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Abstract. We analyze the limit of the p-form Laplacian under a collapse with bounded
sectional curvature and bounded diameter to a singular limit space. As applications, we
give results about upper and lower bounds on the j-th eigenvalue of the p-form Laplacian,
in terms of sectional curvature and diameter.

1. Introduction

In a previous paper, we analyzed the limit of the p-form Laplacian under a collapse with
bounded sectional curvature and bounded diameter to a smooth limit space [19]. In the
present paper we extend the analysis of [19] to cover the case of a singular limit space.

We give applications to upper and lower bounds on λp,j, the j-th eigenvalue of the p-form
Laplacian counted with multiplicity, in terms of sectional curvature and diameter. To do
so, we use Gromov’s precompactness theorem [17, Chapter 5]. Suppose that M is a smooth
connected closed n-dimensional manifold and {gi}∞i=1 is a sequence of Riemannian metrics
on M of uniformly bounded sectional curvature and diameter. Gromov’s theorem implies
that a subsequence of the metric spaces {(M, gi)}∞i=1, which we relabel as {(M, gi)}∞i=1,
converges in the Gromov-Hausdorff topology to a compact metric space X. If we can prove
that (after passing to a further subsequence) the j-th eigenvalue of the p-form Laplacian
on (M, gi) converges to the j-th eigenvalue of an appropriate operator on X, and if we can
effectively analyze the operator on X, then we can obtain analytic results that are valid for
all Riemannian metrics on M with given bounds on sectional curvature and diameter.

In [19] we showed that if X happens to be a smooth Riemannian manifold B then the
relevant operator on B is the Laplacian associated to a flat degree-1 superconnection on B.
In the general case, the limit space X may not be homeomorphic to a manifold. However,
Fukaya showed that X is the quotient of a manifold by the action of a compact Lie group
[16]. Namely, a Riemannian metric g on M induces a canonical Riemannian metric ǧ on
the orthonormal frame bundle FM [16, Section 1]. The sectional curvature and diameter
bounds on {gi}∞i=1 imply similar bounds on {ǧi}∞i=1. Then {(FM, ǧi)}∞i=1 has a subsequence
which converges to a Riemannian manifold X̌ in the O(n)-equivariant Gromov-Hausdorff
topology, and X = X̌/O(n).

Hence one may hope to construct the relevant operator on X by working equivariantly on
X̌. This is in analogy to what Fukaya did in the case of the function Laplacian [15, Section
7].
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In this paper we carry out this program, using in part geometric results of Cheeger, Fukaya
and Gromov [7]. In effect we construct superconnection Laplacians on the singular space
X, and prove convergence and compactness properties of the operators. We now give some
of the consequences.

Definition 1. If M is a connected closed smooth manifold of positive dimension, letM(M,K)
be the set of Riemannian metrics on M with diam(M) ≤ 1 and ‖ RM ‖∞ ≤ K. Let
M1(M,K) be the subset with diam(M) = 1. Put

ap,j,K(M) = inf
M(M,K)

{λp,j(M)}, a1
p,j,K(M) = inf

M1(M,K)
{λp,j(M)}, (1.1)

A1
p,j,K(M) = sup

M1(M,K)

{λp,j(M)}.

For n ∈ Z+, put

a1
n,p,j,K = inf

M
{a1

p,j,K(M)}, A1
n,p,j,K = sup

M
{A1

p,j,K(M)}, (1.2)

where M ranges over connected closed smooth n-dimensional manifolds.

Our first result says that there is a uniform lower bound on λp,j in terms of sectional
curvature and diameter. More importantly, we also characterize when there is not a uniform
upper bound.

Theorem 1. 1. limj→∞ a
1
n,p,j,K =∞.

2. If p > 1 and A1
p,j,K(M) = ∞ then M collapses with bounded sectional curvature and

bounded diameter to a limit space X satisfying 1 ≤ dim(X) ≤ p− 1. Furthermore, there is
a (possibly singular) affine fiber bundle M → X whose generic fiber Z does not admit any
nonzero affine-parallel k-forms for p− dim(X) ≤ k ≤ p.
3. If p ∈ {0, 1} then A1

n,p,j,K < ∞.

Theorem 1.1 also follows from heat kernel bounds ([2] and references therein), with explicit
estimates. Our proof, which just uses collapsing arguments, is given by way of illustration.
We remark that the Ricci-analog of Theorem 1.1 is false, as the Betti numbers can be
arbitrarily large [1, Theorem 0.4]. Theorem 1.3 also follows from [9], with explicit estimates.

Theorem 1 of [19] gives a partial converse to Theorem 1.2, in the sense that if M is
the total space of an affine fiber bundle [19, Definition 1] over a smooth manifold B with
1 ≤ dim(B) ≤ p − 1, and the fiber Z does not admit any nonzero affine-parallel k-forms
for p− dim(B) ≤ k ≤ p, then A1

p,j,K(M) = ∞.
Theorem 1.2 implies the following characterization of manifolds M which do not have

uniform upper bounds on the eigenvalues of the 2-form Laplacian.

Theorem 2. If A1
2,j,K(M) = ∞ then

1. There is an almost flat manifold Z which does not admit any nonzero affine-parallel
1-forms or 2-forms, and an affine diffeomorphism φ ∈ Aff(Z) such that M is diffeomorphic
to the mapping torus of φ, or
2. There are almost flat manifolds Z, Z1, Z2 which do not admit any nonzero affine-parallel
1-forms or 2-forms, and surjective affine maps φi : Z → Zi such that M is homeomorphic
to the double mapping cylinder cyl(φ1) ∪Z cyl(φ2).
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The next result says that there are at most b1(M) + dim(M) small eigenvalues of the
1-form Laplacian. It is an extension of [19, Corollary 1].

Theorem 3. If a1,j,K(M) = 0 then j ≤ b1(M) + dim(M). More precisely, suppose
that a1,j,K(M) = 0 and j > b1(M). Let X be the limit space coming from the collapsing
argument. Then

j ≤ b1(X) + dim(M) − dim(X) ≤ b1(M) + dim(M). (1.3)

The first inequality in (1.3) is sharp, for example, in the case of the Berger collapse of S3

to S2 [10, Example 1.2].
Next, we give a bound on the number of small eigenvalues of the p-form Laplacian for a

manifold which is Gromov-Hausdorff close to a codimension-1 space X. It is an extension
of [19, Corollary 2] and [11, Théorème 1.17].

Theorem 4. Let X be a connected closed (n− 1)-dimensional Riemannian orbifold. Then
for any K ≥ 0, there are δ, c > 0 with the following property : Suppose that M is a connected
closed smooth n-dimensional Riemannian manifold with ‖ RM ‖∞≤ K and dGH(M,X) < δ.
First, M is the total space of an orbifold circle bundle over X. Let O be the orientation
bundle of M → X, a flat real line bundle on X in the orbifold sense. Then λp,j(M, g) > c
for j = bp(X) + bp−1(X;O) + 1.

In [19, Definition 3] we defined the notion of a collapsing sequence of metrics {gi}∞i=1 ⊂
M(M,K) with a smooth limit space B. This means that there are an affine fiber bundle
M → B and an ε > 0 such that each (M, gi) is ε-biLipschitz to a model metric on the
total space of the affine fiber bundle. We remark that for a given ε > 0, results of Cheeger,
Fukaya and Gromov imply that if (M, g) ∈ M(M,K) is sufficiently close to B in the
Gromov-Hausdorff topology then (M, g) is ε-biLipschitz to a model metric on some affine
fiber bundle M → B [7, Proposition 4.9]. Hence the content of our assumption is that there
is a single affine fiber bundle involved for all of the gi’s.

There is an extension of the notion of a collapsing sequence to the case of a singular limit
space X. Namely, a collapsing sequence consists of a sequence {gi}∞i=1 ⊂ M(M,K) and
an O(n)-equivariant affine fiber bundle FM → X̌ such that {ǧi}∞i=1 is a O(n)-equivariant
collapsing sequence on FM . Given what is proven in this paper, the results proved in [19]
concerning collapsing sequences, with smooth limit space B, extend to results concerning
collapsing sequences with limit space X. We state one such result, which is an extension of
[19, Theorem 5]. It says that there are three mechanisms to make small positive eigenvalues
of the differential form Laplacian in a collapsing sequence. Either the differential form
Laplacian on the generic fiber of the map M → X admits small positive eigenvalues, or the
pushforward “cohomology” sheaf on X fails to be semisimple, or the Leray spectral sequence
of the map M → X does not degenerate at the E2-term.

Theorem 5. Let {(M, gi)}∞i=1 be a collapsing sequence with limit X. Suppose that limi→∞ λp,j(M, gi) =
0 for some j > bp(M). Write the generic fiber Z of the map M → X as the quotient of a

nilmanifold Ẑ = Γ̂\N by a finite group F . Then
1. For some q ∈ [0, p], bq(Z) < dim

(
Λq(n∗)F

)
, or

2. For all q ∈ [0, p], bq(Z) = dim
(
Λq(n∗)F

)
, and for some q ∈ [0, p], the “cohomology”

sheaf Hq(Z;R) on X has a subsheaf which is not a direct summand, or
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3. For all q ∈ [0, p], bq(Z) = dim
(
Λq(n∗)F

)
and each subsheaf of the “cohomology” sheaf

Hq(Z;R) on X is a direct summand, and the Leray spectral sequence to compute Hp(M ;R)
does not degenerate at the E2-term.

As one consequence of Theorem 5, we obtain a characterization of when the p-form Lapla-
cian has small positive eigenvalues in a collapsing sequence over a codimension-1 space. It
is an extension of [19, Corollary 5] and [11, Théorème 1.17].

Theorem 6. Let {(M, gi)}∞i=1 be a collapsing sequence associated to a limit space X with
dim(X) = dim(M)− 1. Suppose that limi→∞ λp,j(M, gi) = 0 for some j > bp(M). Let O be
the orientation bundle of the orbifold circle bundle M → X, a flat real line bundle on the
orbifold X in the orbifold sense. Let χ ∈ H2(X;O) be the Euler class of the orbifold circle
bundle M → X. Let Mχ be multiplication by χ. Then Mχ : Hp−1(X;O) → Hp+1(X;R) is
nonzero or Mχ : Hp−2(X;O)→ Hp(X;R) is nonzero.

The structure of the paper is as follows. Section 2 deals with the construction of the
Laplacian associated to a flat degree-1 superconnection on a singular space of the form
X = X̌/G, where X̌ is a smooth closed Riemannian manifold and G is a closed subgroup of
Isom(X̌). In Section 3 we prove Theorems 1 and 2. Section 4 uses the compactness results
to prove Theorems 3-6. More detailed descriptions appear at the beginnings of the sections

As the present paper is a sequel to [19], we sometimes make reference to the relevant
sections of [19]. As for notation in this paper, if G is a group which acts on a set X, we
let XG denote the set of fixed-points. If B is a smooth manifold and E is a smooth vector
bundle on B, we let Ω(B;E) denote the smooth E-valued differential forms on B. If n is a
nilpotent Lie algebra on which a finite group F acts by automorphisms then n∗ denotes the
dual space, Λ∗(n∗) denotes the exterior algebra of the dual space and Λ∗(n∗)F denotes the
F -invariant subspace of the exterior algebra.

2. Basic Laplacian

In this section we construct differential form Laplacians on a certain class of singular
spaces, namely those of the form X = X̌/G where X̌ is a smooth closed Riemannian
manifold and G is a closed subgroup of Isom(X̌). Let Ě be a G-equivariant vector bundle
on X̌. We consider the space of basic Ě-valued forms Ωbasic(X̌; Ě). If Ǎ′ is a basic flat
degree-1 superconnection on Ě then we construct the corresponding Laplacian 4E as an
operator on Ωbasic(X̌; Ě). Although it is not strictly necessary for this paper, we also give a
more intrinsic formulation of4E as an operator on a space Ω(X;E) of forms on the quotient
space X. We then describe a spectral sequence to compute the cohomology of Ǎ′.

We remark that the spaces X = X̌/G can be quite singular. For example, if G is finite
then one finds the well-known orbifold singularities, whereas if G has positive dimension then
the singularities of X can be much worse. In view of the well-known difficulties in doing
analysis on singular spaces, one may wonder how we can construct reasonable operators
on such spaces. The point is that there are special features of the present situation. For
example, there is an induced measure on X, the pushforward measure from X̌, which has
the effect of mollifying the singularities.

Let X̌ be a smooth connected closed Riemannian manifold on which a compact Lie group
G acts isometrically on the right. Let g denote the Lie algebra of G.
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The G-action partitions X̌ into smooth submanifolds X̌ [H], where [H] runs over the con-
jugacy classes of closed subgroups of G, and where x̌ ∈ X̌ [H] if the isotropy subgroup Gx̌

is in the conjugacy class [H]. The (connected components of the) X̌ [H]’s induce a strati-
fication of the quotient space X = X̌/G as X =

⋃
[H] X

[H], where X [H] = X̌ [H]/G. The

orbits of G on X̌ [H] are all diffeomorphic to H\G. In fact, X̌ [H] is a fiber bundle over
X [H] with fiber H\G. To describe the structure group of this fiber bundle, note that the

“internal symmetry group” (Diff(H\G))G of a fiber H\G is isomorphic to H\NH(G), where
NH(G) is the normalizer of H in G. (An element n ∈ NH(G) sends Hg to Hng.) Then
the structure group of the fiber bundle X̌ [H] → X [H] is contained in H\NH(G). To see this
more explicitly, put X̌(H) = {x̌ ∈ X̌ : Gx̌ = H}. Then H\NH(G) acts freely on X̌(H).
In fact, X̌(H) is a principal H\NH(G)-bundle. Then X̌ [H] = X̌(H) ×H\NH(G) (H\G) and

X [H] = X̌(H)/(H\NH(G)).
There is another stratification of X, introduced in [13], which is more convenient for

our purposes. It keeps track of both the connected components of X̌ [H] and their normal
bundles in X̌. We briefly review the setup of [13]. Consider pairs (H, V ) where H is a closed
subgroup of G and V is a real representation space of H with no trivial subrepresentations,
i.e. V H = {0}. There is a natural G-action on such pairs and the equivalence classes are
called the normal orbit types [H, V ]. Given a point x̌ ∈ X̌, the differentiable slice theorem
says that there is a real representation space Wx̌ of Gx̌ so that a neighborhood of x̌ · G is
G-diffeomorphic to Wx̌×Gx̌ G. Put Vx̌ = Wx̌/W

Gx̌
x̌ . Then [Gx̌, Vx̌] is called the normal orbit

type of x̌. Given a normal orbit type α, put

X̌α =
{
x̌ ∈ X̌ : [Gx̌, Vx̌] = α

}
. (2.1)

Then X̌α is a smooth G-submanifold of X̌. Let N be the set of normal orbit types α such
that X̌α is nonempty. For α ∈ N , put Xα = X̌α/G, a smooth Riemannian manifold. Then
X is stratified by {Xα}α∈N . Once again, X̌α is a fiber bundle over Xα with fiber H\G.

As G acts isometrically, we may assume that for each normal orbit type α = [H, V ], V is
given an H-invariant inner product. Let SV denote the corresponding sphere in V .

Given a normal orbit type α, fix a representative (H, V ). Consider the diagonal inclusion
of H in O(V )×G. Let NH(O(V )×G) be the normalizer of H in O(V )×G. Let να be the
normal bundle of X̌α in X̌. The restriction of να to a fiber H\G of X̌α → Xα is isomorphic
to the Euclidean vector bundle (V ×H G) → (H\G). The “internal symmetry group” of
this vector bundle, i.e. the group of vector bundle automorphisms which commute with the
G-action, is Sα ≡ H\NH(O(V )×G). Correspondingly, there is a certain principal Sα-bundle
Pα such that

να = Pα ×Sα (V ×H G). (2.2)

Using the normal exponential map, there is a neighborhood of X̌α in X̌ which is G-
diffeomorphic to να. In addition,

X̌α = Pα ×Sα (H\G), (2.3)

Xα = Pα/Sα (2.4)

and there is a neighborhood Nα of Xα in X whose homeomorphism type is

Nα
∼= Pα ×Sα (V/H). (2.5)
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(Note that Nα and V/H are generally not manifolds.)
There is a partial ordering on normal orbit types given by saying that [H, V ] ≤ [H ′, V ′] if

the G-manifold V ×H G contains a G-orbit of type [H ′, V ′]. This induces a partial ordering
on the strata of X, with α ≤ α′ if and only if Xα ⊂ X ′α.

Let Ě = ⊕mj=0Ě
j be a Z-graded real vector bundle on X̌. We assume that the action

of G on X̌ is covered by an action on Ě which preserves the Z-grading. Let g be the Lie
algebra of G. We say that Ě is G-basic if it is equipped with a G-equivariant linear map
I : g → C∞

(
X̌; Hom(Ě∗, Ě∗−1)

)
which satisfies I(x)2 = 0 for all x ∈ g. Given x ∈ g, we

write Ix for I(x).
Given x ∈ g, let X be the corresponding vector field on X̌ and let iX be interior multipli-

cation by X on Ω
(
X̌; Ě

)
.

Definition 2. Put

ΩG

(
X̌; Ě

)
= {ω̌ ∈ Ω

(
X̌; Ě

)
: g · ω̌ = ω̌ for all g ∈ G} (2.6)

and

Ωbasic

(
X̌; Ě

)
= {ω̌ ∈ ΩG

(
X̌; Ě

)
: (iX + Ix)ω̌ = 0 for all x ∈ g}. (2.7)

We give Ωbasic

(
X̌; Ě

)
the total Z-grading coming from the Z-gradings on Ω∗(X̌) and Ě.

Similarly, we let Ωbasic

(
X̌; End(Ě)

)
be the G-invariant elements η̌ of Ω

(
X̌; End(Ě)

)
which

satisfy iX η̌ + Ix η̌ + (−1)|η̌| η̌ Ix = 0.

Let hĚ be a G-invariant graded Euclidean inner product on Ě. We obtain L2-inner
products on ΩG

(
X̌; Ě

)
and Ωbasic

(
X̌; Ě

)
. Let ΩG,L2

(
X̌; Ě

)
and Ωbasic,L2

(
X̌; Ě

)
be the

L2-completions of ΩG

(
X̌; Ě

)
and Ωbasic

(
X̌; Ě

)
, respectively. Let P hor : ΩG,L2

(
X̌; Ě

)
→

Ωbasic,L2

(
X̌; Ě

)
be orthogonal projection.

Definition 3. Let Ě be a real G-basic vector bundle on X̌. A basic connection on Ě is
a connection ∇Ě on Ě which is G-invariant and satisfies the property that for all x ∈ g,
∇Ě(iX + Ix) + (iX + Ix)∇Ě equals Lie differentiation LX with respect to X on Ω

(
X̌; Ě

)
.

If ∇Ě is a basic connection then ∇ĚiX + iX∇Ě = LX and ∇ĚIx + Ix∇Ě = 0, i.e. ∇Ě

is basic in the usual sense and Ix is covariantly-constant with respect to ∇Ě. A basic flat
connection is a connection which is both basic and flat.

We wish to describe the set of basic flat connections on X̌ in terms of a representation

variety. To do so, we need the correct analog of the fundamental group of X̌/G. Let X̂ be

the universal cover of X̌, with projection q : X̂ → X̌. Put

Ĝ = {(φ, g) ∈ Diff(X̂)×G : q ◦ φ = g · q}. (2.8)

There is an exact sequence of groups

1 −→ π1(X̌) −→ Ĝ −→ G −→ 1. (2.9)

The corresponding homotopy exact sequence of spaces gives

. . .→ 1→ π1(Ĝ)→ π1(G)→ π1(X̌)→ π0(Ĝ)→ π0(G)→ 1. (2.10)

The next proposition is implicit in [5, Section 4a].
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Proposition 1. Suppose that for all x ∈ g, Ix = 0. Then there is a bijection between

Hom
(
π0(Ĝ),GL(N,R)

)
/GL(N,R) and the basic flat connections on rank-N G-vector bun-

dles over X̌, up to G-equivariant gauge equivalence.

Proof. Given ρ ∈ Hom
(
π0(Ĝ),GL(N,R)

)
, let ρ be the restriction of ρ to π1(X̌). Let

ρ0 : Ĝ → π0(Ĝ)
ρ→ GL(N,R) be the composite homomorphism. Put Ě = X̂ ×ρ RN . Then

Ě is a flat vector bundle on X̌. If x̂ ∈ X̂, v ∈ RN and ĝ ∈ Ĝ, put

(x̂, v) · ĝ = (x̂ · ĝ, ρ0(ĝ−1)v). (2.11)

Then this action of Ĝ on X̂ ×RN extends that of the normal subgroup π1(X̌) of Ĝ. Hence
the quotient group G acts on Ě. As the representation ρ0 factorizes through ρ, we see that
the flat connection on Ě is basic. Conjugate representations ρ give gauge-equivalent basic
flat connections.

Conversely, let ∇Ě be a basic flat connection on a rank-N G-vector bundle Ě. Putting

Ê = q∗Ě, there is a trivialization Ê ∼= X̂×RN . The action of G on Ě lifts to an action of Ĝ

on Ê. In this way we get a homomorphism ρ0 : Ĝ → GL(N,R). As ∇Ě is basic, it follows

that ρ0 factors through a representation ρ : π0(Ĝ) → GL(N,R). Taking into account the

ambiguity in the trivialization of Ê, we obtain a well-defined conjugacy class of ρ.

If Ix is not identically zero then we can describe the basic flat connections as the subset
of the connections in Proposition 1 with respect to which Ix is covariantly-constant for all
x ∈ g.

For background information on superconnections, we refer to [3, Chapter 1.4].

Definition 4. A basic superconnection on Ě is a superconnection Ǎ′ on Ě which is G-
invariant and satisfies the property that for all x ∈ g, Ǎ′(iX + Ix) + (iX + Ix)Ǎ

′ equals Lie
differentiation with respect to X on Ω

(
X̌; Ě

)
.

A basic superconnection on Ě restricts to a superconnection on Ωbasic

(
X̌; Ě

)
. Let Ǎ′ be

a basic superconnection on Ě which is “flat degree-1” in the sense of [5, Section II(a)] and

[19, Section 5]. Let
(
Ǎ′
)∗

be its formal adjoint on ΩG

(
X̌; Ě

)
, which is the restriction of the

formal adjoint on Ω
(
X̌; Ě

)
.

Lemma 1. The formal adjoint of Ǎ′ on Ωbasic

(
X̌; Ě

)
is(

Ǎ′
)∗
basic

= P hor
(
Ǎ′
)∗
. (2.12)

Proof. Given ω̌, ω̌′ ∈ Ωbasic

(
X̌; Ě

)
, we have

〈ω̌, Ǎ′ω̌′〉 = 〈
(
Ǎ′
)∗
ω̌, ω̌′〉 = 〈

(
Ǎ′
)∗
ω̌, P horω̌′〉 = 〈P hor

(
Ǎ′
)∗
ω̌, ω̌′〉. (2.13)

As P hor
(
Ǎ′
)∗
ω̌ ∈ Ωbasic,L2

(
X̌; Ě

)
, the lemma follows.

Put Ωbasic,max(X̌; Ě) =
{
ω̌ ∈ Ωbasic,L2(X̌; Ě) : Ǎ′ω̌ ∈ Ωbasic,L2(X̌; Ě)

}
⊂ Ωbasic,L2(X̌; Ě),

where Ǎ′ω̌ is originally defined as a distribution.

Lemma 2. The operator Ǎ′ is closed on Ωbasic,max(X̌; Ě).
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Proof. Suppose that {ω̌i}∞i=1 is a sequence in Ωbasic,max(X̌; Ě) such that limi→∞ ω̌i = ω̌ in

Ωbasic,L2(X̌; Ě) and limi→∞ Ǎ
′ω̌i = η̌ in Ωbasic,L2(X̌; Ě). Given φ̌ ∈ Ω

(
X̌; Ě

)
, we have

〈φ̌, η̌〉 = lim
i→∞
〈φ̌, Ǎ′ω̌i〉 = lim

i→∞
〈(Ǎ′)∗φ̌, ω̌i〉 = 〈(Ǎ′)∗φ̌, ω̌〉. (2.14)

It follows that ω̌ ∈ Ωbasic,max(X̌; Ě) with Ǎ′ ω̌ = η̌. This proves the lemma.

Let
(
Ǎ′
)∗
basic

be the adjoint operator to Ǎ′, the latter being defined on Ωbasic,max(X̌; Ě).

As Im
(
Ǎ′
)
⊂ Ker

(
Ǎ′
)
, a formal result of functional analysis [18, Lemma 4.3] implies that

there is an orthogonal decomposition

Ωbasic,L2(X̌; Ě) =
(
Ker(Ǎ′) ∩Ker((Ǎ′)∗basic)

)
⊕

Ωbasic,L2(X̌; Ě)

Ker(Ǎ′)
⊕

Ωbasic,L2(X̌; Ě)

Ker((Ǎ′)∗basic)
.
(2.15)

Furthermore, Ǎ′ + (Ǎ′)∗basic is self-adjoint on Ωbasic,L2(X̌; Ě).

Definition 5. The basic Laplacian is 4Ě
basic =

(
Ǎ′ + (Ǎ′)∗basic)

)2
.

In terms of (2.15), the domain of 4Ě
basic is(

Ker(Ǎ′) ∩Ker((Ǎ′)∗basic)
)
⊕ {ω̌ ∈ Dom(Ǎ′) : Ǎ′ω̌ ∈ Dom((Ǎ′)∗basic)}

Ker(Ǎ′)
(2.16)

⊕ {ω̌ ∈ Dom((Ǎ′)∗basic) : (Ǎ′)∗basicω̌ ∈ Dom(Ǎ′)}
Ker((Ǎ′)∗basic)

,

on which 4Ě
basic acts by 0 + (Ǎ′)∗basicǍ

′ + Ǎ′(Ǎ′)∗basic. The quadratic form Q associated to

4Ě
basic has domain

Dom(Q) = {ω̌ ∈ Ωbasic,L2(X̌; Ě) : Ǎ′ω̌ ∈ Ωbasic,L2(X̌; Ě) and (Ǎ′)∗basicω̌ ∈ Ωbasic,L2(X̌; Ě)},
(2.17)

on which it is defined by

Q(ω̌) = 〈Ǎ′ω̌, Ǎ′ω̌〉 + 〈(Ǎ′)∗basicω̌, (Ǎ′)∗basicω̌〉. (2.18)

We can also describe 4Ě
basic when restricted to Im(Ǎ′)⊥ in terms of a Friedrichs extension.

Namely, using Lemma 1, we have that (Ǎ′)∗basicǍ
′ maps Ωbasic(X̌; Ě) to Ωbasic,L2(X̌; Ě). Then

the Friedrichs extension [20, Theorem X.23] of the positive symmetric operator (Ǎ′)∗basicǍ
′,

acting on Ωbasic(X̌; Ě), is well-defined, coincides with 4Ě
basic on

Im(Ǎ′)⊥ =
(
Ker(Ǎ′) ∩Ker((Ǎ′)∗basic)

)
⊕

Ωbasic,L2(X̌; Ě)

Ker(Ǎ′)
(2.19)

and vanishes on
Ωbasic,L2 (X̌;Ě)

Ker((Ǎ′)∗basic)
.

Using the orthogonal decomposition (2.15), we have that Ker(4Ě
basic) = Ker(Ǎ′)/Im(Ǎ′).

If Ǎ′ has a closed image then Ker(4Ě
basic) equals the usual cohomology Ker(Ǎ′)/Im(Ǎ′). We

do not show that Ǎ′ has a closed image in general, but we will see in Section 4 that it has
a closed image in a case that arises in collapsing.

Let us look in more detail at the basic forms when X̌ = H\G. If ĚHe denotes the fiber
of Ě at He ∈ H\G then we can write the homogeneous vector bundle Ě as Ě = ĚHe×H G.
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The restriction of I to ĚHe becomes an H-equivariant map I : g→ Hom
(
Ě∗He, Ě

∗−1
He

)
. Let

h be the Lie algebra of H. Put Ǩ =
⋂
x∈h Ker (Ix). Let {xj} be a basis of g/h and let {x∗j}

be the dual basis of (g/h)∗. If ω̌ is a basic form then as ((iX + Ix)ω̌) (He) = 0 for all x ∈ g,
it follows that ω̌(He) =

∏
j(1 − e(x∗j) Ixj) ρ̌ for some ρ̌ ∈ ǨH . Here e(x∗j) denotes exterior

multiplication by x∗j and Ixj ρ̌ is well-defined since ρ̌ ∈ Ǩ. The value of ω̌ on the rest of H\G
is determined by G-invariance. In this way, we see that Ωbasic(H\G; Ě) ∼= ǨH .

To extend this to general X̌, suppose that x̌ ∈ X̌α has isotropy group H, with Lie algebra
h. Put

Ǩx̌ =
⋂
x∈h

Ker (Ix(x̌)) . (2.20)

A priori {Ǩx̌}x∈X̌α may not form a vector bundle on X̌α, due to possible jumps in the
dimension. Hereafter we make the assumption that for each closed subgroup H of G,{⋂

x∈h Ker (Ix(x̌))
}
x̌∈X̌H

forms a vector bundle on X̌H ; this is the case that will arise in

collapsing. It then follows from G-equivariance that {Ǩx̌}x∈X̌α forms a vector bundle Ǩα on

X̌α. By G-equivariance, Ǩα gives rise to a Z-graded real vector bundle Eα on Xα such that

C∞ (Xα;Eα) ∼= C∞
(
X̌α; Ǩα

)G
. We will sometimes write E as shorthand for {Eα}α∈N . We

remark that dim(Eα) may not be constant in α. However, we will see that if α < α′ then
dim(Eα) ≤ dim(Eα′).

Given ω̌ ∈ Ωbasic

(
X̌; Ě

)
, we obtain a collection of forms

{
ω̌α ∈ Ωbasic

(
X̌α; Ěα

)}
α∈N by

pullback to the X̌α’s. Let ρ̌α be the horizontal component of ω̌α with respect to the fiber
bundle X̌α → Xα. That is, if x̌ ∈ X̌α has isotropy group H, let {xj} be a basis of g/h and
let {x∗j} be the dual basis of (g/h)∗. Then

ρ̌α(x̌) =
∏
j

(1 − e(x∗j) iXj) ω̌α(x̌), (2.21)

where e(x∗j) denotes exterior multiplication by the 1-form in T ∗x̌ X̌α represented by x∗j which

is vertical with respect to the Riemannian fiber bundle H\G→ X̌α → Xα. By construction,
ρ̌α is a G-invariant element of Ω

(
X̌α; Ǩα

)
and satisfies iXρ̌α = 0 for all x ∈ g.

We obtain a collection of forms {ωα ∈ Ω (Xα;Eα)}α∈N by subsequent pushforward of the
ρ̌α’s to the Xα’s. We define elements of Ω (X;E) to be collections which so arise. Note that
given ρ̌α(x̌), we can recover ω̌α(x̌) by

ω̌α(x̌) =
∏
j

(1 − e(x∗j) Ixj) ρ̌α(x̌). (2.22)

In this way, there is an isomorphism between Ωbasic(X̌; Ě) and Ω(X;E). If Ě is the trivial
R-bundle on X̌ then we denote Ω(X;E) by Ω∗(X).

Define vα : Xα → R
+ by saying that for x ∈ Xα, vα(x) is the volume in X̌α of the

G-orbit corresponding to x. Then there are inner products
{
hEα
}
α∈N on the Eα’s so that

the isomorphism from Ωbasic(X̌α; Ěα) to Ω(Xα;Eα) becomes an isometry, where the inner
product on Ω(Xα;Eα) is weighted by vα. If β is the normal orbit type of the principal
part of X̌ then define a new inner product hE on Eβ by hE = vβ · hEβ . Let ΩL2(X;E)
be the L2-closure of Ω (X;E), using the Riemannian metric on Xβ and hE. There is an
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isometric isomorphism between Ωbasic,L2

(
X̌; Ě

)
and ΩL2(X;E), so we can think of 4Ě

basic as

an operator 4E which is densely-defined on ΩL2(X;E).
In the special case when α is a normal orbit type with V = R, we will need an additional

vector bundle on Xα. (Note that this happens when X̌α has codimension one in X̌.) If
α = [H,R] then the representation H → O(R)( = Z2) is necessarily onto, with kernel
conjugate to Hβ. Let να be the normal bundle of X̌α as described in (2.2), a real line
bundle, and consider the vector bundle Ě−α = Ěα ⊗ να on X̌α. It is G-invariant and
descends to a vector bundle E−α on Xα.

Although it is not strictly necessary for this paper, for explicitness we wish to describe the
elements of Ω(X;E) in more conventional terms on the stratified space X. If α < α′ then
there is a fiber bundle παα′ : Fαα′ → Xα such that for a small tubular neighborhood Nα(ε) of
Xα in X, Xα∪ (Xα′ ∩Nα(ε)) is homeomorphic to the mapping cylinder of παα′ : Fαα′ → Xα.
To see this, let V (ε) denote the ε-ball in V . From (2.2), a tubular neighborhood Ňα(ε) of
X̌α is G-diffeomorphic to

να(ε) = Pα ×Sα (V (ε)×H G). (2.23)

Let (V ×HG)α′ be the set of points in V ×HG with normal orbit type α′ and put (V ×HG)1
α′ =

((V ×H G)α′) ∩ (SV ×H G). Then we can take Fαα′ = Pα ×Sα (V ×H G)1
α′/G.

The vector bundle Eα′ , when restricted to Xα′ ∩ Nα(ε), extends to a vector bundle on
[0, ε)×Fαα′ , where we think of {0}×Fαα′ as the part which is collapsed to Xα in the above
mapping cylinder description. We write Eα′

∣∣
Fαα′

for the restriction of Eα′ to {0} × Fαα′ .

Lemma 3. There is an injection Iαα′ : π∗αα′Eα → Eα′
∣∣
Fαα′

.

Proof. Using (2.2), it is enough to consider the case when X̌ = V ×H G and Ě is a G-
equivariant vector bundle on X̌. Then there is an H-module W so that Ě = (W ×V )×HG.
As X = X̌/G = V/H, for the purposes of the proof we may assume that G = H and
X̌ = V . Taking α = [H, V ], we have that X̌α = 0 ∈ V and Xα is the point 0 · H in
X = V/H. Suppose that v ∈ SV ∩ X̌α′ has isotropy group H ′ ⊂ H. Then the fiber of Eα′

over vH ∈ Xα′ is isomorphic to ǨH′
v . The lemma follows from the injection ǨH

0 → ǨH′
0 ,

along with our assumption that {Ǩrv}r>0 extends continuously to r = 0.

In the same way, if α = [H,R] and α′ = [Hβ, 0] then there is an injection Iαα′ : π∗αα′E
−
α →

Eα′
∣∣
Fαα′

.

Consider a collection of forms {ωα ∈ Ω(Xα;Eα)}α∈N . If α < α′ and r ∈ [0, ε) is the
coordinate in the above mapping cylinder description then we can write ωα′ on Xα′ ∩Nα(ε)
as

ωα′ = ω1(r) + dr ∧ ω2(r), (2.24)

where for r > 0, we have ω1(r), ω2(r) ∈ Ω
(
Fαα′ ;Eα′

∣∣
Fαα′

)
.

We define a space of forms Ωstr(X;E) which we call the stratified forms.

Definition 6. The forms {ωα ∈ Ω(Xα;Eα)}α∈N define an element of Ωstr(X;E) if for
α < α′, the forms ω1(r) and ω2(r) of (2.24) are smooth up to r = 0, ω1(0) = Iαα′ (π

∗
αα′ωα)

and ω2(0) ∈

{
0 if α 6= [H,R],

Iαα′(π
∗
αα′E

−
α ) if α = [H,R].
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Example 1 : Let X be a compact manifold-with-boundary. Let X̌ be the double of X,
with G = Z2 acting on X̌ so that the generator γ ∈ Z2 acts by involution. Put Ě = X̌×R.
If γ acts on Ě by sending (x̌, t) to (x̌γ, t) then E is the trivial R-bundle on X and Ωstr(X;E)
consists of the smooth forms on X which lie in the quadratic form domain of the differential
form Laplacian on X with absolute boundary conditions. If γ acts on Ě by sending (x̌, t)
to (x̌γ,−t) then the fiber of E is R over X − ∂X and 0 over ∂X, E−α is the trivial R-bundle
on ∂X and Ωstr(X;E) consists of the smooth forms on X which lie in the quadratic form
domain of the differential form Laplacian on X with relative boundary conditions.

Example 2 : Let Y be a compact manifold-with-boundary. Take G = S1 and X̌ =
(Y ×S1)∪∂Y×S1 (∂Y ×D2). Then the quotient space is the stratified space X = X̌/S1 = Y .
Let Ě be the trivial R-bundle on X̌, with Ix ≡ 0. Then E is the trivial R-bundle on X.
One finds that Ωstr(X;E) consists of the smooth forms on Y which lie in the quadratic form
domain of the differential form Laplacian on Y with absolute boundary conditions.

Example 3 : Put X̌ = C
2 and G = Zp ⊂ S1, with the standard action on C2. (This

is a noncompact example, but it illustrates the point.) Then X = cone(S3/Zp). Let
ρ : Zp → O(N) be a representation with (RN)Zp = {0}. Put Ě = C2×RN , with the diagonal
Zp-action and the trivial product connection. Then E vanishes when restricted to the cone
point of X, and has fiber RN on the rest of X. PuttingW = S3×ZpRN , a flat vector bundle

on S3/Zp, one finds that Ωstr(X;E) consists of the elements of Ω∗([0,∞)) ⊗̂ Ω∗(S3/Zp;W)
which vanish at 0. That is, the entire form vanishes at 0 and not just its pullback.

Lemma 4. There is an inclusion Ω(X;E) ⊂ Ωstr(X;E).

Proof. As in the proof of Lemma 3, we can reduce to the case X̌ = V = V ×H H and
Ě = W × V , with X̌α = 0 ∈ V . If ω̌ ∈ Ωbasic(X̌; Ě) then write ω̌ = ω̌1(r) + dr ∧ ω̌2(r),
where r is the radial coordinate on V .

Suppose that α 6= [H,R]. As ω̌ is smooth and dim(V ) ≥ 2, we must have that ω̌2(0) = 0
and ω̌1(0) ∈ Λ0(T ∗V ) ⊗W . Then as ω̌ is basic, we have ω̌1(0) ∈ Λ0(T ∗V ) ⊗ ǨH

0 . Suppose
that v ∈ SV ∩ X̌α′ has isotropy group H ′ ⊂ H. By the smoothness of ω̌, we have

lim
r→0

ω̌1(rv) = ω̌1(0). (2.25)

In particular, limr→0 ω̌1(rv) is a 0-form with value in ǨH
0 ⊂ ǨH′

0 . Translating (2.25) to the
quotient space gives ω1(0) = Iαα′ (π

∗
αα′ωα).

If α = [H,R] then the only difference is that ω̌2(0) can be nonzero. From H-invariance,
it must lie in Ě−α .

Hence we have a space of forms Ωstr(X;E) which is defined intrinsically on the stratified
space X and which in some sense is the minimal such space that contains the basic forms
Ω(X;E).

Finally, we describe a spectral sequence to compute the cohomology of Ǎ′ acting on
Ωbasic(X̌; Ě), which we denote by H∗(A′). In the case when G = {e}, X̌ = B and
Ě = E, such a spectral sequence was described in [19, Section 7]. It arises from the
filtration of Ω (B;E) by F p =

⊕
q≥p Ωq(B;E∗). In our case, we filter Ωbasic(X̌; Ě) by the
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form degree on the quotient space X. More precisely, let F p be the forms ω̌ ∈ Ωbasic(X̌; Ě)
such that for all α ∈ N , ωα ∈

⊕
q≥p Ωq(Xα;Eα). As usual, the E1-term Ep,q

1 of the spectral

sequence is the (p + q)-degree cohomology of the complex F p/F p+1. Given an open set
U ⊂ X, let Ǔ be its preimage in X̌. Let Ep,q

1 also denote the sheaf which assigns to U
the space Ep,q

1 (U) as computed using the basic forms on Ǔ . If x̌ ∈ X̌ covers x ∈ X and
has isotropy group H then the stalk of E0,∗

1 at x is isomorphic to the cohomology of Ǎ′[0]

on ǨH
x̌ . (The degree-1 component of the equation Ǎ′ (iX + Ix) + (iX + Ix) Ǎ

′ = LX is
Ǎ′[1] iX + iX Ǎ

′
[1] + Ix Ǎ

′
[0] + Ǎ′[0] Ix = LX. Taking x ∈ h, one sees that Ǎ′[0] does act on ǨH

x̌ .)

Define a Z-graded sheaf H∗(A′[0]) on X which assigns to U ⊂ X the vector space Ker(d0,∗
1 :

E0,∗
1 (U)→ E1,∗

1 (U)). There is a complex of sheaves

H∗(A′[0]) −→ E0,∗
1

d0,∗
1−→ E1,∗

1

d1,∗
1−→ E2,∗

1

d2,∗
1−→ . . . (2.26)

Lemma 5. The complex (2.26) is a resolution of H∗(A′[0]) by fine sheaves.

Proof. We follow the method of proof of [22], which effectively proves the lemma in the case
when Ě is the trivial R-bundle on X̌. Using the ordinary slice theorem, we can reduce to
the case that Ǔ = N ×H G for some representation space N of an isotropy group H. Then
we can reduce to the case when Ǔ = N and G = H. Now Ep,∗

1 (U) is the cohomology of Ǎ′[0]

on the elements of Ωbasic

(
N ; Ě

)
with p horizontal differentials, with respect to the H-action

on N . The degree-1 component of the equation
(
Ǎ′
)2

= 0 is Ǎ′[1] Ǎ
′
[0] + Ǎ′[0] Ǎ

′
[1] = 0, which

implies that Ǎ′[1] has an induced action on Ep,∗
1 (U). The degree-2 component of the equation(

Ǎ′
)2

= 0 is
(
Ǎ′[1]

)2

+ Ǎ′[0] Ǎ
′
[2] + Ǎ′[2] Ǎ

′
[0] = 0, which implies that

(
Ǎ′[1]

)2

vanishes on

Ep,∗
1 (U). In fact, the action of Ǎ′[1] on Ep,∗

1 (U) is the same as dp,∗1 . We now use the Poincaré

lemma on N , as in [22], to prove the claim. To apply the Poincaré lemma we use a radial
trivialization of Ǎ′[1] on N . Thinking of N as the cone over its sphere SN , the H-action on
N comes from the H-action on SN . Because of this, it follows that the homotopy operator
in the Poincaré lemma does send basic forms to basic forms. The rest of the proof is as in
[22].

It follows that the E2-term of the spectral sequence is given by Ep,q
2 = Hp

(
X; Hq(A′[0])

)
,

where the right-hand-side is the cohomology of the sheaf Hq(A′[0]) on X.

3. Eigenvalue Bounds

In this section we use the results of Section 2 to prove the analogs of [19, Theorems 2
and 3] in the case of a general limit space X. We then prove Theorem 1, giving eigenvalue
bounds for the p-form Laplacian in terms of sectional curvature and diameter. The method
of proof is to assume that there are no such bounds and use Gromov-Hausdorff convergence
in the O(n)-equivariant setting, along with our eigenvalue estimates, to get a contradiction.
In Theorem 2 we look at the special case of Theorem 1.2 when p = 2.

Let M be a smooth connected closed n-dimensional Riemannian manifold and let FM de-
note its orthonormal frame bundle, the total space of a principal O(n)-bundle p : FM →M .
There is a canonical Riemannian metric on FM , but for the moment we will consider FM
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with any O(n)-invariant Riemannian metric, and we give M the corresponding quotient
metric. Let µ be the (smooth) measure on M given by µ(m) = vol (p−1(m)) dvol(m).
Let Ω∗L2(M,µ) denote the completion of Ω∗(M) with respect to the inner product 〈ω, ω〉 =∫
M
|ω(m)|2dµ(m). Then there is an isometric isomorphism Ω∗L2(M,µ) ∼= Ω∗basic,L2(FM) com-

ing from pullback. The basic Laplacian 4FM
basic on Ω∗basic,L2(FM) is the Laplacian associated

to the complex

Ω0
basic(FM) −→ Ω1

basic(FM) −→ . . . (3.1)

It is isomorphic to the weighted Laplacian 4M
µ = dd∗ + d∗d on Ω∗L2(M,µ).

Let X̌ be a fixed smooth connected closed Riemannian manifold on which O(n) acts
isometrically on the right, with quotient X = X̌/O(n). We say that a fiber bundle FM → X̌
is an equivariant Riemannian affine fiber bundle if it is a Riemannian affine fiber bundle
[19, Definition 1] which is O(n)-equivariant in the obvious sense. Given x̌ ∈ X̌, let Žx̌
be the fiber over x̌ of the affine fiber bundle. For the applications, it will be sufficient to
consider the case when Žx̌ is a nilmanifold Γ\N [7, (7.2)]. Let Ě be the real Z-graded vector
bundle on X̌ whose fibers are isomorphic to the affine-parallel differential forms on {Žx̌}x̌∈X̌ .
It inherits a flat degree-1 superconnection Ǎ′ from dFM [19, Section 5]. If x is in the Lie
algebra o(n) of O(n), let XFM be the corresponding vector field on FM and let XV be its
vertical component with respect to FM → X̌. Then interior multiplication by XV on the
fibers Žx̌ induces a linear map Ix ∈ C∞

(
X̌; Hom(Ě∗, Ě∗−1)

)
, which gives Ě the structure

of an O(n)-basic vector bundle. Furthermore, Ǎ′ becomes an O(n)-basic superconnection.

Define 4Ě
basic

∼= 4E as in Definition 5. It is the Laplacian associated to the subcomplex
Ωbasic

(
X̌; Ě

)
of (3.1).

The Riemannian metric on FM defines an O(n)-invariant family of horizontal planes that
are perpendicular to the fibers of FM → M . Let T FM be the corresponding fiber bundle
curvature. Let Ť be the curvature of the affine fiber bundle FM → X̌, let Π̌ be the second
fundamental forms of the fibers {Žx̌}x̌∈X̌ and let diam(Ž) be the maximum diameter of the
fibers.

The next proposition can be considered to be an analog of [19, Theorem 1], in which the
nilpotent fiber bundle structure on the total space M of an affine fiber bundle M → B is
replaced by the nilpotent Killing structure on M coming from an O(n)-equivariant affine
fiber bundle FM → X̌ [7].

Proposition 2. There are positive constants A, A′ and C which only depend on dim(M)

such that if ‖ RŽ ‖∞ diam(Ž)2 ≤ A′ then

σ(4FM
basic) ∩

[
0,

(√
A diam(Ž)−2 − C

(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
− C ‖ T FM ‖∞

)2
)

=
(3.2)

σ(4E) ∩

[
0,

(√
A diam(Ž)−2 − C

(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
− C ‖ T FM ‖∞

)2
)
.

Proof. Let Pfib be fiberwise orthogonal projection from Ω∗(FM) to Ω(X̌; Ě). From the
proof of [19, Proposition 1], Pfib amounts to averaging over the nilmanifold fibers Γ\N of
FM → X̌. Hence it preserves Ω∗basic(FM) and descends to an operator from Ω∗basic(FM) to
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Ωbasic(X̌; Ě) ∼= Ω(X;E), which we also denote by Pfib. As in the proof of [19, Theorem 1], it

suffices to show that there are constants A, A′ and C as above such that σ
(
4FM
basic

∣∣
Ker(Pfib)

)
is bounded below by(√

A diam(Ž)−2 − C
(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
− C ‖ T FM ‖∞

)2

.
(3.3)

Let 4FM be the Laplacian on differential forms on FM and let 4FM
O(n) be the Laplacian

on O(n)-invariant not-necessarily-basic differential forms on FM . Applying [19, Theorem
1] to the Riemannian affine fiber bundle FM → X̌, we know that

σ
(
4FM

∣∣
Ker(Pfib)

)
⊂
[
A diam(Ž)−2 − C

(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
,∞
)

(3.4)

and so

σ
(
4FM
O(n)

∣∣
Ker(Pfib)

)
⊂
[
A diam(Ž)−2 − C

(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
,∞
)
(3.5)

Let d∗O(n) denote the adjoint of d on Ω∗O(n)(FM). As 4FM
O(n) =

(
d+ d∗O(n)

)2

, it follows

from (3.5) that if λ is an eigenvalue of
(
d+ d∗O(n)

) ∣∣
Ker(Pfib) then

|λ| ≥
√
A diam(Ž)−2 − C

(
‖ RFM ‖∞ + ‖ Π̌ ‖2

∞ + ‖ Ť ‖2
∞
)
. (3.6)

From Lemma 1, the adjoint of d on Ω∗basic(FM) ∼= Ω∗(M) is d∗basic = P hor d∗O(n). With

respect to the decomposition Ω∗O(n)(FM) = Ω∗basic(FM) ⊕ (Ω∗basic(FM))⊥, we have

d + d∗O(n) =

(
d + d∗basic P hor d (I − P hor)

(I − P hor) d∗O(n)P
hor (I − P hor)

(
d + d∗O(n)

)
(I − P hor)

)
.

(3.7)

Using the notation of [19, (5.26)], let ωiαβ denote the curvature of the fiber bundle FM →M .
A calculation gives that

(I − P hor) d∗O(n) P
hor = −

∑
i,α,β

ωiαβ E
i Iα Iβ, (3.8)

with P hor d (I − P hor) being the adjoint of the right-hand-side of (3.8). Then upon re-
striction to Ker(Pfib), it follows that there for an appropriate constant C = C(dim(M)) >
0, the diagonal part of the operator in (3.7) has a spectrum which differs from that of(
d+ d∗O(n)

) ∣∣
Ker(Pfib) by at most C ‖ T FM ‖∞. As the spectrum of (d+ d∗basic)

∣∣
Ker(Pfib) is

contained in the spectrum of the diagonal part of (3.7), when restricted to Ker(Pfib), the
proposition follows.

Let d
O(n)
GH denote the O(n)-equivariant Gromov-Hausdorff metric on the space of O(n)-

equivariant compact metric spaces [7, (2.1.3)]. We say that two nonnegative numbers λ1,
λ2 are ε-close if e− ε λ2 ≤ λ1 ≤ eε λ2.
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Proposition 3. For n ∈ Z+, let X̌ be a fixed connected closed Riemannian manifold with
an isometric O(n)-action and quotient space X = X̌/O(n). Given ε > 0 and K ≥ 0, there
are positive constants A(n, ε,K), A′(n, ε,K) and C(n, ε,K) with the following property : If
Mn is an n-dimensional connected closed Riemannian manifold with ‖ RM ‖∞ ≤ K and

d
O(n)
GH (FM, X̌) ≤ A′(n, ε,K) then there are

1. An O(n)-basic Z-graded real vector bundle Ě on X̌,
2. A basic flat degree-1 superconnection Ǎ′ on Ě and
3. An O(n)-invariant Euclidean inner product hĚ on Ě
such that if λp,j(M) is the j-th eigenvalue of the p-form Laplacian on M , λp,j(X;E) is the
j-th eigenvalue of 4E

p and

min(λp,j(M), λp,j(X;E)) ≤
(√

A(n, ε,K) d
O(n)
GH (FM, X̌)−2 − C(n, ε,K) − C(n, ε,K)

)2

(3.9)

then λp,j(M) is ε-close to λp,j(X;E).

Proof. For simplicity, we will omit reference to p. Let gM0 denote the Riemannian metric on
M . Let gFM0 denote the canonical induced Riemannian metric on FM . Then 4M ∼= 4FM

basic.
From the obvious basic extension of [19, Lemma 3], if an O(n)-invariant Riemannian

metric gFM1 on FM is ε-close to gFM0 in the sense of [19, (5.4)] then the spectrum of 4FM
basic

computed with gFM1 is Jε-close to the spectrum computed with gFM0 . We can use the
geometric results of [7] to find a O(n)-invariant Riemannian metric gFM2 on M which is
close to gFM0 and to which we can apply Proposition 2. Note that gFM2 may not be the
canonical metric coming from some Riemannian metric on M .

There is an explicit bound for the sectional curvatures of the canonical metric gFM0 in
terms of K. Then in the construction of the O(n)-invariant metric gFM2 , we may assume
that we have bounds on the sectional curvatures of gFM2 and on the sectional curvatures
of the quotient metric on M , in terms of ε and K (see [7, Proof of Theorem 1.3] and [21,
Theorem 2.1]).

We can go through the proof of [19, Theorem 2] working O(n)-equivariantly on FM and
using Proposition 2. The proofs of [7, Propositions 3.6 and 4.9], giving the equivariant Rie-
mannian affine fiber bundle structure FM → X̌, are explicitly phrased in the G-equivariant
setting, where G is a compact Lie group. In particular, we have bounds on ‖ Π̌ ‖∞ and
‖ Ť ‖∞. Using O’Neill’s formula [4, (9.29c)], we have a bound on ‖ T FM ‖∞ in terms of
ε and K. Then the proof of [19, Theorem 2] goes through to the O(n)-equivariant set-
ting, changing the fibration M → B of [19, Theorem 2] to the O(n)-equivariant fibration
FM → X̌.

If Ě is a real Z-graded O(n)-equivariant vector bundle on X̌, let IĚ,basic be the set of O(n)-

equivariant linear maps I : o(n)→ C∞
(
X̌,Hom(Ě∗, Ě∗−1)

)
which satisfy I(x)2 = 0 for all

x ∈ o(n). Let SĚ,O(n) be the set of smooth degree-1 O(n)-equivariant superconnections on

Ě and let SĚ,basic be the set of pairs (I, Ǎ′) ∈ IĚ,basic×SĚ,O(n) so that Ǎ′ is O(n)-basic with

respect to I. Let HĚ,basic be the set of O(n)-invariant Euclidean inner products on Ě and

let GĚ,basic be the group of smooth grading-preserving O(n)-equivariant GL(Ě)-gauge trans-

formations on Ě and We equip IĚ,basic, SĚ,O(n) and HĚ,basic with the C∞-topology, SĚ,basic
with the subspace topology and (SĚ,basic ×HĚ,basic)/GĚ,basic with the quotient topology.
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Proposition 4. In Proposition 3, we may assume that Ě is in one of a finite number of
isomorphism classes of real Z-graded O(n)-equivariant topological vector bundles {Ěi} on
X̌. In addition, we may assume that for each α ∈ N , the vector bundle Eα is in one of
a finite number of isomorphism classes of real Z-graded topological vector bundles on Xα.
Furthermore, there are compact subsets CĚi ⊂ (SĚi,basic × HĚi,basic

)/GĚi,basic depending on

n, ε and K such that we may assume that the gauge-equivalence class of
(
I, Ǎ′, hĚ

)
lies in

CĚ.

Proof. We go through the proof of [19, Theorem 3] equivariantly. In [19, Theorem 3], one
obtains the finiteness statement from the fact that there is a finite number of topological
types of real vector bundles of a given rank on B which admit a flat connection. This fact
follows from the finiteness of the number of connected components of the representation va-

riety of π1(B, b0). In our case the representation variety of π0(Ĝ) will have a finite number
of connected components. With Proposition 1, this implies that there is a finite number
of topological types of O(n)-equivariant vector bundles on X̌ which admit a basic flat con-
nection. The method of proof of [19, Theorem 3] shows that Ě admits an O(n)-basic flat
connection.

The vector bundle Eα on Xα has a flat degree-1 superconnection A′α induced from Ǎ′.
From the argument of [19, Theorem 3], there is a finite number of possibilities for the
topological type of Eα.

Next, [19, Theorem 3] gives a compactness result for
(
Ǎ′, hĚ

)
in (SĚi,O(n)×HĚi,basic

)/GĚi,basic.
We recall that the inner product hĚ of Proposition 4, when restricted to the fiber Ěx̌ over a
point x̌ ∈ X̌, is the L2-inner product on the affine-parallel forms of the geometric fiber Žx̌.
As the O(n)-orbits on FM , with the canonical metric, are isometric to the standard O(n),
from the construction of Ix we have an upper bound on

‖ I ‖2 = sup
x∈o(n) : |x|=1

sup
x̌∈X̌

sup
ě∈Ěx̌−0

hĚ(Ixě, Ixě)

hĚ(ě, ě)
(3.10)

that only depends on n, ε and K. The component of the equation Ǎ′(Ix + iX)+(Ix + iX)Ǎ′ =
LX of degree 1 with respect to X̌ is

Ǎ′[1] Ix + Ix Ǎ
′
[1] + Ǎ′[2] iX + iX Ǎ

′
[2] = 0. (3.11)

As we have C∞-bounds on Ǎ′[2], we obtain C∞-bounds on the covariant derivative of I, and
hence on its higher covariant derivatives. Thus we also have precompactness for I, from
which the proposition follows.

We will need an eigenvalue estimate. Let Ě be a real Z-graded O(n)-equivariant vector
bundle on X̌ and define SĚ,basic and HĚ,basic as before. Suppose that we have two triples(
I1, Ǎ

′
1, h

Ě
1

)
and

(
I2, Ǎ

′
2, h

Ě
2

)
in SĚ,basic×HĚ,basic. For i ∈ {1, 2}, let Ωbasic,i

(
X̌; Ě

)
denote

the basic forms as defined using Ii. Suppose that T : Ωbasic,1

(
X̌; Ě

)
→ Ωbasic,2

(
X̌; Ě

)
is

an isomorphism. Let 4E
i denote the basic Laplacian constructed using

(
Ii, Ǎ

′
i, h

Ě
i

)
.

Given y ∈ Ωbasic,2(X̌; End(Ě)), let ‖ y ‖ be the operator norm for the action of y on
Ωbasic,2,L2(X̌; Ě).
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Lemma 6. Suppose that 4E
1 has a discrete spectrum. If for some ε ≥ 0 we have e− ε Id. ≤

T ∗T ≤ eε Id. then for all j ∈ Z+,

|λj(4E
1 )1/2 − λj(4E

2 )1/2| ≤ (2 +
√

2) ‖ T Ǎ′1 T−1 − Ǎ′2 ‖ + (eε − 1) λj(4E
1 )1/2.

(3.12)

Proof. We first examine the effect on the eigenvalues of changing from (Ǎ′2, h
Ě
2 ) to (TǍ′1T

−1, hĚ2 ),
where in both cases the corresponding superconnection Laplacian acts on Ωbasic,2

(
X̌; Ě

)
.

From the method of proof of [19, Lemma 4] the change in λ
1/2
j is bounded by (2 +

√
2) ‖

T Ǎ′1T
−1− Ǎ′2 ‖. Next, we examine the effect of changing from (TǍ′1T

−1, hĚ2 ) to (Ǎ′1, h
Ě
1 ). By

naturality, the eigenvalues of the superconnection Laplacian constructed from (TǍ′1T
−1, hĚ2 )

can be computed using instead the superconnection Ǎ1 and the inner product on Ωbasic,1

(
X̌; Ě

)
which is pullbacked from Ωbasic,2

(
X̌; Ě

)
via T . The method of proof of [19, Lemma 3] shows

that if one compares this with the original inner product on Ωbasic,1

(
X̌; Ě

)
then the eigen-

values differ at most by a multiplicative factor of e2ε. The lemma follows. We note that we
have implicitly shown that 4E

2 also has a discrete spectrum.

Proof of Theorem 1 :
1. If it is not true that limj→∞ a

1
n,p,j,K is always infinite then there are numbers n ∈ Z+,

0 ≤ p ≤ n, K ≥ 0, Λ > 0 and a sequence {Mi}∞i=1 of connected closed n-dimensional
Riemannian manifolds with diam(Mi) = 1 and ‖ RMi ‖∞ ≤ K such that λp,i(Mi) < Λ.
By [7, Theorem 1.12], for any ε > 0 there is a sequence {Ak(n, ε)}∞k=0 so that we can find
a new metric on Mi which is ε-close to the old one in the sense of [19, (5.4)], with the
new metric satisfying ‖ ∇kRMi ‖∞ ≤ Ak(n, ε). Fix ε to be, say, 1

2
and consider {Mi}∞i=1

with the new metrics. From [14] or [19, Lemma 3], we now have λp,i(Mi) < eJε Λ for
a fixed integer J . As in [7, III.5], we can apply Gromov’s convergence theorem in the
equivariant setting to conclude that there are a smooth Riemannian O(n)-manifold X̌ and

a subsequence of {Mi}∞i=1, which we relabel as {Mi}∞i=1, so that d
O(n)
GH (FMi, X̌) ≤ 1

i
. In

particular, X = X̌/O(n) is not a point. As in the proof of Proposition 3, we slightly perturb
the canonical Riemannian metric on FMi to obtain an O(n)-invariant Riemannian metric
on FMi to which we can apply Proposition 2. From Proposition 3, there are
1. O(n)-basic Z-graded real vector bundles {Ěi}∞i=1 on X̌,
2. Basic flat degree-1 superconnections {Ǎ′i}∞i=1 on the Ěi’s and

3. O(n)-invariant Euclidean inner products {hĚi}∞i=1 on the Ěi’s
so that for a given j and large i, λp,j(Mi) is ε-close to λp,j(X;Ei). From Proposition 4,
after taking a subsequence we may assume that the Ěi’s are all isomorphic to a single
O(n)-equivariant Z-graded real vector bundle Ě, the Ei,α’s are all isomorphic to a single

Z-graded real vector bundle Eα and the triples
{(

Ii, Ǎ
′
i, h

Ěi

)}∞
i=1

converge, after gauge

transformations, to a triple
(
I, Ǎ′, hĚ

)
.

We claim that for x̌ ∈ X̌, Ǩi,x̌ does not degenerate as i→∞. To see this, note first that
as the isotropy group H ⊂ O(n) acts freely and affinely on the nilmanifold fiber Ži,x̌ = Γi\Ni

of FMi → X̌, H is virtually abelian and H0, the connected component of the identity in
H, is a subgroup of the torus C(Γi)\C(Ni). As in the discussion before (3.10), H0 acts
isometrically on Ži,x̌, with its orbit isometric to H0 ⊂ O(n). Now Ěi,x̌ ∼= Λ∗(n∗i ). As in [19,
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(6.6)], the Hermitian metric hĚi,x̌ gives an orthogonal decomposition n∗i = c(ni)
∗⊕ (c(ni)

∗)⊥.
Then for x ∈ h, the action of Ix on Ěi,x̌ ∼= Λ∗(c(ni)

∗) ⊗̂ Λ∗((c(ni)
∗)⊥) is given by interior

multiplication by x on the first factor. By passing to a subsequence, we may assume that
dim(c(ni)) is constant in i. Recalling that hĚi,x̌ comes from the L2-inner product on the
affine-parallel forms on Ži,x̌, it follows that the actions of H0 on {Ěi,x̌}∞i=1 are related by
isomorphisms with norms that are uniformly bounded above and below. Then for all i,
Ǩx̌
∼= Ǩi,x̌.

Hereafter we think of all of the triples
{(

Ii, Ǎ
′
i, h

Ěi

)}∞
i=1

as living on the same vector

bundle Ě. From the convergence of the Ii’s to I, for large i there are O(n)-equivariant
automorphisms Ai of Ě which converge to the identity in the C∞-topology so that after

conjugating
(
Ii, Ǎ

′
i, h

Ěi

)
with Ai, we may assume that Ǩx̌ as computed with Ii is the same

as when computed with I. Then there is an isomorphism Ti from the basic forms defined
using I to the basic forms defined using Ii which, using the notation of (2.21), is given on
X̌α by

Ti =
∏
j

(
1 − e(x∗j) Ii,xj

) ∏
j

(
1 + e(x∗j) Ixj

)
. (3.13)

Now T−1
i Ǎ′iTi is a flat degree-1 superconnection which is basic with respect to I. For large i,

Lemma 6 implies that λp,j(Mi) is 2ε-close to λp,j(X;E), the j-th eigenvalue of the Laplacian
4E on

⊕
a+b=p Ωa(X;Eb). In particular, for all j ≥ 0, λp,j(X;E) ≤ e(J+2)ε Λ. However, as

a consequence of Lemma 6, 4E
p has a discrete spectrum, which is a contradiction.

2. If A1
p,j,K(M) = ∞ then there is a sequence {gi}∞i=1 of Riemannian metrics on M with

diam(M, gi) = 1 and ‖ RM(gi) ‖∞≤ K such that limi→∞ λp,j(M, gi) = ∞. As above, we
can find a new metric g′i on M which is ε-close to gi satisfying ‖ ∇kRM(g′i) ‖∞ ≤ Ak(n, ε).
Fix ε to be, say, 1

2
and relabel the metrics {g′i}∞i=1 to be {gi}∞i=1. From [14] or [19, Lemma

3], we again have limi→∞ λp,j(M, gi) = ∞. As above, by taking a subsequence, we can

assume that there is an O(n)-manifold X̌ so that d
O(n)
GH (FMi, X̌) ≤ 1

i
. In particular,

dim(X) > 0. Also as above, taking a further subsequence, we can assume that there

are Ě, I, Ǎ′ and hĚ so that if λp,j(X;E) < ∞ then for large i, λp,j(M, gi) is ε-close to
λp,j(X;E). Suppose that dim(X) ≥ p. As E0 is the trivial R-bundle on X, there is
an inclusion Ωp(X) ⊂

⊕
a+b=p Ωa(X;Eb). The Laplacian on Ωp(X) is unbounded and so

λp,j(X;E) < ∞. This contradicts the assumption that limi→∞ λp,j(M, gi) = ∞. Thus
dim(X) < p. Similarly, if Ωa(X;Eb) 6= 0 for any a and b satisfying a + b = p then 4E

p

is unbounded and we get a contradiction. Using the construction of E in terms of affine-
parallel differential forms and the finiteness statement of Proposition 4, the claim follows.
3. If p ∈ {0, 1} and A1

n,p,j,K = ∞ then there is a sequence {Mi}∞i=1 of connected closed

n-dimensional Riemannian manifolds with diam(Mi) = 1 and ‖ RMi ‖∞≤ K such that
limi→∞ λp,j(Mi) = ∞. As above, we can assume that there is an O(n)-manifold X̌ so that

d
O(n)
GH (FMi, X̌) ≤ 1

i
. Also as above, we can assume that there are Ě, I, Ǎ′ and hĚ so that

if λp,j(X;E) < ∞ then for large i, λp,j(Mi) is ε-close to λp,j(X;E). As E0 is the trivial
R-bundle on X and dim(X) ≥ 1, there is an inclusion 0 6= Ωp(X) ⊂

⊕
a+b=p Ωa(X;Eb). The

Laplacian on Ωp(X) is unbounded and so λp,j(X;E) <∞. This contradicts the assumption
that limi→∞ λp,j(Mi) = ∞. �
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Proof of Theorem 2 : Consider Theorem 1.2 in the case p = 2. Then dim(X) = 1.
There are two cases.
1. X = S1. As M is an affine fiber bundle over S1, it has the claimed structure.
2. X = [0, 1], thought of as a singular space with two strata. With respect to the singular
fibration q : M → X, put Z = q−1(1/2) and Zi = q−1(i − 1). Then M has the claimed
structure. �

Remark : The mapping cone is just defined up to homeomorphism, which is why we
use the word “homeomorphic” in Theorem 2.2. Writing Z = Ž/H and Zi = Ž/Hi, the
fact that M is a manifold implies that Hi/H is a sphere, and hence a circle. Thus φi defines
a circle bundle and so M is the result of gluing the total spaces of two D2-bundles along
their boundaries.

Example 4 [12, Section 8] : Let N be the flat 3-manifold G6 in the notation of [23,
p. 122]. It has the rational homology of a 3-sphere. Let h be a flat Riemannian metric on
N . Let C > 0 be the lowest eigenvalue of 4N

1 . Put M = S1 ×N . For t > 0, give M the
(flat) product metric gt = dθ2 + t2 h. Then one finds that the lowest eigenvalue of 4M

2 is
C t−2. Taking t → 0, we obtain that A1

2,j,K(M) = ∞ for all j ∈ Z+ and K ≥ 0. This is

an example of Theorem 2 in which X = S1 and Z = N .

4. Small Positive Eigenvalues

In this section we characterize the manifolds M for which the p-form Laplacian has small
positive eigenvalues. We use the compactness result of Section 3 to show that if M has
j small eigenvalues of the p-form Laplacian, with j > bp(M), then M collapses and there
is an associated basic flat degree-1 superconnection Ǎ′∞ with dim(Hp(A′∞)) ≥ j. We then
use the spectral sequence of Ǎ′∞ to characterize when this can happen. In Theorem 3 we
give a bound on the number of small eigenvalues of the 1-form Laplacian. In Theorems 4
and 6 we give bounds on the number of small eigenvalues of the p-form Laplacian when one
is sufficiently close to a limit space of dimension dim(M) − 1 and characterize when small
eigenvalues can occur.

Proposition 5. If ap,j,K(M) = 0 and j > bp(M) then there are
1. An O(n)-equivariant affine fiber bundle FM → X̌,
2. A corresponding O(n)-equivariant Z-graded real vector bundle Ě → X̌ and
3. A basic flat degree-1 superconnection Ǎ′∞ on Ě
such that dim (Hp(A′∞)) ≥ j.

Proof. Put n = dim(M). If ap,j,K(M) = 0 then there is a sequence {gi}∞i=1 in M(M,K)
such that limi→∞ λp,j(M, gi) = 0. Let Mi denote M with the Riemannian metric gi. As
j > bp(M), the Mi’s must collapse. As in the proof of Theorem 1, after smoothing the
metrics and taking a subsequence, we may assume that there is a smooth Riemannian

O(n)-manifold X̌ so that limi→∞ d
O(n)
GH (FMi, X̌) = 0. From Proposition 3, there are

1. O(n)-basic Z-graded real vector bundles {Ěi}∞i=1 on X̌,
2. Basic flat degree-1 superconnections {Ǎ′i}∞i=1 on the Ěi’s and

3. O(n)-invariant Euclidean inner products {hĚi}∞i=1 on the Ěi’s
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so that limi→∞ λp,j(X;Ei) = 0. From Proposition 4, after taking a subsequence we may
assume that the Ěi’s are all isomorphic to a single O(n)-equivariant Z-graded real vector
bundle Ě, the Ei,α’s are all isomorphic to a single Z-graded real vector bundle Eα and

the triples
{(

Ii, Ǎ
′
i, h

Ěi

)}∞
i=1

lie in a compact subset C of (SĚ,basic × HĚ,basic)/GĚ,basic.

Following the method of proof of Theorem 1, we obtain a limit triple
(
I∞, Ǎ

′
∞, h

Ě∞
)
∈

SĚ,basic ×HĚ,basic.

Let gTX̌∞ denote the Riemannian metric on X̌. Let 4E∞ denote the basic Laplacian
constructed from Ǎ′∞, gTX̌∞ and hĚ∞ . From Lemma 6 and the discreteness of the spectrum
of 4Mi , it follows that the spectrum of 4E∞ is discrete. From the continuity of λp,j as a
function on SĚ,basic×HĚ,basic, we know that dim(Ker(4E∞

p )) ≥ j. It remains to show that

Ker(4E∞
p ) ∼= Hp(A′∞). This amounts to a regularity issue.

In what follows, we omit the subscript p. Fix i, with Ěi isomorphic as an O(n)-equivariant
vector bundle to Ě. The idea will be to transfer the analysis of the superconnection Laplacian
to a more standard analysis on Mi. Let gTX̌i denote the Riemannian metric on X̌ coming
from the Riemannian affine fiber bundle FMi → X̌ and let hĚi denote the inner product on
Ěi induced from the Riemannian affine fiber bundle.

We know that Ker(4E∞) ∼= Ker(Ǎ′∞)/Im(Ǎ′∞), where Ǎ′∞ acts on Ωbasic,max

(
X̌; Ě

)
.

As in the proof of Theorem 1.1, we can conjugate
(
I∞, Ǎ

′
∞, h

Ě∞
)

by an O(n)-equivariant

automorphism of Ě to make Ǩx̌ the same whether computed with Ii or I∞. There is an
isomorphism from the basic forms defined using I∞ to the basic forms defined using Ii
which, using the notation of (2.21), is given on X̌α by

T =
∏
j

(
1 − e(x∗j) Ii,xj

) ∏
j

(
1 + e(x∗j) I∞,xj

)
. (4.1)

Then T Ǎ′∞ T−1 is a flat superconnection which is basic with respect to Ii. Replacing Ǎ′∞
and hĚ∞ by T Ǎ′∞ T

−1 and the inner product induced by T , we may assume that the basic
structure on Ě is that of Ii. We relabel T Ǎ′∞ T

−1 as Ǎ′∞.
As the underlying topological vector space of the Hilbert space Ωbasic,L2

(
X̌; Ě

)
is the same

whether the Hilbert space is constructed using
(
gTX̌∞ , hĚ∞

)
or
(
gTX̌i , hĚi

)
, it is equivalent

to consider the reduced cohomology of Ǎ′∞ on Ωbasic,max

(
X̌; Ě

)
, where the Hilbert space

structure now comes from
(
gTX̌i , hĚi

)
. Let 4E denote the basic Laplacian constructed

from Ǎ′∞, Ii, g
TX̌i and hĚi .

Let us first consider 4Ei , the basic Laplacian constructed using Ǎ′i, Ii, g
TX̌i and hĚi . As

in the proof of Proposition 2, there are isomorphisms

Ω∗(Mi) ∼= Ω∗basic(FMi) = Ωbasic(X̌; Ěi) ⊕ Ker(Pfib). (4.2)

With respect to the inner products, we have isometric isomorphisms

Ω∗L2(Mi, µi) ∼= Ω∗basic,L2(FMi) = Ωbasic,L2(X̌; Ěi) ⊕ Ker(Pfib), (4.3)

in terms of which the Laplacians are related by

4Mi
µi
∼= 4FMi

basic = 4Ei ⊕ 4FMi
basic

∣∣
Ker(Pfib). (4.4)
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By standard elliptic theory, (I + 4Mi
µi

)−1 and (I + 4Mi
µi

)−1 d∗Mi
are compact, and dMi

(I +

4Mi
µi

)−1/2 is bounded. Then (I + 4Ei)−1 and (I + 4Ei)−1
(
Ǎ′i
)∗
basic

are compact, and

Ǎ′i (I + 4Ei)−1/2 is bounded.
Now 4E is also well-defined on Ωbasic(X̌; Ěi). Hereafter, we will change notation from Ěi

to Ě. Put y = Ǎ′∞ − Ǎ′i ∈ Ωbasic(X̌; End(Ě)), which in particular is a bounded operator
on Ωbasic,L2

(
X̌; Ě

)
. Then

4E − 4Ei =
(
Ǎ′i
)∗
basic

y + y∗Ǎ′i + y∗y. (4.5)

It follows that (I +4Ei)−1
(
4E − 4Ei

)
(I +4Ei)−1/2 is compact. Then from [20, Vol. IV,

Chapter 13, Pf. of Corollary 4, p. 116], it follows that 4E has the same essential spectrum
as 4Ei , i.e. the empty set, showing that 4E has a discrete spectrum. Thus Ǎ′∞ has a closed
image on Ωbasic,max

(
X̌; Ě

)
. Hence

Ker
(
Ǎ′∞
)
/Im

(
Ǎ′∞
)

= Ker
(
Ǎ′∞
)
/Im

(
Ǎ′∞
)
, (4.6)

where the latter is the (unreduced) cohomology of Ǎ′∞ on Ωbasic,max

(
X̌; Ě

)
. (This also

follows from the discreteness of the spectrum of 4E∞ .) It remains to show that this is
isomorphic to the cohomology of Ǎ′∞ on the smooth forms Ωbasic

(
X̌; Ě

)
.

There is an obvious cochain inclusion Ωbasic

(
X̌; Ě

)
→ Ωbasic,max

(
X̌; Ě

)
. We will con-

struct a linear map K on Ωbasic,max

(
X̌; Ě

)
of degree −1 so that I − Ǎ′∞ K − K Ǎ′∞

sends Ωbasic,max

(
X̌; Ě

)
to Ωbasic

(
X̌; Ě

)
. This will give a cochain homotopy equivalence be-

tween Ωbasic

(
X̌; Ě

)
and Ωbasic,max

(
X̌; Ě

)
, showing that the two complexes have isomorphic

cohomologies.
To the affine fiber bundle FMi → X̌ we associate an infinite-dimensional Z-graded O(n)-

basic vector bundle W̌ on X̌, as in [19, Section 5], so that Ω
(
X̌; W̌

) ∼= Ω∗(FMi). The

inclusion of fibers Ěx̌ ⊂ W̌x̌ is isomorphic to the inclusion 1 ⊗ Λ∗(n∗) ⊂ C∞(Žx̌) ⊗ Λ∗(n∗).
Then the inclusion Id ⊗ End(Λ∗(n∗)) ⊂ End(C∞(Žx̌) ⊗ Λ∗(n∗)) induces an extension Y ∈
Ω
(
X̌; End(W̌ )

)
of y. As y ∈ Ωbasic

(
X̌; End(Ě)

)
, it follows that Y ∈ Ωbasic

(
X̌; End(W̌ )

)
and that the corresponding map on Ωbasic

(
X̌; W̌

) ∼= Ω∗(Mi) is diagonal with respect to

(4.2), so that we can write Y =

(
y 0
0 ∗

)
.

Put D = dMi
+ Y , a pseudodifferential operator on Mi of order 1. It decomposes with

respect to (4.3) as D =

(
Ǎ′∞ 0
0 ∗

)
. Then DD∗ + D∗D is a elliptic pseudodifferential

operator on Mi of order 2, which decomposes as DD∗ + D∗D =

(
4E 0
0 ∗

)
. Fix t > 0

and let K be the restriction of D∗ I − e
− t(DD∗ +D∗D)

DD∗ +D∗D
to the first factor Ωbasic,L2(X̌; Ě). Then

K = (Ǎ′∞)∗basic
I − e− t4E

4E , as defined spectrally. We have

I − Ǎ′∞ K − K Ǎ′∞ = e− t4
E

. (4.7)

Now e− t4
E

is the restriction of e− t(DD
∗ +D∗D) to Ωbasic,L2(X̌; Ě). By elliptic theory, e− t(DD

∗ +D∗D)

maps Ω∗L2(Mi, µi) to Ω∗(Mi). Hence e− t4
E

maps Ωbasic,L2(X̌; Ě) to

Ωbasic,L2(X̌; Ě) ∩ Ω∗(Mi) = Ωbasic(X̌; Ě). (4.8)
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This proves the proposition.

Under the hypotheses of Proposition 5, using the spectral sequence of Section 2 we deduce
that

j ≤ dim(Hp(A′∞)) ≤
∑
a+b=p

dim
(
Ha(X; Hb(A′∞,[0]))

)
. (4.9)

Given an O(n)-equivariant affine fiber bundle FM → X̌ with fiber Ž = Γ\N , there
is a spectral sequence to compute H∗(M ;R) as the cohomology of a basic flat degree-1
superconnection Ǎ′ as in [19, Example 4], working equivariantly with respect to the O(n)-
action and using basic forms. With the notation of Section 2, the E2-term of this spectral
sequence is Ep,q

2 = Hp(X; Hq(A′[0])). If x ∈ X is covered by x̌ ∈ X̌ then the stalk of Hq(A′[0])

at x is given by the cohomology of Ǎ′[0] = dŽ on ǨH
x̌ . If x̌ ∈ X̌ has isotropy group H ⊂ O(n)

then for x ∈ h, Ix is interior multiplication by the corresponding vector field on Ω∗(Žx̌). We
see that ǨH

x̌ consists of the H-basic forms on the fiber Žx̌. Then the stalk of Hq(A′[0]) at x

is isomorphic to Hq(Žx̌/H;R); recall that H acts freely on Žx̌.
On the other hand, there is a spectral sequence to compute H∗(M ;R) from the map

r : M → X [6, p. 179], with E2-term H∗(X; H∗(Z;R)). Here H∗(Z;R) is a sheaf on X
whose stalk over x ∈ X is H∗(r−1(x);R). As r−1(x) = Žx̌/H, we see that the two spectral
sequences have similar E2-terms. In fact the two spectral sequences are equivalent, as follows
from the construction in [6, p. 179].

To obtain results about small eigenvalues, the idea now is to compare the spectral se-
quence of Ǎ′∞ with the spectral sequence of the map M → X.

Example 5 : As an illustration of the methods, we analyze the behavior of the dif-
ferential form Laplacian under the collapse of S3 to an interval which is described in [8,
Example 1.5]. With respect to the isometric action of SO(2)×SO(2) ⊂ SO(4) on the round
S3, we shrink the metric on S3 in the direction of a subgroup R ⊂ SO(2)×SO(2) of irrational
slope. The resulting metrics approach the closed interval X = S3/(SO(2)× SO(2)) in the
Gromov-Hausdorff topology.

For simplicity, we consider the principal spin bundle S3 × S3, with structure group G =
SU(2), instead of the orthonormal frame bundle FM . Then during the collapse we have

X̌ = CP 2 # CP 2 and Ž = T 2. Correspondingly, Ě is a vector bundle over X̌ with fiber
isomorphic to Λ∗((R2)∗), on which Ǎ′[0] acts as the zero map. If x̌ ∈ X̌ covers x ∈ int(X)

then its isotropy group H is trivial, while if x̌ ∈ X̌ covers x ∈ ∂X then its isotropy group
H is isomorphic to U(1). The sheaf H0(A′∞,[0]) has stalk R over each x ∈ X. The sheaf

H1(A′∞,[0]) has stalk R over x ∈ ∂X and stalk R2 over x ∈ int(X), where we can think of the
R over one component of ∂X as corresponding to R⊕0 and the R over the other component
of ∂X as corresponding to 0⊕R. The sheaf H2(A′∞,[0]) has stalk 0 over x ∈ ∂X and stalk R

over x ∈ int(X). One finds that the only nonzero components of the E2-term of the spectral

sequence for Ǎ′∞ are H0
(
X; H0(A′∞,[0])

)
= H1

(
X; H2(A′∞,[0])

)
= R. (These correspond to

the zero-eigenvalues of the differential form Laplacian on S3.)
Let r : S3 → X be the quotient map. If x ∈ int(X) then r−1(x) = T 2, while if x ∈ ∂X

then r−1(x) = S1. One finds that the Leray spectral sequence to compute H∗(S3;R) from
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the map r coincides with the spectral sequence to compute the cohomology of Ǎ′∞. The
conclusion is that there are no small positive eigenvalues in the collapse. This is in contrast
to what happens in the Berger collapse of S3 to S2 [10, Example 1.2].

Corollary 1. For any K ≥ 0, a0,2,K(M) > 0. That is, there are no small positive eigen-
values of the Laplacian on functions.

Proof. Suppose that a0,2,K(M) = 0. Using Proposition 5 and equation (4.9) in the case

p = 0, we conclude that 2 ≤ dim
(

H0(X; H0(A′∞,[0]))
)

. However, E0 is the trivial R-bundle

on X, on which A′∞,[0] acts by zero. Then H0(A′∞,[0]) is the trivial R-bundle on X and so

dim(H0(X; H0(A′∞,[0]))) = 1, which is a contradiction.

Remark : Corollary 1 is true under the weaker assumption of a lower bound on the Ricci
curvature ([2] and references therein).

Corollary 2. Suppose that ap,j,K(M) = 0 and j > bp(M). Let X be the limit space coming
from the above argument. If dim(X) = 0, write the almost flat manifold M topologically as

the quotient of a nilmanifold Γ̂\N by a finite group F . Let n denote the Lie algebra of the
nilpotent Lie group N and let ·F denote F -invariants. Then j ≤ dim(Λp(n∗)F ).

Proof. With reference to Proposition 5, in this case X is a point and E = Λ∗(n∗)F . Then
for any superconnection A′∞ on E, i.e. differential A′∞,[0] on E, we have dim(Hp(A′∞)) ≤
dim(Ep).

Remark : It follows from [19, Theorem 6] that in fact ap,j,K(M) = 0 for j = dim(Λp(n∗)F ).

Proof of Theorem 3 : With reference to Proposition 5 and equation (4.9),

j ≤ dim
(
H1(X; H0(A′∞,[0])

)
+ dim

(
H0(X; H1(A′∞,[0])

)
. (4.10)

As H0(A′∞,[0]) is the trivial R-bundle on X, dim
(

H1(X; H0(A′∞,[0])
)

= b1(X). As A′∞,[0]

acts by zero on E0, there is an injection H1(A′∞,[0])→ E1. Let dim
(

H1(A′∞,[0])
)

denote the

dimension of the generic stalk of the sheaf H1(A′∞,[0]) and put dim(E1) = dim(E1
β), where

β again denotes the principal normal orbit type. Then

dim
(
H0(X; H1(A′∞,[0]))

)
≤ dim

(
H1(A′∞,[0])

)
≤ dim

(
E1
)
≤ dim(M) − dim(X).

(4.11)

Thus j ≤ b1(X) + dim(M) − dim(X). On the other hand, the spectral sequence for
H∗(M ;R) gives

H1(M ;R) = H1(X;R) ⊕ Ker
(
H0(X; H1(Z;R))→ H2(X;R)

)
. (4.12)

In particular, b1(X) ≤ b1(M). The corollary follows. �

Remark : Using heat equation methods [2] one can show that there is an increasing
function f such that if Ric(M) ≥ −(n−1)λ2 and diam(M) ≤ D then the number of small
eigenvalues of the 1-form Laplacian is bounded above by f(λD). This result is weaker than
Theorem 3 when applied to manifolds with sectional curvature bounds, but is more general
in that it applies to manifolds with just a lower Ricci curvature bound.
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Proof of Theorem 4 : In general, if X is a compact metric space of Hausdorff dimension
n − 1, and a manifold Mn with ‖ RM ‖∞ ≤ K is sufficiently Gromov-Hausdorff close to
X, then the description of the local geometry of M in [7, Theorem 1.3] says that M has
the following structure. Given m ∈ M , there are a neighborhood Um of m, a finite regu-

lar covering Ûm of Um with covering group F and a locally free S1-action on Ûm which is
F -equivariant with respect to a homomorphism η : F → Aut(S1)(∼= Z2). (In fact, we can

take F to be {e} or Z2.) Then we can take X so that locally, it is the quotient Ûm/(F ×̃S1).
Hence X is an orbifold and M → X is an orbifold circle bundle, with its orientation bundle

O given locally as Ûm ×F ×̃S1 R→ Ûm/(F ×̃S1). Here F ×̃S1 acts on R through F .
Suppose that the claim of the corollary is not true. Then there is a sequence of con-

nected closed n-dimensional Riemannian manifolds {(Mi, gi)}∞i=1 with ‖ RMi(gi) ‖∞ ≤ K
and limi→∞Mi = X which provides a counterexample. As there is a finite number of iso-
morphism classes of flat real line bundles on X, after passing to a subsequence we may
assume that each Mi is an orbifold circle bundle over X with a fixed orientation bundle O
and that limi→∞ λp,j(Mi, gi) = 0 for j = bp(X) + bp−1(X;O) + 1. As in the proofs of
Theorem 1 and Proposition 5, we obtain E = E0 ⊕ E1 on X, with E0 a trivial R-bundle
and E1 = O, and a limit superconnection A′∞ on E with A′∞,[0] = 0 and A′∞,[1] = ∇E, the

canonical flat connection. Then as in (4.9), we obtain

j ≤ dim(Hp(A′∞)) ≤ bp(X) + bp−1(X;O), (4.13)

which is a contradiction.

Proof of Theorem 5 : The proof of the theorem is along the same lines as that of
[19, Theorem 5], replacing [19, (7.8)] by (4.9). We omit the details.

Proof of Theorem 6 : The E2-term of the spectral sequence to compute H∗(M ;R) con-
sists of Ep,0

2 = Hp(X;R) and Ep,1
2 = Hp(X;O). The differential is Mχ. The corollary now

follows from Theorem 5. �
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