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We define extensions of the LZ-analytic invariants of closed manifolds, called
delocalized L*invariants. These delocalized invariants are constructed in terms of
a nontrivial conjugacy class of the fundamental group. We show that in many cases,
they are topological in nature. We show that the marked length spectrum of
an odd-dimensional hyperbolic manifold can be recovered from its delocalized
L*-analytic torsion. There are technical convergence questions.  © 1999 Academic Press

1. INTRODUCTION

A major theme in geometric analysis is to construct and understand
analytic invariants of a Riemannian manifold which only depend on the
underlying smooth structure. Similarly, one can consider analytic
invariants of a Hermitian complex manifold which only depend on the
underlying complex structure.

In this paper we introduce some new such invariants and compute them
in certain cases. We call these invariants “delocalized L2-invariants.” Let us
first give a simple but concrete example, in the complex case.

Let 2 be a closed Riemann surface of genus >2. Let M denote X
equipped with a specific Hermitian metric. The universal cover M carries
the pullback metric. Let e~‘?(x, y) be the Schwartz kernel of the heat
operator, acting on functions on M. Let # be a fundamental domain in M.
Given gem, (M), let {g) denote its conjugacy class.

ProrosiTION 1.1. If g+#e,

e—l

3 » dr
f J > ¢ A(xy,X)dVOI(X)T_M’

0 “F ye<e>
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where [ is the minimal length of a closed curve on X in the free-homotopy
class specified by {g>, as measured with the hyperbolic metric on X, and k
is the multiplicity of the corresponding geodesic.

The interest of (1.1) is that the left hand side seems to depend on the
Hermitian metric on M, whereas the right hand side only depends on the
complex structure 2. Given M as a Riemannian manifold, in principle one
can compute the left hand side of (1.1) for all gen,(M)— {e} and thereby
find the hyperbolic marked length spectrum, which in turn determines the
underlying complex structure. Proposition 1 is a special case of Proposition
10, concerning the delocalized holomorphic L?-analytic torsion of a com-
pact complex manifold which is covered by the unit ball.

More generally, we introduce and study certain analytically defined
invariants, which we call the delocalized L? Betti number b, (¢~ the delo-
calized L2-analytic torsion I¢es- the delocalized holomorphic L?-analytic

torsion I~ ‘2‘;1> and the delocalized L*-eta invariant 7. These are defined

in terms of a closed manifold M, a normal I'-cover M of M, and a non-
trivial conjugacy class {g) of I'. The word “delocalized” comes from the
fact that the invariants are defined away from the trivial element of I'. If
one were to take the trivial conjugacy class in the definitions, one would
recover the usual L2-analytic invariants [1, 5, 17, 22].

The delocalized L*invariants are constructed using heat kernels on M.
There are technical difficulties in showing that the formal expressions for
the invariants are actually well defined. These difficulties involve estimating
heat kernels at large distance and large time simultaneously. Some of our
results are to the effect that the invariants are actually well defined. The
precise definitions will be given in Section 2. The main results of the paper
are the following.

PROPOSITION 2. Suppose that {g» is a nontrivial finite conjugacy class.
Then b, (M) is well-defined and metric-independent. If I' is a free abelian
group then b, (M) =0.

ProrosiTION 3. Suppose that {g) is a nontrivial finite conjugacy class.
Suppose that M has positive Novikov—Shubin invariants [18, 281. Then
Tos(M) is well defined. If M has vanishing L*-cohomology groups then
T o5 (M) is metric-independent.

ProPOSITION 4. Suppose that {g) is a nontrivial finite conjugacy class
and M is a complex manifold of complex dimension d, equipped with a
Hermitian metric. Suppose that M has positive holomorphic Novikov—Shubin
invariants. Then T 1<‘1’,1>(M ) is well defined. If M has vanishing qth Dolbeault
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L2-cohomology groups for 0<q<d then T ?‘;&(M) is independent of the
choice of Hermitian metric.

ProrosITION 5. Suppose that {g» is a nontrivial finite conjugacy class
and D is a Dirac-type operator. Then n (M) is well defined. If D is the
(tangential) signature operator then 3 (M) is metric-independent. If D is
the Dirac operator then 1 ,(M) is a locally constant function on the space
of positive-scalar-curvature metrics on M.

PROPOSITION 6. Suppose that I' is virtually nilpotent or Gromov-hyper-
bolic. Suppose that 0 ¢ spec(A ) or that 0 is isolated in spec(A ). Then for
all nontrivial conjugacy classes Kg> of I, b, (o~(M) is well defmed and
metric-independent.

PrROPOSITION 7. Suppose that I is virtually nilpotent or Gromov-hyper-
bolic. Let M be a complex manifold of complex dimension d, equipped with
a Hermitian metric. Suppose that for all 0 <g<d, 0¢ spec(AO ¢)» and that
either O¢spec(AO 2) or 0 is isolated in spec(AO a)- Then for all nontrivial
conjugacy classes {g» of I, T 1<“;,1>(M ) is well defined and independent of the

choice of Hermitian metric.

PrROPOSITION 8. Suppose that I' is virtually nilpotent or Gromov-hyper-
bolic. Suppose that 0 ¢ spec(D) or that 0 is isolated in spec(D). Then for all
nontrivial conjugacy classes {g» of I', n¢4(M) is well defined. Furthermore,
if D is the Dirac operator then (M) is a locally constant function on the
space of positive-scalar-curvature metrics on M.

PROPOSITION 9. Let M9 be a closed oriented hyperbolic manifold. Let
{g> be a nontrivial conjugacy class in m,(M). Then b, (,(M)=0 for all p.

Suppose that d=2n+1. Then T (M) and n (M) are well defined, the
latter being constructed with the (tangential) signature operator. Let ¢ be the
unique closed geodesic in the free homotopy class specified by {(g>». Let
keZ* be the multiplicity of ¢, meaning the number of times that ¢ covers a
prime closed geodesic. Let | be the hyperbolic length of ¢ and let m e SO(2n)
be the parallel transport of a normal vector around c. Let o;(m)e
SO(A7(R®)) be the action of m on the exterior power A7(R>*). Then

—nl 2n

‘Zg>(M) =k det(l—e_’m_l) Z ( _l)je—lln—jl Tr(oj(m)). (12)
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In particular, the marked length spectrum of M can be recovered from

{7 (M)} (o> e
If n is even then 1, (M)=0. If n is odd, define angles {0;}7_, by saying
that the diagonalization of m consists of the 2 x 2 blocks

<cos 0, —sin 0j> (13)

sinf); cos 0,
Put p;=e" "2 Then

(2i)"+1 sin(0,)...sin(8,)
k=P =

’7<g>(M) = (1.4)

If n=1 then

2 1
ke 1—pi

Tgy(M) —inn (g5 (M) = (1.5)

ProrosiTiON 10.  Let X be a closed complex manifold of complex dimen-
sion d which is a quotient of the unit ball. Let M denote X equipped with an
arbitrary Hermitian metric. Let {g) be a nontrivial conjugacy class in
n(M). Then T 1<‘Z,I>(M) is well-defined and independent of the choice of
Hermitian metric. To describe it, give X the complex-hyperbolic metric. Let
¢ be the unique closed geodesic on X in the free homotopy class specified by
{g>. Let keZ™ be the multiplicity of c, let | be the length of ¢ and let
me U(d—1) be the complex parallel transport around c. Let o,(m)e

U(A%9(CP=1)*) be the action of m on the exterior power A%9(CI=1)*, Then

—2dl d—1

¢ q ,4q!
T k(1—e ) |det(I—e~'m1)|2 Eo(_l) et Tradm). - (10)

'Zg>(M)

PropoSITION 11. Let Z" be a smooth closed even-dimensional manifold
and let ¢ be a diffeomorphism of Z. Let ¢ € Aut(H?(Z; C)) be the induced
map on cohomology. Let M be the mapping torus

M =(Zx[0,11)/{(z,0)~(¢(2), D}. (1.7)

Put I'=7, acting on the cyclic cover M of M. Define f- C— C by

f(ﬂv)={ ’ o<, (1.8)

L VIS
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Then
d
I CDTnY i k0
Tao(M)=4" 7= (19)
% Y (— pr[fE —k if k<.

Equivalently, let L(¢*) be the Lefschetz number of ¢*. For ze C with |z|
small, put {(z) =exp(Xp-o (zX/k) L(¢*)). Then ((z) has a meromorphic
continuation to z € C, and

) 1, dO
TasM) = ™ In L) 3.

(1.10)

Suppose that ¢ preserves a Dirac-type operator D, on Z. Let D be the
suspended Dirac-type operator on M. Then n (M) is given in terms of the
Atiyah—Bott indices by

i
;7<k>(M):E Trs(¢k |Ker(Dz))' (L.1T)

ProrosiTION 12.  Let Z" be a smooth closed even-dimensional manifold.
Let F be a finite group and let Z be a connected normal F-cover of Z. Let
¢ be a diffeomorphism of Z and let M be the mapping torus of ¢. Let ¢ be
a lift of ¢ to Z and let a. € Aut(F) be the automorphism defined by

~

$(zf ) =d(z) a1 (/) (1.12)

for all ze Z and f€ F. Put T=F X, Z, acting on Z xR on the right by

(z, 1) - (fs k) = (§*(zf ), t + k). (1.13)

For ke Z, define an equivalence relation ~, on F by saying that f~, ' if
there exists a ye F such that yfa*(y~Y) = f'. Let [ f], be the equivalence
class of fe F and let |[ f],| be its cardinality. Let I,(f)e Z be the Nielsen
fixed point index of ¢*, evaluated at [ f1,. If p is a finite-dimensional
irreducible unitary representation of F X, Z, let y, be its character. For z€ C
with |z| small, put

G Le(/) > (1.14)

2 xR )

k>0

CP(Z)=CXP<



6 JOHN LOTT

Then {,(z) has a meromorphic continuation to z € C and

X 2o K) T gy (M) =In |{,(D)]?. (1.15)
fik

Knowing (1.15) for all p determines {7 ;1 (M)} (s ryer-

If the fundamental group is torsion-free then the delocalized L2-Betti
numbers vanish in all cases in which we can compute them. We do not
know if this is always the case.

The calculations for the model cases in Propositions 9 and 10 are based
on the work of Fried [9, 11] and Millson [23]. Anton Deitmar has also
done the calculations for general nonpositively curved Hermitian
symmetric spaces [8]. I thank him for telling me of his work.

The structure of the paper is as follows. In Section 2 we give the defini-
tions of the invariants. In Sections 3-7 we prove the main results. In
Section 8 we give examples to show that the results are not vacuous.

2. DEFINITIONS

Let M7 be a closed connected oriented Riemannian manifold. Let
n: M— M be a connected normal I'-cover of M, equipped with the
pullback Riemannian metric. We let ye " act on M on the right by
R, e Diff(M). Let % denote the set of conjugacy classes of I,

DeFNiTION 2.1. Let .o/ be the convolution algebra of elements
ae C*(M x M) satisfying

1. a(my, m'y)=a(m,m’) for all yeI" and
2. There exists an R, >0 such that if d(m, m') = R, then a(m, m') =0.

The multiplication in ./ is given by

(ab)(m, m') = J —a(m,m") b(m", m") dvol(m"). (2.1)

~

Given ae.o/ and {g) €%, define 4., € C*(M) by

Ay (m)=% almy, m). (2.2)

yelg>

LemMA 1. For all y' €T,

Aigy (my') = Aoy (m). (2.3)
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Proof. We have

Ay (my' )= Y almy'y,my’)= Y almy'y(y") =", m)= A, (m).
yelg> yelg> (24)

Thus 4,y =n*x, for a unique .,y € C*(M). Q.E.D.

DEFINITION 2. Define Tr,y: .o/ — C by
Tregy (@) =] o, dvol (2.5)
M

LEmMMA 2.4. For all a,be .o/,
Tr gy (ab) =Tr 4 (ba). (2.6)
Proof. Let # be a fundamental domain for the I-action on M.
Formally,
Tr,,, (ab) = jy S (ab)(my, m) dvol(m)

yelg>

ZJ ) jM a(my, m') b(m', m) dvol(m'") d vol(m)

=J J Y. a(my, m'y") b(m'y', m) d vol(m') d vol(m)

[ ] bty =t mp) )
velgy ver "F °F
xa(my(y") "L, m') dvol(m') d vol(m)

=2 X f f m'(y") "y my")

yelgy y'el

x a(my”, m") dvol(m") d vol(m)

=y ) jj (m'y, my") a(my”, m') d vol(m) d vol(m")

velg> y'el

=X J jAb(m’V,WI)a(M,m')dvol(m)dvol(m’)

reled ¥

It is not hard to justify the steps in (2.7). Q.E.D.



8 JOHN LOTT

We will need two slight extensions of the algebra .o7. First, let E be a
Hermitian vector bundle on M. Put E=nr*E. For ie{1,2}, let x, be pro-
jection from M x M onto the ith factor of M. Let .7 be the convolution
algebra of elements a € C® (M x M; n} E® n} E*) satisfying the two condi-
tions of Definition 2.1. Equation (2.2) now has to be interpreted as

Ay (m)= Y tr((R,*a)(m,m))= ) tr(a(my, m)). (2.8)

yelg> yelg>

Then the proof of Lemma 2.4 can be extended. Next, we can replace condi-
tion 2 of Definition 2.1 by the weaker assumption that

forall R>0, sup ) |a(my, m')| < o0. (2.9)

dm,m')<R

Equation (2.9) is essentially an /'-condition on @ with respect to I". Then
we again have a convolution algebra and the proof of Lemma 2.4 still goes
through.

Let A » be the p-form Laplacian on M. For t>0, let e *%» be the corre-
sponding heat operator. It has a Schwartz kernel e '“r(m,m')e
AP(]";‘;M) ® (AP(T* ,M))*. By finite propagation speed estimates [6],
e "2o(m, m') satisfies (2.9).

—tA

DeriNITION 3. Take g#e. When the limit exists, we define the pth
delocalized L2-Betti number of M by

b, (o5 (M) = lim Tr<g>(e—’5p) (2.10)

If we were to take g=e then b, . (M) would be the same as the pth
L>-Betti number of M [1].

Let {ds*(u)},c;_1,17 be a smooth I-parameter family of Riemannian
metrics on M. Let {*(u)},.;_, 17 be the corresponding 1-parameter family
of Hodge duality operators. Then

d A _a dA
o Tiee (€70 = =1 Trey, <e o dup>

A ., dx _dx
= —eTr (e (] an o G| [ an et G )

— 21 Tre,, <efﬁp(dd*—d*d) £ ZZ). (2.11)
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LetAHKer(Ap) be projection onto the LZ2-kernel of ﬁp. As lim

t— oo

e Py = My exa,) and
Hexaydd* =g e a yd*d =0, (2.12)
we expect that
lim —2¢ Tr (rfﬁp(dd*—d*d) *—I‘Z>=O. (2.13)

In summary, we have shown the following result.

ProrposiTiION 13. If (2.13) can be justified, uniformly in u, then
b, (g5 (M) is metric-independent and hence a (smooth) topological invariant
of M.

For the moment, let us assume that b, (. (M) is metric-independent.
For >0, put

d
Ty ()= (=1)? pTreg(e™r). (2.14)

Put
d
Tigy(0)= Y, (=1)?pb, (o5 (M). (2.15)

DerFINITION 4. Take g # e. When the integral makes sense, we define the
delocalized L*-analytic torsion by

dt

Tiey (M) = —f:o (Tegs (1) = (1 =€) Tgy (20)) = (2.16)

If we were to take g=e then T,y (M) would formally be the same, up
to a sign, as the L?-analytic torsion of [ 17, 22]. (The latter requires a zeta-
function regularization in its definition, but this is not necessary for the
delocalized L2-analytic torsion.) It follows from finite propagation speed
arguments that the integrand in (2.16) is integrable for small 7. Thus the
question of whether the integral makes sense refers to large-¢ integrability.

Let {ds*(u)},e;_1,17 be a smooth l-parameter family of Riemannian
metrics on M. Then for any 7> 0, as in the proof of [17, Lemma 8], we
have

(—1)? Trgy <e"AP*_1 > (2.17)
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Proceeding formally,

d*

d d X
— Ty (M)=(lim— lim) Y (—1)?Tr,, <e—’Ap* 2

du t—0 t— oo

> (2.18)

As we are assuming that g #e, it follows again from finite propagation
speed estimates that

d ~ d*
tlirr(l) Y (=17 Tre,, <e—’AP*—1 du>=0. (2.19)
-0 %,
When it can be justified, we expect that
d R d*
li 1T TRy Tl —
A, L, T ()
d _, dx
=3 (—=1)"Tr, Her(a,)* o) (2.20)
p=0

Now Ker(A ») can be identified with the p-dimensional (reduced)
L?-cohomology group of M and is topological in nature [1]. In summary,
we have shown the following result.

ProrosITION 14.  If (2.20) can be justified, uniformly in u, and if M has
vanishing L*-cohomology then for all g # e, 7., (M) is a (smooth) topologi-
cal invariant of M.

Suppose that M is a closed Hermitian manifold of complex dimension d.
Let AO 4, be the (0, g)-form Laplacian on M, as in [32, Section 1]. For
>0, let e *2o.4 be the corresponding heat operator.

DerINITION 5. Take g#e. When the limit exists, we define the ¢th
delocalized holomorphic L-Betti number of M by

bacey(M) = lim Treg, (e7 o). (221)
Let {ds*(u)},c(—1.17 be a smooth l-parameter family of Hermitian
metrics on the complex manifold M. Let {*(u)},c[ 1, 17 be the correspond-
ing l-parameter family of duality operators. There are holomorphic
analogs of equations (2.11)—(2.13) and Proposition 13.
For the moment, let us assume that b;‘°‘<g>(M ) is independent of the

choice of Hermitian metric. For ¢ >0, put

d -~
T =Y (—1)7¢Tr g (e~ P00). (2.22)
g=0
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Put

g’hol (OO)Z

8> (— 1) gbh% oo (M). (2.23)

q,<8>
0

I M

q

DerFINITION 6. Take g # e. When the integral makes sense, we define the
delocalized holomorphic L?-analytic torsion by

dt

ThM) == [T (T —(1—e ) Tie) T (224)

It follows from finite propagation speed arguments that the integrand in
(2.24) is integrable for small 7. Thus the question of whether the integral
makes sense refers to large-7 integrability.

As in equation (2.20), we expect that

d R d*
lim ) (—1)7Tre,, <e_’Ao,q %1 du>

t— oo g=0

qg=0

g _, dx
( - 1) Tr<g> HKer(AO, q)* % . (225)
NOWA*(H), acting on Q%“(M), is independent of u. Furthermore,
Ker(A, ,) can be identified with the ¢gth Dolbeault L*-cohomology group
of M and is independent of the choice of Hermitian metric. Then as in the
discussion leading up to Proposition 14, we have

ProposITION 15, If (2.25) can be justified, uniformly in u, and if M has
vanishing qth Dolbeault L*-cohomology group for 0<q<d, then for all
g# e, T (M) is independent of the choice of Hermitian metric on the com-
plex manifold M.

Now let M? again be a smooth Riemannian manifold. Let £ be a
T-invariant Clifford module on M. For simplicity, we assume that M is
spin, with S denoting the spinor bundle, and that there is a Hermitian vec-
tor bundle ¥ on M so that £=7z*(S® V); the general case is similar. Let
VS be the connection on S coming from the Levi-Civita connection and let
V¥ be a Hermitian connection on V. Let D be the corresponding self-
adjoint Dirac-type operator on sections of S® V" and let D be the lifted
operator on sections of E. For >0, let e~ 2 be the corresponding heat
operator. It has a Schwartz kernel e”Dz(m, m')eE, ®E:"n,. Again, using
finite propagation speed estimates it is not hard to see that e ~*?” satisfies
(2.9). Given a conjugacy class {g)» in I, for s >0 put

Negs (8)=Tr gy (De D7), (2.26)
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DerFINITION 7. Take g # e. When the integral makes sense, we define the
delocalized L2-eta invariant by

2 0
’7<g>(M):ﬁ jo Ny (8) ds. (2.27)

If we were to take g =e then 7,y (M) would be the same as the L%-eta
invariant of Cheeger and Gromov [5]. In this case, it is known that the
integral in (2.27) makes sense [ 3, 29, 30]. If g # e, then finite propagation
speed arguments show that the integrand in (2.27) is integrable for small-s.
Thus the question of whether the integral makes sense refers to large-s
integrability. Equation (2.27) was first considered, when [ is virtually
nilpotent, in [ 16, Eq. (69)].

Let {dsz(u)}ue[—l,l]’ {hV(u)}ue[—l,l]’ and {VV(M)}ue[—l,l] be
smooth 1-parameter families of Riemannian metrics on M, Hermitian
metrics on V, and compatible Hermitian connections on V, respectively.
Then for any s> 0, one can check that

d d

dD <
Tu Mgy (8) = s Trgy <S T e_s2D2> . (2.28)

Proceeding formally,

A

d 2 dD 5
— N¢gy (M) =—= (lim —lim) Tr,, <s o 6_52D2> ) (2.29)
u u

d \/7; §— o0 s—0

As we are assuming that g #e, it follows from finite propagation speed
estimates that

2 . dD _$2p2
—= lim Tr,, <s C D >=0. (2.30)

ﬁs—»o

In summary, we have shown the following result.

ProposiTiON 16.  If

dﬁ 252
e—“’):o (2.31)

2
— Iim T
\/7; sljr:o r<g> <S du

uniformly in u then 1, (M) is independent of u.



DELOCALIZED L%*-INVARIANTS 13

Proceeding very formally,

2 lim Tr < dD —s? > 2Tr <
— s—e
ﬁ P <{g> du &>

d ) .
=2 T Tr . (sign(D)). (2.32)

>

&‘&

5(D)>

Thus we expect that if sign(D) is independent of u, as a I-operator, then
N¢gs (M) is independent of u. In particular, we expect that this will be true
in the following cases:

1. If D is the Dirac operator and for all ue [ —1, 1], (M, ds*(u)) has
positive scalar curvature.

2. If D is the (tangential) signature operator of [2].

We now give some elementary properties of the delocalized L*-inva-
riants.

PROPOSITION 17.  Suppose that I is finite. Let {{g;>} parametrize the
conjugacy classes of I'. Let p: I' - U(N) be a unitary representation of I.

Let E, be the associated flat Hermitian vector bundle on M. Let y,: I'— C
be the character of p.

1. Then
Z 7p(81) by, (g5 (M). (2.33)
2. Let T (M; E,)eR be the Ray-Singer analytic torsion [31]. Then

7 (M; E,) = Z 1p(81) T gy (M). (2.34)

3. Let 7" (M; E,)eR be the Ray-Singer holomorphic torsion [32].
Then

T"NM; E,) Zyp g 0“2‘;1>(M). (2.35)

4. Let D be a Dirac-type operator on M. Let n(M; E,)eR be the
Atiyah—Patodi—Singer n-invariant [2]. Then

ZXp ’7<gt (M) (236)

Proof. This follows from Fourier analysis on I, as in [ 20, Sect. 2]. We
omit the details. |
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Proposition 17.4 shows that when I is a finite group, the delocalized
L?-eta invariant has the same information as the p-invariant of [2].

PROPOSITION 18.
L We e by, (M) =By (W 7oy, (M) = 7o, OO
g hol (M)_g'hol (M), and i7<g—l>(M):77<g>(M)'

g™ T K>
2. Given pairs (M, I'y) and (M,, I',), we have

‘Zgl, 8> (M xM,)= 5g1, EIX(MI) ‘Zg2> (M,) + 5g2, eZX(Mz) ‘Zgl>(M1),

(2.37)
7122711 2> (M x M,) :5g1, eIXhOI(Ml) 912‘;12>(M2) + 5g2, eZXhOI(Mz) '712211>(M1)

(2.38)
and

Mgy 22> (M, xM,)= 5g1, e <jM A(TMI) Y Ch(E1)> 77<g2>(M2)
1

+5hQ<L[ﬂTMQLwMEg>m&gAL)(Z”)

3. If'dis even then T, (M)=0.

4. Suppose that d is odd and D is the (tangential) signature operator
[2]. Then 1,y (M)=0 if d=1mod 4.

Proof. As e~'%» is self-adjoint and I-invariant,

tr(e~"“r(my~", m)) =tr e "Po(m, my)) = tr(e 2o (my, m))*

(
tr(e~"2r (my, m)). (2.40)

It follows that b, (,-1y(M)=b, (.5 (M). The proof of the rest of 1 is
similar. The proofs of 2, 3, and 4 follow from arguments as in [2] and

[17]. We omit the details. |1

Before proceeding with the proofs of the main results, let us mention why
the existence problem for the delocalized L*-invariants is more difficult
than for the ordinary L*invariants. The algebraic origin of the problem is
as follows. Let I" be a countable discrete group and consider the group
algebra CI of finite sums >, . ¢,y, with ¢, € C. Define an involution on
CI by

(2 er) =% (241)

yel yel
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If {g) is a conjugacy class in I, the linear functional 7, : CI'— C given
by

T<g><2 cyy>= Y ¢ (2.42)

vell yelg>

satisfies 7.,y (ab) =1, (ba) for all a, beCI. Furthermore, if g=e then
T¢ey(a*a) =0 and 7, extends to a continuous linear functional on the
group von Neumann algebra. These last two properties of 7, which are
crucial for the usual L*invariants, generally fail for 7, if g #e.

3. PROOFS OF PROPOSITIONS 2, 3,4 AND 5
Let {g) be a finite conjugacy class in I". Put

A=Y Rx (3.1)

yelg>

Then A is a bounded operator on Q*(M) which commutes with R for all
y' e I'. Letting Tr, denote the I1_ -trace [ 1], we have

Tr gy (e "47) = Tr(de™"2r). (32)
Thus
bPa <g>(M)=TrF(AHKer(Ap))' (33)

Hence b, (. (M) is well defined. It follows by standard arguments (see, for
example, [ 5, pp. 24-27]) that it is metric-independent.
Similarly,

Ty ()= 2 (=1)?pTrp(de™"%r). (34)

Then the integrand of (2.16) is

~ | —

Y (=17 pTrp[A(e P —(1—e™) Hyena )] (3.5)

Now

| Tr AL A(e 20— Myea, )11 < I14] Trp[ (e 20— gera, )] (36)
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By assumption, there is an o, > 0 such that for large ¢,
Trrle % — Myea,] <t~ (37)

It follows that the integrand in (2.16) is integrable. If M has vanishing
L?-cohomology groups then it follows as in [17] that Ty (M) is metric-
independent. This proves Proposition 3. The proof of Proposition 4 is
similar.

Now let D be a Dirac-type operator. Then we have

Negs(8)=Trp(ADe=*"P?). (3.8)
Thus
Mgy ()| < 1A Trp(1D] e=*72%), (3.9)

It follows as in [30, Theorem 3.1.1] that the integrand in (2.27) is
integrable. The rest of Proposition 5 follows as in [5].

Finally, to finish the proof of Proposition 2, suppose that I'=Z". Let I
be the Pontryagin dual of I". Then an element p, of I" is a representation
po: I' = U(1) of the form

po(k)=e™*° (3.10)

Let E, be the associated flat unitary line bundle on M and let A, , be the
Laplacian on Q7 (M; E,). 1t follows as in [ 17, Proposition 38] that

R _ d'o
T —18) = —im-8 Tr(e~tAp0 . 3.11
R e R L (3.11)
From [ 33, Chap. XII], the eigenvaluesA A;(0) form a sequence of non-
negative algebraic functions locally on 7" (This corrects a claim in [17]
that they are local analytic functions, whAich is only guaranteed if /=1.) It
follows that there is convergence in L!(I),

lim Tr(e ™ "“r0) zbl(f)(M), (3.12)

t— o0

where b?)(M) is the number of such algebraic functions which equal the
zero function. Hence if m#0 then b, (py (M)=0. |

4. PROOFS OF PROPOSITIONS 6, 7 AND 8

To prove Proposition 6, let 4 be the reduced group C*-algebra of I". We
assume that there is an algebra B such that
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1. CI'eBca.
2. B is the projective limit of a sequence

-—>B;,,, > B> - —>B (4.1)

of Banach algebras (B, |-|;) with unit, and B,= 4.

3. Ifi;: B — B, is the induced homomorphism then i is injective with
dense image and B is closed under the holomorphic functional calculus in 4.

4. Given a conjugacy class {(g) of I, define 7,,,:CI'—C as in
(2.42). Then for all {g) €%, 7., extends to a continuous linear functional
on B, which we again denote by 7.

The topology on B comes from the submultiplicative seminorms
[-,=1i;(-)|;. Condition 4 is equivalent to saying that HC(CI) =
HC®(B). If I' is a virtually nilpotent or Gromov-hyperbolic group then
conditions 1-4 are known to be satisfied by the rapid-decay algebra B
[14, p. 397].

If € is a finitely generated right projective B-module then there is a con-
tinuous trace

Tr: Endg(€) - B/[B, B]. (42)

Explicitly, suppose that € =B"e for some N>0 and some projection
ee My(B). If AeEndg(€), we can think of 4 as an element of M ,(B)
satisfying 4 =eA = Ae. Then

Tr(A) = i A, mod [B, B]. (43)

i=1

(We quotient by the closure of [ B, B] to ensure that the trace takes value
in a Fréchet space.)

As A is a C*-algebra, there is a calculus of A-pseudodifferential
operators on M [25]. Suppose that E! is a smooth A-vector bundle on M,
meaning the fibers of E! are all isomorphic to a fixed finitely generated
projective right 4-module €' and the transition functions are smooth func-
tions with value in Aut ,(€!). Let E? be another smooth A-vector bundle
on M. The elements of the pseudodifferential algebra ¥ < (M; E', E*) map
smooth sections of E' to smooth sections of E? and commute with the
A-action.

In [ 19, Sect. 6.1] we extended this to a calculus of B-pseudodifferential
operators and proved some basic properties of such operators. We only
state the necessary facts, referring to [ 19] for details.

Let &! and &2 be smooth B-vector bundles on M. By an extension of the
Serre-Swan theorem, we can write &' = (M x BY) ¢! for some N> 0 and
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some projection el e C®(M; M p(B)). Define a B;-vector bundle by E]1 =
(M x BY) i,(e'). Then &' is the projective limit of
. > E1l

j+1

—>E}—>~--—>E(l), (4.4)

and similarly for &2
For each j =0, there is an algebra V(M E 1, E?) of B;-pseudodiffer-

ential operators. The algebra PF(M; &', &') of B-pseudodifferential

operators is the projective limit of

j+1 E}+1

o> V(M E; )= V(M E}LE) > - > PR(M; Eg, E3).
7 J

(4.5)

Let & be a B-vector bundle on M. Given Te Y§(M; &, &), let i;(T) be
its image in ‘P;;j(M; E;, E)).

ProrosiTiON 19 [19, Proposition 19]. If iy(T) is invertible in
V(M Eoy, Eo) then T is invertible in Y §(M; &, &).

Note that ¥4 *(M; &, &) is an algebra in its own right (without unit) of
smoothing operators. Given Te Y5 (M; &, &), let gy-»(T) denote its
spectrum in Y5 *(M; &, &) and let g4-(7) denote its spectrum in
VYo(M; 8, 8).

LemMA 3 [19, Lemma2]. og-o(T)=0y«(T).

Consider the algebra A of integral operators whose kernels
K(my, m,) e Homg(6,,, &, ) are continuous in m, and m,, with multiplica-
tion

(KK')omy,m3) = | Kmy.m) K'(m. m3) d vol(m), (4.6)

Let A4; be the analogous algebra with continuous kernels K(m;, m,)e
HomBj((Ej)mz, (E})m,)- Give HomBj((Ej),,,Z, (E;)m,) the Banach space norm
|-1; induced from Hom(B, B)). Define a norm |-|; on 4, by

|K|;=(vol(M))~" max |K(m,,m,)|,. (4.7)

my, myeM

Then one can check that 4; is a Banach algebra (without unit). Further-
more, A is the projective limit of {A4;},.,. Any smoothing operator
TeWVg™(M; &, &) gives an element of A through its Schwartz kernel. Let
og(T) be its spectrum in 2.
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LEMMA 4 [19, Lemma 3]. oo (T)=0w-«(T).
Define a continuous trace TR: .7 — B/[B, B] by

TR(K) = j Tr(K(m, m)) dvol(m). (4.8)

Suppose that 0 ¢ spec( ») or that 0 is isolated in spec( A »)- Let & be the
B-vector bundle M x,B on M and put &= A"(T*M)@@ We can lift
A, from M to a differential operator A e Y%(M; &, &). Then for all £ >0,
e_’APe Ve (M;&,8&). As in [ 15, Sect. 3] one can show that

Trgy (€ 20) =1 s (TR(e~"20)). (4.9)

Let E be the analogous A-vector bundle on M whose fiber over me M
is isomorphic to A7 (T* M) ® A. Recall that iy( A ) is the extension of A »
to an element of Y2(M; E, E). Let N(I") denote the group von Neumann
algebra of I [1]. Let E be the natural N(I")-vector bundle on M whose
fiber over me M is isomorphic to A?(T% M)® N(I'). Let A be the exten-
sion of A to an element of S{’N(r)(M E, E) As L2(M) is 1somorphlc to
the L’-sections of the Hilbert bundle M x (), it follows that
a(ﬁp)= (A ). As the C*-algebra A is a closed subalgebra of N(I), it
follows that a(A )= a(zo(A )). Using Proposition 19, it now follows that
0¢o( p) or that 0 is 1solated in o(A,). Let ¢ be a smal~l loop around
0eC, oriented counterclockwise. The projection onto Ker(A ) is

1 dz
gz y =7 . 4.10
Ker(Ap) 277:1 J; - AP ( )

It follows from arguments as in [25] that Ker(A ) is a finitely- generated
projective right B-module. Let be the compression of A onto
Im(I—IYKer(Ap)). Then in terms of the trace of (4.2),

Trepy (e77) =1 4 (Tr([Ker(AP))) +Tees (TR(e~'%h)). (4.11)

As 7 and TR are continuous, it suffices to show that there is some j such
that the 4;-norm of e~"%5 is rapidly-decreasing in 1.

As {e_’ﬁé} ¢>0 gives a l-parameter semigroup in the Banach algebra 4,
it follows from [7, Theorem 1.227] that the number

a=lim ¢ 'lnle~"%, (4.12)

t— oo

exists. Furthermore, for all >0, the spectral radius of e %) is ™. Let

J0>0 be the infimum of the spectrum of the generator A - Then by the
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spectral mapping theorem, the spectral radius of e =27 is e ~*%. Thus there
is a constant C> 0 such that for 7> 1,

le= 21, < Ce =2, (4.13)
Hence

bP: <g>(M):T<g>(Tr(1Ker(Ap))) (414)

is well defined. By similar arguments one can justify (2.13), showing that
b, (g5 (M) is metric-independent. This proves Proposition 6.

To prove Proposition 7, with its hypotheses, arguments similar to those
above give

Tr<g> (e_tA(),q) = T<g> (Tr(IKer(AO'q))) + O(C_th) (415)

for some ¢, > 0. Then the integral in (2.24) makes sense and one can justify
(2.25). This proves Proposition 7.

To prove Proposition 8, let D be a Dirac-type operator on M such that
0¢spec(D) or 0 is isolated in spec(D). Put £ =S® V® 2. We can lift D
to a differential operator De Y’}B(M; &, &). Then for all s>0, De—'P’ ¢
VYe®(M;&,6&). As in [15, Sect. 3], one can show that

Hegs () = Tegy (TR(De~*P%)). (4.16)

From finite-propagation estimates, we know that 7, (s) is integrable for
—s?D%)) is integrable for large
_$2p2

small 5. Hence we must show that 7, (TR(De

s. It suffices to show that there is some j such that the 4;-norm of De
is rapidly decreasing in s.

Let E be the natural A-vector bundle on M whose fiber over me M is
isomorphic to S,, ® V,, ® A. Recall that i,(D) is the extension of D to an
element of Y. (M; E, E). As before, a(D) = a(iy(D)). Using Proposition 4.6,
it now follows that 0 ¢ a(D) or that 0 is isolated in (D). Let ¢ be a small
loop around 0 e C, oriented counterclockwise. The projection on Ker(D) is

1 dz
Iy m=— . 4.17
Ker(D) 27[1 L - 13 ( )

Let D' be the compression of D onto Im(/ — I er5))- Then

De=*"P* = O o5y ® D'e P, (4.18)
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Hence we may as well assume that 0 ¢ spec(D). Let 1,> 0 be the infimum
of the spectrum of the generator D2 As in (4.13), there is a constant C >0
such that for 1> 1,

|e*152|j< Ce %12, (4.19)
As

|De =], <|De |- e~ P

> (4.20)
it follows that 7, (s) is large-s integrable.

Suppose that {ds*(u)},.;_1.17 i a smooth I-parameter of positive-
scalar-curvature metrics on M. Let D(u) be the Dirac operator on M. Then
for all ue[ —1, 1], D(u) is invertible. Using the above methods, one sees

that
D .
lim 7,y <TR <‘;u esW)) =0. (4.21)

From Proposition 16, 7., (M) is independent of u. This proves Proposi-
tion 8. ||

Remark. 1f I' is virtually nilpotent, one can also prove Propositions 6,
7, and 8 using finite propagation speed estimates on M, as in [16]. This
does not work when I" is Gromov-hyperbolic, which is why we use the
more indirect method of proof above.

5. PROOF OF PROPOSITIONS 9 AND 10

To prove Proposition 9, as in [9, Sect. 2], the Selberg trace formula

implies that there are functions {G;(1)} ¥y of the form

G, (1) = a;t "2 e~ —re] (5.1)

so that for 0 < j<d,
Tr<g>(eitﬁj):Gj(t)"‘ijl(l)- (5.2)

Here a; and ¢; are nonnegative constants whose exact values are not impor-
tant for the moment. It is clear from (5.1) and (5.2) that b, (M)
vanishes for all p.

Now suppose that the dimension of M is d=2n+ 1. The Selberg trace
formula gives the following result.
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ProrosiTioNn 20 [9, Theorem 2]. For 0< j<2n, put ¢;=|n— j| and

Tr(a,(m)) I

k detI—e 'm™Y) _/ams

G,(0;) = e Pl ol (5.3)

Then for 0< j<d,

Tr (g (672 =G,(0,) + G,(0;_)). (5.4)

Hence from (2.14),

d
Teey ()=, (=1) j[G, () +G,(0,_1)]
p=0
2n
= (=1)/*' G,(a). (5.5)
j=0
For />0,
* 1 —1%/At ,—1c? dr _e”"
— e T —= 5.6
Jo J4nt t l (>4)
Equation (1.2) now follows from (2.16).
For r>0, we have
efnrl 2n ,
T oy (M) = 1V e "I Tr(g.(m"
‘/<g’>( ) kdet(]_efrlmfr) j;o ( ) e r(aj(m ))
_(_1)" —nrl r —2nrl
= e Tr(a,(m"))+ O(e ). (5.7)
Then
1
lzﬁ sup {a € R : |T oy (M) = O(e ™)} (5.8)

Hence one recovers the marked Ilength spectrum of M from

{‘Z@ (M)} {g>e%:
Let D be the tangential signature operator. By [23, Theorem 2.1],

2ni P sin(6,) ---sin(0,,) o s?
kol —pi P = P (m)* s

N¢gs (8)=(20)" — (5.9)

Equation (1.4) now follows from (2.27).
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Equation (1.5) comes from a straightforward computation. This proves
Proposition 9.

To prove Proposition 10, we first note that the complex-hyperbolic
metric on X satisfies the hypotheses of Proposition 7. By arguments like
those in [18], applied to the Dolbeault complex instead of the de Rham
complex, it follows that any Hermitian metric on X also satisfies the
hypotheses of Proposition 7. By the conclusion of Proposition 7, we can
just do the computations for the complex-hyperbolic metric. In this case,
we can write

Trigy (e7200) = Gy (1) + G, (1), (5.10)

where G,(1) =0 and for 0 <g <d, G,(t) is given by the following proposi-
tion.

ProrposiTION 21 [11, Sect. 2].

Tr(aq(m)) ! o~ Pt —Hd—a)? ,—dl
k(=) [det(I—e~m DI* /am '

Proposition 10 now follows from calculations as above. ||

G,(0,) = (5.11)

6. PROOF OF PROPOSITION 11

Let m: M — S! be the natural projection map. For e U(1), let E, be
the flat complex line bundle on S! with holonomy e®. Let T(0) e R be the
Ray-Singer analytic torsion of M, computed with the flat bundle z*(E,).
As in [17, Sect. V1], it follows from Fourier analysis that

. do
a7 _ —ik6
Ty (M) = Ll e "™ T(0) I (6.1)
From [24, Sect. 3] and the Cheeger—Miiller theorem [4, 27],
T(0)= E (—1)7In |det(]—e“¢ )| —2. (6.2)
Given 4 #0, if k>0 then
. o f(2 )
—ik6 10 -2
Ll e In |1 —e"| ek (6.3)
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and if k£ <0 then

f efikﬁ In |1_ei'9/1|72 igz _ . (64)
s 4

Equation (1.9) follows from combining (6.1)—(6.4).
By standard arguments [24],

(o) =[] det(I—zgx) D", (6.5)
p=0

Equation (1.10) follows from (6.1), (6.2), and (6.5).

Now suppose that ¢ preserves D,. It follows that ¢ is an isometry of Z
with respect to the Riemannian metric defining D . In terms of the coor-
dinates (u, z) on M =R x Z, we can write

R —i0, D
D=< "Ou ?—>. (6.6)
DZ, + lau
Then
. —0*+D,_D 0
DZ=< wtPz-Lze > (6.7)
0 —8>+D, , D, _
and
e (u,2), (', 2)
1 e—(u—u’)2/4xze— ZDZ) —DZ, n (Z, Z’) 0
47s?

1

0 \/W e—(u—u’)2/4sze—s2Dzy+Dzy B (z, z')
(6.8)
It follows that
N 5 1 u—u

tr(De =P ((u, z), (', 2'))) = i

).
Jans?  2s° (6.9)
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Hence

k 2
R 4 (e=Dh(gK(2), 2)) d vol(z) ds

2 o o1
Ners (M) =ﬁ L JZ i o 25
—k?/4s? T k,—s D d
- j — 3¢ v (¢Fe 0% ds
ff ims? 252 eikzm Tr,(¢* |Ker(DZ)) ds

_L k © _kas? k2
= DT o) jo e a4

P\T‘

i
== T (8 o, ) (6.10)

The proposition follows. [

7. PROOF OF PROPOSITION 12

Any irreducible unitary representation p of F X, Z arises as follows [ 21,
Sect. 10]. First, Z acts on the dual space F. A periodic point of period j
corresponds to a representation u: F— U(N) and a matrix Ue U(N) such
that u(a/( f)) = Uu(f) U™, (The matrix U is determined up to multiplication
by a unit complex number.) Consider the representation v: F X, jZ — U(N)
given by

v(fs jr)=pu(f)U". (7.1)
Then p comes from inducing v from F X, jZ to F X, Z. The character of
pis
0 if j)k,
Tr([p(f) +ula™ () + - +pa”V=D(MNIU) i k=
(7.2)

" k>={

Let 7,(M) be the analytic torsion of M, computed using the representa-
tion p. From Fourier analysis,

Z,(M)=Z Xp(fsk) <7<f,k>(M)~ (7.3)
fik
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Let M’ be the mapping torus of ¢/. Then M’ is a j-fold cover of M. By [ 10,
(VI), p. 27],

a7
Iy

(M)=7,(M"). (7.4)
Let E, be the flat CY-bundle on Z coming from the representation su.

Then ¢/ acts on Z and preserves E,. Let L, (r) be the Lefschetz number of
¢’ acting on (Z, E,). Put

¢,(z) =exp < Y 27 L”(r)> . (7.5)

r>0

It follows from [24, Sect. 3] that
Z,(M')=In |, (1) (7.6)
Take a cellular decomposition of Z. Let Z have the lifted cellular struc-
ture and let C*(Z) denote the cellular cochains on Z. We let F act on
C*(Z) on the right by
o-f=Riio. (7.7)
Then
P*(w-f)=(§*w)-a(f). (7.8)

We can identify C*(Z; E,) with C*(Z )®FCN with the relation
w-f @pv=w Qg u(f)v. Then ¢’ acts on C*(Z) ®,C" by

¢ (0 @pv)=(§7)* 0 @ U'V. (7.9)

Letting Tr, denote the supertrace on C*(Z; E,), we want to compute
L,(r)=Tr,(¢”). (7.10)
For the moment we concentrate on C?(Z; E,). Let {e;} be a basis of

C?(Z) consisting of dual p- cells. The set of such dual p-cells has a free
F-action. Write the action of ¢* on C?(Z) as

=X ftaer (7.11)

From (7.8),

Peisey =9 1 et (7.12)
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Let {e,} be a set of representatives for the F-orbits of the dual p-cells.
Then as a vector space,

Cr(2) @ CV=@ ¢®CY (7.13)
and so
¢7 (e :Z (67)z e —»e,felf®FUU
Lf
=Y (¢M)% o e ®@ulf) U, (7.14)
Lf
Hence
Tr(¢") =Y. ()% o, Tru(f) U"). (7.15)
if

As the choice of the representatives {¢,} is arbitrary, we can also write

Tr(¢”) = |F| Z (@7)E o, Telu(f) U"). (7.16)

We have
Tr(¢”") 7 > () )% e p Tr(u(f) U)
i, f

Y (DL (FEL, Truf) U)
il f

-1

- T D T U

T T B T O

- % (018 TR U

7Zf i Tr(u(a™ () U). (7.17)



28 JOHN LOTT

Then from (7.16) and (7.17),

. 1 _
Tr(¢ )—m ,,/(¢ Vi e s Tr(Lu(f) +u(a™ " (f)
o (@D (f)] U, (7.18)
Put
n, i z (7% )o e (7.19)
iLf
From (7.2), (7.10), and (7.18),
1 n
== 2 1, jr) X (=17 n, ,(f) (7.20)
J f p=0
Put
b ()=Y X @i, . (7.21)
ARV

The Nielsen fixed-point index 7, (f) € Z of the transformation ¢’" is defined
by [12, Sect. 1]

= 3 (1), (). (7.22)

p=0

Put s, (f)={yeF:pfa”(y~")=f}|. We have

1 .
Z ()3~ &

ip,jr(f) s, (f)
1

"5 & P

= iy * ) 7.23
) = Wi 7:23)

Then from (7.19) and (7.23),

Sjr(f)
|F|

ip,jr(f)
IL/1

ny, 5 (f) = iy, i (f) = (7.24)
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Hence the Lefschetz number is given in terms of the Nielsen index by

1 ) ir) 1
Ln=+7Y 2oL ) L (f)
VA (WA P
Substituting (7.25) into (7.6) and using (7.3)—(7.4) gives (1.15). AsA I'is a
type-I discrete group [21, p. 61], knowing Eq. (1.15) for all pe I" deter-

mines {7 ey (M)} (r1yer- |

(7.25)

8. EXAMPLES

Proposition 2: It follows from Proposition 17.1 that b, ., (M) can be
nonzero if I is finite. For example, by (.~ (M) =[{g>|/IT].

Proposition 3: It follows from Proposition 17.2 that . (M) is non-
zero in some examples in which M is a lens space.

Proposition 4: Applying Fourier analysis to [ 32, Theorem 4.1], we see
that 7 %\ (M) is nonzero if M is a 2-torus.

Proposition 5: It follows from Proposition 17.4 that 5, (M) is non-
zero in some examples in which M is a lens space, both for the tangential
signature operator and the Dirac operator.

Proposition 6: The hypotheses of the proposition are satisfied for all
p if M is an even-dimensional closed real-hyperbolic manifold or a closed
complex-hyperbolic manifold.

Proposition 7: Examples come from Proposition 1.

Proposition 8: Let N, be a closed even-dimensional spin manifold
whose fundamental group is virtually nilpotent or Gromov-hyperbolic,
with A(N,)#0. Let N, be a lens space which is spin and whose Dirac
operator has a nonzero p-invariant. Put M = N, x N,. Shrink N, so that M
has positive scalar curvature. Then M satisfies the hypotheses of the
proposition and 7, (M) = A(N)) 7 <g>(N>) is nonzero for appropriate g.

Proposition 9: There are many nontrivial examples.
Proposition 10: There are many nontrivial examples.

Proposition 11: Nontrivial examples come from closed even-dimen-
sional oriented manifolds Z with a finite-order orientation-preserving dif-
feomorphism ¢ such that ¢ has nonzero Lefschetz or Atiyah—Bott numbers.
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Proposition 12: Any example of Proposition 11 gives an example of

Proposition 12 by taking F to be the trivial group. There are also many
examples with F nontrivial.

1.

12.

13.
14.

15.
16.
17.
18.
19.
20.
21.
22.

23.
24.
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