0,1,2}. The partition is in terms of the number of R-factors that
approximately split off in (T;)M , p).

Let 0 < 81 < 2 be new parameters. Working at scale t,, we classify points in M

as follows (see Section T7):

— A point p € M lies in the 2-stratum if (T;)M, p) is B2-close to (R2,0) in the
pointed Gromov-Hausdorff topology.

— A point p € M lies in the l-stratum, if it does not lie in the 2-stratum,
but (%M, p) is Bi-close to (R x Y, (0, %y,)) in the pointed Gromov-Hausdorff
topology, where Y}, is a point, a circle, an interval or a half-line, and %y, is a
basepoint in Y.

— A point lies in the 0-stratum if it does not lie in the k-stratum for k € {1, 2}.

We now discuss the structure near points in the different strata in more detail,

describing the model spaces X,, and N,,.

2-stratum points (Section 8). — If 5 is small and p € M is a 2-stratum point then
X, is isometric to R?, while N,, is isometric to a product R? x S! where the S*
factor is small. Since the pointed rescaled manifold (%M , p) is close to (Np,x), we
can transfer the projection map N, ~ R? x S — R? to a map 7, defined on a large
ball B(p,C) C %M , where it defines a circle fibration.

1-stratum points (Sections 9 and 10). — If S; is small and p is a 1-stratum point
then X, = R x Y, where Y, is a point, a circle, an interval or a half-line. The
C¥_-smooth model space N, will be an isometric product R x Np, where Np is a
complete nonnegatively curved orientable surface. As in the 2-stratum case, we can
transfer the projection map N, ~ R x N, — R to a map 7, defined on a large ball
B(p,C) C iM, where it defines a submersion.

We further classify the 1-stratum points according to the diameter of the cross-
section Y},. If the diameter of Y, is not too large then we say that p lies in the slim
1-stratum. (The motivation for the terminology is that in this case (éM , p) appears
slim, being at moderate Gromov-Hausdorff distance from a line.) For slim 1-stratum
points, the cross-section Np is diffeomorphic to S? or T2. Moreover, in this case the
submersion 7, will be a fibration with fiber diffeomorphic to N,,.

We also distinguish another type of 1-stratum point, the edge points. A 1-stratum
point p is an edge point if (X,,*) = (R x Y}, x) can be taken to be pointed isometric
to a flat Euclidean half-plane whose basepoint lies on the edge. Roughly speaking,
we show that near p, the set E’ of edge points looks like a 1-dimensional manifold
at scale t,. Furthermore, there is a smooth function ng; which behaves like the
“distance to the edge” and which combines with 7, to yield “half-plane coordinates”
for éM near p. When restricted to an appropriate sublevel set of g/, the map n,
defines a fibration with fibers diffeomorphic to a compact surface with boundary F,.
Using the fact that for edge points N, = R x N, is Gromov-Hausdorff close to a
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14 BRUCE KLEINER & JOHN LOTT

half-plane, one sees that the pointed surface (N,, ) is Gromov-Hausdorff close to a
pointed ray ([0,00),*). This allows one to conclude that F), is diffeomorphic to a
closed 2-disk.

0-stratum points (Section 11). — We know by (4) that if p is a O-stratum point, then
(%M, p) is C¥-close to a nonnegatively curved C¥-smooth 3-manifold N,. The idea
for analyzing the structure of M near a O-stratum point p is to use the fact that
nonnegatively curved manifolds look asymptotically like cones, and are diffeomorphic
to any sufficiently large ball in them (centered at a fixed basepoint). More precisely,
we find a scale ) with v, <) < const.t, so that:

— The pointed rescaled manifold (T%M,p) is close in the C®-topology to a

C%-smooth nonnegatively curved 3-manifold (N ).

~ The distance function d, in 4 M has no critical points in the metric annulus

A(p, 75,10) = B(p,10) — B(p,p%), and B(p,1) C 757 M is diffeomorphic to N
The pointed space (T%M , p) is close in the pointed Gromov-Hausdorff topology to
a Euclidean cone (in"fact the Tits cone of Np).

- NZ’) has at most one end.

The proof of the existence of the scale 7‘2 is based on the fact that nonnega-

tively curved manifolds are asymptotically conical, the critical point theory of
Grove-Shiohama [16], and a compactness argument. Using the approximately conical
structure, one obtains a smooth function 7, on T%M which, when restricted to
the metric annulus A(p, %, 10) C T%M , behaves like the radial function on a cone.
In particular, for ¢ € [, 10], the sublevel sets n, [0,t) are diffeomorphic to N.

The soul theorem [7], together with Hamilton’s classification of closed nonnega-
tively curved 3-manifolds [17, 18], implies that N, is diffeomorphic to one of the
following: a manifold W/T' where W is either S®, S? x S* or T® equipped with a
standard Riemannian metric and T is a finite group of isometries; S* x R?; $% x R,
T? x R; or a twisted line bundle over RP? or the Klein bottle. Thus we know the
possibilities for the topology of B(p,1) C éM

1.5.4. Compatibility of the local structures. — Having determined the local structure
of M near each point, we examine how these local structures fit together on their
overlap. For example, consider the slim 1-stratum points corresponding to an S2-fiber.
A neighborhood of the set of such points looks like a union of cylindrical regions. If
the axes of overlapping cylinders are very well-aligned then the process of gluing them
together will be simplified. It turns out that such compatibility is automatic from our
choice of stratification.

To see this, suppose that p,q € M are 2-stratum points with B(p, const.t,) N
B(q,const.vy) # &. Then provided that A is small, we know that t, =~ v,. Suppose
now that 2z € B(p, const.t,) N B(g, const.t,). We have two R2-factors at z, coming
from the approximate splittings at p and ¢. If the parameter 5 is small then these
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LOCALLY COLLAPSED 3-MANIFOLDS 15

R2-factors must align well at z. If not then we would get two misaligned R?-factors
at p, which would generate an approximate R3-factor at p, contradicting the local
collapsing assumption. Hence the maps 7, and n,, which arose from approximate
R2-splittings, are nearly “aligned” with each other on their overlap, so that 7, and 7,
are affine functions of each other, up to arbitrarily small C'-error.

Now fix 2. Let p,q € M be l-stratum points. At any z € B(p,const.t,) N
B(q, const. vy), there are two R-factors, coming from the approximate R-splittings at
p and q. If 87 is small then these two R-factors must align well at z, or else we would
get two misaligned R-factors at p, contradicting the fact that p is not a 2-stratum
point. Hence the functions 7, and 7, are also affine functions of each other, up to
arbitrarily small C'-error.

One gets additional compatibility properties for pairs of points of different
types. For example, if p lies in the O-stratum and ¢ € A(p, %, 10) C %M belongs to
the 2-stratum then the radial function 7,, when appropriately rescaled, agrees with
an affine function of 7, in B(g, 10) C %M up to small C'-error.

1.5.5. Gluing the local pieces together (Sections 12-14). — To begin the gluing pro-
cess, we select a separated collection of points of each type in M: {p;}ticls crnoum s
{Pitielamy 1Pitielage {Pi}ielo carum» 5O that

~ Uie tyonnin, B(pi,const.ty,) covers the 2-stratum points,

_ Uie LtimUlLeage B(pi, const. tpi) covers the 1-stratum points, and

~ Ui e 1osiin, B(pi,const.r) ) covers the O-stratum points.

Our next objective is to combine the 7,,’s so as to define global fibrations for each
of the different types of points, and ensure that these fibrations are compatible on
overlaps. To do this, we borrow an idea from the proof of the Whitney embedding
theorem (as well as proofs of Gromov’s compactness theorem [14, Chapter 8.D], [20]):
we define a smooth map £° : M — H into a high-dimensional Euclidean space H.
The components of £° are functions of the 7,,’s, the edge function 1z, and the scale
function p +— t,, cutoff appropriately so that they define global smooth functions.

Due to the pairwise compatibility of the 7,,’s discussed above, it turns out that
the image under €° of {J, ., . B(pj,const.ty,) is a subset S C H which, when
viewed at the right scale, is everywhere locally close (in the pointed Hausdorff sense)
to a 2-dimensional affine subspace. We call such a set a cloudy 2-manifold. By
an elementary argument, we show in Appendix B that a cloudy manifold of any
dimension can be approximated by a core manifold W whose normal injectivity radius
is controlled.

We adjust the map £ by “pinching” it into the manifold core of S, thereby up-
grading £° to a new map £ which is a circle fibration near the 2-stratum. The new
map £! is C'l-close to £°. We then perform similar adjustments near the edge points
and slim 1-stratum points, to obtain a map £ : M — H which yields fibrations when
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16 BRUCE KLEINER & JOHN LOTT

restricted to certain regions in M, see Section 13. For example, we obtain

— A D2?-fibration of a region of M near the edge set E’,

— 82 or T?-fibrations of a region containing the slim stratum, and

— A surface fibration collaring (the boundary of) the region near O-stratum points.
Furthermore, it is a feature built into the construction that where the fibered regions
overlap, they do so in surfaces with boundary along which the two fibrations are
compatible. For instance, the interface between the edge fibration and the 2-stratum
fibration is a surface which inherits the same circle fibration from the edge fibration
and the 2-stratum fibration. Similarly, the interface between the 2-stratum fibration
and the slim 1-stratum fibration is a surface with boundary which inherits a circle
fibration from the 2-stratum. See Proposition 14.1 for the properties of the fibrations.

1.5.6. Recognizing the graph manifold structure (Section 15). — At this stage of the
argument, one has a decomposition of M into domains with disjoint interiors, where
each domain is a compact 3-manifold with corners carrying a fibration of a specific
kind, with compatibility of fibrations on overlaps. Using the topological classification
of the fibers and the O-stratum domains, one readily reads off the graph manifold
structure. This completes the proof of Theorem 1.3.

1.5.7. Removing the bounds on derivatives of curvature (Section 18). — The proof
of Theorem 1.3 uses the derivative bounds (1.4) only for C¥-precompactness results.
In turn these are essentially used only to determine the topology of the O-stratum
balls and the fibers of the edge fibration. Without the derivative bounds (1.4), one
can appeal to similar compactness arguments. However, one ends up with a sequence
of pointed Riemannian manifolds {(Mj, %)} which converge in the pointed Gromov-
Hausdorff topology to a pointed 3-dimensional nonnegatively curved Alexandrov space
(Moo, *o0), Tather than having C¥-convergence to a C*¥-smooth limit. By invoking
Perelman’s Stability Theorem [19, 25], one can relate the topology of the limit space
to those of the approximators. The only remaining step is to determine the topology
of the nonnegatively curved Alexandrov spaces that arise as limits in this fashion.
In the case of noncompact limits, this was done by Shioya-Yamaguchi [30]. In the
compact case, it follows from Simon [31] or, alternatively, from the Ricci flow proof of
the elliptization conjecture (using the finite time extinction results of Perelman and
Colding-Minicozzi). For more details, we refer the reader to Section 18.

1.5.8. What’s new in this paper. — The proofs of the collapsing theorems in [2, 5,
23, 29, 30], as well as the proof in this paper, all begin by comparing the local
geometry at a certain scale with the geometry of a nonnegatively curved manifold,
and then use this structure to deduce that one has a graph manifold. The paper [2]
follows a rather different line from the other proofs, in that it uses the least amount of
the information available from the nonnegatively curved models, and proceeds with
a covering argument based on the theory of simplicial volume, as well as Thurston’s
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proof of the geometrization theorem for Haken manifolds. The papers [5, 23, 29, 30]
and this paper have a common overall strategy, which is to use more of the theory
of manifolds with nonnegative sectional curvature — Cheeger-Gromoll theory [7] and
critical point theory [16] — to obtain a more refined version of the local models. Then
the local models are spliced together to obtain a decomposition of the manifold into
fibered regions from which one can recognize a graph manifold.

Overall, our proof uses a minimum of material beyond the theory of nonnegatively
curved manifolds. It is essentially elementary in flavor. We now comment on some
specific new points in our approach.

The scale function t,. — The existence of a scale function v, with the properties
indicated in Section 1.5.2 makes it apparent that the theory of local collapsing is, at
least philosophically, no different than the global version of collapsing.

We work consistently at the scale v,, which streamlines the argument. In par-
ticular, the structure theory of Alexandrov spaces, which enters if one works at the
curvature scale, is largely eliminated. Also, in the selection argument, one considers
ball covers where the radii are linked to the scale function t, so one easily obtains
bounds on the intersection multiplicity from the fact that the radii of intersecting
balls are comparable (when the scale function p — t, has small Lipschitz constant).
The technique of constructing a scale function with small Lipschitz constant could
help in other geometric gluing problems.

The stratification. — Stratifications have a long history in geometric analysis, espe-
cially for singular spaces such as convex sets, minimal varieties, Alexandrov spaces,
and Ricci limit spaces, where one typically looks at the number of R-factors that split
off in a tangent cone. The particular stratification that we use, based on the number
of R-factors that approximately split off in a manifold, was not used in collapsing
theory before, to our knowledge. Its implications for achieving alignment may be
useful in other settings.

The gluing procedure. — Passing from local models to global fibrations involves some
kind of gluing process. Complications arise from the fact one has to construct a global
base space for the fibration at the same time as one glues together the fibration maps;
in addition, one has to make the fibrations from the different strata compatible. The
most obvious approach is to add fibration patches inductively, by using small isotopies
and the fact that on overlaps, the fibration maps are nearly affinely equivalent. Then
one must perform further isotopies to make fibrations from the different strata com-
patible with one another. We find the gluing procedure used here to be more elegant;
moreover, it produces fibrations which are automatically compatible.

Embeddings into a Euclidean space were used before to construct fibrations in a
collapsing setting [12]. However, there is the important difference that in the earlier
work the base of the fibration was already specified, and this base was embedded into
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a FEuclidean space. In contrast, in the present paper we must produce the base at the
same time as the fibrations, so we produce it as a submanifold of the Euclidean space.

Cloudy manifolds. — The notion of cloudy manifolds, and the proof that they have a
good manifold core, may be of independent interest. Cloudy manifolds are similar to
objects that have been encountered before, in the work of Reifenberg [28] in geometric
measure theory and also in [27]. However the clean elementary argument for the
existence of a smooth core given in Appendix B, using the universal bundle and
transversality, seems to be new.

1.5.9. A sketch of the history. — The theory of collapsing was first developed by
Cheeger and Gromov [8, 9], assuming both upper and lower bounds on sectional cur-
vature. Their work characterized the degeneration that can occur when one drops the
injectivity radius bound in Gromov’s compactness theorem, generalizing Gromov’s
theorem on almost flat manifolds [13]. The corresponding local collapsing structure
was used by Anderson and Cheeger-Tian in work on Einstein manifolds [1, 10]. As
far as we know, the first results on collapsing with a lower curvature bound were an-
nounced by Perelman in the early 90’s, as an application of the theory of Alexandrov
spaces, in particular his Stability Theorem from [25] (see also [19]); however, these
results were never published. Yamaguchi [33] established a fibration theorem for
manifolds close to Riemannian manifolds, under a lower curvature bound. Shioya-
Yamaguchi [29] studied collapsed 3-manifolds with a diameter bound and showed
that they are graph manifolds, apart from an exceptional case. In [24], Perelman for-
mulated without proof a theorem equivalent to our Theorem 1.3. A short time later,
Shioya-Yamaguchi [30] proved that — apart from an exceptional case — sufficiently col-
lapsed 3-manifolds are graph manifolds, this time without assuming a diameter bound.
This result (or rather the localized version they discuss in their appendix) may be used
in lieu of [24, Theorem 7.4] to complete the proof of the geometrization conjecture.
Subsequently, Bessieres-Besson-Boileau-Maillot-Porti [2] gave a different approach to
the last part of the proof of the geometrization conjecture, which involves collapsing
as well as refined results from 3-dimensional topology. Morgan-Tian [23] gave a proof
of Perelman’s collapsing result along the lines of Shioya-Yamaguchi [30]. We also
mention the paper [CG] by Cao-Ge which relies on more sophisticated Alexandrov
space results.

Acknowledgements. — We thank Peter Scott for some references to the 3-manifold
literature.

2. Notation and conventions

2.1. Parameters and constraints. — The rest of the paper develops a lengthy
construction, many steps of which generate new constants; we will refer to these as
parameters. Although the parameters remain fixed after being introduced, one should
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view different sets of parameter values as defining different potential instances of the
construction. This is necessary, because several arguments involve consideration of
sequences of values for certain parameters, which one should associate with a sequence
of distinct instances of the construction.

Many steps of the argument assert that certain statements hold provided that
certain constraints on the parameters are satisfied. By convention, each time we
refer to such a constraint, we will assume for the remainder of the paper that the
inequalities in question are satisfied. Constraint functions will be denoted with a bar,
e.9., Br < Bgr(B1,0) means that Bg € (0,00) satisfies an upper bound which is a
function of 1 and o. By convention, all constraint functions take values in (0, 00).

At the end of the proof of Theorem 1.3, we will verify that the constraints on
the various parameters can be imposed consistently. Fortunately, we do not have to
carefully adjust each parameter in terms of the others; the constraints are rather of
the form that one parameter is sufficiently small (or large) in terms of some others.
Hence the only issue is the order in which the parameters are considered.

We follow Perelman’s convention that a condition like @ > 0 means that a should
be considered to be a small parameter, while a condition like A < oo means that A
should be considered to be a large parameter. This convention is only for expository
purposes and may be ignored by a logically minded reader.

2.2. Notation. — We will use the following compact notation for cutoff func-
tions with prescribed support. Let ¢ € C°°(R) be a nonincreasing function so
that ¢\<_oo,0] =1, ¢y[lm) =0 and ¢((0,1)) C (0,1). Given a,b € R with a < b,
we define ®,;, € C°(R) by

(2.1) D, p(x) = Ppla+ (b—a)x),

so that ®a1b|(foo o = 1 and (I)a,b‘[b 00) = 0. Given a,b,c,d € R with a < b < ¢ < d,
we define @ 5 cq € C°(R) by

(2.2) Do pc,a(t) = d_p,—a(—1) e,a(),

so that (I)a,b,c,d‘( = 0, (I)a,b,c,d‘[b7c] =1 and (I)U«,b707d’[d,oo) =0.

—OO,(I]

If X is a metric space and 0 < r < R then the annulus A(z,r, R) is B(z, R) —
B(z,r). The dimension of a metric space will always mean the Hausdorff dimension.
For notation, if C' is a metric cone with basepoint at the vertex x then we will some-
times just write C' for the pointed metric space (C,*). (Recall that a metric cone is
a pointed metric space (Z,*), which is a union of rays leaving the basepoint *, such
that the union of any two such rays is isometric to the union of two rays leaving the
origin in R2.)

If Y is a subset of X and ¢ : Y — (0, 00) is a function then we write N;(Y") for the
neighborhood of Y with variable thickness t: Ny(Y) = U,y B(y,t(y))-
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If (X, d) is a metric space and A > 0 then we write AX for the metric space (X, Ad).
For notational simplicity, we write B(p,r) C AX to denote the r-ball around p in the
metric space \X.

Throughout the paper, a product of metric spaces X7 x X5 will be endowed with the
distance function given by the Pythagorean formula, i.e., if (21, 22), (y1,y2) € X1 X X5
then dx, xx,((z1,22), (y1,y2)) = Vd%k, (x1,51) + d%, (22, v2).

2.3. Variables. — For the reader’s convenience, we tabulate the variables in this
paper, listed by the section in which they first appear.

Section 1.2: R,

Section 1.4.2: 7,(-)

Section 6: A, o, v, W, W’

Section 7.2: B, B2, B3, A

Section 8.1: Gogratum, 7p and ¢, (for 2-stratum points)

Section 8.2: M

Section 9.1: Bg, og, BE, o

Section 9.2: dg, pr/, SEr

Section 9.3: Gedge; 1p and ¢, (for edge points)

Section 9.6: Cedges Cr

Section 10.1: Gjim, 7 and ¢, (for slim 1-stratum points)

Section 11.1: Yy, Y, do, 7‘2

Section 11.2: Go_gratum, Mp and ¢, (for O-stratum points)

Section 12.1: H, H;, H!, H!, Ho stratums Hslim, Hedge, Ho-stratum, @1, Q2, Q3, Qu,
m, T

Section 12.2: Q

Section 12.3: Al, gl, Sl, §1, Ql, Fl, 21, 1, Ql

Section 12.4: Ag, gg, SQ, §2, QQ, FQ, 22, T2, Qg

Section 12.5: A3, 23, Sg, §3, Qg, Fg, 23, T3, Q3

Section 13: Cagjust

Section 13.2: WP, 2y, by, ¥y, Qf, €L, costratum

Section 13.3: W3, Za, 19, Wa, Qf, 2, Codge

Section 13.4: W9, =3, 3, W3, Q%, E3, colim

Section 13.5: Wy, Wy, W3

Section 14.1: MO-stratum = p 1,

Section 14.2: W3, U5, W4, M= M,

Section 14.3: W}, U}, W4, Med&e, My

Section 14.4: W, U{, W', M*stratum

Section 15: 75, Hy, M?

Appendix B: S, S, r(-), W

L
1

0
Tij s ﬂ-HI(v TrHl{’v &
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3. Preliminaries

We refer to [3] for basics about length spaces and Alexandrov spaces.

3.1. Pointed Gromov-Hausdorff approximations

Definition 3.1 — Let (X, *x) be a pointed metric space. Given d € [0, 00), two closed
subspaces C7 and Cy are d-close in the pointed Hausdorff sense if C1 N B(xx,0~ 1)
and Co N B(xx,0~1) have Hausdorff distance at most .

If X is complete and proper (i.e., closed bounded sets are compact) then the
corresponding pointed Hausdorff topology, on the set of closed subspaces of X, is
compact and metrizable.

We now recall some definitions and basic results about the pointed Gromov-
Hausdorff topology [3, Chapter 8.1].

Definition 3.2 — Let (X, *x) and (Y, xy) be pointed metric spaces. Given ¢ € [0, 1),
a pointed map f : (X,xx) = (Y, *y) is a §-Gromov-Hausdorff approximation if for
every x1,72 € B(xx,07!) and y € B(xy,d6~ ! — §), we have

(33)  ldy(f(z1), f(22)) = dx(21,22)| <6 and dy(y, f(B(xx,67"))) < 4.

Two pointed metric spaces (X, xx) and (Y, xy) are d-close in the pointed Gromov-
Hausdorff topology (or d-close for short) if there is a J-Gromov-Hausdorff approx-
imation from (X,xx) to (Y, *y). We note that this does not define a metric space
structure on the set of pointed metric spaces, but nevertheless defines a topology which
happens to be metrizable. A sequence {(X;,*;)}:2; of pointed metric spaces Gromov-
Hausdorff converges to (Y,xy) if there is a sequence {f; : (X;,*x,) = (Y, *y)}52,
of ¢;-Gromov-Hausdorff approximations, where §; — 0. We will denote this by
(Xia *Xz)G—%I(K *Y)'

Note that a §-Gromov-Hausdorff approximation is a ¢’-Gromov-Hausdorff approx-
imation for every 6’ > 4. A §-Gromov-Hausdorff approximation f has a quasi-
inverse [ : (Y,%y) — (X, *x) constructed by saying that for y € B(xy,8* — §), we
choose some z € B(xx,0™ 1) with dy (y, f(x)) < 6 and put f(y) = . There is a func-
tion ¢’ = ¢'(9) > 0 with lims_,o 0’ = 0 so that if f is a 6-Gromov-Hausdorff approxima-
tion then fis a 8’-Gromov-Hausdorff approximation and fo f (resp. f Of) is &’-close to
the identity on B(xx, (')1) (resp. B(xy,(6')~1)). The condition (X;, xx,) S5 (Y, *y)
is equivalent to the existence of a sequence {f; : (Y,*y) — (Xi, *x,)}2; (note
the reversal of domain and target) of §;-Gromov-Hausdorff approximations, where
61' — 0.

The relation of being d-close is not symmetric. However, this does not create a
problem because only the associated notion of convergence (i.e., the topology) plays
a role in our discussion.
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The pointed Gromov-Hausdorff topology is a complete metrizable topology on the
set of complete proper metric spaces (taken modulo pointed isometry). Hence we can
talk about two such metric spaces being having distance at most § from each other.
There is a well-known criterion for a set of pointed metric spaces to be precompact in
the pointed Gromov-Hausdorff topology [3, Theorem 8.1.10]. Complete proper length
spaces, which are the main interest of this paper, form a closed subset of the set of
complete proper metric spaces.

3.2. CX-convergence

Definition 3.4. — Given K € Z™T, let (My,%ps,) and (Ma,*ps,) be complete pointed
CK_smooth Riemannian manifolds. (That is, the manifold transition maps are
CE+1 and the metric in local coordinates is CX). Given § € [0,00), a pointed
CE+lsmooth map f : (My,*a,) — (Ma,*ar,) is a §-CE approzimation if it is a
5-Gromov-Hausdorff approximation and the C¥-norm of f*gar, — gar,, computed
on B(xpr,,071), is bounded above by 6. Two C¥-smooth Riemannian manifolds
(My,*pr,) and (Ma, xpr,) are 6-CE close if there is a §-C% approximation from
(M17*M1) to (MQ,*M2).

In what follows, we will always take K > 10. We now state a C*-precompactness
result.

Lemma 3.5(cf. [26, Chapter 1Q). — Given v,r > 0, n € Z* and a function A :
(0,00) — (0,00), the set of complete pointed CE+2-smooth n-dimensional Rieman-
nian manifolds (M, *pr) such that

(1) vol(B(*p,7)) > v and
(2) |[VFRm| < A(R) on B(*u, R), for all 0 < k < K and R > 0,
is precompact in the pointed C¥ -topology.

The bounds on the derivatives of curvature in Lemma 3.5 give uniform
CH+lbounds on the Riemannian metric in harmonic coordinates. One then
obtains limit metrics which are C*-smooth. One can get improved regularity but we
will not need it.

3.3. Alexandrov spaces. — Recall that there is a notion of an Alexandrov space
of curvature at least ¢, or equivalently a complete length space X having curvature
bounded below by ¢ € R on an open set U C X [3, Chapter 4]. In this paper we will
only be concerned with Alexandrov spaces of finite Hausdorff dimension, so this will
be assumed implicitly without further mention.

We will also have occasion to work with incomplete, but locally complete spaces.
This situation typically arises when one has a metric space X where X = B(p,r),
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and every closed ball B(p,r’) with 7/ < r is complete. The version of Toponogov’s
theorem for Alexandrov spaces [3, Chapter 10.3], in which one deduces global trian-
gle comparison inequality from local ones, also applies in the incomplete situation,
provided that the geodesics arising in the proof lie in an a priori complete part of the
space. In particular, if all sides of a geodesic triangle have length < D then triangle
comparison is valid provided that the closed balls of radius 2D centered at the vertices
are complete.
We recall the notion of a strainer (cf. [3, Definition 10.8.9]).

Definition 3.6. — Given a point p in an Alexandrov space X of curvature at least c,
an m-strainer at p of quality 6 and scale r is a collection {(a;, b;) }™, of pairs of points
such that d(p,a;) = d(p,b;) = r and in terms of comparison angles,

(3.7) Zplai,by) > — 0,
Zp(ai,aj) > g -0,
7o(a;,b;) > g -,
7, (bi,b;) > g )

for all 4,5 € {1,...,m}, i # j. Note that the comparison angles are defined using
comparison triangles in the model space of constant curvature c.

For facts about strainers, we refer to [3, Chapter 10.8.2]. The Hausdorf{f dimension
of X equals its strainer number, which is defined as follows.

Definition 3.8 — The strainer number of X is the supremum of numbers m such that
there exists an m-strainer of quality ﬁ at some point and some scale.

By “dimension of X” we will mean the Hausdorff dimension; this coincides with
its topological dimension, although we will not need this fact. If (X, *x) is a pointed
nonnegatively curved Alexandrov space then there is a pointed Gromov-Hausdorff
limit Cr X = lim)_ oo (%X, *X) called the Tits cone of X. It is a nonnegatively
curved Alexandrov space which is a metric cone, as defined in Subsection 2.2. We will
consider Tits cones in the special case when X is a nonnegatively curved Riemannian
manifold.

A line in a length space X is a curve v : R — X with the property that
dx (y(t),y({t")) = [t —¢| for all t,t' € R. The splitting theorem (see [3, Chapter 10.5])
says that if a nonnegatively curved Alexandrov space X contains a line then it is
isometric to R x Y for some nonnegatively curved Alexandrov space Y.
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If v : [0,7] — X is a minimal geodesic in an Alexandrov space X, parametrized
by arc-length, and p # v(0) is a point in X then the function ¢ — d,(v(¢)) is right-
differentiable and

dy(y(t)) — dp(~v(0
59) L A1) — dy(3(0))

t—0+ t

= —cosf,

where 0 is the minimal angle between + and minimizing geodesics from ~(0) to p
[3, Corollary 4.5.7].
The proof of the next lemma is similar to that of [3, Theorem 10.7.2].

Lemma3.10 — Given n € Z*, let {(X;,*x,)}2, be a sequence of complete pointed
length spaces. Suppose that ¢; — 0 and r; — oo are positive sequences such that for
each i, the ball B(*x,,r;) has curvature bounded below by —c¢; and dimension bounded
above by n. Then a subsequence of the (X;,xx,)’s converges in the pointed Gromov-
Hausdorff topology to a pointed nonnegatively curved Alexandrov space of dimension
at most n.

3.4. Critical point theory. — We recall a few facts about critical point theory
here, and refer the reader to [6, 16] for more information.

If M is a complete Riemannian manifold and p € M, then a point = € M \ {p}
is moncritical if there is a nonzero vector v € T, M making an angle strictly larger
than 5 with the initial velocity of every minimizing segment from x to p. If there are
no critical points in the set d, ' (a,b) then the level sets {d, " (t)}1c(a,p), are pairwise
isotopic Lipschitz hypersurfaces, and d,, L(a, b) is diffeomorphic to a product, as in the
usual Morse lemma for smooth functions. As with the traditional Morse lemma, the
proof proceeds by constructing a smooth vector field £ such that d, has uniformly
positive directional derivative in the direction &.

3.5. Topology of nonnegatively curved 3-manifolds. — In this subsection
we describe the topology of certain nonnegatively curved manifolds. We start with
3-manifolds.

Lemma3.11 — Let M be a complete connected orientable 3-dimensional C* -smooth
Riemannian manifold with nonnegative sectional curvature. We have the following
classification of the diffeomorphism type of M, based on the number of ends :

— 0 ends: St x S?, St xz, S? = RP3#RP3, T3/T (where T is a finite subgroup
of Isom™ (T3 which acts freely on T3) or S3/T (where T is a finite subgroup
of SO(4) that acts freely on S3).

~ 1 end: R?, St x R?, §? xz, R=RP3 — B3 or T? xz, R = a flat R-bundle over
the Klein bottle.

~ 2 ends: SZ xR or T? x R.

If M has two ends then it splits off an R-factor isometrically.

ASTERISQUE 777



LOCALLY COLLAPSED 3-MANIFOLDS 25

Proof. — If M has no end then it is compact and the result follows for C'°°-metrics
from [18]. For C¥-smooth metrics, one could adapt the argument in [18] or alterna-
tively use [31].

If M is noncompact then the Cheeger-Gromoll soul theorem says that M is diffeo-
morphic to the total space of a vector bundle over its soul, a closed lower-dimensional
manifold with nonnegative sectional curvature [7]. (The proof in [7], which is for
C>-metrics, goes through without change for C*-smooth metrics.) The possible di-
mensions of the soul are 0, 1 and 2. The possible topologies of M are listed in the
lemma.

If M has two ends then it contains a line and the Toponogov splitting theorem
implies that M splits off an R-factor isometrically. O

We now look at a pointed nonnegatively curved surface and describe the topology
of a ball in it which is pointed Gromov-Hausdorff close to an interval.

Lemma 3.12 — Suppose that (S,*s) is a pointed CX-smooth nonnegatively curved
complete orientable Riemannian 2-manifold. Let xg € S be a basepoint and suppose
that the pointed ball (B(*s,10),%s) has pointed Gromov-Hausdorff distance at most
0 from the pointed interval ([0,10],0).

(1) Given 6 > 0 there is some 0(0) > 0 so that if § < 6(0) then for every
x € B(xg,9) — B(*g,1) the set V, of initial velocities of minimizing geodesic
segments from x to xg has diameter bounded above by 6.

(2) There is some 6 > 0 so that if § < § then for every r € [1,9] the ball B(xs,r)
is homeomorphic to a closed 2-disk.

Proof

(1). Choose a point 2’ with dg(xg,2’) = 9.5. Fix a minimizing geodesic v/ from
to ' and a minimizing geodesic 7" from xg to z’. If 7 is a minimizing geodesic from
*g to x, consider the geodesic triangle with edges v, v/ and 7”. As

(3.13) d(xs,z) + d(z,2") — d(xs,z") < const. d,

triangle comparison implies that the angle at z between v and ~' is bounded below
by m — a(d), where a is a positive monotonic function with lims_,g a(d) = 0. We take
4 so that 2a(d) < 6.

(2). Suppose that § < 6(%). By critical point theory, the distance function d, :
A(*s,1,9) — [1,9] is a fibration with fibers diffeomorphic to a disjoint union of circles.
In particular, the closed balls B(xg,r), for r € [1,9], are pairwise homeomorphic.
When § < 1, the fibers will be connected, since the diameter of d;}(5) will be
comparable to 6. Hence B(*g, 1) is homeomorphic to a surface with circle boundary.

Suppose that B(*g,1) is not homeomorphic to a disk. A complete connected
orientable nonnegatively curved surface is homeomorphic to S2, T2, R?, or S' x R.

By elementary topology, the only possibility is if S is homeomorphic to a 2-torus,
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B(xg,1) is homeomorphic to the complement of a 2-ball in S, and S — B(*g,2) is

homeomorphic to a disk. In this case, S must be flat. However, the cylinder A(xg,1,2)

lifts to the universal cover of S, which is isometric to the flat R?. If § is sufficiently
1

small then the flat R? would contain a metric ball of radius 75 Which is Gromov-

Hausdorff close to an interval, giving a contradiction. O

3.6. Smoothing Lipschitz functions. — The technique of smoothing Lipschitz
functions was introduced in Riemannian geometry by Grove and Shiohama [16].

If M is a Riemannian manifold and F' is a Lipschitz function on M then the
generalized gradient of F' at m € M can be defined as follows. Given € € (0,InjRad,, ),
if x € B(m,e) is a point of differentiability of F' then compute V,F € T,M and
parallel transport it along the minimizing geodesic to m. Take the closed convex hull
of the vectors so obtained and then take the intersection as e — 0. This gives a closed
convex subset of Ty, M, which is the generalized gradient of F at m [11]; we will
denote this set by V& F. The union (J,,c,, V&"F C TM will be denoted V& F.

Lemma 3.14 — Let M be a complete Riemannian manifold and let w: TM — M be
the projection map. Suppose that U C M is an open set, C C U is a compact subset
and S is an open fiberwise-convex subset of 7 1(U).

Then for every € > 0 and any Lipschitz function F' : M — R whose generalized
gradient over U lies in S, there is a Lipschitz function F: M — R such that:

(1) F is C* on an open set containing C.

(2) The generalized gradient of 13, over U, lies in S. (In particular, at every point
in U where F is differentiable, the gradient lies in S.)

(3) |[F = Floo <.

(4) F}MfU = F}M—U'

The proof of Lemma 3.14 proceeds by mollifying the Lipschitz function F, as
in [16, Section 2]. We omit the details.

Corollary 3.15 — Suppose that M is a compact Riemannian manifold. Given K < oo
and € > 0, for any K -Lipschitz function F on M there is a (K + ¢€)-Lipschitz function
F € C°(M) with |F — F|s <.
Proof. — Apply Lemma 3.14 withC =U = M,and S = {v € TM : |v| < K+e}. O
Corollary 3.16 — For all € > 0 there is a 6 > 0 with the following property.

Let M be a complete Riemannian manifold, let Y C M be a closed subset and let
dy : M — R be the distance function from Y. Givenp € M =Y, let V,, C T,M

be the set of initial velocities of minimizing geodesics from p to Y. Suppose that
U C M-Y is an open subset such that for allp € U, one has diam(V,) < 6. Let C be a
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compact subset of U. Then for every €1 > 0 there is a Lipschitz function F:M—>R
such that

(1
(2
(3
(
(

F is smooth on a neighborhood of C'.
|F = dy|lse < €1.

ﬁ|]\4—U = dY|M—U'

For every p € C, the angle between —(VF)(p) and Vp is at most €.

—_ — — ~—

4
5) F — dy is e-Lipschitz.

Proof. — First, note that if p € M — Y is a point of differentiability of the distance
function dy then V,dy = —V,. Also, the assignment z — V, is semicontinuous in
the sense that if {x,}7°, is a sequence of points converging to x then by parallel
transporting V;, radially to the fiber over x, we obtain a sequence {V,, }2, C T, M
which accumulates on a subset of V,.. It follows that the generalized derivative of dy
at any point p € M — Y is precisely —Hull(V},), where Hull(V},) denotes the convex
hull of V,.

Put 8" = |J,ey Hull(=V}). Then S” is a relatively closed fiberwise-convex subset
of #71(U), with fibers of diameter less than #. We can fatten S’ slightly to form an
open fiberwise-convex set S C m~!(U) which contains ', with fibers of diameter less
than 26.

Now take ¢ < § and apply Lemma 3.14 toAF =dy : M — R, with S as in the
preceding paragraph. The resulting function F': M — R clearly satisfies (1)-(4). To
see that (5) holds, note that if p € U is a point of differentiability of both Fand F
then VF(p) and VF(p) both lie in the fiber S N T, M, which has diameter less than
260. Hence the gradient of the difference satisfies

(3.17) IV(F = F)p)l = |VEP) — VF(p)| < 26 <.
Since F' coincides with F outside U , this implies that F—Fis e-Lipschitz. O

Remark 3.18 — When we apply Corollary 3.16, the hypotheses will be verified using
triangle comparison.

4. Splittings, strainers, and adapted coordinates

This section is about the notion of a pointed metric space approximately splitting
off an R¥-factor. We first define an approximate R*-splitting, along with the notion of
compatibility between an approximate R¥-splitting and an approximate R7-splitting.
We prove basic properties about approximate splittings. In the case of a pointed
Alexandrov space, we show that having an approximate R*-splitting is equivalent to
having a good k-strainer. We show that if there is not an approximate RFt1-splitting
at a point p then any approximate RF-splitting at p is nearly-compatible with any
approximate R7-splitting at p, for j < k.
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We then introduce the notion of coordinates adapted to an approximate
RF-splitting, in the setting of Riemannian manifolds with a lower curvature bound,
proving existence and (approximate) uniqueness of such adapted coordinates.

4.1. Splittings. — We start with the notion of a splitting.

Definition 4.1 — A product structure on a metric space X is an isometry o : X —
X1 X Xo. A k-splitting of X is a product structure o : X — X3 x Xo where X is
isometric to R¥. A splitting is a k-splitting for some k. Two k-splittings o : X —
X1 xXoand 8: X — Y] xY; are equivalent if there are isometries ¢; : X; — Y; such

that 8 = (¢1, ¢2) o .

In addition to equivalence of splittings, we can talk about compatibility of split-
tings.

Definition 4.2 — Suppose that j < k. A j-splitting o : X — X1 x X5 is compatible
with a k-splitting 8 : X — Y] x Y5 if there is a j-splitting ¢ : Y7 — RJ x R*~J such
that « is equivalent to the j-splitting given by the composition

(4.3) X v xve D (R x RFI) % Yo 2RI x (RF x Va).
Lemma 4.4
(1) Suppose o : X — R¥ XY is a k-splitting of a metric space X, and B : X — RxZ
is a 1-splitting. Then either B is compatible with «, or there is a 1-splitting
v:Y — R x W such that B is compatible with the induced splitting X —
(R x R) x W.
(2) Any two splittings of a metric space are compatible with a third splitting.

Before proving this, we need a sublemma.

Recall that a line in a metric space is a globally minimizing complete geodesic, i.e.,
an isometrically embedded copy of R. We will say that two lines are parallel if their
union is isometric to the union of two parallel lines in R2.

Sublemma 4.5
(1) A path v: R — X1 x X5 in a product is a constant speed geodesic if and only
if the compositions mx, oy : R — X; are constant speed geodesics.

(2) Two lines in a metric space X are parallel if and only if they have constant
speed parametrizations v1 : R — X and vo : R — X such that d*(v1(s),72(t))
is a quadratic function of (s —t).

(3) If two lines v1, Y2 in a product R¥x X are parallel then either wx (71), mx (72) C
X are parallel lines, or they are both points.

(4) Suppose L is a collection of lines in a metric space X. If U, e, v =X, and
every pair v1,v2 € L is parallel, then there is a 1-splitting o : X — R XY such

that £ = {a ' (R x {y})}yey-
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Proof

(1). It follows from the Cauchy-Schwarz inequality that if a,b,¢ € X7 x X5 sat-
isfy the triangle equation d(a,c) = d(a,b) + d(b,c) then the same is true of their
projections ag, by, c; € X1 and asg, by, ca € Xo, and moreover (d(a1,b1), d(az,b2)) and
(d(a1,c1),d(az,c2)) are linearly dependent in R2. This implies (1).

(2). The parallel lines y = 0 and y = a in R? can be parametrized by v1(s) = (s,0)
and 2 (t) = (¢, a), with d?(y1(s),72(t)) = (s —t)? +a®. Conversely, suppose that lines
v1 and 72 in a metric space are such that d? (v (s),72(t)) is quadratic in (s —t). After
affine changes of s and ¢, we can assume that d?(y1(s),v2(t)) = (s —t)? + a? for some
a € R. Then the union of 77 and s is isometric to the union of the lines y = 0 and
y = a in R2.

(3). By (2), we may assume that for ¢ € {1,2} there are constant speed
parametrizations 7; : R — RF x X, such that d?(v1(s),72(t)) is a quadratic
function of (s — t). The projections 7mgs o ; are constant speed geodesics in R¥,
and the quadratic function d?(mgs o y1(s), Trr © Y2(t)) is a function of (s — t); oth-
erwise d?(mgk 0 Y1(8), mrr © Y2(s)) would be unbounded in s, which contradicts that
d*(v1(s),72(s)) is constant in s. Therefore

(4.6)  d*(mx o yi(s), mx 0 72(t)) = d*(m(s),72(t)) — d* (mgs © Y1 (5), TRr ©72(1))
is a quadratic function of (s —t). By (2) we conclude that mx oy, mx o2 are parallel.

(4). Let v : R — X be a unit speed parametrization of some line in £, and let
b : X — R be the Busemann function lim; ,~ d(7(¢),) — ¢. By assumption, the
elements of £ partition X into the cosets of an equivalence relation; the quotient Y
inherits a natural metric, namely the Hausdorff distance. The map (b,my) : X —
R x Y defines a 1-splitting — one verifies that it is an isometry using the fact that £
consists of parallel lines. O

Proof of Lemma 4.4

(1). Consider the collection of lines L5 = {B7Y(R x {z}) | 2z € Z}. By
Lemma 4.5 (3) it follows that my o a(Ls) consists of parallel lines, or consists
entirely of points.

Case 1. my o a(Lg) consists of points. — In this case, Sublemma 4.5 implies that
mge 0 (L) is a family of parallel lines in R*. Decomposing R* into a product
R* ~ R! x R*~1 in the direction defined by mgr o a(Lg), we obtain a 1-splitting
of X which is easily seen to be equivalent to §.

Case 2. my o a(Lp) consists of parallel lines. — Since U, cryon(z,) ¥=Y, by
Lemma 4.5 (4), there is a 1-splitting v : Y — R x W such that {y (R x {w}) |
w € W} =my oa(Ls). Letting o/ : X — (R* x R) x W be the (k + 1)-splitting
given by X 5 RF x Y — (R¥ x R) x W, we get that 7y o o/(Lg) consists of
points, so by Case 1 it follows that 3 is compatible with /.
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(2). Suppose that @ : X — RF x Y and 3: X — R! x Z are splittings. We may
apply part (1) to a and the 1-splitting obtained from the i*" coordinate direction of 3,
for successive values of ¢ € {1,...,l}. This will enlarge @ to a splitting o’ which is
compatible with all of these 1-splittings, and clearly o’ is then compatible with 3. [

4.2. Approximate splittings. — Next, we consider approximate splittings.

Definition 4.7. — Given k € Z=° and § € [0,00), a (k, §)-splitting of a pointed met-
ric space (X,*x) is a §-Gromov-Hausdorff approximation (X,*x) — (X1,*x,) X
(Xa,%x,), where (X1,xx,) is isometric to (R¥ xgs). (We allow R* to have other
basepoints than 0.)

There are “approximate” versions of equivalence and compatibility of splittings.
Definition 4.8 — Suppose that o : (X, *x) — (X1, *x, )x(X2,*x,) is a (4, 01)-splitting
and (8 : (X, *x) = (Y1,%y,) X (Ya,*y,) is an (k, d2)-splitting. Then

(1) « is e-close to B if j = k and there are e-Gromov-Hausdorff approximations
¢i  (Xi,*x,) = (Yi, *y;) such that the composition (¢1, ¢2) o v is e-close to S,
i.e., agrees with 8 on B(xx,e 1) up to error at most e.

(2) « is e-compatible with § if j < k and there is a j-splitting v : (Y1,*y,) —
(R, xgs) x (RF=7 %pr—;) such that the (j, ds)-splitting defined by the compo-
sition
(4.9) X v x v, O (R« RF1) x Yy 2RI x (R¥ x V)

is e-close to a.
Lemma4.10 — Given § > 0 and C < oo, there is a &' = ¢§'(6,C) > 0 with the
following property. Suppose that (X,xx) is a complete pointed metric space with
a (k,d")-splitting «. Then for any x € B(xx,C), the pointed space (X,x) has a
(k,0)-splitting coming from a change of basepoint of «.

Proof. — In general, suppose that f : (X,xx) — (Y, *y) is a ¢’-Gromov-Hausdorff
approximation. Given x € B(*x, (), consider z to be a new basepoint. Note that
(4.11) d(xy, f(z)) < d(xx,z) +8 < C+6.
Suppose that § satisfies

(1) 67t < ()" =G,

(2) 571 =< (8t —28 - C and

(3) 6 > 24",
We claim that f is a §-Gromov-Hausdorff between (X, x) and (Y, f(x)). To see this,
first if 1,22 € B(x,671) then x1,x9 € B(xx, (6’)7!) and so

(412) |dy(f($1),f($2)) — dx($1,$2)| S 5’ S 0.
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Next, if y € B(f(z),67! — 4) then y € B(xy,(§')™! — §) and so there is some
T € B(xx, (8")71) with d(y, f(Z)) < d’. Now

(413) d(x,®) < d(f(2), (@) +8' < d(f(2),y)+d(y, f@)+5 <57 —5428' <57,

which proves the claim.
The lemma now follows provided that we specialize to the case when Y splits off
an R¥-factor. O

Lemma4.14 — Given § > 0 and C < oo, there is a &' = ¢§'(6,C) > 0 with the
following property. Suppose that (X,*x) is a complete pointed metric space with a
(k1,0")-splitting oy and a (ka,8")-splitting aa. Suppose that ay is §'-compatible with
ag. Given © € B(*xx,C), let o, o be the approzimate splittings of (X,x) coming
from a change of basepoint in ay,as. Then o) and oy are §-compatible.

Proof. — The proof is similar to that of Lemma 4.10. We omit the details. O

4.3. Approximate splittings of Alexandrov spaces. — Recall the notion of a
point in an Alexandrov space having a k-strainer of a certain size and quality; see
Subsection 3.3. The next lemma shows that the notions of having a good strainer
and having a good approximate RF-splitting are essentially equivalent for Alexandrov
spaces.

Lemma4.15

(1) Given k € Z* and 6 > 0, there is a 6’ = §'(k,8) > 0 with the following
property. Suppose that (X,*x) is a complete pointed nonnegatively curved
Alexandrov space with a (k,d")-splitting. Then *x has a k-strainer of quality
0 at a scale %.

(2) Givenn € Z* and § > 0, thereis a ' = &' (n,d) > 0 with the following property.
Suppose that (X, *x) is an complete pointed length space so that B (*X, %) has
curvature bounded below by — &' and dimension bounded above by n. Suppose
that for some k < n, xx has a k-strainer {pli k_| of quality &' at a scale %.
Then (X,*x) has a (k,8)-splitting ¢ : (X,*x) — (R¥ x X', (0,xx)) where the
composition Tgr © ¢ has 7 component dx (pj,*x) —dx (p;-", ).

Proof. — The proof of (1) is immediate from the definitions.

Suppose that (2) were false. Then for each i € ZT, there is an complete pointed

length space (X;,*x,) so that

(1) B(xx;,,%) has dimension at most n,

(2) B(*x,,i) has curvature bounded below by — 1 and

(3) xx, has a k-strainer of quality 1 at a scale i but
(4)

4) If ®; : (X1, xx,) — R* has j™ component defined as above, then ®; is not the

R* part of a (k,d)-splitting for any i.
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After passing to a subsequence, we can assume that lim; oo (X;, *x;) = (Xoo, *x.. ),
for some pointed nonnegatively curved Alexandrov space (Xoo,*x. ) of dimension
at most n, the k-strainers yield k pairs {vji}é?:l of opposite rays leaving xx__, the
opposite rays Vf fit together to form k orthogonal lines, and the j* components of
the ®;’s converge to the negative of the Busemann function of ”y;r. Using the Splitting
Theorem [3, Chapter 10.5] it follows that X, splits off an R¥-factor. This gives a
contradiction. O

Lemma4.16 — Given k < n € Z*, suppose that {(X;,*x,)}$2, is a sequence of
complete pointed length spaces and §; — 0 is a positive sequence such that

(1) Each B(*X“ 5—11) has curvature bounded below by — &; and dimension bounded
above by n.

(2) Each (X;,xx,;) has a (k,§;)-splitting.
(3) lim; o0 (X4, xx,;) = (Xoo, *x.,) in the pointed Gromov-Hausdorff topology.

Then (Xoo,*x..) 18 a nonnegatively curved Alexandrov space with a k-splitting.

Proof. — This follows from Lemma 4.15. O

4.4. Compatibility of approximate splittings. — Next, we show that the
nonexistence of an approximate (k+ 1)-splitting implies that approximate j-splittings
are approximately compatible with k-splittings for j < k.

Lemma4.17 — Given j < k < n € Z* and By, Bx+1 > 0, there are numbers § =

5(.]7 ka n?ﬂ;{ﬂ ﬂk+1) > 0. ﬁj = ﬂj(]a kvna ﬂ]lqvﬂk+l) >0 and ﬂk = ﬂk(jv k; nvﬁ;g; ﬂk+1) >
0 with the following property. If (X,*x) is a complete pointed length space such that

(1) The ball B(xx,6~1) has curvature bounded below by —§ and dimension bounded
above by n, and

(2) (X,*x) does not admit a (k+ 1, Bi41)-splitting
then any (j, B;)-splitting of (X,*x) is B),-compatible with any (k, By)-splitting.
Proof. — Suppose that the lemma is false. Then for some j < k < n € Z* and
By, Br+1 > 0, there are

(1) A sequence {(X;,xx,)}:2, of pointed complete length spaces,

(2) A sequence {q; : (X, *x,) = (X1,is%x,,) X (X2,4,%x,,)} of (j,i!)-splittings

and

(3) A sequence {@; : (Xi,*x,) = (Y1,i,%vy,) X (Ya,i, %y, ,)} of (k,i~!)-splittings
such that

(4) B(xx,,i~') has curvature bounded below by —i~1,

(5) B(xx,,i"') has dimension at most n,

(6) (X;,*x,;) does not admit a (k + 1, Sx1)-splitting for any ¢ and

(7)

7) «; is not f;-compatible with &; for any ¢.
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By (4), (5) and Lemma 3.10, after passing to a subsequence we can assume that
there is a pointed nonnegatively curved Alexandrov space (X, *x_ ), and a sequence
{®; : (X4, %x,) = (Xoo,*x..)} of i~ 1-Gromov-Hausdorff approximations. In view of
(2), (3) and Lemma 4.16, after passing to a further subsequence we can also assume
that there is a pointed j-splitting coe @ (Xoo,*xx) = (Xoo.1, *x0 1) X (Xoo,2, %X )
and a pointed k-splitting oo : (Xoo,*x) = (Yoo,1,%ve 1) X (Yoo,2, *v.e ») such that
Qoo 0 D; (respectively a0 ®;) is i~ 1-close to a; (respectively @;). By Lemma 4.4 and
the fact that (X, *x_ ) does not admit a (k + 1)-splitting, we conclude that a., is
compatible with a. It follows that «; is 8)-compatible with &; for large ¢, which is
a contradiction. O

Remark 4.18 — Assumption (1) in Lemma 4.17 is probably not necessary but it
allows us to give a simple proof, and it will be satisfied when we apply the lemma.

4.5. Overlapping cones. — In this subsection we prove a result about overlapping
almost-conical regions that we will need later. We recall that a pointed metric space
(X, ) is a metric cone if it is a union of rays leaving the basepoint *, and the union of
any two rays 1, 2 leaving * is isometric to the union of two rays 71, 72 C R? leaving
the origin o € R2.

Lemma4.19 — If (X,xx) is a conical nonnegatively curved Alexandrov space and
there is some x # xx so that (X, x) is also a conical Alexandrov space then X has a
1-splitting such that the segment from xx to x is parallel to the R-factor.

Proof. — Let a be a segment joining xx to z. Since X is conical with respect to
both xx and z, the segment o can be extended in both directions as a geodesic 7.
The cone structure implies that v is a line. The lemma now follows from the splitting
theorem. O

Lemma4.20 — Given n € Z* and § > 0, there is a &' = 6'(n,0) > 0 with the
following property. If
— (X, *x) is a complete pointed length space,
—z€X hasd(xx,x) =1 and
- (X,*x) and (X,x) have pointed Gromov-Hausdorff distance less than &' from
conical nonnegatively curved Alexandrov spaces CY and CY’, respectively, of
dimension at most n

then (X, z) has a (1,0)-splitting.

Proof. — 1If the lemma were false, then there would be a § > 0, a positive sequence
0l — 0, a sequence of pointed complete length spaces {(X;,*x,)}52;, and points
x; € X; such that for every i:

- d(*Xi,JJi) =1.

SOCIETE MATHEMATIQUE DE FRANCE 2014



34 BRUCE KLEINER & JOHN LOTT

— (X, *x,) and (X;, ;) have pointed Gromov-Hausdorff distance less than §; from
conical nonnegatively curved Alexandrov spaces CY; and CY, respectively, of
dimension at most n.

— (X, x;) does not have a (1, 6)-splitting.

After passing to a subsequence, we can assume that we have Gromov-Hausdorff limits
lim; o0 (X, xx,) = (Xoo, *xo, ), iMoo @ = Too with d(xx_,200) = 1, and both
(Xoo, *x..) and (X0, Zoo) are conical nonnegatively curved Alexandrov spaces. By
Lemma 4.19, (X, Zoo) has a 1-splitting. This gives a contradiction. O

4.6. Adapted coordinates. — In this subsection we discuss coordinate systems
which arise from (k, §)-splittings of Riemannian manifolds, in the presence of a lower
curvature bound. The basic construction combines the standard construction of
strainer coordinates [4] with the smoothing result of Corollary 3.16.

Definition 4.21 — Suppose 0 < ¢’ < 4, and let « be a (k, §’)-splitting of a complete
pointed Riemannian manifold (M, *ys). Let ® : B(*M, %) — R* be the composition
B(*a, %) 3 RF x Xy — RF. Then a map ¢ : (B(%nr, 1), %a1) = (R¥, ¢(%ar)) defines
a-adapted coordinates of quality § if

(1) ¢ is smooth and (1 + §)-Lipschitz.

(2) The image of ¢ has Hausdorff distance at most & from B(é(xpr), 1) C R¥.

(3) For all m € B(*p,1) and m’ € B(xaz, 3) with d(m,m’) > 1, the (unit-length)
initial velocity vector v € T,,M of any minimizing geodesic from m to m’
satisfies

O(m’) — @(m)

(4.22) Do) - ==

We will say that a map ¢ : (B(xar,1),%a) — (R¥,0) defines adapted coordinates of
quality ¢ if there exists a (k,d)-splitting « such that ¢ defines a-adapted coordinates
of quality ¢, as above. Likewise, (M, xpr) admits k-dimensional adapted coordinates of
quality § if there is a map ¢ as above which defines adapted coordinates of quality J.

We now give a sufficient condition for an approximate splitting to have good
adapted coordinates.

Lemma 4.23Existence of adapted coordinates)— For all n € Z* and 6 > 0,
there is a ' = §'(n,d) > 0 with the following property. Suppose that (M,*pr) is
an n-dimensional complete pointed Riemannian manifold with sectional curvature
bounded below by —§'? on B(*M, %), which has a (k,d")-splitting a. Then there exist
a-adapted coordinates of quality 0.

Proof. — The idea of the proof is to use the approximate splitting to construct a
strainer and then use the strainer to construct Lipschitz-regular coordinates, which
can be smoothed using Corollary 3.16.
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Fix n € Z* and 6 > 0. Suppose that ¢’ < § and (M, %) has a (k,d')-splitting
a: (M,%y) = (R¥,0) x (Y, %y). Let {e;}¥_, be an orthonormal basis of RF. Given a
parameter s € (3, 1o57 ), choose p;+ € M so that a(p;+) lies in the 106’-neighborhood
of (£sej, xy).

Define ¢¢ : B(xar,1) — RF by

(4.24) ¢do(m) = (d(*nr,piy) —d(m,piy), ..., d(xa, pry) — d(m, pry)) -

We will show that if s and &’ are chosen appropriately then we can smooth the
component functions of ¢y using Corollary 3.16, to obtain a map ¢ : B(xa,1) —
(R¥,0) which defines a-adapted coordinates of quality §. (Note that « is also a
(k,d)-splitting since ¢’ < §.) We first estimate the left-hand side of (4.22). Recall
that if m is a point of differentiability of d,,, and v € T,,, M is the initial vector of a

unit-speed minimizing geodesic mm’ then Dd,,, (v) = —cos (L, (m/,pj1)).

Sublemma4.25-— There exists 5§ = 3(n,8) > % so that for each s > 3, there is

some d = 3/(71, s,0) < 10= such that if &' < 5 then the following holds.
Under the hypotheses of the lemma, suppose that m € B(*p,1), m' € B, %)
and d(m,m’) > 1. Let mp;+ and mm' be minimizing geodesics. Then

< 0.

Proof. — Suppose that the sublemma is not true. Then for each § > %, one can find
some s > 3 so that there are (see Figure 1):

— A positive sequence 0 — 0,

— A sequence {(M;,*n,) 52, of n-dimensional complete pointed Riemannian man-

ifolds with sectional curvature bounded below by —&/% on B(*as,, 3),

— A (k, d])-splitting o of M; and '

— Points m; € B(x,,1) and m} € B(xy,, 3) with d(m;, m}) > 1 so that

— For each 4, the inequality (4.26) fails.

FIGURE 1
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Using Lemma 4.16, after passing to a subsequence, we can assume that
;oo (M, *a1,) = (Xoo,*x..) in the pointed Gromov-Hausdorff topology for some
pointed nonnegatively curved Alexandrov space (X, *x. ) which is an isometric
product R* x Y,.. After passing to a further subsequence, we can assume

— lim; 00 M; = Teo for some zo, € B(*x_,1),

— limj, 00 m} = 2, for some x, € B(xx_, 1) with d(ze0,2l,) > 1,

— The segments W converge to a segment o2 and

— lim; 00 Dij+ = Doo,j+ fOr some points poo j+ € Xoo in R* x {xy_} of distance s

from *x__.
Then

= lim; 00 Zmi (m/ivpi,j-i-) = 4Ioo (wgovpoo,j-i-)?

— lim; 00 d(my, m}) = d(zeo, 2 ) and

= limi 00 d(mj, pijy) = d(2ls Pos,j+)-

Now a straightforward verification shows that since we are in the case of an exact
RF¥-splitting, there is a function 7 = (6, s) with lim,_,o 7(J, s) = 0 so that

~ d(xooupoo, ‘+) — d((Eool,poq ‘+)
(4.27) c08(ZLo . (Too', Poo,jt)) — (;(%O’%O/) ;

Taking s large enough gives a contradiction, thereby proving the sublemma. O

<.

Returning to the proof of the lemma, with s >3, define ¢¢ as in (4.24). We have
shown that if ¢’ is sufficiently small then ¢, satisfies (4.22) with ¢ replaced by %(5.
By a similar contradiction argument, one can show that if §" is sufficiently small,
as a function of n, s and §, then ¢g is a (1 + %5)—Lipschitz map whose image is a
d-Hausdorff approximation to B(0,1) C R”.

If it were not for problems with cutpoints which could cause ¢ to be nonsmooth,
then we could take ¢ = ¢o. In general, we claim that if s is large enough then we
can apply Lemma 3.16 in order to smooth d,,, on B(xpr,1), and thereby construct
¢ from ¢g. To see this, note that for any € > 0, by making s sufficiently large, we can
arrange that for any m € B(xyy, %), the comparison angle Znm (pj+,pj—) is as close to
m as we wish, and hence by triangle comparison the hypotheses of Corollary 3.16 will
hold with Y = pj,, C = B, 2) C U = B(*u, 2), and 6 = 6(e) as in the statement
of Corollary 3.16. O

We now show that under certain conditions, the adapted coordinates associated to
an approximate splitting are essentially unique.

Lemma 4.28Uniqueness of adapted coordinates)— Given 1 <k <n &€ Z" and € > 0,
there is an € = €'(n,€) > 0 with the following property. Suppose that

(1) (M,*nr) is an n-dimensional complete pointed Riemannian manifold with sec-
tional curvature bounded below by —(e')* on B (xar, 5 ).

(2) a: (M, *p) — (RF x Z,(0,%7)) is a (k,¢)-splitting of (M, xpr).
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(3) ¢1 : (B(*ar,1),%x0r) — (R¥,0) is an a-adapted coordinate on B(xpr,1) of
quality € .

(4) Either

(a) é2 : (B(*ar,1),%xa) — (RF,0) is an a-adapted coordinate on B(xpr,1) of
quality €, or
(b) ¢2 has (1 + €')-Lipschitz components and the following holds :

For every m € B(xa,1) and every j € {1,...,k}, there is an m) €
Bk, (¢)71) with d(m/;, m) > 1 satisfying (4.22) (with ¢ ~ ¢2), such that
(mge 0 a)(m}) lies in the €' -neighborhood of the line (mgr o a)(m) + Re;,
and (mz o a)(m}) lies in the €'-ball centered at (7z o a)(m).

Then || o1 — @2 [|c1< € on B(*p,1).

Proof. — We first give the proof when ¢, is also an a-adapted coordinate on B(xpz, 1)
of quality €.

Let @ : (M, %) — R* be the composition (M, %) = RF x Z — RF.

Given ¢ > 0, if € is sufficiently small, then by choosing points {p; +}* , in M
with d(a(pi +), (€1 es, xz)) < €1, we obtain a strainer of quality comparable to €
at scale €1~ 1. Given m € B(xyr, 1), let 4; be a unit speed minimizing geodesic from m
to pi 4, let v; € T, M be the initial velocity of y;, and let m; be the point on v; with
d(m;,m) = 2. Given ez > 0, if € is sufficiently small then using triangle comparison,
we get

(429) |<’Ui,’1}j> — 51]' < €9, |(<I>(ml) — @(m)) — 2€i| < €9.
for all 1 <i,5 < k. Applying (4.22) with m’ = m; gives
(4.30) max (| D1 (vi) — eil, [Dpa(vi) — ei]) < ea.

Finally, given €3 > 0, since ¢1, ¢2 are (1 + €')-Lipschitz, if ¢ and ey are small
enough then we can assume that if v is a unit vector and v L span(vy,...,v;) then
max(|D¢1(v)], |Dp2(v)]) < €3. So for any €4 > 0, if €3 is sufficiently small then the
operator norm of D¢y — D¢9 is bounded above by €4 on B(*ps,1).

Since ¢ (*ar) — ¢2(*xar) = 0, we can integrate the inequality || D1 — Do [|< ey
along minimizing curves in B(xps, 1) to conclude that || ¢1 — ¢ [[co < 2e4 on
B(*p,1). Since eq4 is arbitrary, the lemma follows in this case.

Now suppose ¢ satisfies instead the second condition in (4). If m € B(*u, 1),
jeA{l,...,k}, m} is as in (4), and v; is the initial velocity of a unit speed geodesic
from m to m/, then (4.22) implies that (D(¢2);)(v;) is close to 1 when €’ is small.
Since the j" component (¢2); is (1 + €’)-Lipschitz, this implies V(¢2); is close to v;
when ¢ is small. Applying the reasoning of the above paragraphs to ¢;, we get that
V(#1); is also close to v; when € is small. Hence |D¢1 — D¢o| is small when ¢’ is
small, and integrating within B(%ps, 1) as before, the lemma follows. O
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Finally, we show that approximate compatibility of two approximate splittings
leads to an approximate compatibility of their associated adapted coordinates.

Lemma4.31— Given 1 < j <k <n€Z" and ¢ > 0, there is an ¢ = € (n,e) > 0
with the following property. Suppose that

(1) (M,*pr) is an n-dimensional complete pointed Riemannian manifold with sec-
tional curvature bounded below by —(¢')* on B (xar, 5 ).

(2) a1 is a (j,€)-splitting of (M, *n) and as is a (k,€)-splitting of (M, *pr).

(3) aq is € -compatible with as.

(4) ¢1: (M, xpr) = (R7,0) and ¢2 : (M, xpr) — (RF,0) are adapted coordinates on
B(xum, 1) of quality €, associated to oy and ag, respectively.

Then there exists a map T : R¥ — RJ, which is a composition of an isometry with an
orthogonal projection, such that || ¢ —T o ¢2 [|c1< € on B, 1).

Proof. — Leta;: M — RIxZ;and ag : M — R* x Z5 be the approximate splittings.
Let ®; be the composition B(xar, (€)1) & RI x Z; — RJ and & be the composition
B(xur, (€)71) B RF x Zy — R-.

By (3), there is a j-splitting v : R¥ — R/ x R¥~J and a pair of ¢’-Gromov-HausdorfF
approximations &; : R9 — R7, & : R"J x Z, — Z; such that the map &5 given by
the composition

(4.32) M B3R x 2, "1 ji  REI x 2, ) i« 7,

agrees with the map a; on the ball B(x, (e) 1Y up to error at most ¢. Since
Gromov-Hausdorff approximations (R7,0) — (R7,0) are close to isometries, for all
€1 > 0, there will be a map 7' : RF — RJ (a comp051t1on of an isometry and a
projection) which agrees with the composition

(4.33) RF 2 RI x RE=7 24, RI

up to error at most ¢; on the ball B(*yy, el_l), provided €’ is sufficiently small. Thus
for all e > 0, the composition

(4.34) M 25 RF x Zy, — RF LRI

agrees with ®; up to error at most e on B (%, 6;1), provided €; and €’ are sufficiently
small. Using Definition 4.21 for the approximate splitting as and applying 7', it follows
that for all e3 > 0, if €5 is sufficiently small then we are ensured that T o ¢ defines
ag-adapted coordinates on B(xps, 1) of quality e3. By Lemma 4.28 (using the first
criterion in part (4) of Lemma 4.28), it follows that if e3 is sufficiently small then
@1 =T odalcr <e. u

Remark 4.35 — In Definition 4.21 we defined adapted coordinates on the unit ball
B(xa,1). By arescaling, we can define adapted coordinates on a ball of any specified
size, and the results of this section will remain valid.
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5. Standing assumptions

We now start on the proof of Theorem 1.3 in the case of closed manifolds. The
proof is by contradiction.

The next lemma states that if we can get a contradiction from a certain “Standing
Assumption” then we have proven Theorem 1.3. We recall from the definition of the
volume scale in Definition 1.5 that if w < w’ then r,(w) > r,(w').

Lemmab5.1 — If Theorem 1.3 is false then we can satisfy the following Standing
Assumption, for an appropriate choice of A’.

Standing Assumption 52— Let K > 10 be a fized integer, and let A’ : (0,00) X
(0,00) = (0,00) be a function.

We assume that {(M®, g%)}52, is a sequence of connected closed Riemannian 3-
manifolds such that

(1) For all p € M%, the ratio % of the curvature scale at p to the %—volume

scale at p is bounded below by c.

(2) For allp € M® and w' € [L,c3), let ry(w') denote the w'-volume scale at p.
Then for each integer k € [0, K] and each C € (0,a), we have [V¥Rm| <
A(C w') rp(w) =52 on B(p, Cry(w')).

(3) Each M* fails to be a graph manifold.

Proof. — Tf Theorem 1.3 is false then for every oo € ZT, there is a manifold (M, g%)
which satisfies the hypotheses of Theorem 1.3 with the parameter wy of the theorem
set to wf = #, but M® is not a graph manifold.

We claim first that for every p* € M®, we have 7pa(1/a) < Rpo. If not then for
some p® € M®, we have rpa(1/a) > Rpo. From the definition of rpe (1/a), it follows

that

N 1 1
(5.3) vol(B(p®, Rpe)) > ERf;a >—R3

Rad P

which contradicts our choice of wg'.
Thus 7pa (1/a) < Rpe. Then

1 1
(G4) e (1/a) = vollBG, rpe (1/)) < Vol B, Rye) < 2o R
S0 % > 2a. This shows that {(M®*, g%)}52, satisfies condition (1) of Standing
P

Assumption 5.2.
To see that condition (2) of Standing Assumption 5.2 holds, for an appropriate
choice of A’, we first note that if suffices to just consider C' € [1, ), since a derivative
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bound on a bigger ball implies a derivative bound on a smaller ball. For @’ € [é, 03),
we have

(5.5) Crpe (@) < arpe(1/a) < R,.
Now
(5.6)  vol(B(p®, Crpe(@))) = vol(B(p®, rpe (@) = @' (rpe (@'))*
— O3 (Crpe ().
Put w’ = C~3w’. Then
(5.7) wh = é <w <es.

Hypothesis (2) of Theorem 1.3 implies that
(5.8) IVERm | < A(w') (Crpe (@) "+

on B(p®, Crpe (w')). Hence condition (2) of Standing Assumption 5.2 will be satisfied,

for C € [1, ), if we take

(5.9) A(C,0") = max A(C73@) -+, O
0<k<K

Standing Assumption 5.2 will remain in force until Section 16, where we con-
sider manifolds with boundary. We will eventually get a contradiction to Standing
Assumption 5.2.

For the sake of notational brevity, we will usually suppress the superscript «; thus
M will refer to M®. By convention, each of the statements made in the proof is
to be interpreted as being valid provided « is sufficiently large, whether or not this
qualification appears explicitly.

Remark 5.10 — The condition K > 10 in Standing Assumption 5.2 is clearly not
optimal but it is good enough for the application to the geometrization conjecture.

Remark 5.11 — We note that for fixed w € (0, ¢3), conditions (1) and (2) of Standing
Assumption 5.2 imply that for large «, the following holds for all p € M:

(1) 2 > o and

rp (W) —
(2) For each integer k¥ € [0,K] and each C € (0,a), we have |[V¥Rm| <
X(C, @) ry(@) 0+ on B(p, Cry(@)).

Since in addition vol(B(p,r,(®@))) = w(r,(®))?, we have all of the ingredients to
extract convergent subsequences, at the w-volume scale, with smooth pointed limits
that are nonnegatively curved. This is how the hypotheses of Standing Assumption 5.2
will enter into finding a contradiction. In effect, @ will eventually become a judiciously
chosen constant.
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6. The scale function t

In this section we introduce a smooth scale function v : M — (0,00) which will
be used throughout the rest of the paper. This function is like a volume scale in the
sense that one has lower bounds on volume at scale t, which enables one to appeal to
C*_precompactness arguments. The advantage of v over a volume scale is that v can
be arranged to have small Lipschitz constant, which is technically useful.

We will use the following lemma to construct slowly varying functions subject to
a priori upper and lower bounds.

Lemma 6.1 — Suppose X is a metric space, C' € (0,00), and l,u : X — (0,00) are
functions. Then there is a C-Lipschitz function r : X — (0,00) satisfying | <r < u
if and only if

(6.2) I(p) — Cd(p, q) < u(q)

for all p,q € X.

Proof. — Clearly if such an r exists then (6.2) must hold.
Conversely, suppose that (6.2) holds and define r : X — (0, 00) by

(6.3) r(q) = sup{l(p) — Cd(p,q) | p € X}
Then | <r < w. For ¢,¢' € X, since I(p) — Cd(p,q) > l(p) — Cd(p,q') — Cd(q,q"), we
obtain r(¢) > r(¢") — Cd(q,q’), from which it follows that r is C-Lipschitz. O

Recall that c3 is the volume of the unit ball in R3. Let A > 0 and @ € (0,c3) be
new parameters, and put

/ w

Recall the notion of the volume scale r,(w) from Definition 1.5.

Corollary 6.5 — There is a smooth A-Lipschitz function vt : M — (0,00) such that
for every p € M, we have

(6.6 Sroli) < €(p) < 2y ().

Proof. — We let [ : M — (0,00) be the w-volume scale, and v : M — (0,00)
be the w'-volume scale. We first verify (6.2) with parameter C' = % To argue by
contradiction, suppose that for some p,q € M we have l(p) — %Ad(p,q) > u(q).
In particular, d(p,q) < % and u(q) < I(p). There are inclusions B(p,I(p)) C

B(q, (1 +2A71Y1(p)) € B(p,(1+4A71)I(p)). Then

(6.7) vol(B(q, (1+2A71)1(p))) > vol(B(p,1(p))) = wl®(p) = 20’ (1 +2A71)1(p))”.
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For any ¢ > 0, if « is sufficiently large then the sectional curvature on B(p, (1 +
4A=1)1(p)), and hence on B(q, (1 +2A~1)i(p)), is bounded below by — c¢?I(p)~2. As
u(q) < l(p) < (1 +2A71Y)i(p), the Bishop-Gromov inequality implies that

68) W' u(q)® vol(Bg,u(e)))  _ vol(B(g, (1 +2A)1(p)))

u(@)/1(p) ~ @) oA
/ sinh?(cr) dr / sinh?(er) dr / sinh?(cr) dr
0 0 0

3

2w’ ((1+2A71)1(p))

= pl42Aa?
/ sinh?(cr) dr
0

3

or

3
u(q)
¢ (M_;S) L 2¢(1 420717

(6.9) B > :
/ (@)/1(#) sinh2(cr) dr fo sinh? (cr) dr
0

As the function x — %m tends uniformly to 1 as ¢ — 0, for x € (0, 3],
taking ¢ small gives a contradiction. (Note the factor of 2 on the right-hand
side of (6.9).)

By Lemma 6.1, there is a %—Lipschitz function r on M satisfying | < r < u. The
corollary now follows from Corollary 3.15. O

We will write v, for t(p). Recall our convention that the index « in the sequence
{M*}52_, has been suppressed, and that all statements are to be interpreted as being
valid provided « is sufficiently large. The next lemma shows C*-precompactness at
scale t.

Lemma6.10

(1) There is a constant @ = @W(w') > 0 such that vol(B(p,t,)) > w(r,)* for every
pe M.

(2) For everyp € M, C < oo and k € [0, K], we have
1
(6.11) IVFRm | < 282 A/(C w') v, %2 on the ball B(p7 §Ctp) :
(3) Given e > 0, for sufficiently large o and for every p € M®, the rescaled pointed
manifold (iMO‘,p) is e-close in the pointed C¥ -topology to a complete non-

negatively curved C¥ -smooth Riemannian 3-manifold. Moreover, this manifold
belongs to a family which is compact in the pointed CX -topology.
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Proof
(1). As 1ty < rpa(w’), the Bishop-Gromov inequality gives

(612) VOB, 3 tpe)) _ vollBp™ rye (0)) __w!(rye ()’

tpa -

o 1 T
/2%@(‘“/) sinh?(r) dr /0 sinh?(r) dr /0 sinh?(r) dr
0

3

or
o sinh”(r) dr
(6.13) vol(B(p ,%tpa)) - w’ /0 (r)
: T. 33 Z e
(3 %) / sinh?(r) dr (W)
0
w/
Z I
3/ sinh?(r) dr
0
Thus
(o7 o w/
6.14)  vol(BG® tye)) = vol (B (5%, tpe /2)) 2 ()%

T
24/ sinh?(r) dr
0

which gives (1).
(2). From hypothesis (2) of Standing Assumption 5.2, for each C < « and
k € [0, K] we have

(6.15) IVERm| < A'(C,w') rpe (w') =542 < 2842 2/(C ) o F T2

on B(p®, Crps(w')) D B (po‘, %C’tpa).

(3). If not, then for some ¢ > 0, after passing to a subsequence, for every a we
could find p® € M“ such that (%%Mo‘,po‘) has distance at least € in the C¥-topology
from a complete nonnegatively curved 3-manifold.

(1) and (2) imply that after passing to a subsequence, the sequence {(%%Mo‘,po‘)}
converges in the pointed CX-topology to a complete Riemannian 3-manifold.
But since the ratio }j—: tends uniformly to infinity as v — oo, the limit manifold has
nonnegative curvature, which is a contradiction. O

We now extend Lemma, 6.10 to provide C*-splittings.

Lemma6.16 — Given ¢ >0 and 0 < j < 3, provided § < (e, w") the following holds.
Ifpe M, and ¢ : (éM,p) — (RI x X, (0,%x)) is a (j,0)-splitting, then ¢ is e-close to
a (4, €)-splitting b (%M, p) = (R7 x X, (0,%%)), wheref? is a complete nonnegatively
curved C¥ -smooth Riemannian (3 — j)-manifold, and ¢ is e-close to an isometry on
the ball B(p,e~ 1) C éM, in the CE+1_topology.
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Proof. — Suppose not. Then for some € > 0, after passing to a subsequence we can
assume that there are points p® € M“ so that (tp%M, po‘) admits a (j, «~!)-splitting
®;, but the conclusion of the lemma fails.

By Lemma 6.10, a subsequence of {(%%Mo‘,po‘)}zozl converges in the pointed
C¥_topology to a complete pointed nonnegatively curved C¥-smooth 3-dimensional
Riemannian manifold (M°°,p>), such that ¢; converges to a (j,0)-splitting ¢ of

(M®°,p>). This is a contradiction. O

Remark 6.17 — If we only assume condition (1) of Assumption 5.2 then the proof
of Lemma 6.16 yields the following weaker conclusion: Xisa (nonnegatively curved)
(3 — j)-dimensional Alexandrov space, and $ is a homeomorphism on B(p,e~!). See
Section 18 for more discussion.

Let 0 > 0 be a new parameter. In the next lemma, we show that if the parameter w
is small then the pointed 3-manifold (iM ,p) is Gromov-Hausdorff close to something
of lower dimension.

Lemma 6.18 — Under the constraint w < w(o, ), the following holds. For every

p € M, the pointed space (%M, p) is o-close in the pointed Gromov-Hausdorff met-
P

ric to a nonnegatively curved Alexandrov space of dimension at most 2.

Proof. — Suppose that the lemma is not true. Then for some o, A > 0, there is a
sequence w; — 0 and for each i, a sequence {(Ma(i’j),po‘(i’j))};il so that for each
7, ( tpa}i,j) M) poli )) has pointed Gromov-Hausdorff distance at least o from any
nonnegatively curved Alexandrov space of dimension at most 2.

Given i, as j — oo the curvature scale at p®(»7) divided by T pe(i.g) (w') goes to
infinity. Hence the curvature scale at po‘(i’j) divided by Cpoing) also goes to infin-
ity. Thus we can find some j = j(i) so that the curvature scale at p®(*J()) is at
least 7 tjaa.s). We relabel Me@i@) a5 M? and p*(#3i(1) as pi. Thus we have a
sequence { (M*, p?) }Zl so that for each 1, (%leZ,pl) has pointed Gromov-Hausdorff
distance at least ¢ from any nonnegatively curved Alexandrov space of dimension at
most 2, and the curvature scale at p’ is at least i tyi. In particular, a subsequence of
the (éM i pi)’s converges in the pointed Gromov-Hausdorff topology to a nonnega-
tively curved Alexandrov space (X, x), necessarily of dimension 3. Hence there is a
uniform positive lower bound on vol(B(p".2t1))

@57
As 7, (w;) < 2ty the Bishop—GromSv inequality implies that

(6.19) i (rye (@) vol(Brye(@))) _ vol(B®Y, 26))

rpi(@4) rpi(W5)

=T
[ i . 2
/ e sinh2(r) dr / 2 sinh?(r) dr /0 sinh®(r) dr
0 0
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That is,
X ri(W;)
(B(p', 2t ! (—)
(6.20) wg w; / sinh®(r) dr — 2%
(2e5:)° 0 ——
/ " sinh®(r) dr
0
1
< 3w / sinh?(r) dr.

0

Since w; — 0, we obtain a contradiction. O

As explained in Section 2, we will assume henceforth that the constraint
(6.21) w < w(o, )

is satisfied.

7. Stratification

In this section we define a rough stratification of a Riemannian 3-manifold, based
on the maximal dimension of a Euclidean factor of an approximate splitting at a given
point.

7.1. Motivation. — Recall that in a metric polyhedron P, there is a natural met-
rically defined filtration Py C P; C --- C P, where P, C P is the set of points p € P
that do not have a neighborhood that isometrically splits off a factor of R¥t1. The
associated strata { P, — Py_1} are manifolds of dimension k. An approximate version
of this kind of filtration/stratification will be used in the proof of Theorem 1.3.

For the proof of Theorem 1.3, we use a stratification of M so that if p € M lies
in the k-stratum then there is a metrically defined fibration of an approximate ball
centered at p, over an open subset of R¥. We now give a rough description of the
strata; a precise definition will be given shortly.

2-stratum. — Here (%M , p) is close to splitting off an R2-factor and, due to the col-
P

lapsing assumption, it is Gromov-Hausdorff close to R2. One gets a circle fibration

over an open subset of R2.

1-stratum. — Here (éM, p) is not close to splitting off an R?-factor, but is close
to splitting off an R-factor. These points fall into two types: those where (éM , p)
looks like a half-plane, and those where it look like the product of R with a space
with controlled diameter. One gets a fibration over an open subset of R, whose fiber
is D2, S2, or T2.

0-stratum. — Here (éM , p) is not close to splitting off an R-factor. We will show
that for some radius r comparable to v, (%M , p) is Gromov-Hausdorff close to the
Tits cone Cr N of some complete nonnegatively curved 3-manifold N with at most
one end, and the ball B(p,r) C M is diffeomorphic to N. The possibilities for the
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topology of N are: S' x B2, B3, RP3 — D3, a twisted interval bundle over the Klein
bottle, S1 x S2, RP3#RP?, a spherical space form S3/T" and a isometric quotient
T3/T of the 3-torus.

7.2. The k-stratum points. — To define the stratification precisely, we introduce
the additional parameters 0 < (51 < [ < (3, and put Sy = 0. Recall that the
parameter ¢ has already been introduced in Section 6.

Definition 7.1 — A point p € M belongs to the k-stratum, k € {0,1,2,3}, if (iM, D)
admits a (k, Bx)-splitting, but does not admit a (j, 5;)-splitting for any j > k.

Note that every pointed space has a (0, 0)-splitting, so every p € M belongs to the
k-stratum for some k € {0, 1,2, 3}.

Lemma 7.2 — Under the constraints B3 < 33 and o < @ there are no 3-stratum
points.

Proof. — Let ¢ > 0 be the minimal distance, in the pointed Gromov-Hausdorff metric,
between (R3,0) and a nonnegatively curved Alexandrov space of dimension at most 2.
Taking BB =0 = 7, the lemma follows from Lemma 6.18. |

Let A € (851, 00) be a new parameter.

Lemma7.3 — Under the constraint A > A(B2), if p € M has a 2-strainer of size
%tp and quality % at p, then (%M,p) has a (2, %ﬂg)—splitting %M — R%2. In
particular p is in the 2-stratum.

Proof. — This follows from Lemma 4.15. O

Definition 7.4 — A 1-stratum point p € M is in the slim 1-stratum if there is a
(1, B1)-splitting (éM,p) — (R x X, (0,%x)) where diam(X) < 103A.

8. The local geometry of the 2-stratum

In the next few sections, we examine the local geometry near points of different
type, introducing adapted coordinates and certain associated cutoff functions.

In this section we consider the 2-stratum points. Along with the adapted coordi-
nates and cutoff functions, we discuss the local topology and a selection process to
get a ball covering of the 2-stratum points.
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8.1. Adapted coordinates, cutoff functions and local topology near
2-stratum points. — Let p denote a point in the 2-stratum and let ¢,, : (%M, p) —
p

R2 x (X, %x) be a (2, B2)-splitting.

Lemma 8.1 — Under the constraints B2 < By and o < @, the factor (X,xx) has
diameter < 1.

Proof. — If not then we could find a subsequence { M} of the M“’s, and p; € M*/,
such that with 8y = o = %, the map ¢,, : (éMO‘j,pj) — (R? x X, (0,*x,)) violates
the conclusion of the lemma. We then pass to a pointed Gromov-Hausdorff sublimit
(Moo, Poo), which will be a nonnegatively curved Alexandrov space of dimension at
most 2, and extract a limiting 2-splitting ¢oo : (Moo, Poo) — R? X X. The only pos-
sibility is that dim(Mes) = 2, ¢oo is an isometry and X, is a point. This contradicts
the diameter assumption. O

Let ostratum > 0 be a new parameter.

Lemma8.2 — Under the constraint B2 < Bo(So-stratum), there is a op-adapted coor-
dinate n, of quality Sa-stratum on B(p,200) C (éM, p)

Proof. — This follows from Lemma 4.23 (see also Remark 4.35). O

Definition 8.3. — Let ¢, be the smooth function on M which is the extension by zero
of &g g0 |np|. (See Section 2 for the definition of @, .)

Lemma 8.4 — Under the constraints 5 < 32, Sostratum < S2-stratum 0nd o < @, the
restriction of 1, to n, ' (B(0,100)) is a fibration with fiber S*. In particular, for all

R € (0,100), |n,|71[0, R] is diffeomorphic to S* x B(0, R).

Proof. — For small 82 and ¢a-stratum, the map 7, : %M O B(p,200) — R? is a sub-
mersion; this follows by applying (4.22) to an appropriate 2-strainer at 2 € B(p, 200)
furnished by the (2, B2)-splitting ¢,.

By Lemma 8.1, if ¢2stratum < T2-stratum then n,; 1(B(0,100)) Cc B(p,102) C
1 M. Therefore if K C B(0,100) is compact then 7, LK) is a closed sub-
set of B(p,102) C XM, and hence compact. It follows that 77,,’7771 (B(0,100))
n, ' (B(0,100)) — B(O 100) is a proper map. Thus np}nA(B 0,100)) 18 a trivial fiber
bundle with compact 1-dimensional fibers.

Since Ny 1(O) has diameter at most 2 by Lemma 8.1 (assuming <o stratum <
Co-stratum ), it follows that any two points in the fiber 7, 1(0) can be joined by a
path in 7, !(B(0,100)). Now the triviality of the bundle implies that the fibers are
connected, i.e., diffeomorphic to S*. O
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8.2. Selection of 2-stratum balls. — Let M be a new parameter, which will
become a bound on intersection multiplicity of balls. The corresponding bound M
will describe how big M has to be taken in order for various assertions to be valid.

Let {pi}iclr oo De a maximal set of 2-stratum points with the property that
the collection {B(pi, 3tp,)} is disjoint. We write ¢; for ¢,,.

1€ 12 stratum

Lemma 8.5 — Under the constraints M > M and A < A,
(1) Uictoonn Biytp,) contains all 2-stratum points.

(2) The intersection multiplicity of the collection {supp(¢;)} is bounded

by M.

1€ 12 stratum

Proof

(1). Assume 1 + %A < 1.01. If p is a 2-stratum point, there is an i € Iogiratum
such that B(p, %tp) N B(p;, %tpi) #+ & for some i € I giragum. Lhen ;pi €[.9,1.1], and
p € B(pi,tp,)-

(2). From the definition of (;, if ¢ stratum 18 sufficiently small then we are ensured
that supp({;) C B(pi, 10ty,).

Suppose that for some p € M, we have p € ﬂjvzl B(pi;, 10tp¢j) for distinct 4;’s.

)

We relabel so that B(p;,,t,, ) has the smallest volume among the B(p;, tpij) S.
If 10A is sufficiently small then we can assume that for all 7, % < ;ﬁ < 2. Hence the

N disjoint balls { B(p;;, %tpij ) 5_\7:1 lie in B(p;, , 100ty ) and by Bishop-Gromov volume
comparison

100
12
vol(B(pil,lootpil)) B /0 sinh?(r) dr

(8:6) l(Blo o)) /
0

sinh?(r) dr

This proves the lemma. O

9. Edge points and associated structure

In this section we study points p € M where the pair (M, p) looks like a half-plane
with a basepoint lying on the edge. Such points define an edge set E. We show that
any l-stratum point, which is not a slim 1-stratum point, is not far from F.

As a technical tool, we also introduce an approximate edge set E’ consisting of
points where the edge structure is of slightly lower quality than that of E. The set
E’ will fill in the boundary edges of the approximate half-plane regions around points
in E. We construct a smoothed distance function from E’, along with an associated
cutoff function.

We describe the local topology around points in £ and choose a ball covering of E.
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9.1. Edge points. — We begin with a general lemma about 1-stratum points.

Lemma9.1 — Given € > 0, if /1 < B1(¢) and o < T(e) then the following holds.
If (%M,p) has a (1, B1)-splitting then there is a (1,¢)-splitting (%M,p) = (R x
Y, (0,%y)), where Y is an Alexandrov space with dim(Y") < 1.

Proof. — This is similar to the proof of Lemma 8.1. If the lemma were false then we

could find a sequence a;; — oo so that taking 81 = j~! and o = j 7!, for every j there

would be p; € M* and a (1, !)-splitting of (%Mo‘f,pj), but no (1, ¢)-splitting
-
as asserted. Passing to a subsequence, we obtain a pointed Gromov-Hausdorff limit

(Moo, poo), and the (1,57 1)-splittings converge to a 1-splitting ¢oo : Moo — R X Y. It
follows from Lemma 6.18 that dim M., < 2, and hence dimY < 1. This implies that
for large j, we can find arbitrarily good splittings (%M‘lj,pj) — (R x Y}, (0,*y;))
where Y, is an Alexandrov space with dim(Y;) < 1. This is a contradiction. O

Let 0 < B < Bgr and 0 < o0 < o be new parameters.
Definition 9.2 — A point p € M is an (s, t)-edge point if there is a (1, s)-splitting
(9.3) I (éM,p) (R XY, (0,%y))
and a t-pointed-Gromov-Hausdorff approximation
(9-4) Gy (Y, xy) — ([0,C1,0),
with C' > 200A. Given F}, and G, we put

(9.5) Q= (1d xGp) o F, : (%M,p) —s (R x [0,C], (0,0)).

We let E denote the set of (Sg,or)-edge points, and E’ denote the set of
(BEr,op)-edge points. Note that £ C E’. We will often refer to elements of E as
edge points.

We emphasize that in the definition above, (), maps the basepoint p € M to
(0,0) e R x [0,C].

Lemma 9.6 — Under the constraints Bp: < B/, op < Tpr and Bz < By, no element
p € E" can be a 2-stratum point.

Proof. — By Lemma 8.1, if p is a 2-stratum point and ¢, : (%M,p) — (R? x
P
X, (0,xx)) is a (2, B2)-splitting then diam X < 1. Thus if Sg/, og and S are all

small then a large pointed ball in (R?,0) has pointed Gromov-Hausdorff distance less
than two from a large pointed ball in (R x [0, C], (0,0)), which is a contradiction. [

We now show that in a neighborhood of p € E, the set E’ looks like the border of
a half-plane.
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Lemma 9.7 — Given e > 0, if Bp < BE/(E,A), opr < EE/(E, A), Or < BE(BE/,O'E/),
op <or(Br,or) and A < A(e, A) then the following holds.

Forp € E, if Qp is as in Definition 9.2 and @p (R X [0,C],(0,0)) — (éM,p)
is a quasi-inverse for Q, (see Subsection 8.1), then Q,([—100A,100A] x {0})
is §-Hausdorff close to E' N Q" ([=1004,100A] x [0,100A]).

Proof. — Suppose the lemma were false. Then for some ¢ > 0, there would be

sequences «; — 00, s; — 0 and A; — 0 so that for each 7,
(1) The scale function v of M has Lipschitz constant bounded above by A;, and
(2) There is an (s2, s2)-edge point p; € M* such that Q,, ([—100A, 100A] x {0})
is not §-Hausdorff close to E; N Q,'([~100A,100A] x [0,100A]), where E;
denotes the set of (s;, s;)-edge points in M“.

After passing to a subsequence, we can assume that limiﬁoo(t%MO‘i,pi) =
(X, ps) for some pointed nonnegatively curved Alexandrov space (X, pso).
We can alsoAassume that lim; o @p, [—200A,200A]  [0,200A] ixists and is an isometric
embedding Qo : [—200A,200A] x [0,200A] = X°°, with Qs(0,0) = poo. Then

(9.8) lim Qp. ([-100A,100A] x {0}) = Qoo ([—100A, 100A] x {0}).

However, since s; — 0 and A; — 0, it follows that

(9.9)  lim B/ N Q" ([~100A,100A] x [0,100A]) = Qoo ([—100A, 100A] x {0}).

Hence for large 1, @pi([—lOOA, 100A] x {0}) is §-Hausdorff close to Ej N
@, ([=100A,100A] x [0,100A]). This is a contradiction. O

The first part of the next lemma says that 1-stratum points are either slim
1-stratum points or lie not too far from an edge point. The second part says that F
is coarsely dense in E’.

Lemma9.10 — Under the constraints fr < Bp(A), o < Tw(A), Br <
BE(ﬂE’)UE’)a og < EE(ﬁE’;UE’); b1 < BI(A;/BE)y o< E(A,O’E) and A < K(A), the
following holds.
(1) For every 1-stratum point p which is not in the slim 1-stratum, there is some
q € E with p € B(q, Aty).
(2) For every 1-stratum point p which is not in the slim 1-stratum and for every
p’ € E' N B(p,10Av,), there is some ¢ € E with p' € B(q,t,). See Figure 2
below.

Proof. — Let € > 0 be a constant that will be adjusted during the proof. Let p be a
1-stratum point which is not in the slim 1-stratum.

By Lemma 9.1, if 81 < B,(A,¢) and ¢ < (A, ¢€) then there is a (1, €)-splitting
F: (%M ,p) = (RxY,(0,xy)), where Y is a nonnegatively curved Alexandrov space
of dimension at most one.
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FIGURE 2

Sublemma 9.11— diam(Y") > 500A.

Proof. — Suppose that diam(Y") < 500A. Let ¢ : (éM,p) — (R x X,(0,*x)) be a
(1, B1)-splitting.

Since p belongs to the 1-stratum, (éM, p) does not admit a (2, 33)-splitting. By
Lemma 4.17, it follows that if ¢ < €(A) and 31 < B;(A) then there is a 1575-Gromov-
Hausdorff approximation (X,xx) — (Y, *y). Since Y C B(*y,500A), we conclude
that the metric annulus A(xx,600A,900A) C X is empty. But then the image
of the ball B(p,3; ') C %M under the composition B(p, 51—1)$R x X X X will be
contained in B(xx,600A) C X (because the inverse image of B(xx,600A) under
Tx 0 ¢ is open and closed in the connected set B(p,3;')). Thus ¢ : (éM,p) —
(R x B(*x,600A),(0,*x)) is a (1, 51)-splitting, and p is in the slim 1-stratum. This
is a contradiction. O

Proof of Lemma 9.10 continued. — Suppose first that Y is a circle. If € is sufficiently

small then there is a 2-strainer of size %otp and quality % at p. By the choice of A

(see Section 7), p is a 2-stratum point, which is a contradiction.

Hence up to isometry, Y is an interval [0, C] with C' > 500A. If xy € (1%, C - 1%)

then the same argument as in the preceding paragraph shows that xy is a 2-stratum
point provided e is sufficiently small. Hence xy € [O, %} or xy € [C — %,C]. In
the second case, we can flip [0, C] around its midpoint to reduce to the first case. So
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we can assume that xy € [ , 10} Let F be a quasi-inverse of F' and put ¢ = F(O 0).
If AA is sufficiently small then we can ensure that .9 < tp < 1.1. From Lemma 4.10,
if By is sufficiently small, relative to S, then ¢ has a (1, ﬁ £ )-splitting. If in addition
e is sufficiently small, relative to o, then ¢ is guaranteed to be in E. Then d(p,q) <
$At, < Ar,.

To prove the second part of the lemma, Lemma 9.7 implies that if p’ €
E" N B(p,10At,) then we can assume that p’ lies within distance v, from
F([-100A,100A] x {0}). (This is not a constraint on the present parameter e.)
Choose ¢ = F(z,0) for some z € [—100A,100A] so that d(p',q) < 3t,. From
Lemma 4.10, if 7 is sufficiently small, relative to Sg, then ¢ has a (1, 8g)-splitting.
If in addition e is sufficiently small, relative to og, then ¢ is guaranteed to be in F.
If AA is sufficiently small then d(p’, ¢) < tq. This proves the lemma. O

2. Regularization of the distance function dg/. — Let dp/ be the distance
function from E’. We will apply the smoothing results from Section 3.6 to dg/. We
will see that the resulting smoothing of the distance function from E’ defines part of
a good coordinate in a collar region near F.

Let g > 0 be a new parameter.

Lemma 9.12 — Under the constraints fr < Bg/(A,cg/) and opr < Gp/ (A, spr) there

is a function ppr : M — [0,00) such that if ng: = 22 then:
(1) We have
’ d ’
(9.13) PR _CE < o
t t

(2) In the set ng, [1AO, 10A] N ( £)=1[0,50A], the function pg: is smooth and its

gradient lies in the gE/—nezghborhood of the generalized gradient of dg.
(3) prr —dp is spr-Lipschitz.
Proof. — Let €1 € (0,00) and 6 € (0,7) be constants, to be determined during the

proof.
Put

(9.14) C = (df/)_l {2A0 20A] <dTE) - [0,50A] .

If v € C and A < A(A) then there exists a p € E such that z € B(p,60A) C X M.
By Lemma 9.7, provided that Bg < B/ (€1,A), 0 < Tpi(e1,A), Be < Bp(Be, UE/)
or <Tr(Br,or), and A < Ae;,A), there is a y € M such that in EM’

(9.15) l[d(y,2) —dp/(2)| < €1, |d(y, E") —2dp(z)| < €7 .
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By triangle comparison, involving triangles whose vertices are at x, y and points
in E’ whose distance to x is almost infimal, it follows that if ¢; < &(6,A) then
diam(V;) < 6, where V. is the set of initial velocities of minimizing geodesic segments
from x to E’. See Figure 3.

Applying Corollary 3.16, if § < 6(sg/) then we obtain a function pg: : M — [0, 00)
such that

(1) pgs is smooth in a neighborhood of C'.
2) |

(3) For every x € C, the gradient of pgr lies in the ¢g/-neighborhood of the gener-
alized gradient of dg:.

Per _ dpr
T T

< Gg’.

(4) PE" — dE/ is CE/—LipSChitZ.
If g < % then

(9.16) Ny {%,104 N (dTE)_1[0,5OA] cc,

so the lemma follows. O

SOCIETE MATHEMATIQUE DE FRANCE 2014



54 BRUCE KLEINER & JOHN LOTT

9.3. Adapted coordinates tangent to the edge. — In this subsection, p € F
will denote an edge point and @, will denote a map as in (9.5).
Let Gedge > 0 be a new parameter. Applying Lemma 4.23, we get:

Lemma9.17 — Under the constraint Bp < Bp(A, cedge), there is a Q,-adapted
coordinate

(9.18) Np (%M,p) D B(p,100A) — R
P

of quality Seage-
We define a global function ¢, : M — [0, 1] by extending
(9.19) (P—9A,—8A,80,9A 0Np) - (Pga9n 0 ner) : B(p, 100A) — [0, 1]

by zero.

Lemma 9.20 — The following holds:
(1) ¢ is smooth.

(2) Under the constraints B2 < By(Szstratum), A < A(Sastratum, D), B <
B (S-stratum, ), 05 < T (Sostratum, ), B < Bg(B2, Ber, 0k, S2-stratum )
o < Trp(B2,BE,08 , Sostratum ) SE' < SE/(S2-stratum)  0Nd  Sedge <
Sedge (S2-stratum)s o = € (mp,ner) 1 ([—10A,10A] x [ll—OA,10A}) then x is
a 2-stratum point, and there is a (2,[2)-splitting ¢ : (%M, :C) — R?
such that (n;,ng) : (%M, z) — (R?,¢(x)) defines ¢-adapted coordinates of
quality So_stratum on the ball B(z,100) C %M

Proof
(1). This follows from Lemma 9.12.

(2). Let €1,...,e5 > 0 be constants, to be chosen at the end of the proof. For
i € {1,2} choose points z: € M such that Q,(z) € B(Qy(z) £ 5ei,08) C RX[0,C].
Provided that fg < Bg(B2,A,€1), op < Tr(f2,A,¢1) and A < A(A), the tuple
{xzi 2_, will be a 2-strainer at z of quality €7, and scale at least % in %M . Therefore,
if e7 < € (B2) then x will be a 2-stratum point, with a (2, 82)-splitting ¢ : (iM, 3:) —
(R?%,0) given by strainer coordinates as in Lemma 4.15.

Suppose that y is a point in %M with d(y,z) < e - %, and z € E' is
a point with d(y,z) < d(y,E’) + e2A; see Figure 4. Then by Lemma 9.7, if
Ber < Bpi(es3,A), o5 < Tpi(es,A), B < Bples, fer,0m), o5 < Tr(es, fer,om),
A < A(e3,A) and e < &(e3) then the comparison angles Ay(:zrf,z), Zy(xg,2)
will satisfy |Zy(xf,z) — 5| <e3 and |Zy(x§,z) — 7| < e3. If 4 is a minimizing
segment from y to ZCii, and v, is a minimizing segment from y to z, it follows
that |Z, (v, y.) — 2| < e and [Zy(v5,7:) — w| < €4, provided that e; < &(es)
for i < 3. Therefore |Dng: ((7F)/(0))] < €5 and |Dng: ((757)/(0)) — 1| < €5, provided

that €4 < @(es) and cpr < Swi(es). Likewise, |Dn,((viE)'(0)) — 1] < €5 and
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| D1, (755 (0))] < €5, provided that Sg < Bples) and cedge < Sedge(€s). It follows
from Lemma 4.28 that (1, ng/) defines ¢-adapted coordinates of quality ¢a-stratum oL
B(JZ, 100) C éM, pI‘OVided that e5 < €5 (§2_Stratum) and ﬂg < BZ (§2_Stratum).

We may fix the constants in the order €5, ..., €;. The lemma follows. O

9.4. The topology of the edge region. — In this subsection we determine the
topology of a suitable neighborhood of an edge point p € E.

Lemma9.21 — Under the constraints fr < Bp(A), op < Gr/(A), Be <
ﬁE(ﬁE’?UE’aw/>7 op < EE(ﬁE’ao'E’); Sedge < fedge(A% SEr < ?E’(A>7 A< A(A) and
o < (A), the map ny, restricted to (ny,ne) "1 ((—4A,4A) x (—o00,4A]) is a fibration
with fiber diffeomorphic to the closed 2-disk D?.

Proof. — Let € > 0 be a constant which will be internal to this proof.

By Lemma 6.16, if 8 < Bp(e, A,w') then the map F}, of Definition 9.2 is e-close
to a (1,e€)-splitting ¢ : (%M, p) = (R x Z,(0,%z)), where Z is a complete pointed
nonnegatively curved C¥-smooth surface, and ¢ is e-close in the C**'-topology to an
isometry between the ball B(p, 1000A) C (%M, p) and its image in (R x Z, (0,%z)).
If in addition o < Tg(A) then the pointed ball (B(xz,10A),*z) C (Z,*z) will have
pointed-Gromov-Hausdorff distance at most § from the pointed interval ([0, 10],0),
where ¢ is the parameter of Lemma 3.12. By Lemma 3.12, we conclude that B(xz, A)
is homeomorphic to the closed 2-disk.
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Pt Y =R x {xz} CRx Z and let dy : R x Z — R be the distance to Y. By
Lemma 3.12, if € is sufficiently small then for every x € R x Z with dy (x) € [A,9A],
the set V,, of initial velocities of minimizing segments from x to Y has small diameter;
moreover V. is orthogonal to the R-factor of R x Z. Thus we may apply Lemma 3.16
to find a smoothing py of dy, where ||py — dy ||~ is small, and in dy'(A,9A) the
gradient of py is close to the generalized gradient of dy .

Note that by Lemma 9.7, we may assume that ¢~ '(R x {xz}) N B(p,504) is
Hausdorff close to E' N B(p, 50A). Since ¢ is CX*+1-close to an isometry, the gener-
alized gradient of dy o ¢ will be close to the generalized gradient of dg: in the region
(Np,me) "1 (—5A,5A) x (2A,5A), where the gradients are taken with respect to the
metric on %M . (One may see this by applying a compactness argument to conclude
that minimizing geodesics to E’ in this region are mapped by ¢ to be C'-close to
minimizing geodesics to Y.) Hence if ¢z is small then 1z and py o ¢ will be C'-close
in the region (1n,,ne/) "' (=5A,5A) x (2A,5A). Similarly, if Sp and Gedge are small
then 7, will be Cl-close to 7z o ¢ in the region (n,,nm/) " (—=5A,5A) x (—o0,5A).

For t € [0,1], define a map f*: (n,,ne) "' ((=54,5A) x (—o00,5A)) — R? by

(9.22) =+ (1= mz 0, tnm + (1 —tpy 0 0).

Let F : (np,me) "t ((—=5A,5A) x (—00,5A)) x [0,1] — R? be the map with slices
{f%}. In view of the C'-closeness discussed above, we may now apply Lemma 21.1
to conclude that (n,,ne) " ({0} x (—o00,4A]) is diffeomorphic to (7z, py) 1 ({0} x
(—00,4A]), which is a closed 2-disk.

Finally, we claim that the restriction of 1, to (9, ne) " (—4A,4A) x (—o0,4A]
yields a proper submersion to (—4A,4A), and is therefore a fibration. The proper-
ness follows from the fact that (n,,ng) " ((—44A,4A) x (—o00,4A]) is contained in a
compact subset of the domain of (1,,ng/). The fact that it is a submersion follows
from the nonvanishing of Dn,, and the linear independence of {Dmn,, Dng/} at points
with (n,,ne) € (—4A,4A) x {4A}. O

Remark 9.23 — Given w’, we take Sg very small in the proof of Lemma 9.21 in order
to get a very good 1-splitting. On the other hand, we just have to take oz, and hence
o, small enough to apply Lemma 3.12; the parameter ¢ of Lemma 3.12 is independent
of w’. This will be important for the order in which we choose the parameters.

9.5. Selection of edge balls. — Let {p;}icr.,,. be a maximal set of edge points
with the property that the collection {B(p;, $Aty, )} icr.,,. is disjoint. We write ¢;
for Cp, .

Lemma 9.24 — Under the constraints M > M and A < A(A),
- Ul_e[edge B(pi, Aty,) contains E.
— The intersection multiplicity of the collection {supp((;)}tier

edge

1s bounded by M.

Proof. — We omit the proof, as it is similar to the proof of Lemma 8.5. O
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We now give a useful covering of the 1-stratum points.

Lemma 9.25 — Under the constraint A < A(A), any 1-stratum point lies in the slim
1-stratum or lies in Uieledge B(pi, 3Ar,,).

Proof. — From Lemma 9.10, if a 1-stratum point does not lie in the slim 1-stratum
then it lies in B(p, At,) for some p € E. By Lemma 9.24 we have p € B(p;, At,,) for

some i € Legge. If AA is sufficiently small then we can assume that .9 < ;P < 1.1.
Pq

The lemma follows. O

The next lemma will be used later for the interface between the slim stratum and
the edge stratum.

Lemma 9.26 — Under the constraints B < Bg(A, Ba), Sedge < Sedge(A\, f2) and A <
A(A), the following holds. Suppose for some i € loage and q € B(p;, 10At,,) we have

(9.27) ne(q) <5A,  |np,(q)] < 5A.

Then either p; belongs to the slim 1-stratum, or there is a j € leqge such that q €
B(pj, 10Av,;) and |y, (q)] < 2A.

Proof. — We may assume that p; does not belong to the slim 1-stratum.

From the definition of 7; and Lemma 9.7, provided that fp < Bg (A), Br <
Be(Be), A < A(A) and Gedge < Sedge(A), there will be a ¢’ € E' N B(p;, 10At,,) such
that 1, (¢') = np, (q)| < £5A. Since p; is not in the slim 1-stratum, by Lemma 9.10 (2)
there is a p € E such that ¢' € B(p,t,), and by Lemma 9.24 we have p € B(p;, Avy,)
for some j € Iegge. If AA is small then we will have |7, (¢')| < 1.5A. Lemma 4.31 now
implies that if Sedge < Bedge(A, f2) and cedge < Tedge(A, B2) then [n,,(¢') — 0y, (q)] <
2A. Thus |n,, (q)] < 2A. O

9.6. Additional cutoff functions. — We define two additional cutoff functions
for later use:

(9.28) Codge =1 =@y 5 0 ( > Q—)

i€1eage
and

(9.29) (e = ((I)%A,%A,SA,QA ° 77E/) * Cedge-

10. The local geometry of the slim 1-stratum

In this section we consider the slim 1-stratum points. Along with the adapted
coordinates and cutoff functions, we discuss the local topology and a selection process
to get a ball covering of the slim 1-stratum points.
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10.1. Adapted coordinates, cutoff functions and local topology near
slim 1-stratum points. — In this subsection, we let p denote a point in the
slim 1-stratum, and ¢, : (%M,p) — (R x X,(0,xx)) be a (1, 51)-splitting, with
diam(X) < 103A. Let ¢qim > 0 be a new parameter.

Lemma 10.1 — Under the constraint B1 < (A, Sslim):
~ There is a ¢p-adapted coordinate m, of quality ssim on B(p,10°A) C (%M, p).
P
— The cutoff function

(10.2) (P_9.10°A,-8.1054,81054,0.105A) © Tlp

extends by zero to a smooth function ¢, on M.

Proof. — This follows from Lemma 4.23 (see also Remark 4.35). O
Let 1, and (, be as in Lemma 10.1.

Lemma 10.3 — Under the constraints 81 < By (Sstim, A, w'), Sslim < Sstim(A), then
np_l{O} is diffeomorphic to S% or T?.

Proof. — From Lemma 6.16, if 81 < B;(A,w’') then close to ¢,, there is a
(1, B1)-splitting ¢ : (iM,p) — (R x Z,(0,%z)) for some complete pointed non-
negatively curved C¥-smooth surface (Z,xz), with the map being C**+!-close to an
isometry on B(p,10°A). From Definition 7.4, the diameters of the Z-fibers are at most
10*A. In particular, since Z is compact and M is orientable, Z must be diffeomorphic
to S? or T?. Furthermore, we may assume that for any pair of points m,m’ € M
with m € B(p,10°A) C éM, d(m,m') € [2,10], and 7z(¢(m)) = wz(p(m’)), the
initial velocity v of a minimizing segment v from m to m’ maps under ¢, to a vector
almost tangent to the R-factor of R x Z.

As ¢ is close to ¢,, we may assume that 7, is a ¢-adapted coordinate of qual-
ity 26stim- I Soiim < Ssiim(AQ), then we may apply the estimate from the preceding
paragraph, and the definition of adapted coordinates (specifically (4.22)), to conclude
that n, is C'-close to the composition éMgR x Z — R on the ball B(p,10°A). The
lemma now follows from Lemma 21.3. |
10.2. Selection of slim I-stratum balls. — Let {p;}ics,,.. be a maximal set
of slim stratum points with the property that the collection {B(p:, Aty ) bicr,,, is
disjoint. We write (; for (.

Lemma 10.4 — Under the constraints M > M and A < A(A),

= Uier,, Bpi,Arp,) contains all slim stratum points.

— The intersection multiplicity of the collection {supp((;)}iery,, @ bounded by M.

slim

We omit the proof, as it is similar to the proof of Lemma 8.5.
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11. The local geometry of the 0-stratum

Thus far, points in the O-stratum have been defined by a process of elimination (they
are points that are neither 2-stratum points nor 1-stratum points) rather than by the
presence of some particular geometric structure. We now discuss their geometry. We
show in Lemma 11.1 that M has conical structure near every point — not just the
0-stratum points — provided one looks at an appropriate scale larger than . We then
use this to define radial and cutoff functions near 0-stratum points.

Let §p > 0 and Yo, Y(, 70 > 1 be new parameters.

11.1. The Good Annulus Lemma. — We now show that for every point p in
M, there is a scale at which a neighborhood of p is well approximated by a model
geometry in two different ways: by a nonnegatively curved 3-manifold in the pointed
CX_topology, and by the Tits cone of this manifold in the pointed Gromov-Hausdorff
topology.

Lemma1l.1 — Under the constraint T{ > 76(50, Yo,w'), if p € M then there ex-
15ts Tg € [Yorp, Tory] and a complete 3-dimensional nonnegatively curved CX -smooth
Riemannian manifold N, such that:

(1) (%o M,p) is dg-close in the pointed Gromov-Hausdorff topology to the Tits
cone Cr Ny, of N,,.
(2) The ball B(p,ry) C M is diffeomorphic to N,.

0
(3) The distance function from p has no critical points in the annulus A(p, %, rg).

Proof. — Suppose that conclusion (1) does not hold. Then for each j, if we take

6 = jYo, it is not true that conclusion (1) holds for sufficiently large a. Hence we
can find a sequence o; — 0o so that for each j, (M*7, p,;) provides a counterexample
with T = jYo.

For convenience of notation, we relabel (M, p, ;) as (M, p;) and write v; for Cpa, -
Then by assumption, for each r? € [Tor;, jTor;] there is no 3-dimensional nonnega-
tively curved Riemannian manifold N; such that conclusion (1) holds.

Assumption 5.2 implies that a subsequence of {(%M j,Pj)} 321, which we relabel as
{(%Mj,pj)};?‘;l, converges in the pointed C¥-topology to a pointed 3-dimensional
nonnegatively curved C¥-smooth Riemannian manifold (N, ps). Now N is asymp-
totically conical. That is, there is some R > 0 so that if " > R then (%N, Poo) 18
%"—close in the pointed Gromov-Hausdorff topology to the Tits cone CpN.

By critical point theory, large open balls in N are diffeomorphic to N itself. Hence
we can find R’ > 103max(Yg, R) so that for any R" € (%R’,QR’), there are no
critical points of the distance function from p., in A(peo, %, 10R") C N, and the ball
B(pso, R") is diffeomorphic to N. In view of the convergence (%Mj,pj) — (N, pso) in

the pointed C*-topology, it follows that for large j there are no critical points of the
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distance function in A(p;, Biogj ,R"t;) C Nj, and B(p;, R"t;) C M, is diffeomorphic
to B(pso, R"”) C N. Taking 7“] = R'v; gives a contradiction. O

Remark 11.2 — If we take the parameter o of Lemma 6.18 to be small then we
can additionally conclude that C7 N, is pointed Gromov-Hausdorff close to a conical
nonnegatively curved Alexandrov space of dimension at most two.

11.2. The radial function near a O-stratum point. — For every p € M, we ap-
ply Lemma 11.1 to get a scale rp € [Yot,, Tit,] for which the conclusion of Lemma 11.1
holds. In particular, (T%M , p) is dp-close in the pointed Gromov-Hausdorff topology
to the Tits cone C'r N, of a nonnegatively curved 3-manifold N,.

Let d, be the distance function from p in (%M, p). Let So-stratum > 0 be a new
parameter.

Lemma 11.3 — Under the constraint 6y < 60(So-stratum), there is a function n, :
&M — [0,00) such that:
P

(1) mp is smooth on A(p, 3 75.10) C %M

(2) H np dp Hoo< SO-stratum -

(3) : LUM — [Oa OO) 18 gO—stratum'LiPSChitz-

(4) mp is smooth and has no critical points in 1, Y([&.2]), and for every p € [Z,2],

the sublevel set n, ' ([0, p]) is diffeomorphic to either the closed disk bundle in
the normal bundle vS of the soul S C Ny, if N, is noncompact, or to N, itself
when Ny, is compact.

(5) The composition @
G M —[0,1].

2 3 8 9 O extends by zero to a smooth cutoff function
2 s 8 9 Of)p y If f

Proof. — We apply Lemma 3.16 with Y ={p}, U=A(p, 55,20) and C=A(p, 15, 10).
To verify the hypotheses of Lemma 3.16, suppose that ¢ € U. From Lemma 11.1, for
any g > 0, there is an 69 = do(u) so that if 6y < Jo then we can find some ¢’ € M
with d(p,q") = 2d(p,q) and d(q,q") > (1 — p)d(p,q). Fix a minimizing geodesic v,
from ¢ to ¢’. By triangle comparison, for any 6 > 0, if y is sufficiently small then we
can ensure that for any minimizing geodesic v from ¢ to p, the angle between ~'(0)
and ~1(0) is at least m — £. Parts (1), (2) and (3) of the lemma now follow from

Lemma 3.16.

(4). Using the same proof as the “Morse lemma” for distance functions, one gets
a smooth vector field £ in A(p, %, 10), such that &d, and &n, are both close to 1.
Using the flow of &, if §0-scratum is sufficiently small then for every p € [1%, 2], the
sublevel sets d;, ([0, p]) and 7, ' ([0, p]) are homeomorphic. Let N be the closed disk
bundle in vS. Then int(N) h"T"N " int(d ([0, p])) " int(n, ([0, p])).  Since
two compact orientable 3-manifolds w1th boundary are homeomorphlc provided that

their interiors are homeomorphic, we have N "2 1-1([0, p]). (This may be readily
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deduced from the fact that if S is a closed orientable surface then any smooth
embedding S — S x R, which is also a homotopy equivalence, is isotopic to the fiber
S x {0}, as follows from the Schoenflies theorem when S = S? and from [32] when
genus(S) > 0.)

(5) follows from the fact that the composition ® 2 s 8 9 0T is compactly sup-
ported in the annulus A(p, 11—0, 10). O

Remark 11.4 — One may avoid the Schoenflies and Stallings theorems in the proof
of Lemma 11.3 (4). If M is a complete noncompact nonnegatively curved manifold,
and p € M, then the distance function d,, has no critical points outside B(p, ry) for
some 19 € (0,00). In fact, for every r > rg, the closed ball B(p,r) is isotopic, by an
isotopy with arbitrarily small tracks, to a compact domain with smooth boundary D;

moreover, the smooth isotopy class [D] is canonical and independent of r € (rg, c0).
(These assertions are true in general for noncritical sublevel sets of proper distance
functions. They are proved by showing that one may smooth d,, near S(p,r) without
introducing critical points.) The proof of the soul theorem actually shows that the
isotopy class [D] is the same as that of a closed smooth tubular neighborhood of the
soul, which is diffeomorphic to the unit normal bundle of the soul.

11.3. Selecting the O-stratum balls. — The next lemma has a statement about
an adapted coordinate for the radial splitting in an annular region of a 0-stratum ball.
We use the parameter ¢, for the quality of this splitting, even though there is no a
priori relationship to slim 1-stratum points. Our use of this parameter will simplify
the later parameter ordering.

Lemma 11.5 — Under the constraints 6o < 0o(S1, Sstim), Yo > To(B1), B1 < By (Sstim)
and SO-stratum < fO—stratum(gslim); there is a ﬁnlte collection {pi}ie[o,stmmm Of points
in M so that

(1) The ba’lls {B(p“ rgi)}ielo—stratlltxl

0

(2) If g € B(p;, 107‘21,), for some i € Iy giratum, then 7“2 < 207‘& and % > %TO.

(3) For each i, every q € A(p;, %Tgi, 101"21,) belongs to the 1-stratum or 2-stratum,
and there is a (1, B1)-splitting of (%M, q), for which Crs Np, @5 an adapted

q

tq

are disjoint.

coordinate of quality Gslim -
(4) Useryooo B(pi, 579,) contains all the 0-stratum points.

(5) For each i € Ip-stratum, the manifold Ny, has at most one end.

Proof

(1). Let Vo € M be the set of points p € M such that the ball B(p,r9) contains
a O-stratum point. We partially order Vj by declaring that p; < po if and only if
(29, < rp, and B(p1,r9 ) C B(p2,r9,)). Note that every chain in the poset (Vp, <)
has an upper bound, since 7‘2 < Tyr, is bounded above. Let V' C V; be the subset of
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elements which are maximal with respect to <, and apply Lemma 19.1 with R, = rg
to get the finite disjoint collection of balls {B(pi, )} Thus (1) holds.

1€ 10-stratum *

(2). If ¢ € B(p;,10r),) then 10 < 20r9 , for 0therw1se we Would have ¢ € V, and
p; < q, contradicting the max1mahty of pl Thus t‘” > 2017 > 55 LY.

(3). Suppose that i € Iygiratum and ¢ € A(p;, = 107 pi ,107° ) Recall that ( M pz)
is dg-close in the pointed Gromov-Hausdorff topology to the Tits cone CTN
If the Tits cone CpN,, were a single point then diam(M) would be bounded above
by 507“21-; taking dp < 1—10 we get ¢ € B(p;, 1—107°2i), which is a contradiction. Therefore
Cr Ny, is not a point. It follows that there is a 1-strainer at ¢ of scale comparable
to rgi and quality comparable to dy, where one of the strainer points is p;. By (2),
if Yo > To(B1) and o < 6(B1) then Lemma 4.15 implies there is a (1, 3;)-splitting
a: (%M, q) — (R x X, (0,%x)), where the first component is given by dp, — dp, (q).
In particular ¢ is a 1-stratum point or a 2-stratum point. By Lemma 11.3, the smooth
radial function 7,, is Sostratum-Lipschitz close to dj,,. Lemma 4.28 implies that if
So-stratum < SO-stratum (Sstim ) then we are ensured that n,, is an a-adapted coordinate
of quality ¢yim. Hence (3) holds.

(4). If g is in the O-stratum then ¢ € Vj, so ¢ < g for some § € V. By Lemma 19.1,
for some i € Iy stratum We have B(q, 7‘2) N B(pi,rgi) # & and rg < 27‘&. Therefore

qE€ B(pi,5rgi) and by (3), we have ¢ € B(p;, %Orgi).
(5). Let € > 0 be a new constant. Suppose that N,, has more than one end.
Then CrN,, ~ R. If §o < do(€) then every point ¢ € B(p;,1) C M will have

a strainer of quality € and scale ¢e7!. By (2) and Lemma 4.15, it < €(f1) and
Yo > To(B1) then thereis a (1, 31) splitting of (E ,q). Thus every point in B(p;, )
is in the 1-stratum or 2-stratum. This contradicts the definition of V', and hence N,
has at most one end. O

12. Mapping into Euclidean space

12.1. The definition of the map £° : M — H. — We will now use the ball
collections defined in Sections 8-11, and the geometrically defined functions discussed
in earlier sections, to construct a smooth map £°: M — H = @iel H;, where

— I = 1. Ulp Ulysratum U Istim U Tedge U T2-stratum, Where the two index sets I

and Ig are singletons I, = {t} and I = {E’} respectively,

— H; is a copy of R when 7 = t,

— H;is acopy of R®R when ¢ € Ip U lp.siratum U Lstim U Ledge, and

— Hjis a copy of RZ@® R when 4 € Io_giratum-

We also put

— Ho_stratum = @ie]o-scratum

- Haim = @icp,,,, His
- edge — ®i€chgc Hiv

iy
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- H2—stratum = @

- Qi=H,

- Q2 = HO—stratum @ Hslim @ Hedgea

- Q?; = HO—stratum @ Hslimu

- Q4 = HO—stratumu and

—mi Qi = Qj, m = m,; : H— Qi m : H — Qj are the orthogonal
projections, for 1 <i < j < 4.

1€ 12 stratum "~ ¢

If x € @, we denote the projection to a summand H; by 7y, (z) = ;. When i # ¢, we
write H; = H! ® H! = R* ® R, where k; € {1,2}, and we denote the decomposition
of x; € H; into its components by z; = (2},2) € H! ® H/'. We denote orthogonal
projection onto H; and H]' by 7pg; and gy, respectively.

In Sections 8-11, we defined adapted coordinates 7,, and cutoff functions ¢, corre-
sponding to points p € M of different types. If {p;} is a collection of points used to
define a ball cover, as in Sections 8-11, then we write 7; for n,, and (; for (,,. Recall
that we also defined ng and (g in Sections 9.2 and 9.6, respectively. For i € T\ {t},
we will also define a new scale parameter R;, as follows:

— If i € Iystratum We put R; = rgi, where rgi is as in Lemma 11.5;

— If i € Igim U Iedge U Iostratum, then R; = s

— If i = E’, then R; = t; note that unlike in the other cases, R; is not a constant.

The component £ : M — H; of the map £° : M — H is defined to be v when
1 =rv, and

(12.1) (RimiGi, RiGi)

otherwise.
In the remainder of this section we prepare for the adjustment procedure in Sec-
tion 13 by examining the behavior of £° near the different strata.

12.2. The image of £°. — Before proceeding, we make some observations about
the image of £9, to facilitate the choice of cutoff functions. Let z = £%(p) € H. Then
the components of x satisfy the following inequalities:

(12.2) ze >0

and for every i€ IO—stratum U Islim U Iedge U IZ—stratum7
(12.3) zf €[0,R;] and |2f| <caf,
where

9A when i € I/,

% When 7 S IO—stra.tumu
(124) c; = IOSA when i € Islima

9A when i € Iodge,

9 when @ € Io gtratum-
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Lemma 12.5 — Under the constraint A < A(M), there is a number Qo = Qo(M) so
that for all p e M, |D8£| < Q.

Proof. — This follows from the definition of £°. O
12.3. Structure of £° near the 2-stratum. — Put
(12.6) A = U {Iml <8}, Ai= U {Imil <7}

iEIQ—stratum ie[?—stratum

We refer to Definition 20.1 for the definition of a cloudy manifold. We will see
that on a scale which is sufficiently small compared with t, the pair (5’1,5’1) =
(E°(A1),E%(A1)) € H is a cloudy 2-manifold. In brief, this is because, on a scale
small compared with t, near any point in A; the map £° is well approximated in the
C' topology by an affine function of n;, for some i € In_gtratum-

Let 1,1 > 0 be new parameters. Define r1 : S; — (0,00) by putting r (z) =
%1 ¢, for some p € (E9)~1(x) N A;.

Lemma12.7 — There is a constant Q1 = Q1(M) so that under the constraints
B < BT, M), B < BT, 21, M), spratum < Szestratum (T, 21, M), B <
Bp,X1,AM), op <T(l',51,AM), cedge < Tedge(I'1; X1, A, M), <pr <
el X1, A M), B < BT, 21, A, M), Glim < Satim (', 21, A, M), Sosstratum <
?O_Stratum(Pl,El,A,M), Ty > To(l—‘l,zl,A,M) and A < A(Fl,El,A,M), the
following holds.

(1) The triple (Sy,S1,71) is a (2,T1) cloudy 2-manifold.

(2) The affine subspaces {Az}zes, inherent in the definition of the cloudy
2-manifold can be chosen to have the following property. Pick p € Ay and
put x = E%p) € S1. Let A C H be the linear subspace parallel to A,
(ie., Ay =AY +x) and let w0 : H — AY denote orthogonal projection
onto AY. Then

(12.8) | DE) — w40 0 DEY|| < Ty,
and
(129) 7 ol] < g 0 DE(W)] < o]
for every v € T,M which is orthogonal to ker(m 40 o DE)).
(3) Given i € In.giratum, there is a smooth map g‘? : (B(0,8) C R?) — (H!)* such

that
(12.10) |DEY|| < 4 R;
and on the subset {|n;| <8} C R%_M, we have
(12.11) Higo— (ni,igfom) <T.
R; R; ct
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Furthermore, if x € S1 then there are some i € I gtratum and p € {|n;| < 7}
such that x = E%(p) and AY =1Im (I, 4 (Dé' () -

The parameters €1, €2 > 0 will be internal to this subsection, which is devoted to
the proof of Lemma 12.7. Until further notice, the index i will denote a fixed element
of I2—stratum'

Put J = {] € IE’ U IO—stratum U Islim U Iedge U I2—stratum | supp Cj N B(pi7 10R1) 7é @},

Sublemma 12.12— Under the constraints o < Bo(€1), So-stratum < S2-stratum (€1);
Be < Brle1,A), Sedge < Sedge(€1,A), spr < <e(en,A), A < B1(e1, A), Glim <
Salim (€1, A), So-stratum < So-stratum (€1, A) and A < A(e1, A), the following holds.

For each j € J, there is a map Tj; : R? — RE: which is a composition of an
isometry and an orthogonal projection, such that on the ball B(p;,10) C R%M, the
map 1; is defined and satisfies

(12.13) H R (Tijom)|| <er.

Cl
Proof. — As we are assuming the hypotheses of Lemma 7.2, there are no 3-stratum
points.

Suppose first that j € Iogratum. Then d(pj,p;) < 10(R; + R;). If A is suffi-
ciently small then we can assume that % is arbitrarily close to 1, so in particular
d(pj,pi) < 40R;. By Lemma 4.10, if f2 islsuﬁiciently small then the (2, 3)-splitting
of (R%M’ pj) gives an arbitrarily good 2-splitting of (R%M’ pi). By Lemma 4.17, if
B2 is sufficiently small then this splitting of (R%M , pi) is compatible, to an arbitrar-
ily degree of closeness, with the (2, 82)-splitting of (R%M, pi) coming from the fact
that p; is a 2-stratum point. Hence in this case, if f2 and ¢ogtratum are sufficiently
small (as functions of €1) then the sublemma follows from Lemma 4.31, along with
Remark 4.35.

If j € Ieage U Isiim then d(p;, p;) < 10R; + 10°AR;. We now have an approximate
1-splitting at p;, which gives an approximate 1-splitting at p;. As before, if (s,
S2-stratums D1 Sedges Sslim, and A are sufficiently small (as functions of €; and A) then
we can apply Lemmas 4.17 and 4.31 to deduce the conclusion of the sublemma. Note
that in this case, we have to allow A to depend on A.

If j € I/ then since supp (g N B(p;, 10R;) # @, we know that ng/(q) € [I%A, 9A]
for some ¢ € B(p;,10R;). As A >> 10, it follows from Lemma 9.12 that if A is
sufficiently small then B(p;, 10R;) C nj' (%A, 10A). From the definition of E’, it
follows that if Bg: and A are sufficiently small then there is a 1-splitting at p; of
arbitrarily good quality, coming from the [0, C]-factor in Definition 9.2. As before, if
Brry A, B2y o-stratum, B and ¢ are sufficiently small (as functions of €5 and A) then
we can apply Lemmas 4.17 and 4.31 to deduce the conclusion of the sublemma.

If j € Iostratum then since supp(; N B(p;, 10R;) ;é I, we know that 7;(q) €
[, 5] for some ¢ € B(p;,10R;). From Lemma 11.5, pj > 55 o. Hence we may
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assume that B(p;, 10R;) C A(p;, -5 g], »,;)- Lemma 11.5 also gives a (1, B1)-splitting
of (g? M, pi). If By and S, are sufficiently small then by Lemma 4.17, this 1-splitting
J

is compatible with the (2, 82)-splitting of (RLM , pl-) to an arbitrary degree of close-
ness. As before, if 81, 82, S2.stratum and So_stratum are sufficiently small (as functions
of ¢, and A) then the sublemma follows from Lemma 4.31. O

We retain the hypotheses of Sublemma 12.12.

For j € J, the cutoff function (; is a function of the n;/’s for j' € J, i.e., there is a
smooth function ®; € C>(R”) such that ¢;(-) = ®; ({n;(-)};7es). (Note from (9.29)
that (s depends on ng and {(k }rer.y,..) The Hj-component of Y, after dividing by
R;, can be written as

1 R; R; R R;
(12.14) EQQ = <#mé}a #Cj) = (ﬁﬁj (P50 {mj tjrer), #(I)j o {Uj’}j'eJ) :

Let 70 : R? — H be the map so that the Hj;-component of F° o, for j € J,
is obtained from the preceding formula by replacing each occurrence of n; with the
approximation g—;(Tij °n;), i.e.,

(12.15)

= (i oy, ) weliem ey, )

whose H.-component is the constant function R;, and whose other components vanish.
That is,
(12.16)

1 R; R; R;
—Fjoni = ((Tiyom) - | ®;( 4 5—Tijr oms , =@ ( ¢ ==Tijr o -
R; 720 <( Jon) ( J({Rj’ e }j’eJ)> R; J<{Rj’ 7o }j/6J>>

Sublemma 12.17— Under the constraints ¢, < &/(ea, M), Yo > Yo(ea, M) and
A< K(Eg, M),

ifoom

<€
R; 2

1
(12.18) H—SO -
Ri Cc1

on B(pi,10) C M.

€
R;
Proof. — First note that &(p;) = F2(pi) = R; and the &-component of € has
Lipschitz constant A, so it suffices to control the remaining components. For j € J
and j € Ip Ulgim Uledge U o stratum, if A is sufficiently small then we can assume that
11%1 is arbitrarily close to one. Then the Hj-component of 1 £ — 1 ]_—0 on; can be
estimated in C-norm by using (12.13) to estimate 7;/, plugglng thls into (12.14) and
applying the chain rule. In applying the chain rule, we use the fact that the functions

®,; have explicit bounds on their derivatives of order up to 2.
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If j € JN Ipgratum then the only relevant argument of ®; is when j' = j. Hence
in this case we can write

1 R; R;
(12.19) =& = (fj_m‘ - (n5), ﬁ‘l’j(nj))
and

1 R; R; R;
(12.20) —Flom; = ((Tl on;) - (@(—E 0771'))7 —J<D-<—TZ-- oni)>.
Ri J J J R_] J Rl J R] J

From part (2) of Lemma 11.5, £ < 2. Then the Hj-component of #-&° —
A F%omn; can be estimated in C’1 “norm by using (12. 13) Note when we use the

cham rule to estimate the second component of 50 }' 0 o n;, namely

% (@;(n;) — ®; (%Tij on;)), we differentiate ®; and thls brmgs down a factor of R
7 J

when estimating norms. D

Sublemma 12.21— Given X € (0, 1), suppose that |n;(p)| < 8 for some p € M. Put
x=E%p). For any q € M, if E%°q) € B(z,XR;) then |n;(p) — ni(q)| < 20%.

Proof. — We know that (;(p) = 1. By hypothesis, |£%(p) — £%(¢q)| < XR;. In partic-
ular, |Gi(p) — Gi(g)| < X and [G;(p)ni(p) — Ci(g)ni(g)| < %. Then

1
(12.22)  [ni(p) —mi(q)| = Cz(q)léz( )ni(p) — Gi(@)ni(q)]
< 7 16O - G@Om @] +160) = Gl )]
108
< o5 S 208
This proves the sublemma. O

We now prove Lemma 12.7. We no longer fix i € Is gtratum- Given x € Si, choose
p € Ay and i € Ir.gratum 50 that £%(p) = z and |n;(p)| < 8. Put AY = Im(d}' (p))
a 2-plane in H, and let A, = 2 + AY be the corresponding affine subspace through
x. We first show that under the constraints ¥; < X1(I'y, M), €2 < &(I'y, M) and
A <'A(T'y, M), the triple (Sy,S1,71) is a (2,T1) cloudy 2-manifold.

We verify condition (1) of Definition 20.2. Pick z,y € S;, and choose p € (%)~ ()N
Uie L coracum I7: 710, 8) (respectively ¢ € (£°) 7 () N Uier, uaum 7: 710, 8)) satisfying
r1(z) = X1vp (respectively 1 (y) = Xitg).

We can assume that A < ﬁ. Suppose first that d(p,q) < th Then since t is
A-Lipschitz, we get [t, — t4| < tp, so in this case

(12.23) Ir1(2) = r1()] = Saley — vl < Six, =1 (2).

SOCIETE MATHEMATIQUE DE FRANCE 2014



68 BRUCE KLEINER & JOHN LOTT

Now suppose that d(p,q) > 20r,. We claim that if A is sufficiently small then this
implies that d(p,q) > 19t, as well. Suppose not. Then 20r, < d(p,q) < 19ty so
9

z—’; < 33. On the other hand, since [ty — t,| < Ad(p, q), we also know that ty — ¢, <

Ad(p, q) < 19Ar,, so :—Z’ > 1—19A. If A is sufficiently small then this is a contradiction.
Thus there are 7,5 € Io stratum such that p € |n;|71[0,8), ¢ € |n;|~1[0,8), ¢i(p) =
1 =¢j(q) and (;(¢) = 0= ¢;(p). Then

(12.24) |z —yl = |€%(p) — E%(q)| = max( vy, |¢;(p) — Gi(@)], v, G (0) — Gi(a)] )

max(r1(z) , 11(y))
2%, '

1
= max(tp, , tp,) > 5 max(t, , t;) =

So |ri(z) — r1(y)| < |z —y| provided ¥; < &. Thus condition (1) of Definition 20.2
will be satisfied.

We now verify condition (2) of Definition 20.2. Given z € Sy, let i € Io stratum and
p € M be such that £°(p) = z and |n;(p)| < 7. Taking ¥ = 15 in Sublemma 12.21,
we have Im(€°) N B(x, 1%6) C Im(gohmrl[o,?z))' Thus we can restrict attention
to the action of €2 on |n;|~1[0,7.2). Now Im(]—'o‘B(OjQ)) is the restriction to B(0,7.2)
of the graph of a function GY : H! — (H!)*, since Tj; = Id and <i’B(O,7.2) = 1.
Furthermore, in view of the universality of the functions {®,},;cs and the bound
on the cardinality of J, there are uniform C'-estimates on G?. Hence we can find
¥ (as a function of I'y and M) to ensure that (ﬁ Im(J:O‘B(O,TQ))’ z) is Lt-close
in the pointed Hausdorfl topology to x—i—Im(d]—'S). Finally, if the parameter ey of
Sublemma 12.17 is sufficiently small then we can ensure that (ﬁ Im (50),90) is
I'i-close in the pointed Hausdorff topology to x + Im(DFJ). Thus condition (2) of
Definition 20.2 will be satisfied.

To finish the proof of Lemma 12.7, equation (12.8) is clearly satisfied if the pa-

rameter ez of Sublemma 12.17 is sufficiently small. Equation (12.9) is equivalent to

upper and lower bounds on the eigenvalues of the matrix (740 0 DEY)(m40 0 DEY)*,
which acts on the two-dimensional space AY. In view of Sublemma 12.17 and the
definition of A, it is sufficient to show upper and lower bounds on the eigenvalues
of DF) ) (DF) )" acting on AZ. In terms of the function Gf, these are the same
as the eigenvalues of Io 4+ ((DGY),, ()" (DGY),y, (), acting on R?. The eigenvalues are
clearly bounded below by one. In view of the C'-bounds on G?, there is an upper
bound on the eigenvalues in terms of dim(H), which in turn is bounded above in
terms of M. This shows equation (12.9).

Finally, giveAn i € Io gtratum, We can write R%]—'O on B(0,8) C R2 in the form
R%]—'O = (I, R%é'?) with respect to the orthogonal decomposition H = H & (H])*.
(Recall that FO is defined in reference to the given value of i.) We use this to de-
fine EA’ZQ. Equation (12.11) is a consequence of Sublemma 12.17. The last statement of
Lemma 12.7 follows from the definition of AY.
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12.4. Structure of £° near the edge stratum. — Recall that Q2 = Ho-gtratum @
Hgimy @ Heqge, and w2 : H — ()2 is the orthogonal projection.

Put
(12.25) Ay = U {Imi| <8A, npr <8A}, Az = U {Iml <7A, mpr <TA}
1€ leage 1€ leage
and
(12.26) Sy = (mp 0 E%)(Ay), Sy = (w20 E%)(Ay).

Let ¥5,T5 > 0 be new parameters. Define o : Sy — (0,00) by putting ro(z) =
¥y t,, for some p € (120 %) (z) N As.
The analog of Lemma 12.7 for the region near edge points is:

Lemma 12.27 — There is a constant Qo = Qa(M) so that under the constraints
By < Bo(l2, M), Bp < Bp(l2, X2, 82, A, M), 05 < Tp(T'2, B2, B2, A, M), Gedge <
Sedge(I'2, X2, B2, ALM), B < B1(I'2, 32,82, A, M), Glim < Sstim (2, X2, B2, A, M),
So-stratum < So-stratum (['2, 22, B2, A, M) and A < A(Tg2, X2, B2, A, M), the following
holds.

(1) The triple (Sa, Sa,72) is a (2,Ts) cloudy 1-manifold.

(2) The affine subspaces {Az}zes, inherent in the definition of the cloudy
1-manifold can be chosen to have the following property. Pick p € As and
put © = (mg 0 E%)(p) € Sa. Let AY C Qo be the linear subspace parallel to
Ay (ie, Ay = AQ+x) and let ma0 : H — AY denote orthogonal projection
onto A%. Then

(12.28) | D(m 0 £%), — ma0 0 D(m3 0 £%),,|| < T2
and
(12.29) Q3 Mol < [l(mag 0 D(ma 0 £))(v)|| < Q|
for every v € T,M which is orthogonal to ker(m 40 o D(ma 0 E%),).

(3) Given i € Ioqge, there is a smooth map E‘? : (B(0,8A) C R) — (H)* NQs

such that
(12.30) | DE?|| < QuR;
and on the subset {|n;| < 8A,ng < 8A}, we have
1 1
12.31 —mp0 &% — (s, & omi I
( ) HRiﬂ-2o (anizon) Cl< 2

Furthermore, if © € Sy then there are some i € Ieqge and p € {|n;| < TA,
ner < TAY such that & = (720 E%)(p) and A =Im (I, R%(Dé’?)m(p)).

We omit the proof as it is similar to the proof of Lemma 12.7.
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12.5. Structure of £° near the slim 1-stratum. — Recall that Q3 = Ho.stratum®
Hgjim, and 73 : H — Q3 is the orthogonal projection.

Put
(12.32) Az= |J {Iml<8-10°A}, As= [J {In| <7-10°A}
1€ eage 1€ leage
and
(12.33) Sz = (m30E%)(A3), S3 = (m30E%)(A3).

Let ¥3,T'3 > 0 be new parameters. Define r5 : S5 — (0,00) by putting r3(z) =
Y3 t,, for some p € (730 E%) 7 (z) N As.
The analog of Lemma 12.7 for the slim 1-stratum points is:

Lemma 12.34 — There is a constant Q3 = Q3(M) so that under the constraints
Y3 < B3(3, M), Bp < BE(IBLE&&,A,M), or < 0r(l's, X3, B2, A, M), Gedge <
Sedge(I'3, 23, B2, A, M), B1 < B,(T'3,%3, 02, A, M), Glim < Sstim(I'3, X3, B2, A, M)
So-stratum < So-stratum (I3, 23, B2, A, M) and A < A(T'3, X3, B2, A, M), the following
holds.

(1) The triple (Ss, Ss,73) is a (2,T3) cloudy 1-manifold.

(2) The affine subspaces {Ay}zes, inherent in the definition of the cloudy 1-
manifold can be chosen to have the following property. Pick p € As and
put x = (w3 0 E%)(p) € Ss3. Let A2 C Q3 be the linear subspace parallel to
Ay (ie, Ay =AY +x) and let ma0 t H — AY denote orthogonal projection
onto A%. Then

(12.35) | D(r5 0 £%), — ma0 0 D(m3 0 £%),|| < T3
and
(12.36) Q57 [[v]l < lImag © D(ms 0 £%)(v)|| < Qs]lo]|
Jor every v € T,M which is orthogonal to ker(m 40 o D(ms 0 £%),,).
(3) Given i € Iy, there is a smooth map E° : (B(0,8 - 10°A) C R) — (H))*NQs

such that
(12.37) |IDEY| < QsR;
and on the subset {|n;| < 8-10°A}, we have
1 1
12.38 — 3080 — (s, =& o, I
(12.38) HRimo <77,Rilon) T

Furthermore, if © € Ss then there are some i € Iy and p € {|n;| < 7- 105A}
such that x = (w3 0 £%)(p) and A} =Im (I, R%(fo))m(p)).

We omit the proof as it is similar to the proof of Lemma 12.7.
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12.6. Structure of £Y near the 0-stratum. — The only information we will need
near the 0-stratum is:

Lemma12.39 — For i € Iygratum, the only nonzero component of the map w4 0 E9
M — Q4 = Hoystratum 0 the region {n; € [%, %]} is £, where it coincides with
(Rini, R;).

13. Adjusting the map to Euclidean space

The main result of this section is the following proposition, which asserts that it is
possible to adjust £° slightly, to get a new map &£ which is a submersion in different
parts of M. In Section 14 this structure will yield compatible fibrations of different
parts of M.

Let cagjust > 0 be a parameter.

Proposition 13.1 — Under the constraints imposed in this and prior sections, there is
a smooth map € : M — H with the following properties:

(1) For every p € M,
(13.2) 1E() = E2W)I| < cagjuse t(p) and | DE, — DEY|| < cadjust -

(2) For j € {1,2,3} the restriction of mj o & : M — Q; to the region U; C M is a

submersion to a kj-manifold W; C Q;, where

(13.3) = |J {ml<s},

1€ 12 stratum

U= |J {Iml <54, np <54},
1€1eage

Us= [J {Inil <5-10°A}
1€ 11im

G/ﬂdk1:2, k2=k3=1.

We will use the following additional parameters in this section: co.stratum, Cedge,
Cslim > 0 and =Z; > 0 for i € {1,2,3}.

13.1. Overview of the proof of Proposition 13.1. — In certain regions of M,
the map £° defined in the previous section, as well as its composition with projection
onto certain summands of H, behaves like a “rough fibration”. As indicated in the
overview in Section 1.5, the next step is to modify the map £° so as to promote
these rough fibrations to honest fibrations, in such a way that they are compatible
on their overlap. We will do this by producing a sequence of maps &7 : M — H, for
j € {1,2,3}, which are successive adjustments of the map &°.

To construct the map &7 from £71 j € {1,2,3}, we will use the following
procedure. We consider the orthogonal splitting H = Q; & Qj- of H, and let
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m=my: H—= Qj m : H —>ﬂQj- be the orthogonal projections. In Section 12
we considered a pair of subsets (A4;,A4;) in M whose image (S}, 5;) under the com-
position 7; 0 £771 is a cloudy kj-manifold in Q;, in the sense of Definition 20.1 of
Appendix B. We think of the restriction of £/=! to A; as defining a “rough submer-
sion” over the cloudy k;-manifold (§ i,5;). By Lemma 20.2, there is a k;-dimensional
manifold W; C @Q; near (§j,Sj) and a projection map P; onto Wj, defined in a
neighborhood Wj of W;. Hence we have a well-defined map

L
(13.4) H>W, ij(PJC’l/” )QjeanzH.
Then using a partition of unity, we blend the composition (P; o =, wj-) 0 &1~ with
&7 . M — H to obtain & : M — H. In fact, £& will be the postcomposition of
771 with a map from H to itself.

We draw attention to two key features of the construction. First, in passing from
771 to &7, we do not change it much. More precisely, at a point p € M, we have
|E77 (p) — E7(p)| < const.t, and [DEI"T — DEJ| < const. for some small constants.
Second, the passage from &7 to €77 respects the submersions defined by 771,

13.2. Adjusting the map near the 2-stratum. — Our first adjustment step
involves the 2-stratum.

We take Q1 = H, Q1 = {0}, and we let /Nll, Ay, §1, Sy and r: S — (0,00) be as
in Section 12.3.

Thus (S1,S1,71) is a (2,T1) cloudy 2-manifold by Lemma 12.7. By Lemma 20.2,
there is a 2-manifold W C H so that the conclusion of Lemma 20.2 holds, where
the parameter € in the lemma is given by Z; = Z1(I';). (We remark that W} will
not be the same as the W of Proposition 13.1, due to subsequent adjustments.) In
particular, there is a well-defined nearest point projection

(13.5) PN, (S)) =W, — WP,

where we are using the notation for variable thickness neighborhoods from Section 3.
We now define a certain cutoff function.

Lemma 13.6 — There is a smooth function 11 : H — [0, 1] with the following prop-
erties:

(1)
(13.7) P10E%=1in U {Ini| < 6} and

1€ I2 stratum

1 0 E% = 0 outside U {Imil <7}

1€ 2 stratum

(2) supp(¥1) Nim(E%) C Wh.
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(3) There is a constant Q) = Q) (M) such that
(13.8) |(dp1)a| < Q!
for all x € im(E°).

Proof. — Let 41 : H — [0, 1] be given by

/ 17
(13.9) ¢1(z) =1-P1, Z q’6,6,5<%) : (1 — 01, <%)>
{i€zr-stratum | @}/ >0} g !
For each i € Iogtratum, the function x — @676,5(‘5,9) (1- <I>%11(%{)) is well-defined
and smooth in the set {7 > 0}, with support contained in the set {z/ > 1R} so
extending it by zero defines a smooth function on H. Hence 17 is smooth.
To prove part (1), suppose that ¢ € I gratum and |7;(p)| < 6. Then (;(p) =1 and

Ini| < 6. Putting z = £%(p), we have
(13.10) w; = (2},2]) = & (p) = (RiGi(p)mi(p), RiCi(p)) ,

so ! = R; and ‘w,%’,‘ € [0,6). Hence

x

o zy
(13.11) (1)6,6.5<I;/ (1=P1, R =1,

so ¥1(x) = 1.
Suppose now that |n;(p)| > 7 for every i € I gyratum. Putting x = £%(p), for each
1 € Io gtratum We claim that

1
(13.12) (1)6,6.5(17;, (1=P1, R =0

otherwise we would have |z}| < 6.5z and 2/ > R;/2, which contradicts our assump-
tion on p. It follows that v (2) = 0. This proves part (1).

To prove part (2), suppose z = E%(p) and v (z) > 0. Then from part (1), [n;(p)| <
7 for some i € Iy giratum. Therefore, p € A; and x € E°(A;) = 51 C /V[71, so part (2)
follows.

To prove part (3), suppose that z = £%(p). If 2 > 0 then (;(p) > 0, so the number
of such indices i € Iogtratum is bounded by the multiplicity of the 2-stratum cover;
for the remaining indices j € I gtratum, the quantity 1 — @ %71(;—{) vanishes near zx.
Thus by the chain rule, it suffices to bound the differential of

|z ay
(13.13) (1)6,6.5<I;/ 1=21, R

for each ¢ € I giratum for which z > 0. But the differential is nonzero only when

‘mf}‘ < 6.5 and % > % In this case, R; will be comparable to z, and the estimate

X

(113.8) follows easily. O
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Define ¥y : H — H by ¥4 (z) =z if x QWl and
(13.14) W,(2) = ¢ (@) P (@) + (1= s ()
otherwise. Put & = ¥ o 9.
Lemma 13.15— Under the constraints X1 <1 (1, Co-stratum)> L1 <T'1(21, €2 stratum)
and 21 < Z1(C2-stratum ), we have:
(1) &Y is smooth.
(2) Forallpe M,
(13.16) €Y (D) — E°(D)|| < costratum t(p) and ||D5; — D5£|| < Co_stratum -

(3) The restriction of E* to |J {Ini| < 6} is a submersion to W7.

1€ 2 stratum

Proof. — That &' is smooth follows from part (2) of Lemma 13.6.
Given p € M, put x = £%(p). We have

(13.17) E p) = E%(p) = (@) (Pr(x) — ).

Now [¢1 ()] < 1. From Lemma 20.2 (1), | Py (x)—2| < E171(z). From Sublemma 12.21,
we can assume that ri(z) < 10v,. This gives the first equation in (13.16).
Next,

(13.18) D&y — DE) = (D), (Pi(x) —z) + ¢1(x) (DP1)s o DE) — DEY)
= (D1)s (Pi(z) —2) + t1(z) (DPy)g — 7a0) 0 DE) +
Y1(x) (ma0 0 DE) — DE).
Equation (13.8) gives a bound on [(D1);|. Lemma 20.2(1) gives a bound on
|P1(x) — |. Lemma 20.2 (7) gives a bound on [(DP;); — 740|. Lemma 12.5 gives a
bound on |DEY|. Equation (12.8) gives a bound on [m40 0 DE) — DEJ|. The second

equation in (13.16) follows from these estimates.
Finally, the restriction of &' to U;cy, .. {|ni| < 6} equals Py o E°. For p €

Uielz.scmum{mil < 6}, put @ = £%(p). Then

(13.19) D(Py0&%), =m0 0dE) + ((DPy)y — ma0) o DE).
Using (12.9) and Lemma 20.2 (7), if Z; is sufficiently small then D(P; o £°), maps
onto (TWY)p, (z)- This proves the lemma. O

13.3. Adjusting the map near the edge points. — Our second adjustment step
involves the region near the edge points.

Recall that Q2 = Hostratum © Helim © Hedgge and m : H — @2 is orthogonal
projection. We let AVQ, A, §2, Sy and 79 : Sy — (0,00) be as in Section 12.4.

Thus (Ss, S2,72) is a (2,Ts) cloudy 1-manifold by Lemma 12.27. By Lemma 20.2,
there is a 1-manifold WY C Qs so that the conclusion of Lemma 20.2 holds, where
the parameter € in the lemma is given by Zp = Z5(I'z). (We remark that W2 will
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not be the same as the Wy of Proposition 13.1, due to subsequent adjustments.) In
particular, there is a well-defined nearest point projection

(13.20) Py Ny (So) = Wy — WP,
where we are using the notation for variable thickness neighborhoods from Section 3.

Lemma 13.21 — Under the constraint co_stratum < C2-stratum, Lhere is a smooth func-
tion g : {x, > 0} — [0,1] with the following properties:
(1) (13.22) daot=1in | J {Iml<6Anz <6A} and

iEIedge
Yo 0 EL =0 outside U {Inil < 1A, np < 7TA}.
’iGIedge

(2) supp(w2) Nim(EL) C Wa x Qs .

(3) There is a constant Qy = Q5(M) such that
(13.23) (Dy2)a] < Qpat

for all x € im(&Y).

Proof. — If the parameter co_giratum is sufficiently small then £1(p) € Uic Leage {Ini] <
6A, 7 < 6A} implies that Eo(p) c Uielcdgc {In:| < 6.1A,np < 6.1A}, and

E'p) ¢ Uier.,,. tml < 7A,mp < TA} implies that €%(p) & Ue,,, . {Imil < 6.94,
e < 6.9A%}.
In analogy to (9.28), put
xy
(13.24) zeage = 1= @10 | > 7
’LGIedge

Define 15 : {z: > 0} — [0, 1] by
! 1
(13.25) vo(z) =1 —<I>%,1< S Pgiaesa <|j_”|) . (1 _q)%)l(%)) _
{1€cage | >0} i i
[(1 "

" / 1 "
1 6.1A,6.5A | —; + — Redge — —— .
2\ Xy T R; Ty

It is easy to see that 1o is smooth.
To prove part (1), it is enough to show that

N

(13.26) a0 =1in | J {mil <6.1A, e <6.1A} and
1€1eage
g 0 Y = 0 outside U {Ini] < 6.9A,np < 6.9A}.
’iGIedge

Suppose that i € Ledge, |17i(p)] < 6.1A and ng:(p) < 6.1A. Put z = E%(p). Recall
that =/ = R;(;(p), where (; is given in (9.19) with p ~~ p;, and 2%, = v, (e (p),
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where (g is the expression in (9.29). Hence

"

(13.27) 7 =G =1

al
1-®,, (E) =1,

/

:Z:‘.
Dg.1n,6.5A <|x,l,|) = ®s.1n.6.5n (|n:(p)]) = 1.

%

If 22— Cpr(p) > 3 then

1
(13.28) 1— 3y s (Ii) =1,
12 T
2% [\ _
Dg.10,6.5A o = P6.10,6.54 (Iner|(p)) = 1,
E/
I/-/ x///
ﬁzcdgc - xi =G (p)ccdgC(p) — (e (p) = CcdgC(p) — (g (p) > 0.
1 T

If 22 = Co(p) < & then (1- @y 4 (22))Poansa (27 ) 2 0 and
"

(1329) %chgc - Ix—Et/ - Ci(p)CCdgc(p) - CE' (p) =1- CE/ (p) >

T

N =

In either case, the argument of ®,, in (13.25) is bounded below by one and
so a(x) = 1.

Now suppose that for all i € Ieqge, either ¢;(p) =0, or (;(p) > 0 and |7;(p)| > 6.9A,
or (;(p) > 0 and |n;(p)| < 6.9A and ng/(p) > 6.9A. If (;(p) = 0, or ¢;(p) > 0 and
[n:(p)| > 6.9A, then

(13.30)
Brngsa (S) (1= 000 () = Posssa (i) (1- 05 G00) =0

7 (3

If |n:(p)| < 6.9A and ng (p) > 6.9A then

(13.31)
— &1, e D6.17,6.50 il = (1 %1 (CE/(P))) - ®6.18.6.54 (Iner|(p)) =0.
2\ . e x’;’;/ 12 e
and
(13.32)
.I/*I II//
ﬁzcdgc - xi =G (p)ccdgc(p) — (e (p)
1 T

= ®sa,9a(ME (D)) - Cedge(P) = P2 A 3 A 88,04 ME (D)) * Cedge(p) = 0.

Hence 12 (z) = 0.
This proves part (1) of the lemma.
The proof of the rest of the lemma is similar to that of Lemma 13.6. O
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We can assume that Wy C {z. > 0}. Define ¥y : {z, > 0} — {z. > 0} by
Uy(z) = o if mo(x) ¢ W and
(13.33) Us(w) = (Ya(2) Pa(ma(2)) + (1 = ta(@))m2(x), 73 ()
otherwise. Put £2 = Uy 0 EL.

Lemma 13.34 — Under the constraints Yo < Yo (2, Cedge), I'2 < T2(9s, Cedge), 22 <
52 (Cedge) and Co-stratum < C2-stratum (Cedge); we have:

(1) &2 is smooth.

(2) Forallpe M,
(13.35) 1€2(p) — E%(P)|| < Ceaget(p) and | DE} — DEY|| < ceage -

(3) The restriction of m o £% to Uieledge{|77i| < 6A,np < 6A} is a submersion
to W3.

Proof. — As in the proof of Lemma 13.15, £2 is smooth and we can ensure that
13.36 &2 & L d |DE - DeY| < X
(13.36)  €20) — ' D) < Fecasetlp) and [ DEX — DEL] < Sceage.

Along with (13.16), part (2) of the lemma follows.
The proof of part (3) is similar to that of Lemma 13.15 (3). We omit the details. O

13.4. Adjusting the map near the slim l-stratum. — Our third adjustment
step involves the slim stratum.

Recall that Q3 = Ho_stratum ® Heiim and 73 : H — Q3 is orthogonal projection. We
let Zg, As, §3, S3 and r3 : §3 — (0,00) be as in Section 12.5.

Thus (S3, Ss,73) is a (2,T's) cloudy 1-manifold by Lemma 12.34. By Lemma 20.2,
there is a 1-manifold W9 C Q3 so that the conclusion of Lemma 20.2 holds, where
the parameter € in the lemma is given by Z3 = Z3(I'3). In particular, there is a
well-defined nearest point projection

(13.37) Ps: N,,(S3) = Ws — W2,
where we are using the notation for variable thickness neighborhoods from Section 3.

Lemma 13.38 — Under the constraint ceqge < Cedge, there is a smooth function s :
H — [0,1] with the following properties:

(1) (13.39) Yso&2=1in |J {ml <6-10°A} and
1€ gim
Y3 0E? =0 outside U {Imi] < 7-10°A}.
1€ 151im

(2) supp(vs) Nim(E2) € W x Q.
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(3) There is a constant Qy = Q4(M) such that
(13.40) [(Dts)a| < Q!
for all x € im(E?).
Proof. — Let v3 : H — [0, 1] be given by
(13.41)

—1-0 ® =) (e, (2
Y3(x) =1—@,1 4 Z 6.11098,6.5:10°A { T |\ 2T ®5a | |

{ielslim | :E;/>O} ¢

The rest of the proof is similar to that of Lemma 13.21. We omit the details. O
Define U3 : H — H by W3(x) = x if m3(x) & Wy and

(13.42) V() = (¥3(2) Ps(m3(x)) + (1 — v3(2))m3 (), w3 ()
otherwise. Put £3 = W30 &2,
Lemma 13.43 — Under the constraints X3 < %3(Q3, Cstim), I's < T3(Q3, catim ), =3 <
E3(cslim) and Cedge < Cedge(Cstim ), we have:
(1) &3 is smooth.
(2) Forallp e M,

(13.44) 1€3(p) — E°(P)|| < colimt(p) and ||D53 - DEPOH < Celim -
(3) The restriction of w30 £% to U;ep . {|mi| < 6-10°A} is a submersion to W3,

Proof. — The proof is similar to that of Lemma 13.34. We omit the details. O

13.5. Proof of Proposition 13.1. — Note from (13.42) that U5 can be factored as
\11392 X IQ; for some \I!3Q2 : Q2 — Q2. In particular, mo o Uy = \11392 o my.
Put £ = 537 Cadjust = Cslim and

(13.45)
W= (Ws0U)(W)N | {yeH :y>9Ri |yj| <55R:},

1€ 2 stratum

Wy = g (W) N U {y€ Q2 : v/ > 9R;, |yi| <5.5AR;, ye >0, ypr < 5.5Ay.},

iEIedge

Wy =Wgn | {yeQs: v/ >9R:, |yj| <55-10°AR;}.

1€ 1slim

The smoothness of £ follows from part (1) of Lemma 13.43. Part (1) of Proposi-
tion 13.1 follows from part (2) of Lemma 13.43.

Lemma 13.46 — W; is a k;-manifold.
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Proof. — We will show that Wi is a 2-manifold; the proofs for W5 and W3 are similar.
Choose © € Wy. For some i € Iogyratum, We have z > 9R; and |z;| < 5.5R; .
Putting

(1347) Vi=Win {y € H : y;l > 9R;, |y;| < 55Rl}

gives a neighborhood of  in W7. As (7TH£,7TH£/) o (U30Wy) = (wHé,wHé/), it follows
that V; is the image, under W3 o Wy, of the 2-manifold

(13.48) Vi=WPn{ye H :y'>9R; |y)| <55R;}.

If we can show that 7y, maps V0 diffeomorphically to its image in H] then V. will
be a graph over a domain in H/, and the same will be true for V;.

In view of (13.16) and the definition of £°, if co_stratum is sufficiently small then we
are ensured that V;? = EY({|n;| < 7})N{y € H : |y}| < 5.5R;}. From Lemma 12.7 (3),
Lemma 20.2 (3) and Lemma 20.2 (5), if Z; is sufficiently small then we are ensured
that 7y, restricts to a proper surjective local diffeomorphism from V9 to B(0,5.5R;) C
H!. Hence V? is a proper covering space of B(0,5.5R;) C H/ and so consists of a
finite number of connected components, each mapping diffeomorphically under 7/ to
B(0,5.5R;) C H/. Tt remains to show that there is only one connected component.

If V% has more than one connected component then there are y1,y2 € V;’ N7y, (0)
with y1 # y2. We can write y; = £ (p1) and y2 = E*(p2) for some p1,pa € {|ni < 7}
We claim that there is a smooth path v in M from p; to ps so that £! o lies within
B (yl, %Ri). To see this, we first note that if I'y and co_gtratum are sufficiently small
then Lemma 12.7 (3) and (13.16) ensure that |n;(p1)| << 1 and |n;(p2)|] << 1, as
otherwise we would contradict the assumption that (y1); = (y2); = 0. Let 7 be a
straight line from n;(p1) to 7;(p2). Relative to the fiber bundle structure defined by
7; (see Lemma 8.4), let v; be a lift of 7, with initial point p;. Let 42 be a curve in
the S!-fiber containing ps, going from the endpoint of 71 to pz. Let v be a smooth
concatenation of v and 7. Then 7); oy lies in a ball whose diameter is much smaller
than one. If I’y and co_gtratum are sufficiently small then Lemma 12.7 (3) and (13.16)
ensure that £! o v lies in a ball whose diameter is much smaller than R;.

On the other hand, since p; and ps lie in different connected components of V°,
any curve in WY from p; to ps must go from p; to {y € H : |y}| = R;}. This is a
contradiction.

Thus V,? is connected and W is a manifold. O

Recall the definition of U; from Proposition 13.1. By Lemma 13.15 (3), the restric-
tion of £ to U; is a submersion from Uy to W{. From Lemma 12.7 (3) and (13.44),
if T1 and cqim are sufficiently small then £ = U30WUy0Er maps Uy to W, C
(U3 0 Wy)(W?). To see that it is a submersion, suppose that |n;(p)| < 5 for some i €
I stratum- Put 20 = E%(p) and x = £(p). Note that 2} = (). From Lemma 12.7 (3)
and Lemma 20.2 (3), if Z; is sufficiently small then we are ensured that (D7 g/ )00 DE)
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maps onto T(goy Hj = R?. Then (D7gy)y 0 DEy = (D7ps)e © D(¥3 0 Wa)y0 0 DEY =
(Dmy1)ay © DEY maps onto Ty, Hi = R?. Thus DE, must map T,M onto T, Wi,
showing that £ is a submersion near p.

Next, by Lemma 13.34 (3), the restriction of 5 0 £2 to Uy is a submersion from Us
to WJ. Lemma 12.27 (3) and (13.44) imply that if Iy and cqn are sufficiently small
then my 0 & =m0 Ug0E2 = \IIBQ'g omp 0 &% maps Us to W C \113Q3(W20) By a similar
argument to the preceding paragraph, the restriction of w5 o £ to Us is a submersion
to WQ.

Finally, by Lemma 13.43 (3), the restriction of m30€ = w303 to Us is a submersion
to W3 = WY. This proves Proposition 13.1.

14. Extracting a good decomposition of M

In this section we will use the map £ to find a decomposition of M into fibered
pieces which are compatible along the intersections:

Proposition 14.1 — There is a decomposition
(142) M = MO—stratum U Mslim U Modgc U M2—stratum

into compact domains with disjoint interiors, where each connected component of
Metim - ppedee o Mp2stratum g, 00 be endowed with a fibration structure, such that:

(1) MOswatum gng NsEm gre domains with smooth boundary, while M®48¢ and
MZstratum gre smooth manifolds with corners, each point of which has a neigh-
borhood diffeomorphic to R3~F x [0,00)F for some k < 2.

(2) Connected components of MOStrawm gre diffeomorphic to one of the follow-
ing: S x S%, S xz, 8% = RP3#RP3, T3/T (where T is a finite subgroup
of Isom™ (T3) which acts freely on T3), S3/T (where T is a finite subgroup of
Isom™ (S3) which acts freely on S2), a solid torus S* x D?, a twisted line bundle
S? x z, I over RP?, or a twisted line bundle T? x z, I over a Klein bottle.

(3) The components of M*"™ have a fibration with S?-fibers or T?-fibers.

(4) Components of M°¢ are diffeomorphic (as manifolds with corners) to a solid
torus St x D? or I x D?, and have a fibration with D? fibers.

(5) MZstratum g ¢ smooth domain with corners with a smooth S*-fibration; in
particular the S-fibration is compatible with any corners.

(6) Each fiber of the fibration Me¢ — Bede  lying over a boundary point of
the base B°°  is contained in the boundary of MOSta%™ or the boundary of
Mslim'

(7) The part of OM®® which carries an induced S*-fibration is contained in

MZstratum - g q the S1-fibration induced from M8 agrees with the one inher-
ited from M ?stratum,
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To prove the proposition, we show that the submersions identified in Proposi-
tion 13.1 become fibrations, when restricted to appropriate subsets. Using this, we
remove fibered regions around successive strata in the following order: 0-stratum, slim
stratum, the edge region and the 2-stratum. The compatibility of the fibrations is
automatic from the compatibility of the various projection maps 7, for j € {1,2,3,4}.

14.1. The definition of MO-stratum — For each i € Jo_giratum, Put

. @ 4
(14.3) MEstratum — B (), 35R)UE! {x €H : 2! >9R;, —f, < 1—0} .
K2
Lemma14.4 — Under the constraints Go-stratum < So-stratum ONA Cadjust < Cadjusts
{MP-stratumy, e 18 @ disjoint collection and each MPSUHUM s g compact
manifold with boundary, which is diffeomorphic to one of the possibilities in

Proposition 14.1 (2).
Proof. — Note that
4
(14.5) (€971 {ZZT €H :z/>9R;, = < —} ={peM: ((p) >.9, ni(p) <.4}.

In particular, if <pstratum 18 sufficiently small then this set contains
A(pi, -31R;,.39R;) and is contained in 4(pi,.29Ri,.41Ri). Then if caqjust is suf-
ficiently small, E'{z € H | 2! > 9R;, i—;, < &} contains A(p;, .32R;, .38R;) and is
contained in A(p;, .28R;, 42R;).

In particular, B(p;,.38R;) C MIswatum  B(p, 42R;). Tt now follows from
Lemma 11.5 that {M0-stratum}, = are disjoint.

To characterize the topology of MP‘SW’““‘“, if cadjust is sufficiently small then we
can find a smooth function f°: M — R such that

1. If p € A(p;, .3R;, .5R;) and = = E(p) then fO(p) = =.

2. If p € B(p;, .35R;) then fO(p) < .39.

3. If p ¢ B(pi, .5R;) then fO(p) > .41.

Put f! = n; and define F' : M x [0,1] — R by F(p,t) = (1 —t)f°(p) + tf(p).
Put f'(p) = F(p,t) and X = (—00,.4]. If Caqjust and So_s¢ratum are sufficiently small
then Lemma 11.1 implies that for each ¢ € [0,1], f* is transverse to 0X = {.4}. By
Lemma 21.1, MP-stratum — (£0)=1(X) i diffeomorphic to (f!)~1(X). By Lemma 11.3,
the latter is diffeomorphic to one of the possibilities in Proposition 14.1 (2). This
proves the lemma. O

SN

SEY

We let MO—stratum — U M_O—stratum, and put ]\41 - M \ int(MO—stratum)'

iEIO—stratum 1
Thus MO-stratum and M, are smooth compact manifolds with boundary.

14.2. The definition of Mi™, — We first truncate W5. Put
/
(146) Wé:W:gﬁ U {I€Q3|{E;—/>.9Ri, ‘% <4~105A}

; [
1€ Is1im

and define U} = (73 0 &)~ H(W}).
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Lemma 14.7 — Under the constraints Ssiim < Sslim(A) and Cadjust < Cadjust, we have
(1) User,,, {Imil <3.5-10°A} C U; C Us, where Us is as in Proposition 13.1.

(2) The restriction of w30 & to Uj gives a proper submersion to W§. In particular,
it 1s a fibration.

(3) The fibers of w30 & = Uy — W4 are diffeomorphic to S* or T?.

(4) My intersects U} in a submanifold with boundary which is a union of fibers of
m30&: UL — Wi,

Proof. — For a given i € Igim, suppose that p € M satisfies |n;(p)] < 3.5 - 10°A.
Putting y = (130E%)(p) € Q3, we have y// = -105A. Hence if cagjust
is small enough then since A >> 1, we are ensured that puttlng x = (m30E)(p) € Q3,
we have z/ > 9R; and |2%| < 4-10°A. As p € Us, Proposition 13.1 implies that
x € W3. Hence Uielsnm{m' <3.5-10°A} C U}.

Now suppose that p € Ui Putting = (w3 o £)(p), for some i € Iy, we have
x> 9R; and < 4-10°A. If cagjust is small enough then we are ensured
that, putting y = (3 o £9)(p), i
[ni(p)| < 4.5 - 10°A. This shows that U} C U3, proving part ( ) of the lemma.

By Proposition 13.1, 3 0 £ is a submersion from Us to W5. Hence it restricts to a
surjective submersion on Uj.

Suppose that K is a compact subset of WJ. Then (m30€)71(K) is a closed subset of
M which is contained in Uz = U, {|mi| <5-10°A}. As {pi}icr,y,, are in the slim
1-stratum, it follows from the definition of adapted coordinates that {|n;| < 5-10°A}
is a compact subset of M; cf. the proof of Lemma 10.3. Thus the restriction of 730 &
to U} is a proper submersion. This proves part (2) of the lemma.

To prove part (3) of the lemma, given = € Wi, suppose that p € Uj satisfies
(m30&)(p) = x. Choose i € Igim so that |n;(p)] < 4.5-10°A. If Cadjust 1s sufficiently
small then by looking at the components in H;, one sees that for any p’ € U} satisfying
(m30E)(p') = x, we have p’ € {|n;| < 5-105A}. Thus to determine the topology of
the fiber, we can just consider the restriction of 73 0 € to {|n;| < 5-105A}.

Let mp: : @3 — H] be orthogonal projection and put X = mp/(z) € H]. As the
restriction of 7g o w30 E% to {[n;| < 5-10°A} equals 7;, it follows that mp: o w3 0 £
is transverse there to X. By Lemma 10.3, {|n:| < 5-10°A} N (7 o730 80) HX) is
diffeomorphic to S? or T2.

Consider the restriction of (7p; o m30&) to {|n;]| < 5-10°A}. Proposition 13.1 and
Lemma 21.3 imply that if cagjust is sufficiently small then the fiber {|n;| < 5-105A} N
(mp 030 &)~ (X) is diffeomorphic to S* or T2, In particular, it is connected. Now
(mp 0wz 0 €)1 (X) is the preimage, under 73 0 € : Uy — W3, of the preimage of X
under mg; @ W3 — H,. From connectedness of the fiber, the preimage of X under
mg + Wi — H] must just be 2. Hence (w30 &)~ ! (x) is diffeomorphic to S? or T2.
This proves part (3) of the lemma.

ll
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To prove part (4) of the lemma, given j € Iy stratum, Suppose that p € BMJQ'S“““‘“.
If z = &(p) then !/ > 9R; and 2, = .42'/. Suppose that p € U;. If ¢ € Uy is a point
in the same fiber of w30 & : U — W4 as p, put y = £(q) € H. As m3(z) = m3(y), we
have y/ > 9R; and y} = .4y}. Thus ¢ € QM= Hence QM= is a union
of fibers of w3 0 € : Uy — Wj. In fact, since QM s a connected 2-manifold, it
is a single fiber of 73 o £. This proves part (4) of the lemma. O

Let W3 C W3 be a compact 1-dimensional manifold with boundary such that
(m30 &)1 (W) contains U;c, — {|m| < 3.5-10°A}, and put M¥™ = M; N
(m3 0 &)~ (WY). We endow M*'™ with the fibration induced by 73 o .

Put My = M, \ int(M*m).

14.3. The definition of Medse, — We first truncate Ws. Put
i
x_;/

(148) W2/=W2ﬂ U LL‘EQ2|$;/Z.9R1‘, ’,T

<aa}

ie[edge

and

L

(14.9) Uj = (m30 &) (WS N ({nE/ < 35AYUE o e H |z, >0, 22 < 4A}) .

Lemma 14.10 — Under the constraints A < A(A), Sedge < Sedge(A) and cadjust <
Cadjust, we have

(1) Uicro. {Ini| < 35A, Ing| < 3.5A} C Uj C U, where Uy is as in Proposi-
tion 13.1.

(2) The restriction of ma o0& to Ul gives a proper submersion to W4. In particular,
it 1s a fibration.

(3) The fibers of ma 0 & = Uy — W4 are diffeomorphic to D?.

(4) My intersects Ul in a submanifold with corners which is a union of fibers of
mp o0& UL — Wi,

Proof. — The proof is similar to that of Lemmas 14.4 and 14.7. We omit the details.
O

Lemma 14.11— Under the constraint Cadjust < Cadjust, M2 NU} is compact.

Proof. — Suppose that M>NU} is not compact. As M is compact, there is a sequence
{g*}2, € My N U} with a limit ¢ € M, for which ¢ ¢ M> N Uj. Put y = E(q).
Since M is closed we have ¢ € Ms and so ¢ ¢ Uj. Since y, > 0 (assuming cadjust 18
sufficiently small) we also have ¢ € {ng < .35A}UE Hz e H |z >0, TEL < AAY.
We know that 72 (y) € Wj. As q ¢ Uy, it must be that m2(y) ¢ W3. Then for some
i € Icdge, we have ' > 9R; and |-
as otherwise the preceding truncation step would force B(p;, 1000AR;) N My = @,
which contradicts the facts that ¢ € My and d(p;, q) < 10AR;.

% = 4A. Now p; cannot be a slim 1-stratum point,
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Lemma 9.26 now implies that there is a j € legge such that [n;(q)] < 2A. If

Cadjust 15 sufficiently small then we are ensured that y;/ > 9R; and % < 3A.
Thus w2 (y) € W4 and so ¢ € U, which is a contradiction. ’ O

We put Medee = Ul N My and W) = (73 0 £)(M©e°). We endow M°8 with the
fibration induced by w3 0 €.
Put Ms = Mo \ int(Me9%).

14.4. The definition of MZstratum __ \We first truncate W;. Put

/
<4}

€z
o
Lemma 14.13 — Under the constraints So-stratum < S2-stratum ONA Cadjust < Cadjusts
we have

(1) Uity tnil 3.5} C Uy C Ur, where Uy is as in Proposition 13.1.

(14.12) wi=win |J zeH|z!'> 09,

1€ 12 stratum

and define U] = £E~1(W)).

(2) The restriction of £ to Uy gives a proper submersion to W{. In particular, it
is a fibration.

(3) The fibers of M2S™aum gre circles.

(4) Ms is contained in Ui, and is a submanifold with corners which is a union of

fibers of |y - Up — Wi,

Proof. — The proof is similar to that of Lemma 14.7. We omit the details. O

We put M2Zstratum —  Afa 0 and endow it with the fibration &| fd-steatum
M2—stratum — 5(M2—stratum).

14.5. The proof of Proposition 14.1. — Proposition 14.1 now follows from com-
bining the results in this section.

15. Proof of Theorem 16.1 for closed manifolds

Recall that we are trying to get a contradiction to Standing Assumption 5.2. As
before, we let M denote M for large a. Then M satisfies the conclusion of Proposi-
tion 14.1. To get a contradiction, we will show that M is a graph manifold.

We recall the definition of a graph manifold from Definition 1.2. It is obvious
that boundary components of graph manifolds are tori. It is also obvious that if
we glue two graph manifolds along boundary components then the result is a graph
manifold, provided that it is orientable. In addition, the connected sum of two graph
manifolds is a graph manifold. For more information about graph manifolds, we refer
to [22, Chapter 2.4]
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15.1. M is a graph manifold. — FEach connected component of MO-stratum }ag
boundary either @, S? or T?2. If there is a connected component of M O-stratum ith
empty boundary then M is diffeomorphic to S x §2%, St xz, §? = RP3#RP3, T3/T
(where T is a finite subgroup of Isom™ (7) which acts freely on 7%) or S?/T" (where
I is a finite subgroup of Isom™(S3) which acts freely on S®). In any case M is a
graph manifold. So we can assume that each connected component of M 0-stratum hag
nonempty boundary.

Each connected component of Ms"™ fibers over S* or I. If it fibers over S' then
M is diffeomorphic to S* x S2 or the total space of a T%-bundle over S'. In either
case, M is a graph manifold. Hence we can assume that each connected component
of M*"™ ig diffeomorphic to I x S% or I x T2.

Lemma 15.1 — Let M-Statm pe g connected component of MO-stratum - [f | fO-stratum n
M3 £ & then MY 4s o boundary component of a connected component of
Mstim - pf MO-stratum o Apslime — o5 then we can write MY = A, U B; where

(1) A; = MP-stratum q predee s g disjoint union of 2-disks,
(2) B; = M-stratum ny yp2-stratum s ¢he total space of a circle bundle and
(3) A; N B; =0A; N 0B; is a union of circle fibers.

Furthermore, if QM-S s g 2_torus then A; = @, while if OMISTatum g g
2-sphere then A; consists of exactly two 2-disks.

Proof. — Proposition 14.1 implies all but the last sentence of the lemma. The state-
ment about A; follows from an Euler characteristic argument. O

Lemma 15.2 — Let M{"™ be a connected component of Mi™. Let Y; be one of the
connected components of OMS™. If Y; M MOStratum oL g5 thep Y, = gMP-stratum fop
some connected component MP-stratum of )yO-stratum,

If Yy 0 MO-stratum — o5 then we can write Y; = A; U B; where

(1) A; =Y; N Medee is q disjoint union of 2-disks,

(2) B; =Y; N M?statum g the total space of a circle bundle and

(3) A, N B; =0A; NI B; is a union of circle fibers.

Furthermore, if Y; is a 2-torus then A; = @&, while if Y; is a 2-sphere then A;
consists of exactly two 2-disks.

Proof. — The proof is similar to that of Lemma 15.1. We omit the details. O

Hereafter we can assume that there is a disjoint union Af0-stratum — jrg-stratum
M%;S“at“m, based on what the boundaries of the connected components are.
Similarly, each fiber of MS'™ is S? or T2, so there is a disjoint union Ms'™ =
Mim U M,
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It follows from Lemmas 15.1 and 15.2 that each connected component of
MEstratum g ppslim g diffeomorphic to
1. A connected component of M Jstratum,

2. The gluing of two connected components of MY along a 2-torus, or
3. I xT2

In case 1, the connected component is diffeomorphic to S x D? or the total space of
a twisted interval bundle over a Klein bottle. In any case, we can say that MYgtratumy
M;J;m is a graph manifold. Put X; = M — int(M%;S“amm U Misplém) To show that
M is a graph manifold, it suffices to show that X; is a graph manifold. Note that
Xl — Mgéstratum U M;lgm U Mcdgc U M2—stratum'

Suppose that MStratm is g connected component of M2z ™ - From Proposition
14.1, M-stratum g diffeomorphic to D3 or RP3#D3. If MP-stratum g diffeomorphic
to RP34#D3, let Z; be the result of replacing M-stra%um in X; by D3. Then X is
diffeomorphic to RP3#Z;. As RP? is a graph manifold, if Z; is a graph manifold
then X is a graph manifold. Hence without loss of generality, we can assume that
each connected component of Mg;s“at“m is diffeomorphic to a 3-disk.

From Lemmas 15.1 and 15.2, each connected component of Mg;mat“m U Mglém is
diffeomorphic to

1. D3,

2. I xS?or

3. 53, the result of attaching two connected components of Mg**#™™ by a con-

nected component I X S2 of M;gm.

In case 3, X is diffeomorphic to a graph manifold. In case 2, if Z is a connected
component of Mg tratum | M;gm which is diffeomorphic to I x S? then we can do
surgery along {1} x 52 C X to replace I x $* C X; by a union of two 3-disks. Let
X5 be the result of performing the surgery. Then X; is recovered from Xy by either
taking a connected sum of two connected components of Xa or by taking a connected
sum of X, with S' x S2. In either case, if X5 is a graph manifold then X, is a
graph manifold. Hence without loss of generality, we can assume that each connected
component of (MgFtratum Mggim) C X, is diffeomorphic to D3.

Some connected components of M®I8° may fiber over S*. If Z is such a connected
component then it is diffeomorphic to S! x D?. If X; — int(Z) is a graph manifold
then X7 is a graph manifold. Hence without loss of generality, we can assume that
each connected component of Me©d&® is diffeomorphic to I x D2

Let G be a graph (i.e., 1-dimensional CW-complex) whose vertices correspond to
connected components of M g;s“at“mUM glzim, and whose edges correspond to connected
components of M¢I8¢ joining such “vertex” components. From Lemmas 15.1 and 15.2,
each vertex of G has degree two. Again from Lemmas 15.1 and 15.2, we can label
the connected components of Mg;mat“m U Mglém U Medge by connected components
of G. Tt follows that each connected component of Mg;s“at“m U Mglzim U Medee g
diffeomorphic to S' x D2,
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We have now shown that X is the result of gluing a disjoint collection of S x D?’s
to MZstratum - with each gluing being performed between the boundary of a S' x D?
factor and a toral boundary component of M ?2-stratum = Ag Jy2-stratum jg the total space
of a circle bundle, it is a graph manifold. Thus X; is a graph manifold. Hence we
have shown:

Proposition 15.3 — Under the constraints imposed in the earlier sections, M is a
graph manifold.

15.2. Satisfying the constraints. — We now verify that it is possible to simul-
taneously satisfy all the constraints that appeared in the construction.

We indicate a partial ordering of the parameters which is respected by all the
constraints appearing in the paper. This means that every constraint on a given
parameter is an upper (or lower) bound given as a function of other parameters
which are strictly smaller in the partial order. Consequently, all constraints can be
satisfied simultaneously, since we may choose values for parameters starting with
those parameters which are minimal with respect to the partial order, and proceeding
upward.

(15.4)  {M, B3} < {cstim, i, A} < g < {¥3,Z3} < Cedge < 'z < {22, Ea} <
Co-stratum — 1—‘1 < {Elu El} < S2-stratum = ﬁ2 <A< {gedge7§E/7§slim} <
So-stratum < {Bp, 0} <op < {o,A} <@ <w' < Bp < p1 < {Yo,d0} < Tg.

This proves Theorem 1.3.

16. Manifolds with boundary

In this section we consider manifolds with boundary. Since our principal appli-
cation is to the geometrization conjecture, we will only deal with manifolds whose
boundary components have a nearly cuspidal collar. We recall that a hyperbolic cusp
is a complete manifold with boundary diffeomorphic to T2 x [0, 00), which is isomet-
ric to the quotient of a horoball by an isometric Z2-action. More explicitly, a cusp
is isometric to a quotient of the upper half space R? x [0,00) C R?, with the metric
dz? + e~*(dx?® + dy?), by a rank-2 group of horizontal translations. (For applica-
tion to the geometrization conjecture, we take the cusp to have constant sectional

1
curvature — 7.)

Theorem 16.1— Let K > 10 be a fized integer. Fiz a function A : (0,00) — (0,00).
Then there is some wg € (0, c3) such that the following holds.

Suppose that (M, g) is a compact connected orientable Riemannian 3-manifold with
boundary. Assume in addition that

(1) The diameters of the connected components of OM are bounded above by wy.
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(2) For each component X of OM, there is a hyperbolic cusp Hx with boundary
OHx, along with a CE+-embedding of pairs e : (N10o(0H x ), 0Hx) — (M, X)
which is wo-close to an isometry.

(3) For every p € M with d(p,d0M) > 10, we have vol(B(p, R),)) < woR3.

(4) Foreveryp € M, w' € [wo,c3), k € [0, K], andr < R, such that vol(B(p,r)) >
w'r3, the inequality

(16.2) |VFRm | < A(w') 7~ *+2)
holds in the ball B(p,r).
Then M is a graph manifold.

In order to prove Theorem 16.1, we make the following assumption.

Standing Assumption 16.3— Let K > 10 be a fized integer and let A’ : (0,00) X
(0,00) = (0,00) be a function.

We assume that {(M®,g%)}52, is a sequence of connected closed Riemannian 3-
manifolds such that

(1) The diameters of the connected components of OM* are bounded above by %

(2) For each component X® of OM®, there is a hyperbolic cusp Hxo along with
a CE*l_embedding of pairs e : (N1go(OHxa),0Hxa) — (M, X) which is
é-close to an isometry.

(3) For all p € M* with d(p,OM®*) > 10, the ratio % of the curvature scale

mp(
at p to the é—volume scale at p is bounded below by «.
(4) For allp € M® and w' € [L,c3), let ry(w') denote the w'-volume scale at p.
Then for each integer k € [0, K] and each C € (0,a), we have [V¥Rm| <
A(Cyw") rp(w)=*+2) on B(p, Cry(w')).

(5) Each M* fails to be a graph manifold.

As in Lemma 5.1, to prove Theorem 16.1 it suffices to get a contradiction from
Standing Assumption 16.3. As before, we let M denote the manifold M for large .
The argument to get a contradiction from Standing Assumption 16.3 is a slight mod-
ification of the argument in the closed case, the main difference being the appearance
of a new family of points — those lying in a collared region near the boundary.

We will use the same set of the parameters as in the case of closed manifolds,
with an additional parameter ry. It will be placed at the end of the partial ordering
in (15.4), after Y{.

Let {0;M}icr, be the collection of boundary components of M, and let e; :
(N100(OH;),0M;) — (M, 0; M) be the embedding from Standing Assumption 16.3.
Note that the restriction of e; to OH; is a diffeomorphism. Put b; = day, € C(H,).
Let 7; be a slight smoothing of b; o e; ' on (b; 0 e;*)~1(1,99), as in Lemma 3.14.
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Lemma 16.4 — We may assume that for all p € 17;1(5, 95),
(1) The curvature scale satisfies R, € (1,3).
(2) tp <7a.
(3) There is a (1, 81)-splitting of (éM, p) for which im is an adapted coordinate
of quality (slim -

Proof. — In view of the quality of the embedding e;, it suffices to check the claim
on the constant-curvature space b; ' (4,96). The diameter of 9H; can be assumed to
be arbitrarily small by taking « to be large enough. The Riemannian metric on H;
has the form dz? + e~?g7= for a flat metric g7» on T2, with z € [0,100). The lemma
follows from elementary estimates. |

We now select 2-stratum balls, edge balls, slim 1-stratum balls and 0-balls as
in the closed case, except with the restriction that the center points p; all satisfy
d(pi, 8M) > 10.

Given i € Iy, let B; be the connected component of M — ni_l(90) containing 9; M .

Lemma16.5— If rop < To(Y}) then M is diffeomorphic to I x T? or {B;}icr, U
{B(Di,7,) YicIpiraram 8 @ disjoint collection of open sets.

Proof. — We can assume that M is not diffeomorphic to I x T2

Suppose first that B; N B; # @ for some 4, j € Iy with ¢ # j. Then 771_—1(57 90) must
intersect 77;1(5, 90). It follows easily that M = Nio(B;) U N1o(B;) is diffeomorphic
to I x T?, which is a contradiction. Thus B; N B; = &.

Next, suppose that B; N B(pj,rgj) # o for some i € Iy and j € Iyogtratum- 1f
ro < To(Y}) then by Lemma 16.4 we will have T{t,, < 1&5. Hence s < -+ and the
triangle inequality implies that p; € ni_l(5, 95). However, from Lemma 16.4 (3), this
contradicts the fact that p; is a 0-stratum point.

Finally, if 4,j € Iostratum and @ # j then B(p;,rp.) N B(p;, ng) = @ from
Lemma 11.5 (1). O

Hereafter we assume that M is not diffeomorphic to I x T2, which is already a
graph manifold.
For each i € Iy, let H; be a copy of R2. Put Hy = )

- Q1 =H@H,,

— Q2 = Ho-stratum D Hetim D Hedge P Ho,

~ Q3 = Hostratum D Heiim D Ho,

— Q4 = Hostratum D Ho.

Fori € Iy, let (; € C°°(M) be the extension by zero of o 30,80,9007; to M. Define
EY: M — H; by E2(p) = (ni(p)¢i(p), ¢i(p)). We now go through Sections 12 and 13,

ic1, Hi- We also put
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treating Hy in parallel to Hy.stratum- Next, in analogy to (14.3), for each i € Iy we
put

/
(16.6) M? = N3s(O;M) U E™? {:17 €H :a2/>9, “L< 40} :

Then M? is diffeomorphic to I x T?. We now go through the argument of Section 15,
treating each M? as if it were an element of M:%S“at“m without a core. As in Sec-
tion 15, we conclude that M is a graph manifold. This proves Theorem 16.1.

17. Application to the geometrization conjecture

We now use the terminology of [21] and [24]. Let (M, g(-)) be a Ricci flow with
surgery whose initial 3-manifold is compact. We normalize the metric by putting
q(t) = @ Let (M;,g(t)) be the time-t manifold. (If ¢ is a surgery time then we take
M; to be the post-surgery manifold.) We recall that the w-thin part M~ (w, t) of M is
defined to be the set of points p € M; so that either R, = co or vol(B(p, R,)) < wR3.
The w-thick part M (w,t) of My is My — M~ (w,t).

The following theorem is proved in [24, Section 7.3]; see also [21, Proposition 90.1].

Theorem 17.1 — [24] There is a finite collection {(H;,z;)}%_, of pointed complete
finite-volume Riemannian 3-manifolds with constant sectional curvature — % and, for
large t, a decreasing function (t) tending to zero and a family of maps

k k 1
(17.2) fi : |:!H o) L_!B <x W) — M,
such that
(1) fe is B(t)-close to being an isometry.
(2) The image of f; contains M (B(t),t).
(3) The image under f; of a cuspidal torus of {H;}¥_, is incompressible in M.

Given a sequence t“ — oo, let Y be the truncation of L]leHi obtained by

removing horoballs at distance approximately % from the basepoints x;. Put

M = Mo — fro(Yia).
Theorem 17.3 — [24] For large o, M® is a graph manifold.

Proof. — We check that the hypotheses of Theorem 16.1 are satisfied for large «.
Conditions (1) and (2) of Theorem 16.1 follow from the almost-isometric embedding
of LIy (B(wi, 5075) = B(wi, gimy)) € Uiy Hy in M@
Next, Theorem 17.1 says that for any w > 0, for large o the w-thick part of M;a
has already been removed in forming M“. Thus Condition (3) of Theorem 16.1 holds.
From Ricci flow arguments, for each w’ € (0, ¢3) there are F(w') > 0 and Ky (w') <
oo so that for large « the following holds: for every p € M, w' € (0,¢3), k € [0, K] and
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r < min(R,,7(w')), the inequality |V* Rm | < K (w')r~(*+2) holds in the ball B(p,r)
[21, Lemma 92.13]. Hence to verify Condition (4) of Theorem 16.1, at least for large
«, we must show that if p € M then the conditions 7 < R, and vol(B(p,r)) > w'r?
imply that r < F(w’).

Suppose not, i.e., we have F(w') < r < R,. Then Rm‘B(pyT) > —-%. Using the
fact that vol(B(p,r)) > w'r?, the Bishop-Gromov inequality gives an inequality of
the form vol(B(p,7(w'))) > w"7(w') for some w” = w" (w') > 0.

We also have Rm ’B(p_’?(w/)) > —%. Then from [25, Lemma 7.2] or [21,
Lemma 88.1], for large o we can assume that the sectional curvatures on B(p,T(w’))
are arbitrarily close to — %. In particular, R, < 5. Then

3 — N 3
(17.4)  vol(B(p, R,)) > vol(B(p,r)) > w'r® = w’ (RL) R} > (@) RY.
P
If « is sufficiently large then we conclude that p € fia(Yie), which is a contradiction.
We now take A(w') to be a number so that Condition (4) of Theorem 16.1 holds
for all M<. From the preceding discussion, there is a finite such number. Then for
large «, all of the hypotheses of Theorem 16.1 hold. The theorem follows. O

Theorems 17.1 and 17.3, along with the description of how M; changes un-
der surgery [24, Section 3], [21, Lemma 73.4], imply Thurston’s geometrization
conjecture.

18. Local collapsing without derivative bounds

In this section, we explain how one can remove the bounds on derivatives of cur-
vature from the hypotheses of Theorem 1.3, to obtain:

Theorem 18.1 — There exists a wy € (0,c3) such that if M is a closed, orientable,
Riemannian 3-manifold satisfying

(18.2) vol(B(p, Ry)) < woR>
for every p € M, then M is a graph manifold.

The bounds on the derivatives of curvature are only used to obtain pointed
CX_limits of sequences at the (modified) volume scale. This occurs in Lemmas 9.21
and 11.1. We explain how to adapt the statements and proofs.

Modifications in Lemma 9.21. — The statement of the Lemma does not require
modification. In the proof, the map ¢ will be a Gromov-Hausdorfl approximation
rather than a C%T1-map close to an isometry, and Z will be a complete 2-dimensional
nonnegatively curved Alexandrov space. As critical point theory for functions works
the same way for Alexandrov spaces as for Riemannian manifolds, and 2-dimensional
Alexandrov spaces are topological manifolds, the statement and proof of Lemma 3.12
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remain valid for 2-dimensional Alexandrov spaces. The main difference in the proof
of Lemma 9.21 is the method for verifying the fiber topology. For this, we use:

Theorem 18.3Linear local contractibility [15]). — For every w € (0,00) and every
positive integer n, there exist o € (0,00) and C' € (1,00) with the following property.
If B(p, 1) is a unit ball with compact closure in a Riemannian n-manifold, Rm ‘B(p.,l) >
—1 and vol(B(p,1)) > w then the inclusion B(p,r) — B(p, Cr) is null-homotopic for
every r € (0,70).

This uniform contractibility may be used to promote a Gromov-Hausdorff approx-
imation fp to a nearby continuous map f: one first restricts fy to the 0-skeleton
of a fine triangulation, and then extends it inductively to higher skeleta simplex by
simplex, using the controlled contractibility radius.

Lemma 18.4 — With notation from the proof of Lemma 9.21, the fiber F' = np_l({()})
is homotopy equivalent to B(xz,4A) C Z.

Proof. — Let (E be a quasi-inverse to the Gromov-Hausdorff approximation ¢.

To produce a map F — B(*z,4A) we take 7z o ¢|F, promote it to a continuous
map as above, and then use the absence of critical points of dy near S(xz,4A) to
homotope this to a map taking values in B(xz,4A).

To get the map B(xz,4A) — F, we apply the above procedure to promote (E‘F
to a nearby continuous map B(xz,4A) — éM . Then using the fibration structures
defined by 7, and (1, ng/), we may perturb this to a map taking values in F.

The compositions of these maps are close to the identity maps; using a relative
version of the approximation procedure one shows that these are homotopic to identity
maps. O

Thus we conclude that the fiber is a contractible compact 2-manifold with bound-
ary, so it is a 2-disk.

Modifications in Lemma 11.1. — In the statement of the lemma, N, is a 3-
dimensional nonnegatively curved Alexandrov space instead of a nonnegatively curved
Riemannian manifold, and “diffeomorphism” is replaced by “homeomorphism”.

In the proof, the pointed C'*-convergence is replaced by pointed Gromov-Hausdorff
convergence to a 3-dimensional nonnegatively curved Alexandrov space N; otherwise,
we retain the notation from the proof. We need:

Theorem 18.5The Stability Theorem [19, 25). — Suppose {(My,*x)} is a sequence
of Riemannian n-manifolds, such that the sectional curvature is bounded below by a (k-
independent) function of the distance to the basepoint xi,. Let X be an n-dimensional
Alezandrov space with curvature bounded below, and assume that ¢r : (X, *o0) —
(My,*k) is a d-pointed Gromov Hausdorff approxzimation, where 6, — 0. Then for
every R € (0,00), € € (0,00), and every sufficiently large k, there is a pointed map
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Vi o (B(*00s R+ €),%00) = (Mp, *;) which is a homeomorphism onto an open subset
containing B(xy, R), where dco (y, ¢k‘B(*m R+€)) < e.

Using critical point theory as before, we get that the limiting Alexandrov space
N is homeomorphic to the balls B(po, R”) for R” € (3R',2R’), and there are no
critical points for d,,_ or d,, in the respective annuli A(pe, %, 10R") C N and
A(pj, %, 10R") C %MJ The Stability Theorem produces a homeomorphism
from the closed ball B(ps, R”) C M to a subset close to the ball B(p;, R") C %Mj;
in particular, restricting ¢ to the sphere S(poo, R”) we obtain a Gromov-Hausdorff
approximation from the surface S(poo, R”) to the surface S(p,, R"”). Appealing to
uniform contractibility (Theorem 18.3), and using homotopies guaranteed by the ab-
sence of critical points we get that z/1| S(po,R") 18 close to a homotopy equivalence. As
in the proof of Theorem 11.3, we conclude that ¢(B(pso, R"")) is isotopic to B(p;, R").

Finally, we appeal to the classification of complete, noncompact, orientable,
nonnegatively curved Alexandrov spaces N, when N is a noncompact topological
3-manifold, from [29] to conclude that the list of possible topological types is the
same as in the smooth case.

Theorem 18.§Shioya-Yamaguchi[29]). — If X is a noncompact, orientable, 3-dimen-
sional nonnegatively curved Alexandrov space which is a topological manifold, then X
is homeomorphic to one of the following: R?, ST x R2, S2 x R, T? x R, or a twisted
line bundle over RP? or the Klein bottle.

When N is compact, we may apply the main theorem of [31] to see that the
topological classification is the same as in the smooth case. Alternatively, using
the splitting theorem, one may reduce to the case when N has finite fundamental
group and use the elliptization conjecture (now a theorem via Ricci flow due to finite
extinction time results).

Remark 18.7 — Theorem 18.1 implies the collapsing result stated in the appendix
of [30]. Note that Theorem 18.1 is strictly stronger, since the curvature scale need
not be small compared to the diameter. However, we remark that the argument of [30]
also gives the stronger result, if one uses [31] or the elliptization conjecture as above.

19. Appendix A : Choosing ball covers

Let M be a complete Riemannian manifold and let V' be a bounded subset of M.
Given p € V and r > 0, we write B(p,r) for the metric ball in M around p of radius r.
Let R : V — R be a (not necessarily continuous) function with range in some compact
positive interval. For p € V', we denote R(p) by R,. Put S1 =V, p1 = sup,ecy Ry
and po, = inf,cy R,. Choose a point p; € V so that R,, > %pl. Inductively,
for i > 1, let S;+1 be the subset of V' consisting of points p such that B(p,R,) is
disjoint from B(p1,Rp,) U+ U B(pi, Rp,). If Siv1 = & then stop. If S;11 # @, put
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Pi+1 = SUDpecg, Rp and choose a point p;y1 € Siy1 so that Ry, , > %pi_l,_l. This
process must terminate after a finite number of steps, as the pj-neighborhood of V'
cannot contain an infinite number of disjoint balls with radius at least % Poo-

Lemma19.1 — {B(pi,Rp,)} is a finite disjoint collection of balls such that V C
U; B (pi, 3Ryp,). Furthermore, given g € V, there is some N so that ¢ € B (pn,3Rpy)
and Rq < 2Rpy -

Proof. — Given ¢ € V, we know that B(q,R,) intersects J; B(pi, Rp,). Let N be
the smallest number ¢ such that B(g, R,) intersects B(p;, Rp,). Then ¢ € Sy and so
pn > Ry. Thus R,, > %pN > %Rq. As B(q,R,) intersects B(pn,Rpy ), we have
d(g,pN) < Rg+Rpy <3Rpy- O

20. Appendix B : Cloudy submanifolds

In this section we define the notion of a cloudy k-manifold. This is a subset of a
Euclidean space with the property that near each point, it looks coarsely close to an
affine subspace of the Euclidean space. The result of this appendix is that any cloudy
k-manifold can be well interpolated by a smooth k-dimensional submanifold of the
FEuclidean space.

If H is a Euclidean space, let Gr(k, H) denote the Grassmannian of codimension-k
subspaces of H. It is metrized by saying that for Py, P, € Gr(k, H), if 71, 72 € End(H)
are orthogonal projection onto Py and Ps, respectively, then d(P;, P») is the operator
norm of m —my. If H' is another Euclidean space then there is an isometric embedding
Gr(k,H) — Gr(k, H® H'). If X is a k-dimensional submanifold of H then the normal
map of X is the map X — Gr(k, H) which assigns to p € X the normal space of X
at p.

Definition 20.1 — Suppose C, § € (0,00), k € N, and H is a Euclidean space. A
(C,9) cloudy k-manifold in H is a triple (S,S,r), where S C S C H is a pair of
subsets, and r : S — (0,00) is a (possibly discontinuous) function such that:

(1) For all z,y € S, Ir(y) —r(z)] < C(lx —y| +r(x)).

(2) For all € S, the rescaled pointed subset (ﬁg, 3:) is d-close in the
pointed Hausdorff distance to (%Az,x) ,_where A, is a k-dimensional

affine subspace of H. Here, as usual, ﬁS’ means the subset S equipped

with the distance function of H rescaled by ﬁ

We will sometimes say informally that a pair (§ ,S) is a cloudy k-manifold if it can
be completed to a triple (g, S,r) which is a (C,0) cloudy k-manifold for some (C, §).
We will write AY C H for the k-dimensional linear subspace parallel to A, and we
will write 740 for orthogonal projection onto A%, Let Pa, : H — H be the nearest
point projection to A, given by Pa, (y) = + w40 (y — ).
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Lemma20.2 — For all k,K € Z*, ¢ € (0,00) and C < oo, there is a § =
0(k,K,e,C) > 0 with the following property. Suppose (S,S,r) is a (C,0) cloudy
k-manifold in a Fuclidean space H, and for every x € S we denote by A, an affine

subspace as in Definition 20.1. Then there is a k-dimensional smooth submanifold
W C H such that

(1) For all x € S, the pointed Hausdorff distance from (T(lm) S, z) to (%VV, x) is
at most €.

(2) W C N (S).

(3) For all x € S, the restriction of the normal map of W to B(xz,r(x)) N W has
image contained in an e-ball of A+ in Gr(k, H).

(4) If I is a multi-index with |I| < K then the I'" covariant derivative of the second
fundamental form of W at w is bounded in norm by er(z)~ (1141

(5) W N N,.(S) is properly embedded in N,.(S).

(6) The nearest point map P : N.(S) = W is a well-defined smooth submersion.

(7) If T is a multi-indez with 1 < |I| < K then for all x € S, the restriction of
P — Py, to B(z,7(x)) has I derivative bounded in norm by er(x)~(11=1),

FIGURE 5
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Proof. — With the notation of Lemma 19.1, put V' = S and R = r. Let T be the finite
collection of points {p;} from the conclusion of Lemma 19.1. Then {B(Z,73)}zer is
a disjoint collection of balls such that for any = € S, there is some ¥ € T with = €
B(%,3r(z)) and r(x) < 2r(Z). Hence B(z,r(z)) C B(Z,r(z) + 3r(Z)) C B(Z,5r(7)).
This shows that |, g B(z,r(x)) C Uzer B, 57(2)).

For each ¥ € T, let Az C H be the k-dimensional affine subspace frorn Defini-
tion 20.1, so that (T(lx) S, x) is d-close in the pointed Hausdorff topology to ( e )A ,T).
Here ¢ is a parameter which will eventually be made small enough so the proof
works. Let A% C H be the k-dimensional linear subspace which is parallel to Az.
Let pz : H — H be orthogonal projection onto the orthogonal complement of A2.

In view of the assumptions of the lemma, a packing argument shows that for any
I < oo, for sufficiently small ¢ there is a number m = m(k,C,l) so that for all
Z € T, there are at most m elements of T' in B(7,Ir(Z)). Fix a nonnegative function
¢ € C*°(R) which is identically one on [0, 1] and vanishes on [2,00). For 7 € T,
define ¢z : H — R by ¢z(v) = ¢( 1‘87“(2‘ ). Let E(k, H) be the set of pairs consisting
of a codimension-k plane in H and a point in that plane. That is, E(k, H) is the
total space of the universal bundle over Gr(k, H). Given v € (J;op B(Z,57(2)),
put O, = % Note that for small §, there is a uniform upper bound on the
number of nonzero terms in the summation, in terms of k£ and C'; hence the rank of

O, is also bounded in terms of k and C.

If § is sufficiently small then since the projection operators p; that occur with
a nonzero coefficient in the summation are uniformly norm-close to each other, the
self-adjoint operator O, will have k eigenvalues near 0, with the rest of the spectrum
being near 1. Let v(v) be the orthogonal complement of the span of the eigenvectors
corresponding to the k eigenvalues of O, near 0. Let ), be orthogonal projection
onto v(v).

Recall that |J,.g B(z,7(x)) C Uzer B(Z,57(2)). Define n @ Uzer B(Z,57(2)) —

H by
- ZeT #z(v) Qu(v —72)
(20.3) n(v) = S 62(0) .

Define 7 : J,cg B(x,r(z)) = E(k,H) by n(v) = (v(v),n(v)).

If § is sufficiently small then 7 is uniformly transverse to the zero-section of E(k, H).
Hence the inverse image under 7 of the zero section will be a k-dimensional subman-
ifold W. The map P is defined as in the statement of the lemma.

The conclusions of the lemma follow from a convergence argument. For exam-
ple, for conclusion (3), suppose that there is a sequence §; — 0 and a collection of
counterexamples to conclusion (3). Let 2; € S; be the relevant point. In view of the
multiplicity bounds, we can assume without loss of generality that the dimension of the
Euclidean space is uniformly bounded above. Hence after passing to a subsequence,
we can pass to the case when dim(H;) is constant in j. Then limj_,oo(%xj)S’j, xj)
exists in the pointed Hausdorff topology and is a k-dimensional plane (Ss, 2o ). The
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map Vs is a constant map and 7 is an orthogonal projection. Then W, is a flat
k-dimensional manifold, which gives a contradiction. The verifications of the other
conclusions of the lemma are similar. O

21. Appendix C : An isotopy lemma

Lemma 21.1 — Suppose that F : Y x [0,1] = N is a smooth map between manifolds,
with slices {f* 1Y — N}icjoa], and let X C N be a submanifold with boundary 0X .
If

— ft is transverse to both X and 80X for everyt € [0,1] and

- F7Y(X) is compact
then (f°)~1(X) is isotopic in' Y to (f1)~"1(X).

Proof. — Suppose first that 0X = @. Now F(y,t) = fi(y). For v € T,Y and ¢ € R,
we can write DF (v + c%) = Dft(v) + c%(y). We know that if F(y,t) = x € X
then T(, 1y (F~1(X)) = (DF, +)~}(Tx X).

By assumption, for each t € [0,1], if f;(y) = € X then we have

(21.2) Im(Df,), + ToX = T, N.

We want to show that projection onto the [0,1]-factor gives a submersion
F~YX) — [0,1]. Suppose not. Then for some (y,t) € F~}(X), we have
TynF '(X) C T,Y. That is, putting F(y,t) = x, whenever v € T,Y and
¢ € R satisfy Dft(v) + caa—f;(y) € T, X then we must have ¢ = 0. Hovyever, for any
¢ € R, equation (21.2) implies that we can solve D f,(—v) +w = c%(y) for some
v e TyY and w € T, X. This is a contradiction.

Thus we have a submersion from the compact set F~!(X) to [0, 1]. This submersion
must have a product structure, from which the lemma follows.

The case when 0X # & is similar. O

Lemma21.3 — Suppose that Y is a smooth manifold, (X,0X) C R* is a smooth
submanifold, f : Y — RF is transverse to both X and 90X, and X = FUX) is
compact. Then for any compact subset Y' C Y whose interior contains X , there is
an € > 0 such that if f':Y = RF and || f' = fllcr(vry < € then f'71(X) is isotopic to
FHX).

Proof. — This follows from Lemma 21.1. O

References

[1] M. T. ANDERSON — “The L? structure of moduli spaces of Einstein metrics on 4-
manifolds”, Geom. Funct. Anal. 2 (1992), no. 1, p. 29-89.

SOCIETE MATHEMATIQUE DE FRANCE 2014



98

2]

3]
[4]
[5]

(6]

7]

&

9]
[10]
11]
12]
13]
14]
[15]
[16]
17]
18]
[19]
[20]
21]

22]

BRUCE KLEINER & JOHN LOTT

L. BESSIERES, G. BESSON, M. BOILEAU, S. MAILLOT & J. PoRrTI — “Collapsing ir-
reducible 3-manifolds with nontrivial fundamental group”, Invent. Math. 179 (2010),
no. 2, p. 435-460.

D. Buraco, Y. BURAGO & S. IVANOV — A course in metric geometry, Grad. Stud.
Math., vol. 33, Amer. Math. Soc., Providence, RI, 2001.

Y. BuraGo, M. Gromov & G. PEREL'MAN — “A. D. Aleksandrov spaces with curva-
tures bounded below”, Uspekhi Mat. Nauk 47 (1992), no. 2(284), p. 3-51, 222.

J. Cao & J. GE — “A simple proof of Perelman’s collapsing theorem for 3-manifolds”,
J. Geom. Anal. 21 (2011), no. 4, p. 807-869.

J. CHEEGER — “Critical points of distance functions and applications to geometry”, in
Geometric topology: recent developments (Montecatini Terme, 1990), Lecture Notes in
Math., vol. 1504, Springer, Berlin, 1991, p. 1-38.

J. CHEEGER & D. GROMOLL — “On the structure of complete manifolds of nonnegative
curvature”, Ann. of Math. (2) 96 (1972), p. 413-443.

J. CHEEGER & M. GroMOV — “Collapsing Riemannian manifolds while keeping their
curvature bounded. I, J. Differential Geom. 23 (1986), no. 3, p. 309-346.

, “Collapsing Riemannian manifolds while keeping their curvature bounded. 117,
J. Differential Geom. 32 (1990), no. 1, p. 269-298.

J. CHEEGER & G. TiAN — “Curvature and injectivity radius estimates for Einstein
4-manifolds”, J. Amer. Math. Soc. 19 (2006), no. 2, p. 487-525 (electronic).

F. H. CLARKE — Optimization and nonsmooth analysis, second ed., Classics Appl. Math.,
vol. 5, Soc. Ind. Appl. Math. (STAM), Philadelphia, PA, 1990.

K. Fukaya — “Collapsing Riemannian manifolds to ones of lower dimensions”, J. Dif-
ferential Geom. 25 (1987), no. 1, p. 139-156.

M. GrROMOV — “Almost flat manifolds”, J. Differential Geom. 13 (1978), no. 2, p. 231—
241.

, Metric structures for Riemannian and non-Riemannian spaces, Progr. Math.,
vol. 152, Birkh&user Boston, Inc., Boston, MA, 1999.

K. GrROVE & P. PETERSEN, V — “Bounding homotopy types by geometry”, Ann. of
Math. (2) 128 (1988), no. 1, p. 195-206.

K. GROVE & K. SHIOHAMA — “A generalized sphere theorem”, Ann. of Math. (2) 106
(1977), no. 2, p. 201-211.

R. S. HAMILTON — “Three-manifolds with positive Ricci curvature”, J. Differential
Geom. 17 (1982), no. 2, p. 255-306.

, “Four-manifolds with positive curvature operator”, J. Differential Geom. 24
(1986), no. 2, p. 153-179.

V. KAPOVITCH — “Perelman’s stability theorem”; in Surveys in differential geometry.
Vol. XI, Surv. Differ. Geom., vol. 11, Int. Press, Somerville, MA, 2007, p. 103-136.

A. KATSUDA — “Gromov’s convergence theorem and its application”, Nagoya Math. J.
100 (1985), p. 11-48.

B. KLEINER & J. LOTT — “Notes on Perelman’s papers”, Geom. Topol. 12 (2008), no. 5,
p- 2587-2855.

S. MATVEEV — Algorithmic topology and classification of 3-manifolds, Algorithms Com-
put. Math., vol. 9, Springer-Verlag, Berlin, 2003.

ASTERISQUE 777



[23]
[24]

[25]
[26]

[27]
[28]
29]
[30]
31]

32]

[33]

LOCALLY COLLAPSED 3-MANIFOLDS 929

J. MORGAN & G. TI1AN — The geometrization conjecture, Clay Math. Monogr., vol. 5,
Amer. Math. Soc./Clay Math. Inst., Providence, RI/Cambridge, MA, 2014.

G. PERELMAN — “Ricci Flow with Surgery on Three-Manifolds”, http://arxiv.org/
abs/math.DG/0303109.

, “Alexandrov’s Spaces with Curvature Bounded from Below II”, preprint, 1991.

P. PETERSEN — Riemannian geometry, second ed., Grad. Texts in Math., vol. 171,
Springer, New York, 2006.

C. C. PUGH — “Smoothing a topological manifold”, Topology Appl. 124 (2002), no. 3,
p. 487-503.

E. R. REIFENBERG — “Solution of the Plateau Problem for m-dimensional surfaces of
varying topological type”, Acta Math. 104 (1960), p. 1-92.

T. SuiovyAa & T. YamacucHI — “Collapsing three-manifolds under a lower curvature
bound”, J. Differential Geom. 56 (2000), no. 1, p. 1-66.

, “Volume collapsed three-manifolds with a lower curvature bound”, Math. Ann.
333 (2005), no. 1, p. 131-155.

M. SiMON — “Ricci flow of almost non-negatively curved three manifolds”, J. Reine
Angew. Math. 630 (2009), p. 177-217.

J. STALLINGS — “On fibering certain 3-manifolds”, in Topology of 3-manifolds and related
topics (Proc. The Univ. of Georgia Institute, 1961), Prentice-Hall, Englewood Cliffs,
N.J., 1962, p. 95-100.

T. YaAMAGUCHI — “Collapsing and pinching under a lower curvature bound”, Ann. of
Math. (2) 133 (1991), no. 2, p. 317-357.

BRUCE KLEINER, Courant Institute of Mathematical Sciences, 251 Mercer St., New York, NY 10012

E-mail : bkleiner@cims.nyu.edu

JOHN LoTT, Department of Mathematics, University of California at Berkeley, Berkeley, CA 94720

E-mazil : lott@math.berkeley.edu

SOCIETE MATHEMATIQUE DE FRANCE 2014






Astérisque
272, 2014, p. 101-177

GEOMETRIZATION OF THREE-DIMENSIONAL ORBIFOLDS
VIA RICCI FLOW

by

Bruce Kleiner & John Lott

Abstract —
Résumé —
1. Introduction
1.1. Orbifolds and geometrization. — Thurston’s geometrization conjecture for

3-manifolds states that every closed orientable 3-manifold has a canonical decompo-
sition into geometric pieces. In the early 1980’s Thurston announced a proof of the
conjecture for Haken manifolds [56], with written proofs appearing much later [36,
41, 47, 48]. The conjecture was settled completely a few years ago by Perelman in
his spectacular work using Hamilton’s Ricci flow [49, 50].
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Thurston also formulated a geometrization conjecture for orbifolds. We recall that
orbifolds are similar to manifolds, except that they are locally modelled on quo-
tients of the form R"/G, where G C O(n) is a finite subgroup of the orthogonal
group. Although the terminology is relatively recent, orbifolds have a long history in
mathematics, going back to the classification of crystallographic groups and Fuchsian
groups. In this paper, using Ricci flow, we will give a new proof of the geometrization
conjecture for orbifolds:

Theorem 1.1 — Let O be a closed connected orientable three-dimensional orbifold
which does not contain any bad embedded 2-dimensional suborbifolds. Then O has a
geometric decomposition.

The existing proof of Theorem 1.1 is based on a canonical splitting of O along
spherical and Euclidean 2-dimensional suborbifolds, which is analogous to the prime
and JSJ decomposition of 3-manifolds. This splitting reduces Theorem 1.1 to two
separate cases — when O is a manifold, and when O has a nonempty singular locus
and satisfies an irreducibility condition. The first case is Perelman’s theorem for
manifolds. Thurston announced a proof of the latter case in [57] and gave an outline.
A detailed proof of the latter case was given by Boileau-Leeb-Porti [4], after work
of Boileau-Maillot-Porti [5], Boileau-Porti [6], Cooper-Hodgson-Kerckhoff [19] and
Thurston [57]. The monographs [5, 19] give excellent expositions of 3-orbifolds and
their geometrization.

1.2. Discussion of the proof. — The main purpose of this paper is to provide
a new proof of Theorem 1.1. Our proof is an extension of Perelman’s proof of ge-
ometrization for 3-manifolds to orbifolds, bypassing [4-6, 19, 57]. The motivation
for this alternate approach is twofold. First, anyone interested in the geometrization
of general orbifolds as in Theorem 1.1 will necessarily have to go through Perelman’s
Ricci flow proof in the manifold case, and also absorb foundational results about orb-
ifolds. At that point, the additional effort required to deal with general orbifolds is
relatively minor in comparison to the proof in [4]. This latter proof involves a number
of ingredients, including Thurston’s geometrization of Haken manifolds, the deforma-
tion and collapsing theory of hyperbolic cone manifolds, and some Alexandrov space
theory. Also, in contrast to the existing proof of Theorem 1.1, the Ricci flow argument
gives a unified approach to geometrization for both manifolds and orbifolds.

Many of the steps in Perelman’s proof have evident orbifold generalizations,
whereas some do not. It would be unwieldy to rewrite all the details of Perelman’s
proof, on the level of [38], while making notational changes from manifolds to
orbifolds. Consequently, we focus on the steps in Perelman’s proof where an orbifold
extension is not immediate. For a step where the orbifold extension is routine, we
make the precise orbifold statement and indicate where the analogous manifold proof
occurs in [38].
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In the course of proving Theorem 1.1, we needed to develop a number of founda-
tional results about the geometry of orbifolds. Some of these may be of independent
interest, or of use for subsequent work in this area, such as the compactness theorem
for Riemannian orbifolds, critical point theory, and the soul theorem.

Let us mention one of the steps where the orbifold extension could a priori be
an issue. This is where one characterizes the topology of the thin part of the large-
time orbifold. To do this, one first needs a sufficiently flexible proof in the manifold
case. We provided such a proof in [37]. The proof in [37] uses some basic techniques
from Alexandrov geometry, combined with smoothness results in appropriate places.
It provides a decomposition of the thin part into various pieces which together give
an explicit realization of the thin part as a graph manifold. When combined with
preliminary results that are proved in this paper, we can extend the techniques of [37]
to orbifolds. We get a decomposition of the thin part of the large-time orbifold into
various pieces, similar to those in [37]. We show that these pieces give an explicit
realization of each component of the thin part as either a graph orbifold or one of a
few exceptional cases. This is more involved to prove in the orbifold case than in the
manifold case but the basic strategy is the same.

1.3. Organization of the paper. — The structure of this paper is as follows. One
of our tasks is to provide a framework for the topology and Riemannian geometry of
orbifolds, so that results about Ricci flow on manifolds extend as easily as possible
to orbifolds. In Section 2 we recall the relevant notions that we need from orbifold
topology. We then introduce Riemannian orbifolds and prove the orbifold versions of
some basic results from Riemannian geometry, such as the de Rham decomposition
and critical point theory.

Section 3 is concerned with noncompact nonnegatively curved orbifolds. We prove
the orbifold version of the Cheeger-Gromoll soul theorem. We list the diffeomorphism
types of noncompact nonnegatively curved orbifolds with dimension at most three.

In Section 4 we prove a compactness theorem for Riemannian orbifolds. Section 5
contains some preliminary information about Ricci flow on orbifolds, along with the
classification of the diffeomorphism types of compact nonnegatively curved three-
dimensional orbifolds. We also show how to extend Perelman’s no local collapsing
theorem to orbifolds.

Section 6 is devoted to k-solutions. Starting in Section 7, we specialize to three-
dimensional orientable orbifolds with no bad 2-dimensional suborbifolds. We show
how to extend Perelman’s results in order to construct a Ricci flow with surgery.

In Section 8 we show that the thick part of the large-time geometry approaches a
finite-volume orbifold of constant negative curvature. Section 9 contains the topolog-
ical characterization of the thin part of the large-time geometry.

Section 10 concerns the incompressibility of hyperbolic cross-sections. Rather than
using minimal disk techniques as initiated by Hamilton [33], we follow an approach
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introduced by Perelman [50, Section 8] that uses a monotonic quantity, as modified
in [38, Section 93.4].

The appendix contains topological facts about graph orbifolds. We show that a
“weak” graph orbifold is the result of performing O-surgeries (i.e., connected sums) on
a “strong” graph orbifold. This material is probably known to some experts but we
were unable to find references in the literature, so we include complete proofs.

After writing this paper we learned that Daniel Faessler independently proved
Proposition 9.7, which is the orbifold version of the collapsing theorem [24].

Acknowledgements. — We thank Misha Kapovich and Sylvain Maillot for orbidis-
cussions. We thank the referee for a careful reading of the paper and for corrections.

2. Orbifold topology and geometry

In this section we first review the differential topology of orbifolds. Subsections
2.1 and 2.2 contain information about orbifolds in any dimension. In some cases we
give precise definitions and in other cases we just recall salient properties, referring
to the monographs [5, 19] for more detailed information. Subsections 2.3 and 2.4 are
concerned with low-dimensional orbifolds.

We then give a short exposition of aspects of the differential geometry of orbifolds,
in Subsection 2.5. It is hard to find a comprehensive reference for this material
and so we flag the relevant notions; see [8] for further discussion of some points.
Subsection 2.6 shows how to do critical point theory on orbifolds. Subsection 2.7
discusses the smoothing of functions on orbifolds.

For notation, B™ is the open unit n-ball, D™ is the closed unit n-ball and I = [—1, 1].
We let Dy, denote the dihedral group of order 2k.

2.1. Differential topology of orbifolds. — An orbivector space is a triple
(V,G, p), where

— V is a vector space,

— @ is a finite group and

— p: G = Aut(V) is a faithful linear representation.
A (closed/ open/ convex/...) subset of (V,G,p) is a G-invariant subset of V' which
is (closed/ open/ convex/...) A linear map from (V,G,p) to (V',G’,p’) consists of
a linear map T : V' — V'’ and a homomorphism h : G — G’ so that for all g €
G, p'(h(g)) oT = T o p(g). The linear map is injective (resp. surjective) if T is
injective (resp. surjective) and h is injective (resp. surjective). An action of a group
K on (V,G,p) is given by a short exact sequence 1 - G — L — K — 1 and a
homomorphism L — Aut(V') that extends p.

A local model is a pair ((7 , @), where U is a connected open subset of a Euclidean
space and G is a finite group that acts smoothly and effectively on U , on the right.
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(Effectiveness means that the homomorphism G — Diff(ﬁ ) is injective.) We will
sometimes write U for U /G, endowed with the quotient topology.

A smooth map between local models ((71, G1) and ((72, G9) is given by a smooth
map f . Uy — Uy and a homomorphism p : G; — G2 so that fis p-equivariant,
i.e., f(a:gl) = f(x)p(gl). We do not assume that p is injective or surjective. The
map between local models is an embedding if f is an embedding; it follows from
effectiveness that p is injective in this case.

Definition 2.1 — An atlas for an n-dimensional orbifold O consists of

1. A Hausdorff paracompact topological space |O|,
An open covering {U,} of |O|,
Local models {(Uy, Go)} with each U, a connected open subset of R™ and
Homeomorphisms ¢, : Uy, — ﬁa /G, so that
If p € Uy N Uy then there is a local model (173, G3) with p € Us along with
embeddings (Us, G3) — (U1, G1) and (Us, G3) — (Us, Ga).

Ot WL

An orbifold O is an equivalence class of such atlases, where two atlases are equiv-
alent if they are both included in a third atlas. With a given atlas, the orbifold O
is oriented if each Ua is oriented, the action of GG, is orientation-preserving, and the
embeddings U3 — Uy and U3 — U, are orientation- preserving. We say that O is
connected (resp. compact) if |O| is connected (resp. compact).

An orbifold-with-boundary O is defined similarly, with U being a connected open
subset of [0,00) x R"1. The boundary O is a boundaryless (n — 1)-dimensional
orbifold, with |0O| consisting of points in |O| whose local lifts lie in {0} x R"~!. Note
that it is possible that 00 = @ while |O| is a topological manifold with a nonempty
boundary.

Remark 2.2 — 1In this paper we only deal with effective orbifolds, meaning that in
a local model (ﬁ, G), the group G always acts effectively. It would be more natural
in some ways to remove this effectiveness assumption. However, doing so would hurt
the readability of the paper, so we will stick to effective orbifolds.

Given a point p € |O] and a local model ([7, G) around p, let p € U project to p.
The local group G, is the stabilizer group {g € G : pg = p }. Its isomorphism class
is independent of the choices made. We can always find a local model with G = G,.

The regular part |O|,eq C |O| consists of the points with G, = {e}. It is a smooth
manifold that forms an open dense subset of |O)].

Given an open subset X C |0, there is an induced orbifold O| x with |O| x| = X
In some cases we will have a subset X C |O|, possibly not open, for which (9‘ x 18
an orbifold-with-boundary.

The ends of O are the ends of |O].
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A smooth map f : O1 — Oy between orbifolds is given by a continuous map
[f] : |O1] = |O2| with the property that for each p € |04, there are

— Local models ([71, G1) and (172, Gs) for p and f(p), respectively, and

— A smooth map f : (Uy,Gy) — (Uz, Gs) between local models
so that the diagram

o~

f

(71—)[72

|

U, — U
e
commutes.

There is an induced homomorphism from G, to G ¢(,). We emphasize that to define
a smooth map f between two orbifolds, one must first define a map |f| between their
underlying spaces.

We write C*°(O) for the space of smooth maps f: O — R.

A smooth map f: Oy — Oy is properif |f| : |O1] — |O2| is a proper map.

A diffeomorphism f : O1 — O is a smooth map with a smooth inverse. Then G,
is isomorphic to Gy ().

If a discrete group I' acts properly discontinuously on a manifold M then there is a
quotient orbifold, which we denote by M //T". It has |M //T'| = M/T". Hence if O is an
orbifold and ([7 , ) is a local model for O then we can say that O|U is diffeomorphic
to U //G. An orbifold O is good if © = M J/T for some manifold M and some discrete
group I'. It is very good if I can be taken to be finite. A bad orbifold is one that is
not good.

Similarly, suppose that a discrete group I' acts by diffeomorphisms on an orbifold
O. We say that it acts properly discontinuously if the action of T on |O] is properly
discontinuous. Then there is a quotient orbifold O//T', with |O//T| = |O|/T; see
Remark 2.15.

An orbifiber bundle consists of a smooth map 7 : O; — O3 between two orbifolds,
along with a third orbifold O3 such that

— || is surjective, and

— For each p € |Os|, there is a local model ((7, Gp) around p, where G), is the

local group at p, along with an action of G, on O3 and a diffeomorphism
(O3 x ﬁ)//Gp — (’)1“W|71(U) so that the diagram

(03 x U)))Gy — Oy

2.4) | l

U/)G, —— O,

comimutes.
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(Note that if Os is a manifold then the orbifiber bundle 7 : O; — O3 has a local
product structure.) The fiber of the orbifiber bundle is Os. Note that for p; € |04,
the homomorphism G, — G|x|(p,) is surjective.

A section of an orbifiber bundle 7 : O; — Os is a smooth map s : Oy — O; such
that 7 o s is the identity on Os.

A covering map w : O — Os is a orbifiber bundle with a zero-dimensional fiber.
Given py € |O2] and py € |7~ (py), there are a local model (U, G5) around py and
a subgroup G; C G2 so that ((7, G1) is a local model around p; and the map 7 is
locally (U,G1) — (U, Gs).

A rank-m orbivector bundle V — O over O is locally isomorphic to (V' x (/]\)/Gp7
where V' is an m-dimensional orbivector space on which G, acts linearly.

The tangent bundle TO of an orbifold O is an orbivector bundle which is locally
diffeomorphic to Tﬁa//Ga. Given p € |0O|, if p € U covers p then the tangent
space T, O is isomorphic to the orbivector space (Tﬁﬁ ,Gp). The tangent cone at p is
Cp|O| = TEU /Gy

A smooth wvector field V is a smooth section of T'O. In terms of a local model
(U, Q), the vector field V restricts to a vector field on U which is G-invariant.

A smooth map f: Oy — Os gives rise to the differential, an orbivector bundle map
df : TOy — T(92 At a point p € |O|, in terms of local models we have a map f
((71, G1) — (Ug7 G2) which gives rise to a G,-equivariant map dfp Ts U1 — Tf(A)Ug
and hence to a linear map df, : 7,01 — Tiry( »Oa.

Given a smooth map f : O; — Oy and a point p € |O;], we say that f is a
submersion at p (vesp. immersion at p) if the map df, : T,01 — T/ Oz is surjective
(resp. injective).

Lemma2.5 — If f is a submersion at p then there is an orbifold Oz on which G\g|p)
acts, along with a local model (Us, G\fi(p)) around |f|(p), so that f is equivalent near
p to the projection map (O3 x Us)//G 1) = U2//G 5|

PmofA — Let p : G, — G| be the surjective homomorphism associated to df,.
Let f : (Ul,G ) — (Ug,Gm(p)) be a local model for f near p; it is necessarily
p-equivariant. Let p € Uy be alift of p € Uy. Put W= I (f( p)). Sincef is a submer-
51on at p after reducing U 1 and U2 if necessary, there is a p-equivariant diffeomorphism
W x U2 — U1 so that the diagram

WX62—>[71

(2.6) l l
(72 e fjg

commutes and is G,-equivariant. Now Ker(p) acts on W. Put O3 = /V[7// Ker(p).
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Then there is a commuting diagram of orbifold maps

(93 X (72 _— fjl// Ker(p)

@2.7) l l
ﬁz _— ﬁz.

Further quotienting by G||(,) gives a commutative diagram

(03 x U2) /|G 1) — U1/ Gy

L

U2//Gis1w) —— U2//G5i(w)
whose top horizontal line is an orbifold diffeomorphism. O

We say that f: O; — O3 is a submersion (resp. immersion) if it is a submersion
(resp. immersion) at p for all p € |O4].

Lemma 2.9 — A proper surjective submersion f : O — Oo, with Oy connected,
defines an orbifiber bundle with compact fibers.

We will sketch a proof of Lemma 2.9 in Remark 2.17.

In particular, a proper surjective local diffeomorphism to a connected orbifold is a
covering map with finite fibers.

An immersion f : O; — Oy has a normal bundle NO; — O whose fibers have
the following local description. Given p € |Oy], let f be described in terms of local
models (ﬁl,Gp) and (ﬁg,Gm(p)) by a p-equivariant immersion f : U; — Us. Let
F, C G|y|(p) be the subgroup which fixes Im(df;). Then the normal space NpO; is
the orbivector space (Coker(dfy), F}).

A suborbifold of O is given by an orbifold @’ and an immersion f : O — O for
which | f] maps |O’| homeomorphically to its image in |O|. From effectiveness, for each
p € |0’|, the homomorphism p, : G, = G|5|(p) is injective. Note that p, need not be
an isomorphism. We will identify @’ with its image in . There is a neighborhood
of O which is diffeomorphic to the normal bundle NO’. We say that the suborbifold
O’ is embedded if O}‘O/l = O’. Then for each p € |0’|, the homomorphism p,, is an
isomorphism.

If @ is an embedded codimension-1 suborbifold of O then we say that O’ is two-
sided if the normal bundle NO' has a nowhere-zero section. If O and O’ are both
orientable then O’ is two-sided. We say that O’ is separating if |O’| is separating
in |O].
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We can talk about two suborbifolds meeting transversely, as defined using local
models.

Let O be an oriented orbifold (possibly disconnected). Let Dy and Dy be disjoint
codimension-zero embedded suborbifolds-with-boundary, both oriented-diffeomorphic
to D™//T". Then the operation of performing 0-surgery along D1, Dy produces the
new oriented orbifold 0" = (O — int(D1) — int(D2)) Uyp,ap, (I X (D"//T)). In the
manifold case, a connected sum is the same thing as a 0-surgery along a pair { D1, Do}
which lie in different connected components of ©. Note that unlike in the manifold
case, @' is generally not uniquely determined up to diffeomorphism by knowing the
connected components containing D1 and Dy. For example, even if O is connected,
D, and D, may or may not lie on the same connected component of the singular set.

If Oy and Oy are oriented orbifolds, with Dy C Oy and Dy C Oy both oriented
diffeomorphic to D" //T, then we may write O1# gn-1,rO2 for the connected sum.
This notation is slightly ambiguous since the location of D; and Dy is implicit. We
will write O# gn-1 r to denote a O-surgery on a single orbifold O. Again the notation
is slightly ambiguous, since the location of D, Dy C O is implicit.

An involutive distribution on O is a subbundle £ C T'O with the property that for
any two sections Vq, V5 of E| the Lie bracket [V, V3] is also a section of E.

Lemma 2.10 — Given an involutive distribution E on O, for any p € |O| there is a
unique mazximal suborbifold passing through p which is tangent to E.

Orbifolds have partitions of unity.

Lemma 2.11 — Given an open cover {Uy }aca of |O|, there is a collection of functions
pa € C(0O) such that

- 0<pa <1

- supp(pa) C Uy for some o' = o/(a) € A.

~ Forallp €|0|, Y caralp) =1.

Proof. — The proof is similar to the manifold case, using local models ((7 , G) consist-
ing of coordinate neighborhoods, along with compactly supported G-invariant smooth
functions on U. O

A curve in an orbifold is a smooth map v : I — O defined on an interval I C R.
A loop is a curve v with |v[(0) = |v|(1) € |O].

2.2. Universal cover and fundamental group. — We follow the presentation
in [5, Chapter 2.2.1]. Choose a regular point p € |O|. A special curve from p is a
curve v : [0, 1] — O such that

= [71(0) = p and

— |y[(t) lies in |O],¢, for all but a finite number of ¢.
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Suppose that ((7, G) is a local model and that 7 : [a,b] — Uisa lifting of 4,4, for
some [a,b] C [0,1]. An elementary homotopy between two special curves is a smooth
homotopy of 7 in (7, relative to J(a) and J(b). A homotopy of v is what’s generated
by elementary homotopies.

If O is connected then the universal cover O of O can be constructed as the set
of special curves starting at p, modulo homotopy. It has a natural orbifold structure.
The fundamental group 71 (O, p) is given by special loops (i.e., special curves v with
[v](1) = p) modulo homotopy. Up to isomorphism, 7 (O, p) is independent of the
choice of p.

If O is connected and a discrete group I' acts properly discontinuously on O then
there is a short exact sequence

(2.12) 1 — m(0,p) — m(O))T,pI') — T — 1.

Remark 2.13 — A more enlightening way to think of an orbifold is to consider it as a
smooth effective proper étale groupoid G, as explained in [1, 12, 44]. We recall that
a Lie groupoid G essentially consists of a smooth manifold G(*) (the space of units),
another smooth manifold G and submersions s,7 : GV — G (the source and
range maps), along with a partially defined multiplication G x G — G(M) which
satisfies certain compatibility conditions. A Lie groupoid is étale if s and r are local
diffeomorphisms. It is proper if (s,7) : G — GO x GO is a proper map. There is
also a notion of an étale groupoid being effective.

To an orbifold one can associate an effective proper étale groupoid as follows.
Given an orbifold O, a local model (ﬁa,GQ) and some P € Uy, let p € |O| be the
corresponding point. There is a quotient map Ag, : Tp, Uy — Cp|O|. The unit space
G is the disjoint union of the U,’s. And GO consists of the triples (P, D> Bp. 55)
where

1. p, € ﬁa and pg € ﬁﬁ,

2. Do and pg map to the same point p € |O] and

3. Bp.ps: Tp. Uy — T5, U 5 is an invertible linear map so that Az, = Ap, o Bp, 5,-
There is an obvious way to compose triples (pa, P, Bp. 5,) and (ps, Dy, Bp,.5,). One
can show that this gives rise to a smooth effective proper étale groupoid.

Conversely, given a smooth effective proper étale groupoid G, for any p € GO the
isotropy group Qg is a finite group. To get an orbifold, one can take local models of
the form ((7 , gg) where U is a gg-invariant neighborhood of p.

Speaking hereafter just of smooth effective proper étale groupoids, Morita-
equivalent groupoids give equivalent orbifolds.

A groupoid morphism gives rise to an orbifold map. Taking into account Morita
equivalence, from the groupoid viewpoint the right notion of an orbifold map would
be a Hilsum-Skandalis map between groupoids. These turn out to correspond to good
maps between orbifolds, as later defined by Chen-Ruan [1]. This is a more restricted
class of maps between orbifolds than what we consider. The distinction is that one can
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pull back orbivector bundles under good maps, but not always under smooth maps in
our sense. Orbifold diffeomorphisms in our sense are automatically good maps. For
some purposes it would be preferable to only deal with good maps, but for simplicity
we will stick with our orbifold definitions.

A Lie groupoid G has a classifying space BG. In the orbifold case, if G is the
étale groupoid associated to an orbifold O then m1(O) = 71 (BG). The definition of
the latter can be made explicit in terms of paths and homotopies; see [12, 29]. In
the case of effective orbifolds, the definition is equivalent to the one of the present
paper.

More information is in [1, 44] and references therein.

2.3. Low-dimensional orbifolds. — We list the connected compact boundaryless
orbifolds of low dimension. We mostly restrict here to the orientable case. (The
nonorientable ones also arise; even if the total space of an orbifiber bundle is orientable,
the base may fail to be orientable.)

2.83.1. Zero dimensions. — The only possibility is a point.

2.8.2. One dimension. — There are two possibilities : S* and S*//Z,. For the latter,
the nonzero element of Zy acts by complex conjugation on S!, and |S'//Z,| is an
interval. Note that S*//Z, is not orientable.

2.3.3. Two dimensions. — For notation, if S is a connected oriented surface then
S(k1,...,kr) denotes the oriented orbifold O with |O| = S, having singular points of
order ki,...,k. > 1. Any connected oriented 2-orbifold can be written in this way.
An orbifold of the form S?(p, q,r) is called a turnover.

The bad orientable 2-orbifolds are S?(k) and S?(k, k'), k # k’. The latter is simply-
connected if and only if ged(k, k') = 1.

The spherical 2-orbifolds are of the form S?//T', where T is a finite subgroup of
Isom™(S?). The orientable ones are S2, S2(k, k), S%(2,2,k), S?(2,3,3), S?(2,3,4),
S2(2,3,5). (If S2(1,1) arises in this paper then it means S2.)

The Euclidean 2-orbifolds are of the form 72//T', where I' is a finite subgroup
of Isom™*(7T?). The orientable ones are T2, S2%(2,3,6), S2(2,4,4), S%(3,3,3),
S2(2,2,2,2). The latter is called a pillowcase and can be identified with the quotient
of T? = C/Z? by Za, where the action of the nontrivial element of Zy comes from the
map z — —z on C.

The other closed orientable 2-orbifolds are hyperbolic.

We will also need some 2-orbifolds with boundary, namely

— The discal 2-orbifolds D?(k) = D?//Z.

— The half-pillowcase D?(2,2) = I xz, S'. Here the nontrivial element of Zy acts

by involution on I and by complex conjugation on S*. We can also write D?(2, 2)
as the quotient {z € C : J < |z| < 2}//Z;, where the nontrivial element of Z

sends z to z7 1.
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— D?//Zs, where Zy acts by complex conjugation on D?. Then 9|D?//Zs| is a
circle with one orbifold boundary component and one reflector component. See
Figure 1, where the dark line indicates the reflector component.

FIGURE 1.

— D?//Dy = D*(k)//Z2, for k > 1, where Dy, is the dihedral group and Zy acts
by complex conjugation on D?(k). Then d|D?//Dy| is a circle with one orbifold
boundary component, one corner reflector point of order k£ and two reflector

components. See Figure 2.

FIGURE 2.

2.3.4. Three dimensions. — If O is an orientable three-dimensional orbifold then |O|
is an orientable topological 3-manifold. If O is boundaryless then |O| is boundaryless.
Each component of the singular locus in |O] is either
1. a knot or arc (with endpoints on 0|0|), labelled by an integer greater than
one, or
2. a trivalent graph with each edge labelled by an integer greater than one, under
the constraint that if edges with labels p, ¢, 7 meet at a vertex then %—l— % +% > 1.
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That is, there is a neighborhood of the vertex which is a cone over an orientable
spherical 2-orbifold.
Specifying such a topological 3-manifold and such a labelled graph is equivalent to
specifying an orientable three-dimensional orbifold.
We write D3 //T" for a discal 3-orbifold whose boundary is S?//T". They are
— D3. There is no singular locus.
— D3(k, k). The singular locus is a line segment through D3. See Figure 3.

FIGURE 3.

— D3(2,2,k), D3(2,3,3), D3(2,3,4) and D3(2,3,5). The singular locus is a tripod
in D3. See Figure 4.

FIGURE 4.
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The solid-toric 3-orbifolds are
— S x D2, There is no singular locus.
— S x D?(k). The singular locus is a core curve in a solid torus. See Figure 5

FIGURE 5.

— S xz, D2 The singular locus consists of two arcs in a 3-disk, each labelled by
2. The boundary is S?(2,2,2,2). See Figure 6.

FIGURE 6.

— S'x z, D?(k). The singular locus consists of two arcs in a 3-disk, each labelled by
2, joined in their middles by an arc labelled by k. The boundary is S?(2,2,2,2).
See Figure 7.
Given T' € Isom™ (S?), we can consider the quotient S®//T" where I' acts on S® by
the suspension of its action on S2. That is, we are identifying Isom™ (52) with SO(3)
and using the embedding SO(3) — SO(4) to let I' act on S3.
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FIGURE 7.

An orientable three-dimensional orbifold O is irreducible if it contains no embedded
bad 2-dimensional suborbifolds, and any embedded orientable spherical 2-orbifold
S2//T" bounds a discal 3-orbifold D?//T" in O. Figure 8 shows an embedded bad
2-dimensional suborbifold Y. Figure 9 shows an embedded spherical 2-suborbifold
S2(k, k) that does not bound a discal 3-orbifold; the shaded regions are meant to
indicate some complicated orbifold regions.

FIGURE 8.

SOCIETE MATHEMATIQUE DE FRANCE 2014



116 BRUCE KLEINER & JOHN LOTT

FIGURE 9. An essential spherical suborbifold

If S is an orientable embedded 2-orbifold in O then S is compressible if there is
an embedded discal 2-orbifold D C O so that 0D lies in S, but 9D does not bound
a discal 2-orbifold in S. (We call D a compressing discal orbifold.) Otherwise, S is
incompressible. Note that any embedded copy of a turnover S?(p, ¢, r) is automatically
incompressible, since any embedded circle in S%(p,q,7) bounds a discal 2-orbifold
in S%(p,q,r).

If O is a compact orientable 3-orbifold then there is a compact orientable irreducible
3-orbifold O’ so that O is the result of performing 0-surgeries on O’; see [5, Chap-
ter 3]. The orbifold @’ can be obtained by taking an appropriate spherical system
on O, cutting along the spherical 2-orbifolds and adding discal 3-orbifolds to the en-
suing boundary components. If we take a minimal such spherical system then O’ is
canonical.

Note that if O = S x §2 then O’ = S3. This shows that if O is a 3-manifold then
O’ is not just the disjoint components in the prime decomposition. That is, we are not
dealing with a direct generalization of the Kneser-Milnor prime decomposition from
3-manifold theory. Because the notion of connected sum is more involved for orbifolds
than for manifolds, the notion of a prime decomposition is also more involved; see [35,
53]. It is not needed for the present paper.

We assume now that O is irreducible. The geometrization conjecture says that if
00 = @ and O does not have any embedded bad 2-dimensional suborbifolds then
there is a finite collection {S;} of incompressible orientable Euclidean 2-dimensional
suborbifolds of O so that each connected component of O" —|J; S; is diffeomorphic to
a quotient of one of the eight Thurston geometries. Taking a minimal such collection
of Euclidean 2-dimensional suborbifolds, the ensuing geometric pieces are canonical.
References for the statement of the orbifold geometrization conjecture are [5, Chap-
ter 3.7], [19, Chapter 2.13].
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Our statement of the orbifold geometrization conjecture is a generalization of the
manifold geometrization conjecture, as stated in [54, Section 6] and [56, Conjec-
ture 1.1]. The cutting of the orientable three-manifold is along two-spheres and two-
tori. An alternative version of the geometrization conjecture requires the pieces to
have finite volume [45, Conjecture 2.2.1]. In this version one must also allow cutting
along one-sided Klein bottles. A relevant example to illustrate this point is when the
three-manifold is the result of gluing I xz, T? to a cuspidal truncation of a one-cusped
complete noncompact finite-volume hyperbolic 3-manifold.

2.4. Seifert 3-orbifolds. — A Seifert orbifold is the orbifold version of the total
space of a circle bundle. We refer to [5, Chapters 2.4 and 2.5] for information about
Seifert 3-orbifolds. We just recall a few relevant facts.

A Seifert 3-orbifold fibers m : @ — B over a 2-dimensional orbifold B, with circle
fiber. If (U, Gp) is a local model around p € |B| then there is a neighborhood V' of
||=1(p) C |O] so that Ol is diffeomorphic to (S x U)//G,, where G,, acts on S
via a representation G, — O(2). We will only consider orientable Seifert 3-orbifolds.
so the elements of G, that preserve orientation on U will act on S via SO(2), while
the elements of G, that reverse orientation on U will act on S* via O(2) —SO(2). In
particular, if p € |B|,e, then |f|~1(p) is a circle, while if p & |B|,¢, then |f|~1(p) may
be an interval. We may loosely talk about the circle fibration of O.

As 0O is an orientable 2-orbifold which fibers over a 1-dimensional orbifold, with
circle fibers, any connected component of O must be T2 or S?(2,2,2,2). In the case
of a boundary component S%(2,2,2,2), the generic fiber is a circle on |S?(2,2,2,2)|
which separates it into two 2-disks, each containing two singular points. That is, the
pillowcase is divided into two half-pillowcases.

A solid-toric orbifold S* x D? or S* x D?(k) has an obvious Seifert fibering over
D? or D?(k). Similarly, a solid-toric orbifold S xz, D? or S xz, D?(k) fibers over
D2//Zg or D2(l€)//Z2

2.5. Riemannian geometry of orbifolds

Definition 2.14 — A Riemannian metric on an orbifold O is given by an atlas for O
along with a collection of Riemannian metrics on the Ua’s so that
— G, acts isometrically on ﬁa and
— The embeddings (Us, G3) — (U1, G1) and (Us, Gs) — (Uz,Gs) from part 5 of
Definition 2.1 are isometric.

We say that the Riemannian orbifold O has sectional curvature bounded below by
K € R if the Riemannian metric on each ﬁa has sectional curvature bounded below
by K, and similarly for other curvature bounds.

A Riemannian orbifold has an orthonormal frame bundle FO, a smooth manifold
with a locally free (left) O(n)-action whose quotient space is homeomorphic to |O|.

SOCIETE MATHEMATIQUE DE FRANCE 2014



118 BRUCE KLEINER & JOHN LOTT

Local charts for F'O are given by O(n) X U. Fixing a bi-invariant Riemannian metric
on O(n), there is a canonical O(n)-invariant Riemannian metric on FO.

Conversely, if Y is a smooth connected manifold with a locally free O(n)-action then
the slice theorem [11, Corollary VI.2.4] implies that for each y € Y, the O(n)-action
near the orbit O(n) - y is modeled by the left O(n)-action on O(n) x¢g, RY, where
the finite stabilizer group G, C O(n) acts linearly on RY. There is a corresponding
N-dimensional orbifold O with local models given by the pairs (RY,G,). If Y1 and
Y> are two such manifolds and F : Y7 — Y3 is an O(n)-equivariant diffeomorphism
then there is an induced quotient diffeomorphism f : O; — O, as can be seen by
applying the slice theorem.

If Y has an O(n)-invariant Riemannian metric then O obtains a quotient Rieman-
nian metric.

Remark 2.15 — Suppose that a discrete group I' acts properly discontinuously on an
orbifold @. Then there is a I'-invariant Riemannian metric on O. Furthermore, I’
acts freely on FO, commuting with the O(n)-action. Hence there is a locally free
O(n)-action on the manifold FO/T and a corresponding orbifold O//T.

There is a horizontal distribution TH FO on FO coming from the Levi-Civita
connection on U. If v is a loop at p € |O| then a horizontal lift of v allows one to
define the holonomy H., a linear map from 7,0 to itself.

If v : [a,b] = O is a smooth map to a Riemannian orbifold then its length is
L(y) = f: |[v/(t)| dt, where |y/(t)|] can be defined by a local lifting of v to a local
model. This induces a length structure on |O|. The diameter of O is the diameter of
|O|. We say that O is complete if |O] is a complete metric space. If O has sectional
curvature bounded below by K € R then |O] has Alexandrov curvature bounded
below by K, as can be seen from the fact that the Alexandrov condition is preserved
upon quotienting by a finite group acting isometrically [13, Proposition 10.2.4].

It is useful to think of O as consisting of an Alexandrov space equipped with an
additional structure that allows one to make sense of smooth functions.

We write dvol for the n-dimensional Hausdorff measure on |O|. Using the above-
mentioned relationship between the sectional curvature of @ and the Alexandrov cur-
vature of |O|, we can use [13, Chapter 10.6.2] to extend the Bishop-Gromov inequality
from Riemannian manifolds with a lower sectional curvature bound, to Riemannian
orbifolds with a lower sectional curvature bound. We remark that a Bishop-Gromov
inequality for an orbifold with a lower Ricci curvature bound appears in [9].

A geodesicis a smooth curve v which, in local charts, satisfies the geodesic equation.
Any length-minimizing curve v between two points is a geodesic, as can be seen by
looking in a local model around ~(t).

Lemma2.16 — If O is a complete Riemannian orbifold then for any p € |O| and any
v € Cp|O|, there is a unique geodesic v : R — O such that |y|(0) = p and v'(0) = v.
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Proof. — The proof is similar to the proof of the corresponding part of the Hopf-
Rinow theorem, as in [39, Theorem 4.1]. O

The exponential map of a complete orbifold O is defined as follows. Given p € |O)|
and v € C,|O|, let v : [0,1] — O be the unique geodesic with |v|(0) = p and
[7[(0) = v. Put |exp|(p,v) = (p,|7](1)) € |O] x |O|. This has the local lifting
property to define a smooth orbifold map exp : TO — O x O.

Given p € |O], the restriction of exp to 7,0 gives an orbifold map exp,, : 7,0 — O
so that |exp |(p,v) = (p, | exp, |(v)).

Similarly, if @’ is a suborbifold of O then there is a normal exponential map exp :
NO'" — O. If O is compact then for small € > 0, the restriction of exp to the open
e-disk bundle in NQO’ is a diffeomorphism to O}Ne(\o/\)-

Remark 2.17 — To prove Lemma 2.9, we can give the proper surjective
submersion f : O; — O a Riemannian submersion metric in the orbifold
sense. Given p € |0z, let U be a small e-ball around p and let (U,Gp) be a
local model with U/G, = U. Pulling back f|;-1y : f7HU) = U to U, we
obtain a Gp-equivariant Riemannian submersion f to U. If p € U covers p then
ffl(ﬁ) is a compact orbifold on which G, acts. Using the submersion structure,
its normal bundle N f~1(p) is G,-diffeomorphic to f~1(p) x ToU. If € is sufficiently
small then the normal exponential map on the e-disk bundle in N f’l(ﬁ)
provides a G)p-equivariant product neighborhood FYp) x U of f~1p); cf. [3,
Proof of Theorem 9.42]. This passes to a diffeomorphism between F~YU) and
(F15) x 0)//G,y.

If f: O — Os is a local diffeomorphism and g5 is a Riemannian metric on Oy
then there is a pullback Riemannian metric f*go on Op, which makes f into a local
isometry.

We now give a useful criterion for a local isometry to be a covering map.

Lemmaz2.18 — If f : O — O3 is a local isometry, Oy is complete and Oy is
connected then f is a covering map.

Proof. — The proof is along the lines of the corresponding manifold statement, as
in [39, Theorem 4.6]. O

There is an orbifold version of the de Rham decomposition theorem.
Lemma 2.19 — Let O be connected, simply-connected and complete. Given p €
|O|reg, suppose that there is an orthogonal splitting T,0 = Ey © Ey which is in-

variant under holonomy around loops based at p. Then there is an isometric splitting
O = 01 x Og so that if we write p = (p1,p2) then T, O1 = E1 and T),03 = Es.
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Proof. — The parallel transport of F7 and Es defines involutive distributions Dy and
D>, respectively, on O. Let O; and Oy be maximal integrable suborbifolds through
p for D1 and D, respectively.

Given a smooth curve 7 : [a,b] — O starting at p, there is a development C :
[a,b] = T,0 of v, as in [39, Section IIL.4]. Let C4 : [a,b] — E71 and Cs : [a,b] — E»
be the orthogonal projections of C'. Then there are undevelopments 1 : [a,b] = O
and s : [a,b] = Oy of C1 and Cs, respectively.

As in [39, Lemma IV.6.6], one shows that (|y1](b),|y2|(b)) only depends on |v|(b).
In this way, one defines amap f : O = O1 x O2. Asin [39, p. 192], one shows that f is
a local isometry. As in [39, p. 188], one shows that O; and O3 are simply-connected.
The lemma now follows from Lemma 2.18. O

The regular part |O|,, inherits a Riemannian metric. The corresponding vol-
ume form equals the n-dimensional Hausdorff measure on |O|,¢,. We define vol(O),
or vol(|OJ), to be the volume of the Riemannian manifold |O|,,, which equals the
n-dimensional Hausdorff mass of the metric space |O).

If f : O = Oy is a diffeomorphism between Riemannian orbifolds (O1,¢1) and
(04, g2) then we can define the C¥-distance between g; and f*go, using local models
for 01.

A pointed orbifold (O, p) consists of an orbifold O and a basepoint p € |O|. Given

r > 0, we can consider the pointed suborbifold B(p,r) = O|B(p)r).

Definition 2.20 — Let (O1,p1) and (O2, p2) be pointed connected orbifolds with com-
plete Riemannian metrics g; and go that are C¥-smooth. (That is, the orbifold tran-
sition maps are CX+1 and the metric tensor in a local model is CX.) Given e > 0,
we say that the CF-distance between (O1,p;) and (Og, p2) is bounded above by e if
there is a CK+1-smooth map f : B(p;,e ') — Oy that is a diffeomorphism onto its
image, such that

— The C¥-distance between g; and f*g, on B(p1,e ') is at most ¢, and

= djoy ([ fI(p1),p2) < e

Taking the infimum of all such possible €’s defines the C¥-distance between (01, p1)
and (Oz,p2).

Remark 2.21 — It may seem more natural to require | f| to be basepoint-preserving.
However, this would cause problems. For example, given k > 2, take O = R?//Zy.
Let 7 : R? — |O] be the quotient map. We would like to say that if 4 is large
then the pointed orbifold (O, 7(i~1,0)) is close to (O, 7(0,0)). However, there is no
basepoint-preserving map f : B(r(i~*,0),1) — (O, n(0,0)) which is a diffeomorphism
onto its image, due to the difference between the local groups at the two basepoints.

2.6. Critical point theory for distance functions. — Let O be a complete
Riemannian orbifold and let ¥ be a closed subset of |O|. A point p € (O] - Y is
noncritical if there is a nonzero Gp-invariant vector v € 1,0 = T5U making an angle

ASTERISQUE 777



GEOMETRIZATION OF THREE-DIMENSIONAL ORBIFOLDS VIA RICCI FLOW 121

strictly larger than 7§ with any lift to Tﬁl/]\ of the initial velocity of any minimizing

geodesic segment from p to Y.
In the next lemma we give an equivalent formulation in terms of noncriticality

on 0.

Lemma2.22 — A point p € |O| =Y is noncritical if and only if there is some w €
Cp|O| = TU /G, so that the comparison angle between w and any minimizing geodesic
from p to'Y is strictly greater than 3.

Proof. — Suppose that p is noncritical. Given v as in the definition of noncriticality,
put w = vG,.
Conversely, suppose that w € C,|O| = T3U /Gy, is such that the comparison angle

between w and any minimizing geodesic from p to Y is strictly greater than 5. Let

with any lift

s
2
to T3U of the initial velocity of any minimizing geodesic from p to Y. As the set of
such initial velocities is G-invariant, for any g € G, the vector vgg also makes an

vp be a preimage of w in Tﬁﬁ . Then vy makes an angle greater than

angle greater than 7 with any lift to Tﬁl/]\ of the initial velocity of any minimizing
geodesic from p to Y. As {vog}sec, lies in an open half-plane, we can take v to be

the nonzero vector ﬁ deGp V0g. O
We now prove the main topological implications of noncriticality.

Lemma 2.23 — If Y is compact and there are mo critical points in the set d{,l(a,b)
then there is a smooth vector field & on O’d;l(ayb) so that dy has uniformly positive
directional derivative in the & direction.

Proof. — The proof is similar to that of [14, Lemma 1.4]. For any p € |O| —Y, there
are a precompact neighborhood U, of p in |O] — Y and a smooth vector field V,, on
U, so that dy has positive directional derivative in the V), direction, on U,. Let {Up,}
be a finite collection that covers dy ' (a,b). From Lemma 2.11, there is a subordinate
partition of unity {p;}. Put £ =3, p;V;. O

Lemma2.24 — If Y is compact and there are no critical points in the set d;l(a,b)
then O‘d;l(a,b) is diffeomorphic to a product orbifold R x O'.

Proof. — Construct ¢ as in Lemma 2.23. Choose ¢ € (a,b). Then O‘d;l(c) is a
Lipschitz-regular suborbifold of O which is transversal to &, as can be seen in local
models. Working in local models, inductively from lower-dimensional strata of |O| to
higher-dimensional strata, we can slightly smooth (’)’ dy(e) to form a smooth suborb-
ifold O’ of © which is transverse to £. Flowing (which is defined using local models) in
the direction of £ gives an orbifold diffeomorphism between (9‘ d5 (asd) and RxO'. O
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2.7. Smoothing functions. — Let O be a Riemannian orbifold. Let F' be a Lips-
chitz function on |O|. Given p € |O|, we define the generalized gradient V" I C 7,0
as follows. Let (U, G) be a local model around p. Let F be the lift of F to U. Choose
D€ U covering p. Let € > 0 be small enough so that exp; : B(0,¢) — U is a dif-
feomorphism onto its image. If T € B(p,¢€) is a point of differentiability of F then
compute Vgl/’\ and parallel transport it along the minimizing geodesic to p. Take the
closed convex hull of the vectors so obtained and then take the intersection as € — 0.
This gives a closed convex GG,-invariant subset of Tﬁﬁ , or equivalently a closed convex
subset of T},0; we denote this set by VJ¢" F. The union (J | Vi E C TO will be
denoted V9" F.

pe|O

Lemma 2.25 — Let O be a complete Riemannian orbifold and let |r| : |[TO| — |O| be
the projection map. Suppose that U C |O] is an open set, C C U is a compact subset
and S is an open fiberwise-convexr subset of TO’WA(U). (That is, S is an open subset
of |x|7Y(U) and for each p € |O|, the preimage of (S N |x|~(p)) C Cp|O| in T,O is
convez.)

Then for any € > 0 and any Lipschitz function F : |O] — R whose generalized
gradient over U lies in S, there is a Lipschitz function F' : |O| — R such that :

1. There is an open subset of |O| containing C on which F’ is a smooth orbifold
Sfunction.

2. The generalized gradient of F’, over U, lies in S.
3. |F' = F|loo <e.
4. FI‘IO\—U = F‘\OI—U'

Proof. — The proof proceeds by mollifying the Lipschitz function F as in [28, Sec-
tion 2]. The mollification there is clearly G-equivariant in a local model (U,G). O

Corollary 2.26 — For all € > 0 there is a 6 > 0 with the following property.

Let O be a complete Riemannian orbifold, let Y C |O| be a closed subset and let
dy : |0 = R be the distance function fromY. Given p € |O| =Y, let V,, C Cp|O|
be the set of initial velocities of minimizing geodesics from p to Y. Suppose that
U C |O| =Y is an open subset such that for all p € U, one has diam(V,) < 6. Let
C be a compact subset of U. Then for every e; > 0, there is a Lipschitz function
F': 0| = R such that

— I’ is smooth on a neighborhood of C.

— H F’ —dy Hoo< €1.

- F/‘MfU = dY‘MfU

— For every p € C, the angle between —V,F' and V), is at most .

~ F' —dy is e-Lipschitz.

ASTERISQUE 777



GEOMETRIZATION OF THREE-DIMENSIONAL ORBIFOLDS VIA RICCI FLOW 123

3. Noncompact nonnegatively curved orbifolds

In this section we extend the splitting theorem and the soul theorem from Rieman-
nian manifolds to Riemannian orbifolds. We give an argument to rule out tight necks
in a noncompact nonnegatively curved orbifold. We give the topological description
of noncompact nonnegatively curved orbifolds of dimension two and three.

Assumption 3.1 — In this section, O will be a complete nonnegatively curved Rie-
mannian orbifold.

We may emphasize in some places that O is nonnegatively curved.

3.1. Splitting theorem

Proposition 3.2 — If |O| contains a line then O is an isometric product R x O" for
some complete Riemannian orbifold O'.

Proof. — As |O] contains a line, the splitting theorem for nonnegatively curved
Alexandrov spaces [13, Chapter 10.5] implies that |O| is an isometric product R x YV’
for some complete nonnegatively curved Alexandrov space Y. The isometric splitting
lifts to local models, showing that (’)’Y is an Riemannian orbifold O and that the
isometry |O] = R x Y is a smooth orbifold splitting O — R x O'. O

Corollary 3.3 — If O has more than one end then it has two ends and O is an iso-
metric product R x O for some compact Riemannian orbifold O'.

Remark 3.4 — A splitting theorem for orbifolds with nonnegative Ricci curvature
appears in [10]. As the present paper deals with lower sectional curvature bounds,
the more elementary Proposition 3.2 is sufficient for our purposes.

3.2. Cheeger-Gromoll-type theorem. — A subset Z C |O| is totally convez if
any geodesic segment (possibly not minimizing) with endpoints in Z lies entirely in Z.

Lemma3.5 — Let Z C |O| be totally conver and let (U,G) be a local model. Put
U=U/G and let q : U — U be the quotient map. If v is a geodesic segment in U
with endpoints in ¢~ (U N Z) then ~y lies in ¢~ (U N Z).

Proof. — Suppose that v(t) ¢ ¢ (U N Z) for some t. Then qo v is a geodesic in O
with endpoints in Z, but q(y(t)) ¢ Z. This is a contradiction. O

Lemma3.6 — Let Z C |O| be a closed totally convex set. Let k be the Hausdorff
dimension of Z. Let N be the union of the k-dimensional suborbifolds S of O with
|S| € Z. Then N is a totally geodesic k-dimensional suborbifold of |O| and Z = |N.
Furthermore, if Y is a closed subset of |[N'| and p € Z — |N| then there is a v € Cp|O|
so that the initial velocity of any minimizing geodesic from p to Y makes an angle

greater than 5 with v.

Proof. — Using Lemma 3.5, the proof is along the lines of that in [27, Chapter 3.1]. O
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We put 0Z = Z—|N|. Note that in the definition of A" we are dealing with orbifolds
as opposed to manifolds. For example, if (9} 4 is a boundaryless k-dimensional orbifold
then 07 = @.

A function f : |O| — R is concave if for any geodesic segment v : [a, b] — O, for all
¢ € [a,b] one has

3.7) f((e) =

C

P fl(@) + =2 A (8.

Lemma 3.8 — It is equivalent to require (3.7) for all geodesic segments or just for
minimizing geodesic segments.

Proof. — Suppose that (3.7) holds for all minimizing geodesic segments. Let ~ :
[a,b] — O be a geodesic segment, maybe not minimizing. For any ¢ € [a, b], we can
find a neighborhood I; of ¢ in [a,b] so that the restriction of v to I; is minimizing.
Then (3.7) holds on I;. It follows that (3.7) holds on [a, b]. O

Any superlevel set f~![c,00) of a concave function is closed and totally convex.

Let f be a proper concave function on |@| which is bounded above. Then there is a
maximal ¢ € R so that the superlevel set f~![c, 00) is nonempty, and so f~![c,00) =
f~'{c} is a closed totally convex set.

Suppose for the rest of this subsection that O is noncompact.

Lemma3.9 — Let Z C |O] be a closed totally convex set with 0Z # &. Then dpz
18 a concave function on Z. Furthermore, suppose that for a minimizing geodesic
v :la,b] = Z in Z, the restriction of dgz o || is a constant positive function on |a,b).
Let t — expyoytX(a) be a minimizing unit-speed geodesic from |y|(a) to 0Z, defined
for t € [0,d]. Let {X(s)}sc[a be the parallel transport of X (a) along ~v. Then for
any s € [a,b], the curve t — exp 5t X (s) is a minimal geodesic from |v|(s) to 0Z, of
length d. Also, the rectangle V' : [a,b] x [0,d] — Z given by V (s,t) = exp. () tX(s) is
flat and totally geodesic.

Proof. — The proof is similar to that of [27, Theorem 3.2.5]. O

Fix a basepoint x € |O|. Let n be a unit-speed ray in |O| starting from *; note
that 7 is automatically a geodesic. Let b, : |O] — R be the Busemann function;

(3.10) by(p) = Jlim (d(p,n(t)) —1).
Lemma3.11 — The Busemann function b, is concave.
Proof. — The proof is similar to that of [27, Theorem 3.2.4]. O

Lemma 3.12 — Pulting f = inf, b,, where n runs over unit speed rays starting at x,
gives a proper concave function on |O| which is bounded above.

Proof. — The proof is similar to that of [27, Proposition 3.2.1]. O
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We now construct the soul of O, following Cheeger-Gromoll [17]. Let Cy be the
minimal nonempty superlevel set of f. For ¢ > 0, if 9C; # @ then let C;11 be the
minimal nonempty superlevel set of dgpc, on C;. Let S be the nonempty C; so that
0C; = @. Define the soultobe S = (’)’S. Then S is a totally geodesic suborbifold of O.

Proposition 3.13 — O is diffeomorphic to the normal bundle NS of S.

Proof. — Following [27, Lemma 3.3.1], we claim that dg has no critical points on
|O| = S. To see this, choose p € |O| — S. There is a totally convex set Z C |O| for
which p € 8Z; either a superlevel set of f or one of the sets C;. Defining N as in
Lemma 3.6, we also know that S C |A]. By Lemma 3.6, p is noncritical for dg.
From Lemma 2.24, for small € > 0, we know that O is diffeomorphic to O‘NG(S).

However, if € is small then the normal exponential map gives a diffeomorphism between
NS and O‘NG(S). O

Remark 3.14 — One can define a soul for a general complete nonnegatively curved
Alexandrov space X. The soul will be homotopy equivalent to X. However, X need
not be homeomorphic to a fiber bundle over the soul, as shown by an example of
Perelman [13, Example 10.10.9].

We include a result that we will need later about orbifolds with locally convex
boundary.

Lemma 3.15 — Let O be a compact connected orbifold-with-boundary with nonnega-
tive sectional curvature. Suppose that O is nonempty and has positive-definite second
fundamental form. Then there is some p € |O| so that 0O is diffeomorphic to the
unit distance sphere from the vertex in T,0.

Proof. — Let p € |O| be a point of maximal distance from |[0O|. We claim that p
is unique. If not, let p’ be another such point and let v be a minimizing geodesic
between them. Applying Lemma 3.9 with Z = |O|, there is a nontrivial geodesic
s — V(s,d) of O that lies in |0O|. This contradicts the assumption on 9O. Thus p is
unique. The lemma now follows from the proof of Lemma 3.13, as we are effectively
in a situation where the soul is a point. |

3.3. Ruling out tight necks in nonnegatively curved orbifolds

Lemma 3.16 — Suppose that O is a complete connected Riemannian orbifold with
nonnegative sectional curvature. If X is a compact connected 2-sided codimension-1
suborbifold of O then precisely one of the following occurs :
— X is the boundary of a compact suborbifold of O.
— X s nonseparating, O is compact and X lifts to a Z-cover O' — O, where
O =R x O with O" compact.
— X separates O into two unbounded connected components and O = R x O’
with O’ compact.
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Proof. — Suppose that X separates O. If both components of |O] — | X| are un-
bounded then O contains a line. From Proposition 3.2, O = R x @’ for some O’. As
X is compact, O’ must be compact.

The remaining case is when X does not separate O. If v is a smooth closed curve
in O which is transversal to X (as defined in local models) then there is a well-defined
intersection number « - X € Z. This gives a homomorphism p : 71 (O, p) — Z. Since
X is nonseparating, there is a y so that v - X # 0; hence the image of p is an infinite
cyclic group. Put O’ = 5/ Ker(p); it is an infinite cyclic cover of O. As O contains
a line, the lemma follows from Proposition 3.2. O

Lemma 3.17 — Suppose that R //G is a FEuclidean orbifold with G a finite subgroup
of O(n). If X C R"//G is a connected compact 2-sided codimension-1 suborbifold,
then X bounds some D C R" /G with diamep (D) < 4|G| diamx (X)), where diame (D)
denote the extrinsic diameter of D in |O| while diamy (X) denotes the intrinsic di-
ameter of X.

Proof. — Let X be the preimage of X in R™. Let A be any number greater than
diamx (X). Let x be a point in |X|. Let {Z; };c; be the preimages of z in X. Here the
cardinality of I is bounded above by |G|. We claim that X = Uier B(Ti, A), where
B(Z;, A) denotes a distance ball in X with respect to its intrinsic metric. To see this,
let ¥ be an arbitrary point in X. Let y be its image in X. Join y to by a minimizing
geodesic v in X, which is necessarily of length at most A. Then a horizontal lift of
v, startlng at ¥, joins ¥ to some Z; and also has length at most A.

Let C be a connected component of X. Since C is connected, it has a covering
by a subset of {B(Z;,2diamx (X))}ie; with connected nerve, and so C has diameter
at most 4|G|diamy(X). Furthermore, from the Jordan separation theorem, C is
the boundary of a domain D € R" with extrinsic diameter at most 4|G|diam (X).
Letting D € O be the projection of 13, the lemma follows. O

Proposition 3.18 — Suppose that O is a complete connected noncompact Riemannian
n-orbifold with nonnegative sectional curvature. Then there is a number 6 > 0 (de-
pending on Q) so that the following holds. Let X be a connected compact 2-sided
codimension-1 suborbifold of O. Then either
— X bounds a connected suborbifold D of O with diame(D) < 8(sup,cjo |Gpl) -
diam(X), or
— diam(X) > ¢.

Proof. — Suppose that the proposition is not true. Then there is a sequence
{X;}2, of connected compact 2-sided codimension-1 suborbifolds of O so that
lim; o diam(X;) = 0 but each X; fails to bound a connected suborbifold whose
extrinsic diameter is at most 8 sup ¢ o |Gp| times as much.

If all of the |X;|’s lie in a compact subset of |O| then a subsequence converges
in the Hausdorff topology to a point p € |O|. As a sufficiently small neighborhood
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of p can be well approximated metrically by a neighborhood of 0 € |R"//G,| after
rescaling, Lemma 3.17 implies that for large ¢ we can find D; C O with X; = 9D,
and diamo, (D;) < 8(sup,¢|o| |Gp|) - diam(X;). This is a contradiction. Hence we can
assume that the sets | X;| tend to infinity.

If some X; does not bound a compact suborbifold of O then by Lemma 3.16, there
is an isometric splitting O = R x O’ with O’ compact. This contradicts the assumed
existence of the sequence { X}, with lim;_, diam(X;) = 0. Thus we can assume
that X; = 0D; for some compact suborbifold D; of O. If O had more than one end
then it would split off an R-factor and as before, the sequence {X;}5°, would not
exist. Hence O is one-ended and after passing to a subsequence, we can assume that
Dy C Dy C ... Fix a basepoint x € |D1|. Let 1 be a unit-speed ray in |O| starting
from % and let b, be the Busemann function from (3.10).

Suppose that p,p’ € |O] are such that b,(p) = b,(p’). For t large, consider a
geodesic triangle with vertices p,p’,n(t). Given X; with 4 large, if ¢ is sufficiently
large then pn(t) and p'n(t) pass through X;. Taking ¢ — oo, triangle comparison
implies that d(p,p’) < diam(X;). Taking ¢ — oo gives p = p’. Thus b, is injective.
This is a contradiction. O

3.4. Nonnegatively curved 2-orbifolds

Lemma 3.19 — Let O be a complete connected orientable 2-dimensional orbifold with
nonnegative sectional curvature which is CX-smooth, K > 3. We have the following
classification of the diffeomorphism type, based on the number of ends. For notation,
I' denotes a finite subgroup of the oriented isometry group of the relevant orbifold and
%2 denotes a simply-connected bad 2-orbifold with some Riemannian metric.

- 0 ends : S?//IT, T? /)T, ¥2//T.

~ 1 end : R?//T, St xz, R.

~ 2 ends : Rx St

Proof. — If O has zero ends then it is compact and the classification follows from the
orbifold Gauss-Bonnet theorem [5, Proposition 2.9]. If O has more than one end then
Proposition 3.2 implies that O has two ends and isometrically splits off an R-factor.
Hence it must be diffeomorphic to R x S*. Suppose that O has one end. The soul S
has dimension 0 or 1. If S has dimension zero then § is a point and O is diffeomorphic
to the normal bundle of S, which is R?//T". If S has dimension one then it is S* or
S1//Zy and O is diffeomorphic to the normal bundle of S. As S! x R has two ends,
the only possibility is S xz, R. O

3.5. Noncompact nonnegatively curved 3-orbifolds

Lemma 3.20 — Let O be a complete connected noncompact orientable 3-dimensional
orbifold with nonnegative sectional curvature which is C¥-smooth, K > 3. We have
the following classification of the diffeomorphism type, based on the number of ends.
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For notation, I' denotes a finite subgroup of the oriented isometry group of the relevant
orbifold and X2 denotes a simply-connected bad 2-orbifold with some Riemannian
metric.
— 1 end : R3//T, St x R?, St x R2(k), S* xz, R?, S xz, R%(k), R xz, (S?//T"),
R xz, (T?//T) or R xz, (X?//T).
~ 2 ends : R x (S?//T), R x (T?//T) or R x (£2//T).

Proof. — Because O is noncompact, it has at least one end. If it has more than one
end then Proposition 3.2 implies that O has two ends and isometrically splits off an
R-factor. This gives rise to the possibilities listed for two ends.

Suppose that O has one end. The soul S has dimension 0, 1 or 2. If S has dimension
zero then S is a point and O is diffeomorphic to the normal bundle of S, which is
R3//T. If S has dimension one then it is S or S'//Zy and O is diffeomorphic to the
normal bundle of S, which is St x R?, S1 x R?(k), S* xz, R? or S! xz, R?*(k). If S
has dimension two then since it has nonnegative curvature, it is diffeomorphic to a
quotient of S?, T? or ¥2. Then O is diffeomorphic to the normal bundle of S, which
is R xz, (S?//T), R xz, (T?//T) or R xz, (X2//T), since O has one end. O

3.6. 2-dimensional nonnegatively curved orbifolds that are pointed
Gromov-Hausdorff close to an interval. — We include a result that we
will need later about 2-dimensional nonnegatively curved orbifolds that are pointed
Gromov-Hausdorff close to an interval.

Lemma 3.21 — There is some 8 > 0 so that the following holds. Suppose that O
is a pointed nonnegatively curved complete orientable Riemannian 2-orbifold which is
CE -smooth for some K > 3. Let x € |O| be a basepoint and suppose that the pointed
ball (B(x,10),x) C |O| has pointed Gromov-Hausdorff distance at most B from the
pointed interval ([0,10],0). Then for every r € [1,9], the orbifold O‘m is a discal
2-orbifold or is diffeomorphic to D?(2,2).

Proof. — As in [37, Pf. of Lemma 3.12], the distance function d, : A(x,1,9) — [1,9]
defines a fibration with a circle fiber.

The possible diffeomorphism types of O are listed in Lemma 3.19. Looking at
them, if B(x, 1) is not a topological disk then © must be 72 and we obtain a contra-
diction as in [37, Pf. of Lemma 3.12]. Hence B(x,1) is a topological disk. If
O‘m is not a discal 2-orbifold then it has at least two singular points,
say p1,p2 € |O]. Choose ¢ € |O| with d(x,q) = 2. By triangle comparison,
the comparison angles satisfy Zm (p2,q) < ‘G2:1| and sz (p1,q) < ‘G2:2|. If 3 is
small then Z,, (p2,q) + Zp,(p1,4q) is close to m. It follows that |Gp,| = |Gp,| = 2.

Suppose that there are three distinct singular points p1,p2,p3 € |O]. We know

that they lie in B(*,1). Let p;q and pgp; denote minimal geodesics. If 8 is small then
the angle at p; between p1q and p1ps is close to 7, and similarly for the angle at p;
between p1g and pips. As dim(O) = 2, and p; has total cone angle 7, it follows that
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if B is small then the angle at p; between pips and pips is small. The same reasoning
applies at po and ps3, so we have a geodesic triangle in |O| with small total interior
angle, which violates the fact that |O| has nonnegative Alexandrov curvature.

Thus O}m is diffeomorphic to D?(2,2). O

4. Riemannian compactness theorem for orbifolds

In this section we prove a compactness result for Riemannian orbifolds.

The statement of the compactness result is slightly different from the usual state-
ment for Riemannian manifolds, which involves a lower injectivity radius bound. The
standard notion of injectivity radius is not a useful notion for orbifolds. For example,
if O is an orientable 2-orbifold with a singular point p then a geodesic from a regular
point ¢ in |O| to p cannot minimize beyond p. As ¢ could be arbitrarily close to
p, we conclude that the injectivity radius of O would vanish. (We note, however,
that there is a modified version of the injectivity radius that does makes sense for
constant-curvature cone manifolds [5, Section 9.2.3], [19, Section 6.4].)

Instead, our compactness result is phrased in terms of local volumes. This fits well
with Perelman’s work on Ricci flow, where local volume estimates arise naturally.

If one tried to prove a compactness result for Riemannian orbifolds directly, follow-
ing the proofs in the case of Riemannian manifolds, then one would have to show that
orbifold singularities do not coalesce when taking limits. We avoid this issue by pass-
ing to orbifold frame bundles, which are manifolds, and using equivariant compactness
results there.

Compactness theorems for Riemannian metrics and Ricci flows for orbifolds with
isolated singularities were proved in [40]. Compactness results for general orbifolds
were stated in [18, Chapter 3.3] with a short sketch of a proof.

Proposition 4.1 — Fiz K € Z1 U {oo}. Let {(O;,p;)}2, be a sequence of pointed
complete connected CK+3-smooth Riemannian n-dimensional orbifolds. Suppose that
for each j € Z=° with j < K, there is a function A; : (0,00) — oo so that for all i,
|[V/Rm| < A;(r) on B(p;,7) C |O;|. Suppose that for some ro > 0, there is a v > 0
so that for all i, vol(B(pi,r0)) > vo. Then there is a subsequence of {(O;,p;)}52, that
converges in the pointed CK~1-topology to a pointed complete connected Riemannian
n-dimensional orbifold (Ouc,Poc)-

Proof. — Let FO; be the orthonormal frame bundle of O;. Pick a basepoint p; € FO;
that projects to p; € |O;|. As in [26, Section 6], after taking a subsequence we may as-
sume that the frame bundles {(FO;, p;)}2, converge in the pointed O(n)-equivariant
Gromov-Hausdorff topology to a C¥~!-smooth Riemannian manifold X with an iso-
metric O(n)-action and a basepoint Do. (We lose one derivative because we are
working on the frame bundle.) Furthermore, we may assume that the convergence is
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realized as follows : Given any O(n)-invariant compact codimension-zero submanifold-
with-boundary K C X, for large ¢ there is an O(n)-invariant compact codimension-
zero submanifold-with-boundary K; C FO; and a smooth O(n)-equivariant fiber bun-
dle K; — K with nilmanifold fiber whose diameter goes to zero as i — oo [15,
Section 3], [26, Section 9.

Quotienting by O(n), the underlying spaces {(|O;|, pi)}52, converge in the pointed
Gromov-Hausdorff topology to (O(n)\X,ps). Because of the lower volume bound
vol(B(pi,r0)) > wo, a pointed Gromov-Hausdorff limit of the Alexandrov spaces
{(1O;l,pi)}52, is an n-dimensional Alexandrov space [13, Corollary 10.10.11]. Thus
there is no collapsing and so for large ¢ the submersion K; — K is an O(n)-equivariant
CK=1_smooth diffeomorphism. In particular, the O(n)-action on X is locally free.
There is a corresponding quotient orbifold O with |Os| = O(n)\X. As the mani-
folds {(FO;, p;)}52; converge in a C¥~1-smooth pointed equivariant sense to (X, Pso)
we can take O(n)-quotients to conclude that the orbifolds {(O;,p;)}5°, converge in
the pointed C*~1-smooth topology t0 (Oso, Poo)- O

Remark 4.2 — As a consequence of Proposition 4.1, if there is a number N so |Gy, | <
N for all ¢; € |O|; and all ¢ then |G, | < N for all g € |O|s. That is, under the
hypotheses of Proposition 4.1, the orders of the isotropy groups cannot increase in
the limit.

Remark 4.3 — 1In the proof of Proposition 4.1, the submersions I?l — K may not be
basepoint-preserving. This is where one has to leave the world of basepoint-preserving
maps.

5. Ricci flow on orbifolds

In this section we first make some preliminary remarks about Ricci flow on orbifolds
and we give the orbifold version of Hamilton’s compactness theorem. We then give
the topological classification of compact nonnegatively curved 3-orbifolds. Finally, we
extend Perelman’s no local collapsing theorem to orbifolds.

5.1. Function spaces on orbifolds. — Let p : O(n) — RY be a representation.
Given a local model (ﬁa, G.) and a G,-invariant Riemannian metric on ﬁa, let XA/Q =
RN Xo(m) F' ﬁa be the associated vector bundle. If O is a n-dimensional Riemannian
orbifold then there is an associated orbivector bundle V' with local models (170“ Go).
Its underlying space is [V| = RV X o) F'O. By construction, V' has an inner product
coming from the standard inner product on R™. A section s of V is given by an
O(n)-equivariant map s : FO — RY. In terms of local models, s is described by
G4-invariant sections s, of XA/O[ that satisfy compatibility conditions with respect to
part 5 of Definition 2.1.
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The C¥-norm of s is defined to be the supremum of the C*¥-norms of the s,’s.
Similarly, the square of the H®-norm of s is defined to be the integral over |O|,, of
the local square H-norm, the latter being defined using local models. (Note that
|O|eg has full Hausdorff n-measure in |O|.) Then H X can be defined by duality.
One has the rough Laplacian mapping H*-sections of V to H¥~2-sections of V.

One can define differential operators and pseudodifferential operators acting on
H*_sections of V. Standard elliptic and parabolic regularity theory extends to the
orbifold setting, as can be seen by working equivariantly in local models.

5.2. Short-time existence for Ricci flow on orbifolds. — Suppose that
{9(t)}tcia, B is a smooth 1-parameter family of Riemannian metrics on 0. We
will call g a flow of metrics on O. The Ricci flow equation % = — 2Ric makes

sense in terms of local models. Using the DeTurck trick [20], which is based on
local differential analysis, one can reduce the short-time existence problem for the
Ricci flow to the short-time existence problem for a parabolic PDE. Then any
short-time existence proof for parabolic PDEs on compact manifolds, such as that
of [55, Proposition 15.8.2], will extend from the manifold setting to the orbifold
setting.

Remark 5.1 — Even in the manifold case, one needs a slight additional argument to
reduce the short-time existence of the Ricci-DeTurck equation to that of a standard
quasilinear parabolic PDE. In local coordinates the Ricci-DeTurck equation takes the
form

9g;
(5.2) g ! Z g™ 0k0ugi; +

There is a slight issue since (5.2) is not uniformly parabolic, in that g could de-
generate with respect to, say, the initial metric go. This issue does not seem to have
been addressed in the literature. However, it is easily circumvented. Let M be the
space of smooth Riemannian metrics on a compact manifold M. Let F : M — M
be a smooth map so that for some € > 0, we have F(g) = g if || ¢ — go ||go< €, and
in addition egg < F(g) < e tgo for all g. (Such a map F is easily constructed using
the fact that the inner products on T, M, relative to go(p), can be identified with
GL(n,R)/O(n), along with the fact that GL(n,R)/O(n) deformation retracts onto a
small ball around its basepoint.) By [55, Proposition 15.8.2], there is a short-time
solution to

9gi
(5.3) g” ZF " 001gi; +

with g(0) = go. Given this solution, there is some § > 0 so that || g(t) — go [|go< €
whenever ¢ € [0,6]. Then {g(t)}+c[0,5) also solves the Ricci-DeTurck equation (5.2).
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We remark that any Ricci flow results based on the maximum principle will have
evident extensions from manifolds to orbifolds. Such results include
— The lower bound on scalar curvature
— The Hamilton-Ivey pinching results for three-dimensional scalar curvature
— Hamilton’s differential Harnack inequality for Ricci flow solutions with nonneg-
ative curvature operator
— Perelman’s differential Harnack inequality.

5.3. Ricci flow compactness theorem for orbifolds. — Let O; and Oy be
two connected pointed m-dimensional orbifolds, with flows of metrics g1 and go. If
f : Op = Oz is a (time-independent) diffeomorphism then we can construct the
pullback flow f*g» and define the C*-distance between ¢; and f*g¢s, using local
models for O;.

Definition 5.4. — Let O; and O3 be connected pointed n-dimensional orbifolds. Given
numbers A, B with —oo < A < 0 < B < o0, suppose that g; is a flow of metrics on
O; that exists for the time interval [A, B]. Suppose that g;(t) is complete for each ¢.
Given € > 0, suppose that f : B(p;,e~ ') = Oy is a smooth map from the time-zero
ball that is a diffeomorphism onto its image. Let |f| : B(p1,e ') — |O2| be the
underlying map. We say that the C¥-distance between the flows (O1,p1,¢91) and
(O3, p2, g2) is bounded above by € if

1. The C*-distance between g; and f*gs on ([A, B]N(—e e 1) x B(py, e !) is

at most € and

2. The time-zero distance d|o,|(|f|(p1),p2) is at most e.

Taking the infimum of all such possible €’s defines the C*-distance between the
flows (O1,p1,91) and (Oz, p2, g2)-

Note that time derivatives appear in the definition of the C’¥-distance between g;
and f*gs.

Proposition 5.5 — Let {g;}$2, be a sequence of Ricci flow solutions on pointed con-
nected n-dimensional orbifolds {(O;,p:)}2,, defined for t € (A, B) and complete for
each t, with —co < A < 0 < B < oo. Suppose that the following two conditions
are satisfied :

1. For every compact interval I C (A, B), there is some K; < oo so that for all 4,
we have supo,|« 1 | Rmy, (p,t)| < Kr, and
2. For some ro,vo > 0 and all i, the time-zero volume vol(B(p;,10)) is bounded

below by vg.

Then a subsequence of the solutions converges in the sense of Definition 5.4 to a
Ricci flow solution goo(t) on a pointed connected n-dimensional orbifold (Ouo,Poc),

defined for all t € (A, B).
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Proof. — Using Proposition 4.1, the proof is essentially the same as that in [32,
p. 548-551] and [40, p. 1116-1117]. O

Remark 5.6 — There are variants of Proposition 5.5 that hold, for example, if one
just assumes a uniform curvature bound on r-balls, for each » > 0. These variants
are orbifold versions of the results in [38, Appendix E], to which we refer for details.
The proofs of these orbifold extensions use, among other things, the orbifold version
of the Shi estimates; the proof of the latter goes through to the orbifold setting with
no real change.

5.4. Compact nonnegatively curved 3-orbifolds

Proposition 5.7 — Any compact nonnegatively curved 3-orbifold O is diffeomorphic
to one of

1. S3//T for some finite group T C Isom™ (S3).

2. T3//T for some finite group T C Isom™ (T?).

3. S x (S%)/)T) or S* xz, (S%//T) for some finite group T' C Isom(S?).
4

. SIx(X2))T) or St xz, (X2 //T") for some finite group T’ C Isom(%2), where ¥2 is a
simply-connected bad 2-orbifold equipped with its unique (up to diffeomorphism)
Ricci soliton metric [58, Theorem 4.1].

Proof. — Let k be the largest number so that the universal cover 1) isometrically
splits off an RF-factor. Write @ = R* x O'.

If @’ is noncompact then by the Cheeger-Gromoll argument [16, Pf. of Theorem 3],
|O'| contains a line. Proposition 3.2 implies that O splits off an R-factor, which is a
contradiction. Thus @’ is simply-connected and compact with nonnegative sectional
curvature.

If k = 3 then O = R3 and O is a quotient of T3.

If £ = 2 then there is a contradiction, as there is no simply-connected compact
1-orbifold.

If k = 1 then @' is diffeomorphic to S2 or £2. The Ricci flow on O = R x @’ splits
isometrically. After rescaling, the Ricci flow on O’ converges to a constant curvature
metric on S? or to the unique Ricci soliton metric on X2 [58]. Hence m1(0) is a
subgroup of Isom(R x S?2) or Isom(R x X2), where the isometry groups are in terms
of standard metrics. As 71(Q) acts properly discontinuously and cocompactly on (5,
there is a short exact sequence

(5.8) 1—T1 —m((0) —Ty —1,

where I'y C Isom(O’) and T’ is an infinite cyclic group or an infinite dihedral group.
It follows that O is finitely covered by S* x S% or S* x %2.

Suppose that & = 0. If O is positively curved then any proof of Hamilton’s theorem
about 3-manifolds with positive Ricci curvature [30] extends to the orbifold case, to
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show that O admits a metric of constant positive curvature; c.f. [34]. Hence we
can reduce to the case when O does not have positive curvature and the Ricci flow
does not immediately give it positive curvature. From the strong maximum principle
as in [31, Section 8], for any p € |Ol,¢, there is a nontrivial orthogonal splitting
T,0 = E; @ E which is invariant under holonomy around loops based at p. The
same will be true on O. Lemma 2.19 implies that 9} splits off an R-factor, which is a
contradiction. O

5.5. L-geodesics and noncollapsing. — Let O be an n-dimensional orbifold and
let {g(t)}+efo,r) be a Ricci flow solution on O so that

— The time slices (O, g(t)) are complete.

— There is bounded curvature on compact subintervals of [0, 7).

Given tp € [0,T) and p € |O|, put 7 = tg — t. Let v : [0,7] — O be a piecewise
smooth curve with ||(0) = p and 7 < ty. Put

(5.9) Liy) = / " VF (R + RPR) dr,

where the scalar curvature R and the norm |§(7)| are evaluated using the metric at
time tg — 7. With X = Z—Z, the L-geodesic equation is

(5.10) VxX — %VR + QLX + 2Ric(X, ) = 0.
T

Given an L-geodesic 7, its initial velocity is defined to be v = lim,_,¢ \/7_'3—: € G,l0|.
Given ¢ € |O], put

(5.11) L(q,7) = inf{L(7) : 7|(F) = q},

where the infimum runs over piecewise smooth curves v with |y|(0) = p and |v|(7) = gq.
Then any piecewise smooth curve v which is a minimizer for L is a smooth £-geodesic.

Lemmab5.12 — There is a minimizer ~y for L.

Proof. — The proof is similar to that in [38, p. 2631]. We outline the steps. Given
p and ¢, one considers piecewise smooth curves v as above. Fixing € > 0, one shows
that the curves v with L£(v) < L(q,7) + € are uniformly continuous. In particular,
there is an R < oo so that any such v lies in B(p, R). Next, one shows that there
is some p € (0, R) so that for any & € B(p, R), there is a local model (U, G,) with
U/G, = B(x, p) such that for any p/, ¢’ € B(x, p) and any subinterval [71, 7] C [0,7],
— There is a unique minimizer for the functional f:f VT (R(y(7)) + [3(7)[?) dr
among piecewise smooth curves v : [T1,72] = O with |v|(71) = p’ and |y|(T2) =
q.
— The minimizing v is smooth and the image of |y| lies in B(z, p).
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This is shown by working in the local models. Now cover B(p, R) by a finite number
of p-balls {B(z;,p)}Y ;. Using the uniform continuity, let A € Z* be such that for
any v : [0,7] — O with |[y[(0) = p, |7/(T) = q and L(y) < L(q,T) + ¢, and any
[T1,72) C [0,7] of length at most %, the distance between |y|(71) and |y|(T2) is less
than the Lebesgue number of the covering. We can effectively reduce the problem
of finding a minimizer for L to the problem of minimizing a continuous function

defined on tuples (po,...,pa) € B(p, R) " with po = p and p4 = ¢. This shows that
the minimizer exists. O

Define the L-exponential map : T,0 — O by saying that for v € C,|O|, we put
Lexp=(v) = |7|(T), where v is the unique £-geodesic from p whose initial velocity is
v. Then Lexp- is a smooth orbifold map.

Let B+ C |O] be the set of points ¢ which are either endpoints of more than one
minimizing £-geodesic v : [0,7] — O, or are the endpoint of a minimizing geodesic
Yo 1 [0,7] = O where v € Cp|O] is a critical point of Lexp=. We call Bz the time-T
L-cut locus of p. Tt is a closed subset of |O|. Let G= C |O| be the complement of
B7 and let Q= C Cp|O| be the corresponding set of initial conditions for minimizing
L-geodesics. Then 2= is an open set, and the restriction of £exp= to TPO}Q? is an
orbifold diffeomorphism to (’)’g?.

Lemma5.13 — B# has measure zero in |O)|.

Proof. — The proof is similar to that in [38, p. 2632]. By Sard’s theorem, it suffices
to show that the subset B. C Bz, consisting of regular values of £ exp~, has measure
zero in |O|. One shows that B. is contained in the underlying spaces of a countable
union of codimension-1 suborbifolds of O, which implies the lemma. O

Therefore one may compute the integral of any integrable function on |O| by pulling
it back to Q= C Cp|O| and using the change of variable formula.

For g € |O|, put I(¢,T) = L;\‘;?. Define the reduced volume by
(5.14) VE) =7% / e UeT) dvol(q).
|O]
Lemma5.15 — The reduced volume is monotonically nonincreasing in 7.

Proof. — The proof is similar to that in [38, Section 23]. In the proof, one pulls back
the integrand to C,|O). O

Lemma5.16 — For each T > 0, there is some q € |O| so that I(q,T) < 5.

Proof. — The proof is similar to that in [38, Section 24]. It uses the maximum
principle, which is valid for orbifolds. O
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Definition 5.17. — Given &, p > 0, a Ricci flow solution ¢(-) defined on a time interval
[0,T) is k-noncollapsed on the scale p if for each r < p and all (zg,t0) € |O] x [0,T)
with tg > 72, whenever it is true that |Rm(x,t)| < r=2 for every z € By, (z0,7) and
t € [to — 72,10, then we also have vol(By, (xo,7)) > kr™.

Lemma5.18 — If a Ricci flow solution is k-noncollapsed on some scale then there is
a uniform upper bound |G,| < N(n,k) on the orders of the isotropy groups at points
pelo]

Proof. — Given p € |0|, let By, (p,7) be a ball such that | Rm(z,to)| < r=2 for all
x € By, (p,r). By assumption r~" vol(By,(xo,7)) > k. Let ¢, denote the area of the
unit (n — 1)-sphere in R™. Applying the Bishop-Gromov inequality to By, (p,r) gives

(5.19) I L C SIO’T)) .
|Gyl Cn [y sinh™ ™" (s) ds Cn [y sinh™ ™" (s) ds
The lemma follows. O

Proposition 5.20 — Given numbers n € ZT, T < oo and p,K,c > 0, there is a
number k = k(n, K, c,p,T) > 0 with the following property. Let (O™, ¢(-)) be a Ricci
flow solution defined on the time interval [0,T), with complete time slices, such that
the curvature | Rm | is bounded on every compact subinterval [0, T'] C [0,T). Suppose
that (O, g(0)) has |[Rm| < K and vol(B(p,1)) > ¢ > 0 for every p € |O|. Then the
Ricci flow solution is k-noncollapsed on the scale p.

Proof. — The proof is similar to that in [38, Section 26]. As in the proof there, we
use the fact that the initial conditions give uniformly bounded geometry in a small
time interval [0,%/2], as follows from Proposition 5.5 and derivative estimates. O

Proposition 5.21 — For any A € (0,00), there is some k = k(A) > 0 with the fol-
lowing property. Let (O,g(:)) be an n-dimensional Ricci flow solution defined for
t € [0,73] having complete time slices and uniformly bounded curvature. Suppose that
vol(Bo(po,70)) > A™rl and that |Rm |(g,t)| < - for all (q,t) € Bo(po,r0) x [0, r3].

- 77/"8
Then the solution cannot be k-collapsed on a scale less than ro at any point (q,73)
with q € BTg (po, A’I”()).

Proof. — The proof is similar to that in [38, Section 28]. O

6. x-solutions
In this section we extend results about x-solutions from manifolds to orbifolds.

Definition 6.1 — Given x > 0, a k-solution is a Ricci flow solution (O, g(t)) that is
defined on a time interval of the form (—oo, C') (or (—oo, C]) such that :

1. The curvature |Rm| is bounded on each compact time interval [t1,t2] C
(—00,C) (or (—o0,C]), and each time slice (O, g(t)) is complete.
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2. The curvature operator is nonnegative and the scalar curvature is everywhere
positive.

3. The Ricci flow is k-noncollapsed at all scales.

Lemma 5.18 gives an upper bound on the orders of the isotropy groups. In the rest
of this section we will use this upper bound without explicitly restating it.

6.1. Asymptotic solitons. — Let (p,tg) be a point in a s-solution (O, g(+)) so
that G, has maximal order. Define the reduced volume V(7) and the reduced length
1(g,T) as in Subsection 5.5, by means of curves starting from (p, to), with 7 = ¢y — t.
From Lemma 5.16, for each 7 > 0 there is some ¢(7) € |O| such that (¢(7),7T) < 5.
(Note that I > 0 from the curvature assumption.)

Proposition 6.2 — There is a sequence T; — oo so that if we consider the solution
g(-) on the time interval [to — Ti,to — 37i] and parabolically rescale it at the point
(q(Fi),to — i) by the factor 7, then as i — oo, the rescaled solutions converge to a
nonflat gradient shrinking soliton (restricted to [—1,—3]).

Proof. — The proof is similar to that in [38, Section 39]. Using estimates on the
reduced length as defined with the basepoint (p, ), one constructs a limit Ricci flow
solution (O, goo(+)) defined for ¢ € [—1,—1], which is a gradient shrinking soliton.
The only new issue is to show that it is nonflat.

As in [38, Section 39], there is a limiting reduced length function loo(-,7) €
C*(0Ox), and a reduced volume which is a constant ¢, strictly less than the
t — to limit of the reduced volume of (O, g(:)). The latter equals (?gilf If the
limit solution were flat then /o (-, 7) would have a constant positive-definite Hessian.

It would then have a unique critical point ¢. Using the gradient flow of I (-, 7), one
deduces that O is diffeomorphic to T;Ox. As in [38, Section 39], one concludes
that

z|2 5
(6.3) c = / r~%e” F dvol = () .
Oyl O | 2R /Gy |Gyl

As |G4| <|Gpl|, we obtain a contradiction. O

6.2. Two-dimensional k-solutions

Lemma 6.4 — Any two-dimensional k-solution (O, g(-)) is an isometric quotient of
the round shrinking 2-sphere or is a Ricci soliton metric on a bad 2-orbifold.

Proof. — The proof is similar to that in [59, Theorem 4.1]. One considers the asymp-
totic soliton and shows that it has strictly positive scalar curvature outside of a com-
pact region (as in [50, Lemma 1.2]). Using standard Jacobi field estimates, the asymp-
totic soliton must be compact. The lemma then follows from convergence results for
2-dimensional compact Ricci flow (using [58] in the case of bad 2-orbifolds). O
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Remark 6.5 — One can alternatively prove Lemma 6.4 using the fact that if (O, g(-))
is a k-solution then so is the pullback solution (O, §(-)) on the universal cover. If ©
is a bad 2-orbifold then O is compact and the result follows from [58]. If O is a good
2-orbifold then (O, §(-)) is a round shrinking S from [38, Section 40].

6.3. Asymptotic scalar curvature and asymptotic volume ratio

Definition 6.6. — If O is a complete connected Riemannian orbifold then its asymp-
totic scalar curvature ratio is R = limsup, ., R(q)d(x,p)?. It is independent of the
basepoint p € |O].

Lemma 6.7 — Let (O,g(:)) be a noncompact k-solution. Then the asymptotic scalar
curvature ratio is infinite for each time slice.

Proof. — The proof is similar to that in [38, Section 41]. Choose a time to. If
R € (0,00) then after rescaling (O, g(t9)), one obtains convergence to a smooth
annular region in the Tits cone C7O at time ¢g. (Here C7O denotes a smooth orbifold
structure on the complement of the vertex in the Tits cone Cr|O|.) Working on the
regular part of the annular region, one obtains a contradiction from the curvature
evolution equation.

If R = 0 then the rescaling limit is a smooth flat metric on CrO, away from
the vertex. The unit sphere S, in CrO has principal curvatures one. It can be
approximated by a sequence of codimension-one compact suborbifolds Sy in O with
rescaled principal curvatures approaching one, which bound compact suborbifolds
O, C O.

Suppose first that n > 3. By Lemma 3.15, for large k there is some p;, € |O| so that
the suborbifold S}, is diffeomorphic to the unit sphere in T}, O. As S}, is diffeomorphic
to Soo for large k, we conclude that S. is isometric to S™~!//T" for some finite group
[ C Isom™(S"1). Let p € |O| be a point with G, = . As Cr|O| is isometric
to R™ /T, lim, o 7~ ™ vol(B(p,r)) exists and equals the \T1| times the volume of the
unit ball in R™. On the other hand, this equals lim,_,qr~" vol(B(p,r)). As we
have equality in the Bishop-Gromov inequality, we conclude that O is flat, which is a
contradiction.

If n = 2 then we can adapt the argument in [38, Section 41] to the orbifold
setting. |

Definition 6.8. — If O is a complete n-dimensional Riemannian orbifold with nonneg-
ative Ricci curvature then its asymptotic volume ratio is V = lim,. oo r~™ vol(B(p, r)).
It is independent of the choice of basepoint p € |O|.

Lemma 6.9 — Let (O,g(:)) be a noncompact k-solution. Then the asymptotic vol-
ume ratio V vanishes for each time slice (O, g(to)). Moreover, there is a sequence of
points py € |O| going to infinity such that the pointed sequence {(O, (pr,to0), 9(*)) 172,
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converges, modulo rescaling by R(pk,to), to a k-solution which isometrically splits off
an R-factor.

Proof. — The proof is similar to that in [38, Section 41]. O

6.4. In a x-solution, the curvature and the normalized volume control each
other

Lemma6.10 — Given n € ZT, we consider n-dimensional k-solutions.

1. If B(po,70) is a ball in a time slice of a k-solution then the normalized volume
r~"vol(B(po, ro)) is controlled (i.e., bounded away from zero) < the normalized
scalar curvature 3 R(po) is controlled (i.e., bounded above)

2. (Precompactness) If {(Ok, (k. tr), gx(-)) }72, is a sequence of pointed k-solutions
and for some r > 0, the r-balls B(pk,r) C (Ok,gk(tr)) have controlled
normalized volume, then a subsequence converges to an ancient solution
(Ooos (P0y0), goo(+)) which has nonnegative curvature operator, and is K-
noncollapsed (though a priori the curvature may be unbounded on a given time
slice).

3. There is a constant n = n(n,k) so that for all p € |O|, we have |VR|(p,t) <
nR2 (p,t) and |Ry|(p,t) < nR%(p,t). More generally, there are scale invariant
bounds on all derivatives of the curvature tensor, that only depend on n and k.

4. There is a function a : [0,00) — [0,00) depending only on n and k such

that lim, s as) = oo, and for every p,p’ € |0|, we have R(p")d*(p,p’) <
a (R(p)d*(p.p"))-

Proof. — The proof is similar to that in [38, Section 42]. In the proof by contradiction
of the implication <= of part (1), after passing to a subsequence we can assume that
|Gp,.| is a constant C. Then we use the argument in [38, Section 42] with ¢,, equal to
% times the volume of the unit Euclidean n-ball. O

6.5. A volume bound

Lemma6.11 — For every € > 0, there is an A < oo with the following property.
Suppose that we have a sequence of (not necessarily complete) Ricci flow solutions
gx(+) with nonnegative curvature operator, defined on Oy X [ty, 0], such that:

— For each k, the time-zero ball B(pg,r) has compact closure in |Oy.

— For all (p,t) € B(pk, 1) X [tk, 0], we have %R(p, t) < R(pk,0) = Q-

- 1imki>oo thk = —OQ.

= limp oo r,%Qk = 00.

Then for large k, we have Vol(B(pk,AQ,:%)) < e(AQ;%)” at time zero.

Proof. — The proof is similar to that in [38, Section 44]. O
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6.6. Curvature bounds for Ricci flow solutions with nonnegative curvature
operator, assuming a lower volume bound

Lemma6.12 — For every w > 0, there are B = B(w) < o0, C = C(w) < oo and
To = To(w) > 0 with the following properties.

(a) Take to € [—73,0). Suppose that we have a (not necessarily complete) Ricci flow
solution (O, g(+)), defined for t € [tg,0], so that at time zero the metric ball B(po,ro)
has compact closure. Suppose that for each t € [to,0], g(t) has nonnegative curvature
operator and vol(By(po,ro)) > wr{. Then

(6.13) R(p,t) < Cry? + B(t —to) !

whenever dist,(p, po) < %7”0-

(b) Suppose that we have a (not necessarily complete) Ricci flow solution (O, g(+)),
defined for t € [—7or3,0], so that at time zero the metric ball B(pg,r0) has compact
closure. Suppose that for each t € [—7or3,0], g(t) has nonnegative curvature operator.
If we assume a time-zero volume bound vol(Bg(py,r9)) > wr then

(6.14) R(p,t) < Crg® + B(t + morg) ™!
whenever t € [—7org, 0] and dist(p,po) < +ro.
Proof. — The proof is similar to that in [38, Section 45]. O

Corollary 6.15 — For every w > 0, there are B = B(w) < 0o, C' = C(w) < 0o and
7o = To(w) > 0 with the following properties. Suppose that we have a (not necessarily
complete) Ricci flow solution (O, g(+)), defined for t € [—or3,0], so that at time zero
the metric ball B(pg,r0) has compact closure. Suppose that for each t € [—7or3,0],
the curvature operator in the time-t ball B(py,ro) is bounded below by —r0_2. If we
assume a time-zero volume bound vol(By(po, o)) > wry then

(6.16) R(p,t) < Crg® + B(t +7org) ™"
whenever t € [—7ord, 0] and dist(p,po) < +ro.

Proof. — The proof is similar to that in [38, Section 45]. O

6.7. Compactness of the space of three-dimensional x-solutions

Proposition 6.17 — Given k > 0, the set of oriented three-dimensional k-solutions
(0,9(+)) is compact modulo scaling.

Proof. — If{(O, (pk,0), gx(-)) }32, is a sequence of such k-solutions with R(p,0) =1
then parts (1) and (2) of Lemma 6.10 imply that there is a subsequence that converges
to an ancient solution (O, (Poo, 0), goo(+)) which has nonnegative curvature operator
and is k-noncollapsed. The remaining issue is to show that it has bounded curvature.
Since R; > 0, it is enough to show that (O, goo(0)) has bounded scalar curvature.
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If not then there is a sequence of points ¢; going to infinity in |Ou| such that
R(g:,0) — oo and R(q,0) < 2R(q;,0) for ¢ € B(gi, AiR(g;,0)"2), where 4; —
oo. Using the k-noncollapsing, a subsequence of the rescalings (O, ¢i, R(gi, 0)goo)
will converge to a limit orbifold N, that isometrically splits off an R-factor. By
Lemma 6.4, N, must be a standard solution on R x (S§2//T") or R x (X2 //T"). Thus
(O, goo) contains a sequence X; of neck regions, with their cross-sectional radii
tending to zero as ¢+ — oo. This contradicts Proposition 3.18. O

6.8. Necklike behavior at infinity of a three-dimensional x-solution

Definition 6.18 — Fix ¢ > 0. Let (O,g(-)) be an oriented three-dimensional
k-solution. We say that a point pg € |O| is the center of an e-neck if the solution
g(+) in the set {(p,t) : —(eQ) ™ < t < 0,disto(p, po)? < (¢Q)~'}, where @ = R(po,0),
is, after scaling with the factor @, e-close in some fixed smooth topology to the
corresponding subset of a k-solution R x O’ that splits off an R-factor. That is,
O’ is the standard evolving S?//T" or ¥?//T" with extinction time 1. Here %2 is a
simply-connected bad 2-orbifold with a Ricci soliton metric.

We let |O], denote the points in |O| which are not centers of e-necks.

Proposition 6.19 — For all k > 0, there exists an eg > 0 such that for all 0 < € < €
there exists an o = a(e, k) with the property that for any oriented three dimensional
k-solution (O, g()), and at any time t, precisely one of the following holds :
- (O, g(-)) splits off an R-factor and so every point at every time is the center of
an e-neck for all € > 0.
— O is noncompact, |O|. # @, and for all x,y € |O|., we have R(z) d*(z,y) < «.
— O is compact, and there is a pair of points x,y € |O|. such that R(z)d?(x,y) > «,

(6.20) |0l ¢ B (:E,aR(x)f%) UB (y,aR(y)fé) ,

and there is a minimizing geodesic Ty such that every z € |O| — |O|¢ satisfies
R(z) d*(z,7Y) < .

— O is compact and there exists a point x € |O|. such that R(x) d*(z,2) < « for
all z € 0.

Proof. — The proof is similar to that in [38, Section 48]. O

6.9. Three-dimensional gradient shrinking x-solutions

Lemma 6.21 — Any three-dimensional gradient shrinking k-solution O is one of the
following:

— A finite isometric quotient of the round shrinking S3.

-~ R x (8%//T) or R xz, (S?//T) for some finite group T C Isom(S?).

- R x (Z2//T") or R xgz, (X2//T) for some finite group T C Isom(X?).
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Proof. — As O is a k-solution, we know that O has nonnegative sectional curvature.
If O has positive sectional curvature then the proofs of [46, Theorem 3.1] or [52,
Theorem 1.2] show that O is a finite isometric quotient of the round shrinking S2.
Suppose that O does not have positive sectional curvature. Let f € C*°(O) denote
the soliton potential function. Let O be the universal cover of @ and let f € C*°(O)
be the pullback of f to O. The strong maximum principle, as in [31, Section §],
implies that if p € |O|,¢, then there is an orthogonal splitting 7,0 = E; & Es which
is invariant under holonomy around loops based at p. The same will be true on
O. Lemma 2.19 implies that O =R x O for some two-dimensional simply-connected
gradient shrinking k-solution @’. From Lemma 6.4, O’ is the round shrinking 2-sphere
or the Ricci soliton metric on a bad 2-orbifold ¥2. Now f must be —% + f/, where
s is a coordinate on the R-factor and f’ is the soliton potential function on @’. As
m1(O) preserves f, and acts properly discontinuously and isometrically on R x O, it
follows that 71 (©) is a finite subgroup of Isom™ (R x O’). O

Remark 6.22 — In the manifold case, the nonexistence of noncompact positively-
curved three-dimensional x-noncollapsed gradient shrinkers was first proved by Perel-
man [50, Lemma 1.2]. Perelman’s argument applied the Gauss-Bonnet theorem to
level sets of the soliton function. This argument could be extended to orbifolds if one
assumes that there are no bad 2-suborbifolds, as in Theorem 1.1. However, it is not
so clear how it would extend without this assumption. Instead we use the arguments
of [46, Theorem 3.1] or [52, Theorem 1.2], which do extend to the general orbifold
setting.

6.10. Getting a uniform value of s

Lemma 6.23 — Given N € Z™T, there is a ko = ko(N) > 0 so that if (O,g(-)) is an
oriented three-dimensional k-solution for some k > 0, with |Gp| < N for all p € O],
then it is a ko-solution or it is a quotient of the round shrinking S3.

Proof. — The proof is similar to that in [38, Section 50]. The bound on |G,| gives a
finite number of possible noncompact asymptotic solitons from Lemma 6.21, since a
given closed two-dimensional orbifold has a unique Ricci soliton metric up to scaling,
and the topological type of S?//T" (or £//T") is determined by the number of singular
points (which is at most three) and the isotropy groups of those points.. O

Lemma6.24 — Given N € Z™", there is a universal constant n = n(N) > 0 such that
at each point of every three-dimensional ancient solution (O, g(+)) that is a k-solution
for some k >0, and has |G,| < N for all p € |O|, we have estimates

(6.25) IVR| < nR?, |Ri| < nR>

Proof. — The proof is similar to that in [38, Section 59]. O
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7. Ricci flow with surgery for orbifolds

In this section we construct the Ricci-flow-with-surgery for three-dimensional
orbifolds.

Starting in Subsection 7.2, we will assume that there are no bad 2-dimensional
suborbifolds. Starting in Subsection 7.5, we will assume that the Ricci flows have
normalized initial conditions, as defined there.

7.1. Canonical neighborhood theorem

Definition 7.1 — Let ® € C*°(R) be a positive nondecreasing function such that for
D(s)

positive s, is a decreasing function which tends to zero as s — oo. A Ricci flow

solution is said to have ®-almost nonnegative curvature if for all (p,t), we have

Our example of ®-almost nonnegative curvature comes from the Hamilton-Ivey
pinching condition [38, Appendix B|, which is valid for any three-dimensional orbifold
Ricci flow solution which has complete time slices, bounded curvature on compact time
intervals, and initial curvature operator bounded below by —1I.

Proposition 7.3 — Given €,k,0 > 0 and a function ® as above, one can find ro >
0 with the following property. Let (O, g(-)) be a Ricci flow solution on a three-
dimensional orbifold O, defined for 0 <t < T with T > 1. We suppose that for each
t, g(t) is complete, and the sectional curvature in bounded on compact time intervals.
Suppose that the Ricci flow has ®-almost nonnegative curvature and is k-noncollapsed
on scales less than o. Then for any point (po,to) withto > 1 and Q = R(po, to) > TO_Q,
the solution in {(p,t) : distf0 (pypo) < (eQ) L to — (eQ)™t <t < to} is, after scaling
by the factor Q, e-close to the corresponding subset of a k-solution.

Proof. — The proof is similar to that in [38, Section 52]. We have to allow for the
possibility of neck-like regions approximated by R x (S2//T') or R x (X2//T"). In the
proof of [38, Lemma 52.12], the “injectivity radius” can be replaced by the “local
volume”. O

7.2. Necks and horns

Assumption 7.4 — Hereafter, we only consider three-dimensional orbifolds that do
not contain embedded bad 2-dimensional suborbifolds.

In particular, neck regions will be modeled on R x (52 //T), where S?//T is a quotient
of the round shrinking S2.

We let B(p,t,r) denote the open metric ball of radius r, with respect to the metric
at time ¢, centered at p € |O)].
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We let P(p,t,r, At) denote a parabolic neighborhood, that is the set of all points
(p',t') with p’ € B(p,t,r) and t' € [t,t + At] or ¢’ € [t + At, t], depending on the sign
of At.

Definition 7.5. — An open set U C |O] in a Riemannian 3-orbifold O is an e-neck if
modulo rescaling, it has distance less than e, in the C!'/</*1-topology, to a product
(—=L,L) x (8%//T), where S?//T" has constant scalar curvature 1 and L > ¢ 1. If a
point p € |O| and a neighborhood U of p are specified then we will understand that
“distance” refers to the pointed topology. With an e-approximation f : (—=L,L) —
(S2//T) — U being understood, a cross-section of the neck is the image of {\} x
(S?//T) for some A € (—L, L).

Definition 7.6. — A subset of the form O|; % [a,b] C O x [a, ] sitting in the spacetime
of a Ricci flow, where U C |O| is open, is a strong e-neck if after parabolic rescaling
and time shifting, it has distance less than € to the product Ricci flow defined on the
time interval [—1, 0] which, at its final time, is isometric to (=L, L) x (S%//T"), where
S2//T has constant scalar curvature 1 and L > e 1.

Definition 7.7. — A metric on (—1,1) x (S§2//T') such that each point is contained in
an e-neck is called an e-tube, an e-horn or a double e-horn if the scalar curvature stays
bounded on both ends, stays bounded on one end and tends to infinity on the other,
or tends to infinity on both ends, respectively.

A metric on B3//T" or (—1,1) xz, (5%//T"), such that each point outside some
compact subset is contained in an e-neck, is called an e-cap or a capped e-horn, if the
scalar curvature stays bounded or tends to infinity on the end, respectively.

Lemma7.8 — Let U be an e-neck in an e-tube (or horn) and let S = S?//T be a
cross-sectional 2-sphere quotient in U. Then S separales the two ends of the tube (or
horn).

Proof. — The proof is similar to that in [38, Section 58]. O

7.3. Structure of three-dimensional k-solutions. — Recall the definition of
|OJ¢ from Subsection 6.8.

Lemma7.9 — If (O,g(t)) is a time slice of a noncompact three-dimensional k-
solution and |O|. # & then there is a compact suborbifold-with-boundary X C O so
that |O|. C X, X is diffeomorphic to D3//T or I xz, (§?//T), and O — int(X) is
diffeomorphic to [0,00) x (S?//T).

Proof. — The proof is similar to that in [38, Section 59]. O

Lemma7.10 — If (O,g(t)) is a time slice of a three-dimensional k-solution with
|O|c = @ then the Ricci flow is the evolving round cylinder R x (S2//T).

Proof. — The proof is similar to that in [38, Section 59]. O
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Lemma 7.11 — If a three-dimensional k-solution (O, g(+)) is compact and has a non-
compact asymptotic soliton then O is diffeomorphic to S3//Zy or S®//Dy for some
kE>1.

Proof. — The proof is similar to that in [38, Section 59]. O

Lemma 7.12 — For every sufficiently small ¢ > 0 one can find C1 = Ci(e) and
Cy = Cy(€) such that for each point (p,t) in every r-solution, there is a radius r €
[R(p,t)~2,C1R(p,t)~2] and a neighborhood B, B(p,t,r) C B C Bl(p,t,2r), which
falls into one of the four categories :

(a) B is a strong e-neck, or

(b) B is an e-cap, or

(¢) B is a closed orbifold diffeomorphic to S3//Z, or S3// Dy, for some k > 1.

(d) B is a closed orbifold of constant positive sectional curvature.
Furthermore:

— The scalar curvature in B at time t is between Cy ' R(p,t) and CoR(p,t).
The volume of B is cases (a), (b) and (c) is greater than Cy *R(p,t)” 2.
In case (b), there is an e-neck U C B with compact complement in B such that
the distance from p to U is at least 10000R(p,t)"2.
In case (c) the sectional curvature in B is greater than Cy 'R(p,t).

Proof. — The proof is similar to that in [38, Section 59]. O

7.4. Standard solutions. — Put O = R3?//T', where I is a finite subgroup of
SO(3). We fix a smooth SO(3)-invariant metric go on R?® which is the result of gluing
a hemispherical-type cap to a half-infinite cylinder [0, 00) x S? of scalar curvature 1.
We also use gg to denote the quotient metric on @. Among other properties, go is
complete and has nonnegative curvature operator. We also assume that go has scalar
curvature bounded below by 1.

Definition 7.13 — A Ricci flow (R?//T',g(+)) defined on a time interval [0,a) is a
standard solution if it has complete time slices, it has initial condition gg, the curvature
| Rm | is bounded on compact time intervals [0, a’] C [0, a), and it cannot be extended
to a Ricci flow with the same properties on a strictly longer time interval.

Lemma7.14 — Let (R3//T, g(-)) be a standard solution. Then:
1. The curvature operator of g is nonnegative.

2. All derivatives of curvature are bounded for small time, independent of the stan-
dard solution.

3. The blowup time is 1 and the infimal scalar curvature on the time-t slice tends
to infinity as t — 1= uniformly for all standard solutions.
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4. (R®//T,g(+)) is k-noncollapsed at scales below 1 on any time interval contained
in [0,1), where k depends only on gy and |T|.

5. (R3//T, g(+)) satisfies the conclusion of Proposition 7.3.

6. Rmin(t) > const.(1 — )1, where the constant does not depend on the standard
solution.

7. The family ST of pointed standard solutions {(M, (p,0))} is compact with re-
spect to pointed smooth convergence.

Proof. — Working equivariantly, the proof is the same as that in [38, Sections 60-64].
O

7.5. Structure at the first singularity time

Definition 7.15 — Given vy > 0, a compact Riemannian three-dimensional orbifold O
is normalized if | Rm | < 1 everywhere and for every p € |O], we have vol(B(p, 1)) > vp.

Here vy is a global parameter in the sense that it will be fixed throughout the
rest of the paper. If O is normalized then the Bishop-Gromov inequality implies that
there is a uniform upper bound N = N(vg) < oo on the order of the isotropy groups;
cf. the proof of Lemma 5.18. The next lemma says that by rescaling we can always
achieve a normalized metric.

Lemma7.16 — Given N € Z™, there is a vo = vo(N) > 0 with the following property.
Let O be a compact orientable Riemannian three-dimensional orbifold, whose isotropy
groups have order at most N. Then a rescaling of O will have a normalized metric.

Proof. — Let c3 be the volume of the unit ball in R?. Consider a ball B, of radius
r > 0 with arbitrary center in a Euclidean orbifold R? /G, where G is a finite subgroup
of O(3) with order at most N. Applying the Bishop-Gromov inequality to compare
the volume of B, with the volume of a very large ball having the same center, we
see that vol(B,) > $r®. Put vy = 5%. We claim that this value of vy satisfies the
lemma.

To prove this by contradiction, suppose that there is an orbifold O which satisfies
the hypotheses of the lemma but for which the conclusion fails. Then there is a
sequence {r; }$2; of positive numbers with lim;_, ., r; = 0 along with points {p;}52; in
|O] so that for each i, we have vol(B(p;,r;)) < vor}. After passing to a subsequence,
we can assume that lim; . p; = p’ for some p’ € |O]. Using the inverse exponential
map, for large 7 the ball B(p;, ;) will, up to small distortion, correspond to a ball of
radius 7; in the tangent space T,y O. In view of our choice of vy, this is a contradiction.

O

Assumption 7.17 — Hereafter we assume that our Ricci flows have normalized initial
condition.
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Consider the labels on the edges in the singular part of the orbifold. They clearly
do not change under a smooth Ricci flow. If some components of the orbifold are
discarded at a singularity time then the set of edge labels can only change by deletion
of some labels. Otherwise, the surgery procedure will be such that the set of edge la-
bels does not change, although the singular graphs will change. Hence the normalized
initial condition implies a uniform upper bound on the orders of the isotropy groups
for all time.

Let O be a connected closed oriented 3-dimensional orbifold. Let g(-) be a Ricci
flow on O defined on a maximal time interval [0,7) with 7' < co. For any € > 0,
we know that there are numbers r = r(e) > 0 and £ = k(e) > 0 so that for any
point (p,t) with Q = R(p,t) > r~2, the solution in P(p,t, (eQ)" 2, (eQ)!) is (after
rescaling by the factor @) e-close to the corresponding subset of a k-solution.

Definition 7.18 — Define a subset 2 of |O] by
(7.19) 0= {p €|0|: sup |Rm|(p,t) < oo}.
te[0,T)
Lemma 7.20 — We have
~ Q is open in |O|.

— Any connected component of € is noncompact.

~ If Q = @ then O is diffeomorphic to S3//T or (S* x S§%)//T.
Proof. — The proof is similar to that in [38, Section 67]. O

Definition 7.21 — Put g = lim;_,7- g(t)
R denote its scalar curvature.

o> a@smooth Riemannian metric on (’)’Q. Let

Lemma7.22 — (Q,G) has finite volume.
Proof. — The proof is similar to that in [38, Section 67]. O
Definition 7.23 — For p < %, put Q, = {p € |Q| : R(p) < p—2}.

Lemma 7.24 — We have
- Q, is a compact subset of |O)].
~ If C is a connected component of Q0 which does not intersect Q, then C is a
double e-horn or a capped e-horn.
— There is a finite number of connected components of Q that intersect €),, each
such component having a finite number of ends, each of which is an e-horn.

Proof. — The proof is similar to that in [38, Section 67]. O
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7.6. d-necks in e-horns. — We define a Ricci flow with surgery M to be the
obvious orbifold extension of [38, Section 68]. The objects defined there have evident
analogs in the orbifold setting.

The r-canonical neighborhood assumption is the obvious orbifold extension of what’s
in [38, Section 69], with condition (c¢) replaced by “O is a closed orbifold diffeomorphic
to an isometric quotient of S37.

The ®-pinching assumption is the same as in [38, Section 69].

The a priori assumptions consist of the ®-pinching assumption and the r-canonical
neighborhood assumption.

Lemma 7.25 — Given the pinching function ®, a number T e (0,00), a positive
nonincreasing functionr : [0,7] — R and a number § € (0, 1), there is a nonincreasing
function h : [0,T] — R with 0 < h(t) < 62r(t) so that the following property is
satisfied. Let M be a Ricci flow with surgery defined on [0,T), with T < f, which
satisfies the a priori assumptions and which goes singular at time T'. Let (§2,q) denote
the time-T limit. Put p = 6r(T) and

(7.26) Q={(»,T)€Q: R(p,T) <p~*}.

Suppose  that (p,T) lies in an ehorn H C Q whose boundary is
contained in Q,. Suppose also that R(p,T) > h=2(T). Then the parabolic region
P(p,T,6 *R(p, T)fé, —R(p, T)™1) is contained in a strong §-neck.

Proof. — The proof is similar to that in [38, Section 71]. O

7.7. Surgery and the pinching condition

Lemma7.27 — There exists ' = ¢§'(§) > 0 with lims_0d'(6) = 0 and a constant
8o > 0 such that the following holds. Suppose that § < &y, p € {0} x (S%//T") and ho
is a Riemannian metric on (—A, ) x (S?//T") with A >0 and R(p) > 0 such that:

— hg satisfies the time-t Hamilton-Ivey pinching condition.

— R(p)ho is d-close to gey in the C[%]‘H-topology.
Then there are a B = B(A) > 0 and a smooth metric h on R3//T = (D3//T) U
(=B, %) x (S%//T)) such that

— h satisfies the time-t pinching condition.

— The restriction of h to [0, %) x (S?//T) is hy.

— The restriction of R(p)h to (=B, —A) x (S?//T") is go, the initial metric of a

standard solution.

Proof. — The proof is the same as that in [38, Section 72], working equivariantly. O

We define a Ricci flow with (r,d)-cutoff by the obvious orbifold extension of the
definition in [38, Section 73].

In the surgery procedure, one first throws away all connected components of 2
which do not intersect §2,. For each connected component ; of Q that intersects
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Q, and for each e-horn of §;, take a cross-sectional S?-quotient that lies far in the
e-horn. Let X be what’s left after cutting the e-horns at the 2-sphere quotients and
removing the tips. The (possibly disconnected) postsurgery orbifold O’ is the result
of capping off 0X by discal 3-orbifolds.

Lemma 7.28 — The presurgery orbifold can be obtained from the postsurgery orbifold
by applying the following operations finitely many times:

— Taking the disjoint union with a finite isometric quotient of S* x S% or S3.

— Performing a 0-surgery.

Proof. — The proof is similar to that in [38, Section 73]. O

7.8. Evolution of a surgery cap

Lemma 7.29 — For any A < oo, 8 € (0,1) and 7 > 0, one can ﬁndgz g(A,H,?) >0
with the following property. Suppose that we have a Ricci flow with (1, §)-cutoff defined
on a time interval [a,b] with minr = r(b) > 7. Suppose that there is a surgery
time Ty € (a,b) with 6(Ty) < 5. Consider a given surgery at the surgery time and
let (p,To) € M3, be the center of the surgery cap. Let h = h(5(Ty), e,7(Tp), ®) be
the surgery scale given by Lemma 7.25 and put Ty = min(b, Ty + 9%2). Then one of
the two following possibilities occurs:

1. The solution is unscathed on P(p,TO,Aﬁ,Tl — Tb). The pointed solution
there is, modulo parabolic rescaling, A~ '-close to the pointed flow on Uy x
[0, (T} — Tp)h~2], where Uy is an open subset of the initial time slice |So| of a
standard solution S and the basepoint is the center of the cap in |So|.

2. Assertion 1 holds with Ty replaced by some t™ € [Ty, T1), where tT is a surgery
time. Moreover, the entire ball B(p, Ty, Aﬁ) becomes extinct at time tT.

Proof. — The proof is similar to that in [38, Section 74]. O

7.9. Existence of Ricci flow with surgery

Proposition 7.30 — There exist decreasing sequences 0 < r; < €%, k; > 0,0 < §; < €2
for 1 < j < oo, such that for any normalized initial data on an orbifold O and any
nonincreasing function & : [0,00) — (0,00) such that § < &; on [2971e,27¢], the Ricci
flow with (r,9)-cutoff is defined for all time and is k-noncollapsed at scales below .
Here r and k are the functions on [0, 00) so that T‘[zj—1€)2j€] =r; and K‘[2j71€)2j6] = Ky,
and € > 0 is a global constant.

Proof. — The proof is similar to that in [38, Sections 77-80]. O

Remark 7.31 — We restrict to 3-orbifolds without bad 2-suborbifolds in order to
perform surgery. Without this assumption, there could be a neckpinch whose cross-
section is a bad 2-orbifold ¥. In the case of a nondegenerate neckpinch, the blowup
limit would be the product of R with an evolving Ricci soliton metric on . The
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problem in performing surgery is that after slicing at a bad cross-section, there is
no evident way to cap off the ensuing pieces with 3-dimensional orbifolds so as to
preserve the Hamilton-Ivey pinching condition.

8. Hyperbolic regions

In this section we show that the w-thick part of the evolving orbifold approaches

a finite-volume Riemannian orbifold with constant curvature — i.

As a standing assumption in this section, we suppose that we have a solution to
the Ricci flow with (r, 0)-cutoff and with normalized initial data.

8.1. Double sided curvature bounds in the thick part

Proposition 8.1 — Given w > 0, one can find 7 = 7(w) > 0, K = K(w) < oo,
7 =T(w) >0 and 0 = O(w) > 0 with the following property. Let hpmqaqs(to) be the
maximal surgery radius on [to/2,t0]. Let ro satisfy

1. eilhmax(to) < To < F\/%-
2. The ball B(po,to,r0) has sectional curvatures at least —7“62 at each point.
3. vol(B(po, to,r0)) > wrj.

Then the solution is unscathed in P(po,to,r0/4, —Tr2) and satisfies R < Kry? there.

Proof. — The proof is similar to that in [38, Sections 81-86]. In particular, it uses
Proposition 5.21. |

8.2. Noncollapsed regions with a lower curvature bound are almost hyper-
bolic on a large scale

Proposition 8.2

(a) Given w,r,& >0, one can find T = T(w,r,§) < 0o so that the following holds.
If the ball B(po,to,r/to) C M{ at some to > T has volume at least wr3r§ and
sectional curvatures at least —r—2ty" then the curvature at (po,to) satisfies

(8.3) |2tR;;(po, to) + gi5]° < €2

(b) Given in addition A < oo and allowing T to depend on A, we can ensure (8.3)
Jor all points in B(po,to, Ar\/to).
(c) The same is true for P(po,ty, Ary/to, Arty).

Proof. — The proof is similar to that in [38, Sections 87 and 88]. O
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8.3. Hyperbolic rigidity and stabilization of the thick part

Definition 8.4 — Let O be a complete Riemannian orbifold. Define the curvature
scale as follows. Given p € |0, if the connected component of O containing p has
nonnegative sectional curvature then put R, = co. Otherwise, let R, be the unique
number r € (0, 00) such that infp, ) Rm = —r~2.

Definition 8.5. — Let O be a complete Riemannian orbifold. Given w > 0, the w-thin
part O~ (w) C |O] is the set of points p € O so that either R, = oo or

(8.6) vol(B(p, Rp)) < wRy.
The w-thick part is OF(w) = 0] — O~ (w).

In what follows, we take “hyperbolic” to mean “constant curvature —%”. When
applied to a hyperbolic orbifold, the definitions of the thick and thin parts are essen-
tially equivalent to those in [5, Chapter 6.2], to which we refer for more information
about hyperbolic 3-orbifolds.

Recall that a hyperbolic 3-orbifold can be written as H?//T" for some discrete group

I' C Isom™ (H?3) [19, Theorem 2.26].

Definition 8.7. — A Margulis tube is a compact quotient of a normal neighborhood of
a geodesic in H? by an elementary Kleinian group.

A rank-2 cusp neighborhood is the quotient of a horoball in H? by an elementary
rank-2 parabolic group.

In either case, the boundary is a compact Euclidean 2-orbifold.

There is a Margulis constant po > 0 so that for any finite-volume hyperbolic
3-orbifold O, if u < pg then the connected components of the p-thin part of O are
Margulis tubes or rank-2 cusp neighborhoods.

Furthermore, given a finite-volume hyperbolic 3-orbifold O, if x> 0 is sufficiently
small then the connected components of the u-thin part are rank-2 cusp neighbor-
hoods.

Mostow-Prasad rigidity works just as well for finite-volume hyperbolic orbifolds as
for finite-volume hyperbolic manifolds. Indeed, the rigidity statements are statements
about lattices in Isom(H™).

Lemma8.8 — Let (O,p) be a pointed complete connected finite-volume three-
dimensional hyperbolic orbifold. Then for each ¢ > 0, there exists & > 0 such that if
O’ is a complete connected finite-volume three-dimensional hyperbolic orbifold with
at least as many cusps as O, and [ : (O,p) — O is a E-approzimation in the pointed
smooth topology as in [38, Definition 90.6], then there is an isometry f': (O,p) — O’
which is -close to f in the pointed smooth topology.

Proof. — The proof is similar to that in [38, Section 90], replacing “injectivity radius”
by “local volume”. O
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If M is a Ricci flow with surgery then we let O~ (w,t) C |[M} | denote the w-thin
part of the orbifold at time ¢ (postsurgery if ¢ is a surgery time), and similarly for the
w-thick part OF (w, t).

Proposition 8.9 — Given a Ricci flow with surgery M, there exist a number Ty < oo,
a nonincreasing function a : [Tp,00) — (0,00) with lim;oo a(t) = 0, a (possi-
bly empty) collection {(Hy,21),...,(Hn,zN)} of complete connected pointed finite-
volume three-dimensional hyperbolic orbifolds and a family of smooth maps

N
(8.10) f(t): By = !1 Hi}B(m/a(t)) - M,
defined for t € [Ty, 00), such that
1. f(t) is close to an isometry:
(8.11) [ £ () 9m, — 9B, llcuramn < alt).

2. f(t) defines a smooth family of maps which changes smoothly with time:

(8.12) F. D] < ot
for all p € |By|, and

3. f(t) parametrizes more and more of the thick part: O (a(t),t) C Im(|f(t)|) for
allt > Tp.

Proof. — The proof is similar to that in [38, Section 90]. O

9. Locally collapsed 3-orbifolds

In this section we consider compact Riemannian 3-orbifolds O that are locally
collapsed with respect to a local lower curvature bound. Under certain assumptions
about smoothness and boundary behavior, we show that O is either the result of
performing O-surgery on a strong graph orbifold or is one of a few special types. We
refer to Definition 11.8 for the definition of a strong graph orbifold.

We first consider the boundaryless case.

Proposition 9.1 — Let c3 be the volume of the unit ball in R3, let K > 10 be a fived
integer and let N be a positive integer. Fix a function A : (0,00) — (0,00). Then
there is a wo € (0,c3/N) such that the following holds.

Suppose that (O, g) is a connected closed orientable Riemannian 3-orbifold. Assume
in addition that for all p € |O],

1. |Gp| < N.
2. vol(B(p, Ry)) < woR3, where R, is the curvature scale at p, Definition 8.4.
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3. For every w' € [wo,c3/N), k € [0, K] and r < R, such that vol(B(p,r)) > w'r3,
the inequality

(9.2) IVFRm | < A(w')r—*+2)
holds in the ball B(p,r).

Then O is the result of performing 0-surgeries on a strong graph orbifold or is
diffeomorphic to an isometric quotient of S® or T3.

Remark 9.3 — We recall that a strong graph orbifold is allowed to be disconnected.
By Proposition 11.12, a weak graph orbifold is the result of performing O-surgeries
on a strong graph orbifold. Because of this, to prove Proposition 9.1 it is enough to
show that O is the result of performing O-surgeries on a weak graph orbifold or is
diffeomorphic to an isometric quotient of S? or T3.

Remark 9.4 — A 3-manifold which is an isometric quotient of S% or T is a Seifert
3-manifold [54, Section 4]. The analogous statement for orbifolds is false [23].

Proof. — We follow the method of proof of [37]. The basic strategy is to construct a
partition of O into pieces whose topology can be recognized. Many of the arguments
in [37], such as the stratification, are based on the underlying Alexandrov space
structure. Such arguments will extend without change to the orbifold setting. Other
arguments involve smoothness, which also makes sense in the orbifold setting. We now
mention the relevant places in [37] where manifold smoothness needs to be replaced
by orbifold smoothness.

— The critical point theory in [37, Section 3.4] can be extended to the orbifold
setting using the results in Subsection 2.6.

— The results about the topology of nonnegatively curved manifolds in [37,
Lemma 3.11] can be extended to the orbifold setting using Lemma 3.20 and
Proposition 5.7.

— The smoothing results of [37, Section 3.6] can be extended to the orbifold setting
using Lemma 2.25 and Corollary 2.26.

— The C¥-precompactness result of [37, Lemma 6.10] can be proved in the orbifold
setting using Proposition 4.1.

— The C¥-splitting result of [37, Lemma 6.16] can be proved in the orbifold setting
using Proposition 3.2.

— The result about the topology of the edge region in [37, Lemma 9.21] can be
extended to the orbifold setting using Lemma 3.21.

— The result about the topology of the slim stratum in [37, Lemma 10.3] can be
extended to the orbifold setting using Lemma 3.19.

— The results about the topology and geometry of the 0-ball regions in [37, Sec-
tions 11.1 and 11.2] can be extended to the orbifold setting using Lemma 2.24
and Proposition 3.13.
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— The adapted coordinates in [37, Lemmas 8.2, 9.12, 9.17, 10.1 and 11.3] and their
use in [37, Sections 12-14] extend without change to the orbifold setting.

The upshot is that we can extend the results of [37, Sections 1-14] to the orbifold
setting. This gives a partition of O into codimension-zero suborbifolds-with-boundary
OO-stratum - (yslim - yedge g O2-stratum with the following properties.

— Bach connected component of @9-$r@um ig diffeomorphic either to a closed non-
negatively curved 3-dimensional orbifold, or to the unit disk bundle in the nor-
mal bundle of a soul in a complete connected noncompact nonnegatively curved
3-dimensional orbifold.

— Each connected component of O™ is the total space of an orbibundle whose
base is S* or I, and whose fiber is a spherical or Euclidean orientable compact
2-orbifold.

— Each connected component of 0¢%¢ is the total space of an orbibundle whose
base is S* or I, and whose fiber is D?(k) or D?(2,2).

— Each connected component of O2-5¥4tu™ is the total space of a circle bundle over
a smooth compact 2-manifold.

— Intersections of @U-stratum @slim —©edge anq (O2-stratum are 2_dimensional orb-
ifolds, possibly with boundary. The fibration structures coming from two inter-
secting strata are compatible on intersections.

In order to prove the proposition, we now follow the method of proof of [37,

Section 15].

Each connected component of 0052 hag houndary which is empty, a spherical
2-orbifold or a Euclidean 2-orbifold. By Proposition 5.7, if the boundary is empty
then the component is diffeomorphic to a finite isometric quotient of S* x .82, S3 or T3.
In the S* x S? case, O is a Seifert orbifold [22, p. 70-71]. Hence we can assume that
the boundary is nonempty. By Lemma 3.20, if the boundary is a spherical 2-orbifold
then the component is diffeomorphic to D?//T" or I xz, (S?//T). We group together
such components as O """, By Lemma 3.20 again, if the boundary is a Euclidean
2-orbifold then the component is diffeomorphic to S* x D?, S x D?(k), S x5, D?,
S xz, D*(k) or I xz, (T*//T'). We group together such components as Q% tratum,

If a connected component of O™ fibers over S' then O is closed and has a
geometric structure based on R3, R x S2?, Nil or Sol [22, p. 72]. If the structure is
R x 5% or Nil then O is a Seifert orbifold [22, Theorem 1]. If the structure is Sol
then O can be cut along a fiber to see that it is a weak graph orbifold. Hence we can
assume that each component of O™ fibers over I. We group these components into
Oglpizl and (’)?EZZT, where the distinction is whether the fiber is a spherical 2-orbifold or
a Euclidean 2-orbifold.

Lemma 9.5 — Let OYstratum pe q connected component of O0-stratum - ff (90-stratum n
Oslim oL g then JO-stratum s q boundary component of a connected component
Of Oslim'
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If QY-stratum oy Ostim — g5 then we can write O™ = A; U B; where

1. A; = QY-stratum ny Oedge s q disjoint union of discal 2-orbifolds and D?(2,2)’s.

2. B; = O?'Stmt“m N O2-stratum e the total space of a circle bundle and

3. A;,NB; =0A; NOB; is a union of circle fibers.
Furthermore, if 9O9-stratum s Byclidean then A; = @ unless QQOY-stratum
S2(2,2,2,2), in which case A; consists of two D?(2,2)’s. If 0OY-stratum s spherical
then the possibilities are

1. 9OY-stratum — G2 qnd A; consists of two disks D?.

2. 9O-stratum — G2(k k) and A; consists of two D?(k)’s.

3. 9O-stratum — G2(9 9 k) and A; consists of D*(2,2) and D*(k).

Proof. — The proof is similar to that of [37, Lemma 15.1]. O

Lemma 9.6 — Let O™ be a connected component of O™, Let Y; be one of the
connected components of O™, [f Y; N QO-stratum —L g then Y; = 9O9-stratum o
some connected component Q)-stratum o f O0-stratum,

If Y, N OQO-stratum — o5 then we can write 0Y; = A; U B; where

1. A; =Y; N0 s a disjoint union of discal 2-orbifolds and D?(2,2)’s,
2. B; = Y; N O%stratum s the total space of a circle bundle and
3. A;NB; = 0A; NOB; is a union of circle fibers.

Furthermore, if Y; is Euclidean then A; = @ unless Y; = S?(2,2,2,2), in which case
A; consists of two D*(2,2)’s. If Y; is spherical then the possibilities are

1. Y; = 52 and A; consists of two disks D?.

2. Y; = S?%(k, k) and A; consists of two D*(k)’s.

3. Y; = S8%(2,2,k) and A; consists of D*(2,2) and D?(k).

Proof. — The proof is similar to that of [37, Lemma 15.2]. O

Let O%,, be the union of the connected components of OFs™ ™™ U OFln that
do not intersect ©°%¢. Then Olsph is either empty or is all of O, in which case O
is diffeomorphic to the gluing of two connected components of Og;}fmt“m along a
spherical 2-orbifold. As each connected component is diffeomorphic to some D3 //T
or I xz, (S?//T'), it then follows that O is diffeomorphic to S3//T', (S®//T")//Zy or
St xz, (8% //T), the latter of which is a Seifert 3-orbifold. Hence we can assume that
each connected component of Og;}fmt“m U quf;;’g‘ intersects O°%¢. A component of
Ogl;’}f which intersects Ogﬁmt“m can now only do so on one side, so we can collapse
such a component of OEZ;Z'L without changing the diffeomorphism type. Thus we can
assume that each connected component of Ogips}fmt“m and each connected component
of O intersects O°%9¢, and that 5™ N O = @. By Lemmas 9.5 and 9.6,
each of their boundary components is one of S%, S?(k, k) and S%(2,2, k).
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Consider the connected components of O%sfratum U Osk™ whose boundary compo-
nents are S?(2,3,6), S?(2,4,4) or S?(3,3,3). They cannot intersect any other strata,
so if there is one such connected component then O is formed entirely of such com-
ponents. In this case O is diffeomorphic to the result of gluing together two copies of
I xz, (T?//T"). Hence O fibers over S'//Z, and has a geometric structure based on
R3, Nil or Sol [22, p. 72]. If the structure is Nil then O is a Seifert orbifold [22, The-
orem 1]. If the structure is Sol then we can cut O along a generic fiber to see that
it is a weak graph orbifold. Hence we can assume that there are no connected com-
ponents of Q%stratum |y Oshim whose boundary components are S2(2,3,6), S?(2,4,4)
or S%(3,3,3). Next, consider the connected components of O%sretum y QM with
T?-boundary components. They are weak graph orbifolds that do not intersect any
strata other than @2-s'ewm If X is their complement in O then in order to show
that O is a weak graph orbifold, it suffices to show that X; is a weak graph orb-
ifold. Hence we can assume that each connected component of Q% stratum O?El;"g has
S2(2,2,2,2)-boundary components, in which case it necessarily intersects O¢%¢, As
‘?El;’?, we can assume that each connected
component of O%5retum and each connected component of O™ intersects 0%, and
that QY stratum n Oslim — &

A connected component of Oglpizl is now diffeomorphic to I x @', where O’ is
diffeomorphic to S?, S?(k, k) or 5?(2,k, k). We cut each such component along {3} x
O’ and glue on two discal caps. If X5 is the ensuing orbifold then X is the result of
performing a 0-surgery on Xs, so it suffices to prove that Xs satisfies the conclusion

of the proposition. Therefore we assume henceforth that Ogl;}? =g.

above, after collapsing some components of O

A remaining connected component of Q4 is diffeomorphic to I x O', where O’ =
5%(2,2,2,2). It intersects O°¥¢ in four copies of D?(2,2). We cut the connected
component of O3 along {3} x O'. The result is two copies of I x O, each with one
free boundary component and another boundary component which intersects ©°%9¢
in two copies of D?(2,2). If the result X3 of all such cuttings satisfies the conclusion
of the proposition then so does X5, it being the result of gluing Euclidean boundary
components of X3 together.

A connected component C of O°%¢ fibers over I or S*. Suppose that it fibers over
S1. Then it is diffeomorphic to St x D?(k) or St x D?(2,2), or else is the total space
of a bundle over S' with holonomy that interchanges the two singular points in a
fiber D?(2,2); this is because the mapping class group of D?(2,2) is a copy of Zs, as
follows from [25, Proposition 2.3]. If C is diffeomorphic to S* x D?(k) or S* x D?(2,2)
then it is clearly a weak graph orbifold. In the third case, |C| is a solid torus and
the singular locus consists of a circle labelled by 2 that wraps twice around the solid
torus. See Figure 10. We can decompose C' as C' = (S xz, D?) Us2(2,2,2,2) C1, where
C1 = St xz, (S? — 3B?%) with one B? being sent to itself by the Zs-action and the
other two B?’s being switched. See Figure 11. As C is a Seifert orbifold, in any case
C'is a weak graph orbifold. Put X, = X35 —int(C). If we can show that X, is a weak
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FIGURE 10.

FiGure 11. C1

graph orbifold then it follows that X3 is a weak graph orbifold. Hence we can assume
that each connected component of ¢49¢ fibers over 1.

A connected component Z of X4 — int(O? s m) can be described by a graph,
i.e., a one-dimensional CW-complex, of degree 2. Its vertices correspond to copies of

— A connected component of O™ with boundary S* or S*(k, k),

— A connected component of Q%5 with houndary S?(2,2,2,2), or

— I x5%2,2,2,2).
Each edge corresponds to a copy of

— I x D?,

— I x D*(k) or

— I x D?(2,2).
If a vertex is of type I x S%(2,2,2,2) then the edge orbifolds only intersect the vertex
orbifold on a single one of its two boundary components. Note that |Z] is a solid torus
with a certain number of balls removed.
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A connected component of Og;;fmt“m is diffeomorphic to D3, D3(k, k), D3(2,2, k),
I xz, S?, or I xz, S%(2,2,k). Now I xz, S? is diffeomorphic to RP3#D3 I xz,
S2(k, k) is diffeomorphic to (S®(k,k)//Za)#s2(k k) D? (k. k) and I xz, S*(2,2,k) is
diffeomorphic to (53(2,2, k)//Zg)#52(2_’27k)D3 (2,2, k), where Zy acts by the antipodal
action. Hence we can reduce to the case when each connected component of O%}f,fmt“m
is diffeomorphic to D?, D3(k,k) or D3(2,2,k), modulo performing connected sums
with the Seifert orbifolds RP?, S3(k, k)//Zs and S3(2,2,k)//Zs.

Any connected component of O%5re#um with boundary S?(2,2,2,2) can be written
as the gluing of a weak graph orbifold with I x S2(2,2,2,2). Hence we may assume
that there are no vertices corresponding to connected components of O%sratum with
boundary S?(2,2,2,2).

Suppose that there are no edges of type I x D?(2,2). Then Z is I x D? or I x D*(k),
which is a weak graph orbifold.

Now suppose that there is an edge of type I x D?(2,2). We build up a skeleton
for Z. First, the orbifold corresponding to a graph with a single vertex of type
Ix5%2,2,2,2), and a single edge of type I x D?(2,2), can be identified as the Seifert
orbifold C; = S* xz, (S? — 3B?) of before. Let C,, be the orbifold corresponding to
a graph with m vertices of type I x S%(2,2,2,2) and m edges of type I x D?(2,2).
See Figure 12. Then C,, is an m-fold cover of C and is also a Seifert orbifold.

FiGUuRre 12. Cp, m =3

Returning to the orbifold Z, there is some m so that Z is diffeomorphic to the
result of starting with C,,, and gluing some S* x7, D?(k;)’s onto some of the boundary
S2(2,2,2,2)’s, where k; > 1. See Figure 13 for an illustrated example.

Thus Z is a weak graph orbifold.

As X3 is the result of gluing Z to a circle bundle over a surface, X3 is a weak graph
orbifold. Along with Proposition 11.12, this proves the proposition. O

Proposition 9.7 — Let c3 be the volume of the unit ball in R3, let K > 10 be a fized
integer and let N be a positive integer. Fix a function A : (0,00) — (0,00). Then
there is a wo € (0,c3/N) such that the following holds.
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FIGURE 13.

Suppose that (O, g) is a compact connected orientable Riemannian 3-orbifold with

boundary. Assume in addition that

1.
2.
3.

(9.8)

|Gp| < N.
The diameters of the connected components of 0O are bounded above by wy.

For each component X of 0O, there is a hyperbolic orbifold cusp Hx with bound-
ary OHx, along with a CE+1-embedding of pairs e : (Nigo(OHx),0Hx) —
(O, X) which is wy-close to an isometry.

For every p € |O| with d(p,d0) > 10, we have, vol(B(p, R,)) < woR}.

. For every p € 0], w' € [wo,c3/N), k € [0,K]| and r < R, such that

vol(B(p,r)) > w'r?, the inequality
IVERm | < A(w')r~*+2)
holds in the ball B(p,r).

Then O 1is diffeomorphic to

— The result of performing 0-surgeries on a strong graph orbifold,
— A closed isometric quotient of S or T3,

— I x5%2,3,6), I x S?(2,4,4) or I x 5%(3,3,3), or

-1 XZs 52(2,3,6), I XZs 52(2,4,4) or I X7 52(3,3,3).

Proof. — We follow the method of proof of [38, Section 16]. The effective difference
from the proof of Proposition 9.1 is that we have additional components of Q0-stratum,
which are diffeomorphic to I x (T //T"). If such a component is diffeomorphic to I x T2
or I x §%(2,2,2,2) then we can incorporate it into the weak graph orbifold structure.
The other cases give rise to the additional possibilities listed in the conclusion of the

proposition. O
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10. Incompressibility of cuspidal cross-sections and proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1.
With reference to Proposition 8.9, given a sequence t* — oo, let Y* be the trun-
cation of ]_[ivzl H; obtained by removing horoballs at distance approximately %

from the basepoints ;. Put O% = Osa — fra (Y?).

Proposition 10.1 — For large «, the orbifold O% satisfies the hypotheses of Proposi-
tion 9.7.

Proof. — The proof is similar to that of [37, Theorem 17.3]. O

So far we know that if « is large then the 3-orbifold O« has a (possibly empty)
hyperbolic piece whose complement satisfies the conclusion of Proposition 9.7. In this
section we show that there is such a decomposition of O« so that the hyperbolic
cusps, if any, are incompressible in Oya.

The corresponding manifold result was proved by Hamilton in [33] using mini-
mal disks. He used results of Meeks-Yau [43] to find embedded minimal disks with
boundary on an appropriate cross-section of the cusp. The Meeks-Yau proof in turn
used a tower construction [42] similar to that used in the proof of Dehn’s Lemma
in 3-manifold topology. It is not clear to us whether this line of proof extends to
three-dimensional orbifolds, or whether there are other methods using minimal disks
which do extend. To circumvent these issues, we use an alternative incompressibility
argument due to Perelman [50, Section 8.2] that exploits certain quantities which
change monotonically under the Ricci flow. Perelman’s monotonic quantity involved
the smallest eigenvalue of a certain Schrodinger-type operator. We will instead use
a variation of Perelman’s argument involving the minimal scalar curvature, follow-
ing [38, Section 93.4].

Before proceeding, we need two lemmas:

Lemma 10.2 — Suppose € > 0, and O is a Riemannian 3-orbifold with scalar curva-
ture > —%. Then any orbifold O obtained from O by 0-surgeries admits a Riemannian

metric with scalar curvature > —32, such that vol(O) < vol(O') + .

Proof. — If a 0-surgery adds a neck (S?//T') x I then we can put a metric on the neck
which is an isometric quotient of a slight perturbation of the doubled Schwarzschild
metric [2, (1.23)] on S? x I. Hence we can perform the 0-surgery so that the scalar

curvature is bounded below by —% + 15 and the volume increases by at most 15;
see [2, p. 155] and [51] for the analogous result in the manifold case. The lemma now
follows from an overall rescaling to make R > — % O

Lemma 10.3 — Suppose that O is a strong graph orbifold with boundary components
Ci,...,Cx. Let Hy, ..., Hy be truncated hyperbolic cusps, where OH; is diffeomorphic
to C; for alli € {1,...,k}. Then for all € > 0, there is a metric on O with scalar
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curvature > —% such that vol(O) < €, and C; has a collar which is isometric to one
side of a collar neighborhood of a cuspical 2-orbifold in H;.

Proof. — We first prove the case when O is a closed strong graph manifold. The
strong graph manifold structure gives a graph whose vertices {v,} correspond to the
Seifert blocks and whose edges {ep} correspond to 2-tori. For each vertex vg, let
M, be the corresponding Seifert block. We give it a Riemannian metric g, which is
invariant under the local S!'-actions and with the property that the quotient metric
on the orbifold base is a product near its boundary. Then g, has a product structure
near OM,. Given ¢§ > 0, we uniformly shrink the Riemannian metric on g, by ¢ in
the fiber directions. As § — 0, the volume of M, goes to zero while the curvature
stays bounded.

Let T be the torus corresponding to the edge e,. There are associated toral
boundary components {Bj, B2} of Seifert blocks. Given 6 > 0 and i € {1, 2}, consider
the warped product metric ds? + e~2*
We attach this at B; to obtain a C%-metric, which we will smooth later. The sectional
curvatures of Pj; are —1 and the volume of Pj; is bounded above by the area of B;.
We choose Ls,; so that the areas of the cross-sections {Ls1} x By and {Ls2} X Bs
are both equal to some number A. Finally, consider R? with the Sol-invariant metric
e 22dx? + e?*dy?® + dz?. Let T be a Z?-subgroup of the normal R2-subgroup of Sol.
Note that the curvature of R3/T is independent of I'. The z-coordinate gives a fibering
z : R3/T — R with T?-fibers. We can choose I' = T's and an interval [c1, ca] C R so
that z71(cy) is isometric to {Ls 1} x By and 271 (¢2) is isometric to {Ls2} X Ba. Note
that [c1, ca] can be taken independent of A. We attach z~1([c1, c2]) to the previously
described truncated cusps, at the boundary components {Ls1} x By and {Ls2} x Bs.
See Figure 14.

gB, on a product manifold Ps; = [0, Ls;] x B;.

Z([er, ea])

FIGURE 14.
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Taking A sufficiently small we can ensure that
(10.4) vol(Ps 1) + vol(Ps o) + vol(z~*([e1, ca])) < area(By) + area(Bs) + 6.

We repeat this process for all of the tori {TbQ}, to obtain a piecewise-smooth C°-
metric gs on O.

As § — 0, the sectional curvature stays uniformly bounded on the smooth pieces.
Furthermore, the volume of (O, gs) goes to zero. By slightly smoothing gs and per-
forming an overall rescaling to ensure that the scalar curvature is bounded below by
— %, if ¢ is sufficiently small then we can ensure that vol(O, gs) < e. This proves the
lemma when O is a closed strong graph manifold.

If O is a strong graph manifold but has nonempty boundary components, as in the
hypotheses of the lemma, then we treat each boundary component C; analogously to
a factor B; in the preceding construction. That is, given parameters 0 < ¢1,¢, < ¢2,¢;,
we start by putting a truncated hyperbolic metric ds? —l—e_QSgaHi on [e1,¢4, C2,04] X Ci.
This will be the metric on the collar neighborhood of C;, where {¢;1 ¢, } x C; will end up
becoming a boundary component of O. We take c2 ¢, so that the area of {ca,¢, } x C;
matches the area of a relevant cross-section of the truncated cusp extending from a
boundary component By ; of a Seifert block. We then construct a metric gs on O as
before. If we additionally take the parameters {c; ¢, } sufficiently large then we can
ensure that vol(O, g5) < e.

Finally, if O is a strong graph orbifold then we can go through the same steps.
The only additional point is to show that elements of the (orientation-preserving)
mapping class group of an oriented Euclidean 2-orbifold T2 //T" are represented by
affine diffeomorphisms, in order to apply the preceding construction using the Sol
geometry. To see this fact, if I' is trivial then the mapping class group of T2 is
isomorphic to SL(2,Z) and the claim is clear. To handle the case when T?//T is a
sphere with three singular points, we use the fact that the mapping class group of
a sphere with three marked points is isomorphic to the permutation group of the
three points [25, Proposition 2.3]. The mapping class group of the orbifold 72//T
will then be the subgroup of the permutation group that preserves the labels. If
T?//T is S2%(2,3,6) then its mapping class group is trivial. If T?//T is S%(2,4,4)
then its mapping class group is isomorphic to Zs. Picturing S?(2,4,4) as two right
triangles glued together, the nontrivial mapping class group element is represented
by the affine diffeomorphism which is a flip around the “2” vertex that interchanges
the two triangles. If T?//T is S%(3,3,3) then its mapping class group is isomorphic
to S3. Picturing S?(3,3,3) as two equilateral triangles glued together, the nontrivial
mapping class group elements are represented by affine diffeomorphisms as rotations
and flips. Finally, if 72//T is S%(2,2,2,2) then its mapping class group is isomorphic
to PSL(2,Z) x (Z/27Z x Z/27) [25, Proposition 2.7]. These all lift to Zs-equivariant
affine diffeomorphisms of T2. Elements of PSL(2,Z) are represented by linear actions
of SL(2,Z) on T?. Generators of Z/27 x 7/27 are represented by rotations of the
Sl-factors in T2 = S x S' by . O
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Let O be a closed connected orientable three-dimensional orbifold. If O admits a
metric of positive scalar curvature then by finite extinction time, O is diffeomorphic
to the result of performing 0-surgeries on a disjoint collection of isometric quotients
of §% and S* x S2.

Suppose that O does not admit a metric of positive scalar curvature. Put

(10.5) 7(0) = $up Runin (9)V(9)3.

Then ¢(0) < 0.

Suppose that we have a given representation of O as the result of performing 0-
surgeries on the disjoint union of an orbifold @ and isometric quotients of S2 and
St x S2, and that there exists a (possibly empty, possibly disconnected) finite-volume
complete hyperbolic orbifold N which can be embedded in O so that the connected
components of the complement (if nonempty) satisfy the conclusion of Proposition
9.7. Let Vjyp denote the hyperbolic volume of N. We do not assume that the cusps
of N are incompressible in O'.

Let V denote the minimum of Viyp over all such decompositions of O. (As the set
of volumes of complete finite-volume three-dimensional hyperbolic orbifolds is well-
ordered, there is a minimum. If there is a decomposition with N = & then Vj,,, = 0.)

Lemma 10.6
3~
(10.7) a(0) = —§V§.
Proof. — Using Lemmas 7.28, 10.2 and 10.3, the proof is similar to that of [38,
Proposition 93.10]. O

Proposition 10.8 — Let N be a hyperbolic orbifold as above for which vol(N) = V.
Then the cuspidal cross-sections of N are incompressible in O'.

Proof. — As in [38, Section 93], it suffices to show that if a cuspidal cross-section
of N is compressible in O’ then there is a metric g on O with R(g) > —32 and
vol(O, g) < vol(N).

Put Y = O’ — N. Suppose that some connected component Cy of Y is compress-
ible, with compressing discal 2-orbifold Z C @’. We can make Z transverse to Y and
then count the number of connected components of the intersection ZNAJY . Minimiz-
ing this number among all such compressing disks for all compressible components of
dY, we may assume — after possibly replacing Cy with a different component of 9Y —
that Z intersects Y only along 0Z7.

By assumption, the components of Y satisfy the conclusion of Proposition 9.7.
Hence Y has a decomposition into connected components ¥ = Yy U --- Y, where
Yy is the component containing Cjy, and Y, arises from a strong graph orbifold
by O-surgeries, as otherwise there would not be a compressing discal orbifold. By
Lemma 11.16, Yy comes from a disjoint union A LI B via 0-surgeries, where A is one
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of the four solid-toric possibilities of that Lemma, and B is a strong graph orbifold.
By Lemmas 10.2 and 10.3, we may assume without loss of generality that B = &.

To construct the desired metric on O, we proceed as follows. Let Hy,..., H, be
the cusps of the hyperbolic orbifold N, where Hj corresponds to the component Cj
of Y. We first truncate N along totally umbilic cuspical 2-orbifolds Cy, ..., C,. Pick
€ > 0. For each i > 1 such that the component Y; comes from 0O-surgeries on a strong
graph orbifold, we use Lemmas 10.2 and 10.3 to find a metric with R > —% on Y;,
which glues isometrically along the corresponding cusps in C; U --- U C,,, and which
can be arranged to have volume < ¢ by taking the C;’s to be deep in their respective
cusps. For the components Y;, ¢ > 1, which do not come from a strong graph orbifold
via 0-surgery, we may also find metrics with R > —% and arbitrarily small volume,
which glue isometrically onto the corresponding truncated cusps of N (when they have
nonempty boundary). Our final step will be to find a metric on Yy = A with R > —%
which glues isometrically to Cy, and has volume strictly smaller than the portion of
the cusp Hy cut off by Cy. Since € is arbitrary, this will yield a contradiction.

Suppose first that A is St x D% or S x D?(k). In the S' x D? case, after going
far enough down the cusp, the desired metric g on S* x D? is constructed in [2, Pf.
of Theorem 2.9]. (The condition f3(0) = a > 0 in [2, (2.47)] should be changed to
f2(0) > 0.) In the S' x D?(k)-case, [2, (2.46)] gets changed to f](0)(1 —a?)'/? = 1/k.
One can then make the appropriate modifications to [2, (2.54)-(2.56)] to construct
the desired metric g on St x D?(k).

If Ais S xz, D? or S xz, D?(k) we can perform the construction of the previous
paragraph equivariantly with respect to the Zs-action, to form the desired metric on
Sl X7 D2 (OI‘ Sl X7 DQ(IC)) O

10.1. Proof of Theorem 1.1. — As mentioned before, if O admits a metric of
positive scalar curvature then O is diffeomorphic to the result of performing O-surgeries
on a disjoint collection of isometric quotients of S® and S' x S2, so the theorem is
true in that case. If O does not admit a metric of positive scalar curvature then by
Proposition 10.8,

1. O is the result of performing 0-surgeries on an orbifold @’ and a disjoint collec-
tion of isometric quotients of S® and S' x S2, such that

2. There is a finite-volume complete hyperbolic orbifold N which can be embedded
in O so that each connected component P of the complement (if nonempty)
has a metric completion P which satisfies the conclusion of Proposition 9.7, and

3. The cuspidal cross-sections of N are incompressible in O'.

Referring to Proposition 9.7, if P is an isometric quotient of S% or 7% then it already
has a geometric structure. If P is I x.S%(p, ¢, ) with % + % + % = 1 then we can remove
it without losing any information. If P is I xz, S%(p, q,r) with % + % + % =1 then P
has a Euclidean structure.
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Finally, suppose that P is the result of performing 0-surgeries on a collection of
strong graph orbifolds in the sense of Definition 11.8. A Seifert-fibered 3-orbifold
with no bad 2-dimensional suborbifolds is geometric in the sense of Thurston [5,
Proposition 2.13]. This completes the proof of Theorem 1.1. O

Remark 10.9 — The geometric decomposition of @ that we have produced, using
strong graph orbifolds, will not be minimal if O has Sol geometry. In such a case,
O fibers over a 1-dimensional orbifold. Cutting along a fiber and taking the metric
completion gives a product orbifold, which is a graph orbifold. Of course, the minimal
geometric decomposition of @ would leave it with its Sol structure.

Remark 10.10 — Theorem 1.1 implies that O is very good, i.e., the quotient of a
manifold by a finite group action [4, Corollary 1.3]. Hence one could obtain the
geometric decomposition of O by running Perelman’s proof equivariantly, as is done
in detail for elliptic and hyperbolic manifolds in [21]. However, one cannot prove
the geometrization of orbifolds this way, as the reasoning would be circular; one only
knows that O is very good after proving Theorem 1.1.

11. Appendix A : Weak and strong graph orbifolds

In this appendix we provide proofs of some needed facts about graph orbifolds. We
show that a weak graph orbifold is the result of performing O-surgeries on a strong
graph orbifold. (Since we don’t require strong graph orbifolds to be connected, we
need only one.) A similar result appears in [24, Section 2.4].

In order to clarify the arguments, we prove the corresponding manifold results
before proving the orbifold results.

Definition 11.1 — A weak graph manifold is a compact orientable 3-manifold M for
which there is a collection {T;} of disjoint embedded tori in int(M) so that after
splitting M open along {T;}, the result has connected components that are Seifert-
fibered 3-manifolds (possibly with boundary).

We do not assume that M is connected. Here “splitting M open along {T;}” means
taking the metric completion of M — |J, T; with respect to an arbitrary Riemannian
metric on M.

Remark 11.2 — In the definition of a weak graph manifold, we could have instead
required that the connected components of the metric completion of M — |, T; are
circle bundles over surfaces. This would give an equivalent notion, since any Seifert-
fibered 3-manifold can be cut along tori into circle bundles over surfaces.

For notation, we will write S? — kB2 for the complement of k disjoint separated
open 2-balls in S2.
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Definition 11.3 — A strong graph manifold is a compact orientable 3-manifold M for
which there is a collection {7;} of disjoint embedded tori in int(M) such that

1. After splitting M open along {T;}, the result has connected components that
are Seifert manifolds (possibly with boundary).

2. For any T;, the two circle fibrations on T; coming from the adjacent Seifert
bundles are not isotopic.

3. Each T; is incompressible in M.

11.1. Appendix A.1: Weak graph manifolds are connected sums of strong
graph manifolds. — The next lemma states if we glue two solid tori (respecting
orientations) then the result is a Seifert manifold. The lemma itself is trivial, since
we know that the manifold is S' x S2, S? or a lens space, each of which is a Seifert
manifold. However, we give a proof of the lemma which will be useful in the orbifold
case.

Lemmal1ll.4 — Let U and V be two oriented solid tori. Let ¢ : OU — OV be an
orientation-reversing diffeomorphism. Then U Uy, V' admits a Seifert fibration.

Proof. — We first note that the circle fiberings of T2 are classified, up to isotopy,
by the image of the fiber in (H'(T2%Z) — {0})/{£1} ~ (Z> — {0})/{#1}. There is
one circle fibering of QU (up to isotopy) whose fibers bound compressing disks in U.
Any other circle fibering of U is the boundary fibration of a Seifert fibration of U.
Hence we can choose a circle fibering F of U so that F is the boundary fibration of
a Seifert fibration of U, and ¢..F is the boundary fibration of a Seifert fibration of V.
The ensuing Seifert fibrations of U and V join together to give a Seifert fibration of
Uug V. O

Proposition 11.5 — If a connected strong graph manifold contains an essential em-
bedded 2-sphere then it is diffeomorphic to S' x S? or RP3#RP3.

Proof. — Suppose that a connected strong graph manifold M contains an essential
embedded 2-sphere S. We can assume that S is transverse to Usz We choose
S among all such essential embedded 2-spheres so that the number of connected
components of SN J; T; is as small as possible.

If SN, T; = @ then S is an essential 2-sphere in one of the Seifert components.

If SN, T; # @, let C be an innermost circle in SN Y, T;. Then C C T}, for some
k and C' = 9D for some 2-disk D embedded in a Seifert component U with T} C 0U.
As T}, is incompressible, C' = 9D’ for some 2-disk D’ C T},. If DU D’ bounds a 3-ball
in U then we can isotope S to remove the intersection with T}, which contradicts the
choice of S. Thus D U D’ is an essential 2-sphere in U.

In any case, we found an essential 2-sphere in one of the Seifert pieces. It follows
that the Seifert piece, and hence all of M, is diffeomorphic to S x S? or RP3#RP? [54,
p. 432]. O
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Proposition 11.6 — A weak graph manifold is the result of performing 0-surgeries on
a strong graph manifold.

Proof. — Suppose that Proposition 11.6 fails. Let n be the minimal number of de-
composing tori among weak graph manifolds which are counterexamples, and let M
be a counterexample with decomposing tori {7T;}7;.

We first look for a torus T; for which the two induced circle fibrations (coming
from the adjacent Seifert bundles) are isotopic. If there is one then we extend the
Seifert fibration over 7). In this case, by removing T; from {T;}7 ,, we get a weak
graph decomposition of M with (n — 1) tori, contradicting the definition of n.

Therefore there is no such torus. Since M is a counterexample to Proposition 11.6,
there must be a torus in {7;}?; which is compressible. Let D be a compressing disk,
which we can assume to be transversal to |J_, 7;. We choose such a compressing
disk so that D NJ}_, 7; has the smallest possible number of connected components.
Let C be an innermost circle in D NJ!_, T}, say lying in Tj. Then C' bounds a disk
D' in a Seifert bundle V' which has T} as a boundary component.

If C also bounds a disk D" C Tj then D’ U D" is an embedded 2-sphere S in V.
If S is not essential in V' then we can isotope D so that it does not intersect T},
which contradicts the choice of D. So S is essential in V. Then V is diffeomorphic to
S1x 82 or RP3#RP3, which contradicts the assumption that it has T} as a boundary
component.

Thus we can assume that D’ is a compressing disk for V', which is necessarily a
solid torus [54, Corollary 3.3].

Let U be the Seifert bundle on the other side of T}, from V. Let B be the orbifold
base of U, with projection 7 : U — B. There is a circle boundary component R C 0B
so that T}, = 7~ 1(R). That is, V is glued to U along 7~ 1(R). Choose a D?-fibration
o:V — R that extends 7 : T, — R.

If C = 0D’ C T} is not isotopic to a fiber of W’Tk, let w > 0 be their algebraic
intersection number in Ty. Then U Ur, V has a Seifert fibration over B Ug D?(u).
Removing T}, from {T;}" ,, we again have a weak graph decomposition of M, now
with (n — 1) tori, which is a contradiction.

Therefore C' = 9D’ C Ty, is isotopic to a fiber of W‘Tk.

Step 1: If B is diffeomorphic to D?, D?(r) or S* x I then put M’ = M and B’ = B,
and go to Step 2. Otherwise, let {~; 3-]:1 be a maximal disjoint collection of smooth
embedded arcs 7; : [0,1] = Byeg, with {7,(0),7,(1)} C R, which determine distinct
nontrivial homotopy classes for the pair (Byeg, R). (Note that 0B C By,.) If B’ is
the result of splitting B open along {’Yj}j']:u then the connected components of B’
are diffeomorphic to D?, D?(r) for some 7 > 1, or S x I. See Figure 15. Let R’ be
the result of splitting the 1-manifold R along the finite subset szl{”yj(()), v (1)}

Define a 2-sphere S7 C M by 87 = o7 (7;(0)) Ur-1(y,000) 7" (7%) Ur-1(1,(1))
o7 (7(1)). Let Y be the result of splitting M open along {S7}7_;. Tt has 2.J
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B/

U split open along 7' (y; U y2)

Y with the annular parts of 4 spherical boundary components

indicated by dashes, and R x D? indicated by shaded D*’s

M’ with R x D? and 4 D% indicated by shaded D%s

FIGURE 15.
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spherical boundary components corresponding to the spherical cuts. We glue on
2.J 3-disks there, to obtain M’. By construction, M is the result of performing .J
0-surgeries on M’.

We claim that M’ is a weak graph manifold. To see this, note that the union W of
the D?-bundle over R’ and the 2J 3-disks is a disjoint union of solid tori in M’; see
Figure 15. The metric completion of M’ — W inherits a weak graph structure from
M. This shows that M’ is a weak graph manifold.

Step 2: For each component P of B’ that is diffeomorphic to D? or D?(r), the
corresponding component of M’ is the result of gluing two solid tori: one being
7~ 1(P) and the other one being a connected component of W. By Lemma 11.4, this
component of M’ is Seifert-fibered and hence is a strong graph manifold. We discard
all such components of M’ and let M denote what’s left.

A component P of B’ diffeomorphic to S! x I has a boundary consisting of two
circles C7 and C5, of which exactly one, say C}, does not intersect R. In ]/\4\, the
preimage 7~ 1(C}) is attached to the union of 7~1(P) with a solid torus. This union
is itself a solid torus.

In this way, we see that M has a weak graph decomposition with (n — 1) tori, since
T}, has disappeared. Since M was a counterexample to Proposition 11.6, it follows
that M is also a counterexample. This contradicts the definition of n and so proves
the proposition. |

11.2. Appendix A.2 : Weak graph orbifolds are connected sums of strong
graph orbifolds. — In this section we only consider 3-dimensional orbifolds that
do not admit embedded bad 2-dimensional suborbifolds.

Definition 11.7. — A weak graph orbifold is a compact orientable 3-orbifold O for
which there is a collection {E;} of disjoint embedded orientable Euclidean 2-orbifolds
in int(O) so that after splitting O open along {E;}, the result has connected compo-
nents that are Seifert-fibered orbifolds (possibly with boundary).

Definition 11.8 — A strong graph orbifold is a compact orientable 3-orbifold O for
which there is a collection {E;} of disjoint embedded orientable Euclidean 2-orbifolds
in int(O) such that

1. After splitting O open along {E;}, the result has connected components that
are Seifert orbifolds (possibly with boundary).

2. For any FE;, the two circle fibrations on E; coming from the adjacent Seifert
bundles are not isotopic.

3. Each E; is incompressible in O.

From Subsection 2.4, each Ej; is diffeomorphic to T2 or S2(2,2,2,2).
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Lemma 11.9 — Let U andV be two oriented solid-toric 3-orbifolds with diffeomorphic
boundaries. Let ¢ : OU — OV be an orientation-reversing diffeomorphism. Then
U Uy V admits a Seifert orbifold structure.

Proof. — Suppose first that U is a 2-torus. Then U is diffeomorphic to S' x D? or
St x D?(k). The Seifert orbifold structures on U are in one-to-one correspondence
with the Seifert manifold structures on |U| [7, p. 36-37]. There is one circle fibering
of QU (up to isotopy) whose fibers bound compressing discal 2-orbifolds in U. Any
other circle fibering of QU is the boundary fibration of a Seifert fibration of U. As in
the proof of Lemma 11.4, we can choose a circle fibering F of U so that F is the
boundary fibration of a Seifert fibration of U, and ¢..F is the boundary fibration of a
Seifert fibration of V. The ensuing Seifert fibrations of U and V join together to give
a Seifert fibration of U Uy V.

Now suppose that AU is diffeomorphic to S?%(2,2,2,2). The orbifiberings of
S2(2,2,2,2) with one-dimensional fiber are the Zs-quotients of Zg-invariant circle
fiberings of T2. In particular, there is an infinite number of such orbifiberings up to
isotopy. (More concretely, given an orbifibering, there are two disjoint arc fibers con-
necting pairs of singular points. The complement of the two arcs in [S?(2,2,2,2)| is
an open cylinder with an induced circle fibering. The isotopy class of the orbifibering
is specified by the isotopy class of the two disjoint arcs.)

From [7, p. 38-39], the Seifert fibrations of U are the Zs-quotients of Zg-invariant
Seifert fibrations of its solid-toric double cover. It follows that there is one orbifibering
of AU (up to isotopy) whose fibers bound compressing discal 2-orbifolds in U. Any
other orbifibering of OU is the boundary fibration of a Seifert fibration of U. Hence
we can choose an orbifibering F of U so that F is the boundary fibration of a
Seifert fibration of U, and ¢..F is the boundary fibration of a Seifert fibration of V.
The ensuing Seifert fibrations of U and V join together to give a Seifert fibration
of U Ug V. |

Proposition 11.10 — If a connected strong graph orbifold contains an essential em-
bedded spherical 2-orbifold then it is diffeomorphic to a finite isometric quotient of
St x §2.

Proof. — Suppose that a connected strong graph orbifold O contains an essential
embedded spherical 2-orbifold S.

Lemma 11.11 — After an isotopy of S, we can assume that SN, E; is a disjoint
collection of closed curves in the reqular part of S.

Proof. — If E; is diffeomorphic to 72 then a neighborhood of E; lies in |O|eg and after
isotopy, SN E; is a disjoint collection of closed curves in the regular part of S. Suppose
that Ej; is diffeomorphic to S%(2,2,2,2). A neighborhood of E; is diffeomorphic to
I x E;. Suppose that p € S is a singular point of F;. Then the local group of p
in S must be Zs. After pushing a neighborhood of p € S slightly in the I-direction
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of I x E;, we can remove the intersection of S with that particular singular point
of E;. In this way, we can arrange so that S intersects | J; £; transversely, with the
intersection lying in the regular part of S. O

We choose S among all such essential embedded spherical 2-orbifolds so that the
number of connected components of |\S N |J, ;| is as small as possible.

If SN, Ei = @ then S is an essential embedded spherical 2-orbifold in one of the
Seifert pieces.

If SN, Ei # @, let C C |S| be an innermost circle in [SNJ; E;|. Then C' C |Ej| for
some k, and C' = 9D for some discal 2-orbifold D embedded in a Seifert component U
with By C OU. As E}, is incompressible, C' = 9D’ for some discal 2-orbifold D’ C Ej,.
Then D U D' is an embedded 2-orbifold with underlying space S? and at most two
singular points. As O has no bad 2-suborbifolds, D U D’ must be diffeomorphic to
S%(r,r) for some r > 1. If DU D’ bounds some D3(r,7) in U then we can isotope S
to remove the intersection with Ej, which contradicts the choice of S. Thus D U D’
is an essential embedded spherical 2-orbifold in U.

In any case, we found an essential embedded spherical 2-orbifold in one of the Seifert
pieces. Then the universal cover of the Seifert piece contains an essential embedded S2.
It follows that the universal cover of the Seifert piece is R x S? [5, Proposition 2.13].
The Seifert piece, and hence all of O, must then be diffeomorphic to a finite isometric
quotient of S x S2. O

Proposition 11.12 — A weak graph orbifold is the result of performing 0-surgeries on
a strong graph orbifold.

Proof. — Suppose that Proposition 11.12 fails. Let n be the minimal number of de-
composing Euclidean 2-orbifolds among weak graph orbifolds which are counterexam-
ples, and let O be a counterexample with decomposing Euclidean 2-orbifolds { E; }7 ;.

We first look for a 2-orbifold E; for which the two induced circle fibrations (coming
from the adjacent Seifert bundles) are isotopic, in the sense of [5, Chapter 2.5]. If
there is one then we extend the Seifert fibration over E;. In this case, by removing I;
from {F;}, we get a weak graph decomposition of O with (n—1) Euclidean 2-orbifolds,
contradicting the definition of n.

Therefore there is no such Euclidean 2-orbifold. Since O is a counterexample to
Proposition 11.12, there must be a Euclidean 2-orbifold in { F; } which is compressible.
Let D be a compressing discal 2-orbifold. As in Lemma 11.11, we can assume that
D intersects | J,; E; transversally, with the intersection lying in the regular part of D.
We choose such a compressing discal 2-orbifold so that D N J, E; has the smallest
possible number of connected components. Let C' be an innermost circle in DN, E;,
say lying in |E)|. Then C bounds a discal 2-orbifold D’ lying in a Seifert bundle V
which has E} as a boundary component.

If C also bounds a discal 2-orbifold D" C Ej then D’ U D" is an embedded 2-
orbifold S in the Seifert bundle. As there are no bad 2-orbifolds in O, the suborbifold
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S must be diffeomorphic to S?(r,7) for some r > 1. If S is not essential in V' then
it bounds a D3(r,7) in V and we can isotope D so that it does not intersect E,
which contradicts the choice of D. So S is essential in V. From Proposition 11.10,
the Seifert bundle V is diffeomorphic to a finite isometric quotient of S* x $2, which
contradicts the assumption that it has Ej as a boundary component.

Thus we can assume that C' bounds a compressing discal 2-orbifold for V', which
is necessarily a solid-toric orbifold diffeomorphic to S* x D?(r) or St xz, D?(r) for
some r > 1 [19, Lemma 2.47].

Let U be the Seifert bundle on the other side of E}, from V. Let B be the orbifold
base of U, with projection m : U — B. There is a l-orbifold boundary component
R C 0B, diffeomorphic to S or S'//Zs, so that Ej, = 7~!(R). That is, V is glued to
U along 7~ *(R). Choose a discal orbifibration ¢ : V' — R that extends 7 : E}, — R.

We refer to [5, Chapter 2.5] for a discussion of Dehn fillings, i.e., gluings of V
to 7~1(R). If the meridian curve of V is not isotopic to a fiber of W‘Ek, let w > 0
be the algebraic intersection number (computed using the maximal abelian subgroup
of m1(Ex)). Then the gluing of V to U, along 7~!(R), has a Seifert fibration. Re-
moving Ej, from {E;}, we again have a weak graph orbifold decomposition of O, now
with (n — 1) Euclidean 2-orbifolds, which is a contradiction.

Therefore, the meridian curve of V' is isotopic to a fiber of ﬂ" o

Step 1: If one of the following possibilities holds then put O’ = O and B’ = B,
and go to Step 2:

1. B= D2

2. B = D?(s) for some s > 1.

3. B = D?//Zs.

4. B = D?(s)//Z for some s > 1.
5 B=S'x1.

6. B =(S')/Zs) x I.

Otherwise, we split B open along a disjoint collection of smooth embedded arcs
{’Yj}j]:1 U{vj JJ/,:1 of the following type. A curve «; : [0,1] — B lies in B¢, and has
[7;1(0), |v;](1) € int(|R|). A curve v :[0,1] — B has |v;.|(0) € int(|R]|) and lies in
By, except for its endpoint |y;/|(1) which is in the interior of a reflector component
of 0| B| but is not a corner reflector point. We can find a collection of such curves so
that if B’ is the result of splitting B open along them, then each connected component

of B’ is of type (1)-(6) above. Put

(11.13) R =R- U{|7j|(0)= 131 (1)} = U {l1(0)}-

Associated to 7; is a spherical 2-orbifold X, diffeomorphic to S?(r,r), given by
(11.14) Xj =071 (95(0)) Un-1(v,0) ™ (7)) Un1(q,0) 0 (3(1)-
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Associated to 7;-, is a spherical 2-orbifold XJ'-,, diffeomorphic to S?(2,2,r), given by
(11.15) XJ/»/ = 0’71(’}/j/ (0)) Uﬂ.—l(,yj, ) 7T71(’)/j/).

Let Y be the result of splitting O open along {X;}7_, U {XJ/'/}}]//:y It has 2(J + J')
spherical boundary components corresponding to the spherical cuts. We glue on 2.J
copies of D3(r,r) and 2J’ copies of D3(2,2,7), to obtain O’. By construction, O is
the result of performing 0-surgeries on 0.

We claim that O’ is a weak graph orbifold. To see this, note that the union W
of 071(R’) and the 2(J + J') discal 3-orbifolds is a disjoint union of solid-toric 3-
orbifolds in @’. The metric completion of |O’| — |W| in |O’| inherits a weak graph
orbifold structure from @. This shows that @’ is a weak graph orbifold.

Step 2: For each connected component of B’ of type (1)-(4) above, the correspond-
ing component of @ is the result of gluing two solid-toric orbifolds: one being the
Seifert orbifold over that component of B’, and the other one being a connected com-
ponent of W. By Lemma 11.9, this component of O is Seifert-fibered and hence is a
strong graph orbifold. We discard all such components of @’ and let O denote what’s
left.

Turning to the remaining possibilities, an annular component P of B’ has a bound-
ary consisting of two circles C'; and Cs, of which exactly one, say C', does not intersect
R. In O, the preimage 7~ (Cy) is attached to the union of 7~ !(P) with a solid-toric
orbifold diffeomorphic to S* x D?(r). This union is itself diffeomorphic to S x D?(r),
since 7~ 1(P) is diffeomorphic to S! x St x I.

Finally, if a component P of B’ is diffeomorphic to (S'//Zs) x I then d|P| consists
of a circle with two reflector components and two nonreflector components. Exactly
one of the nonreflector components, say C7, does not intersect R. In (5, the preimage
7~ 1(Cy) is attached to the union of 7~!(P) with a solid-toric orbifold diffeomorphic
to St xz, D?(r). This union is itself diffeomorphic to S xz, D?(r), since 7=1(P) is
diffeomorphic to (S* xz, S1) x I.

In this way, we see that O has a weak graph orbifold decomposition with (n — 1)
Euclidean 2-orbifolds, since Fjy has disappeared. Since O was a counterexample to
Proposition 11.12, it follows that O is also a counterexample. This contradicts the
definition of n and so proves the proposition. O

11.3. Appendix A.3 : Weak graph orbifolds with a compressible boundary
component

Lemma 11.16 — Suppose that O is a weak graph orbifold, and that C' C 00 is a com-
pressible boundary component. Then O arises from 0-surgery on a disjoint collection
OpU---UQO,, where:

— O; is a strong graph manifold for all i.

- 00y =C.

- Oy is a solid-toric 3-orbifold.
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Proof. — Let Z be a compressing discal orbifold for C'.

By Proposition 11.12 we know that O comes from 0O-surgery on a collection
Oo,...,0, of strong graph orbifolds, where 00, contains C. Consider a collection
S = {S1,...,S5:} C O of spherical 2-suborbifolds associated with such a 0-surgery
description of @. We may assume that Z is transverse to S, and that the number of
connected components in the intersection Z NS is minimal among such compressing
discal orbifolds. Reasoning as in the proof of Lemma 11.11, we conclude that Z
is disjoint from S. Therefore after splitting O open along S and filling in the
boundary components to undo the 0-surgeries, we get that Z lies in Op. Similar
reasoning shows that Z must lie in a single Seifert component U of Oy. An orientable
Seifert 3-orbifold with a compressible boundary component must be a solid-toric
3-orbifold [19, Lemma 2.47]. The lemma follows. O
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This volume has two papers, which can be read separately. The
first paper concerns local collapsing in Riemannian geometry.
We prove that a three-dimensional compact Riemannian mani-
fold which is locally collapsed, with respect to a lower curvature
bound, is a graph manifold. This theorem was stated by Perel-
man without proof and was used in his proof of the geometrization
conjecture. The second paper is about the geometrization of orb-
ifolds. A three-dimensional closed orientable orbifold, which has
no bad suborbifolds, is known to have a geometric decomposition
from work of Perelman in the manifold case, along with earlier
work of Boileau-Leeb-Porti, Boileau-Maillot-Porti, Boileau-Porti,
Cooper-Hodgson-Kerckhoff and Thurston. We give a new, logi-
cally independent, unified proof of the geometrization of orbifolds,
using Ricci flow.




