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The short time existence of Ricci flow on complete noncompact Riemannian
manifolds with bounded curvature is proven by Shi [Sh1]. The uniqueness of
such solutions is a difficult problem. Hsu studies this problem in dimension two
[Hs], otherwise there is not any result about this problem. In the fundamental
paper [Pe2] Perelman discussed a special family of solutions of Ricci flow on
R3, the so-called standard solutions, the solutions are used to construct the
geometric-topological surgeries and their uniqueness are used to construct the
longtime existence and to study the properties of the Ricci flow with surgery.
A particular nice feature about these solutions is that at space infinity these
solutions are asymptotic to round infinity cylinder.

In [Pe2] §2 Perelman gives a proof of the uniqueness of the standard solutions.
The idea is to reduce the Ricci flow equation to

fi=f"+arf +big +cif +dig
gt = aof' +bag' + cof +dayg

by using the rotational symmetry of the solutions, then prove the uniqueness of
solutions of above equations for given initial data. However there is difficulty to
bound the coefficients in above equations near the origin of R3, the first named
author thanks John Lott for discussions in understanding this difficulty.

In this paper we give a proof of the uniqueness of standard solutions through
the uniqueness of the DeTurk-Ricci flow. The general idea of using DeTurk-Ricci
flow to prove the uniqueness of the Ricci flow is due to Hamilton [H95b] §6. Our
proof uses the rotationally symmetry of the standard solutions which is used to
prove the short time existence and the certain asymptotic behavior of harmonic
map flow.

We make two remarks. First through a private communication we have
learned that Perelman has similar idea of using the DeTurk-Ricci flow to prove
the uniqueness; Second properties of standard solutions are proven in [Pe2] §2,
for completeness we include here proofs of those properties needed to show the
uniqueness.



1 Standard solutions

Let integer n > 3. Denote S™~! (r) the round (n — 1)-sphere of radius r and
let do be the standard metric on S"~! (1). Let G, be the set of rotationally
symmetric metric go on R™ which satisfies the following condition:

(i) The curvature operator of go is nonnegative and is positive at some point;

(ii) The curvature |Rmy,| and its derivatives |V'Rmyg,|,i = 1,2,3,4 are
bounded;

(iii) There is a sequence of points y; — oo in R™, (R™, go,y;) converges to

R x §7~1 ( 2(n— 2)) in pointed C® Cheeger-Gromov topology.

We construct a rotationally symmetric metric to show that G, is nonempty.
Let (6*,---,6""!) be normal coordinates on S™~* (1), then (6*,--- 6" r)
are local coordinates on R”. Consider rotationally symmetric complete metric
dr? + f (7")2 do on R™, the curvatures are given by

Risi = > = 1> (/') Rijen =0 (1)
Rinnj =0 Rinni = _ffl/

where 1 < i # j,k < n —1 (see, for example, [BW] §9). We choose a smooth
convex function fo (r) satisfies

. . "
sinr 1f0§7"§ﬁ

fO(T){ 2(n—2) ifr>3n "

Then clearly metric g, = dr? + fo (r)2 do has nonnegative sectional curvature.
Using (1) it is easy to check that g, satisfies (i), condition (ii) and (iii) also hold
and hence G,, is not empty.

Given gg € G,, since gg is complete and has bounded curvature tensor, by
Shi’s existence theorem ([Sh1]) there is a solution g.(t),t € [0, Tk], Tx > 0 of the
Ricci flow

0
6% = —2R;;, g(0)=go (2)

on R™. g.(t) has uniform bounded curvature supgn o ,] ’ng*(t) (CL‘)| < +o0
and g.(¢t),t > 0 has positive curvature operator ([Sh2] Theorem 4.14). We call
any solution g(t),t € [0,7],7 > 0 of (2) with supgn 1 |Rmys (z)| < +o0
a standard solution, again ¢(t),¢ > 0 has positive curvature operator ([Sh2]
Theorem 4.14). The uniqueness problem of the standard solutions is to show
that g(t) = ¢«(¢) on t € [0, min{T, T}].

To prove the uniqueness, we need to establish a few properties of standard
solutions.

1.1 Asymptotic behavior of standard solutions g(¢) at
space infinity

Let y; — oo be the sequence of points in R™ such that (R™, gg,y;) converges to
R x Sn—1 ( 2(n— 2)) in pointed C?® Cheeger-Gromov topology.



Lemma 1 There is a subsequence of (R™, g (t),y;),t € [0,T] which converges
in pointed C* Cheeger-Gromov topology to the round cylinder solution

dr*+2(n—2)(1—t)do
on R x "1, In particular T < 1.

Proof. We will apply Hamilton’s Cheeger-Gromov type compactness theo-
rem [H95a], but we need to make some modification of the compactness theorem
since time 0 is not an interior point of [0, 7]. In general if there is a sequence of
complete solution of the Ricci flow (M}, gx(t),pk),t € [0,T], k € N satisfying

sup sup |Vingk(0) (x)‘ < 400, 0<i<ig+1 for someige N
ko M}

sup  sup ’ngk(t) (w)’ < 400,
k MPx[0,T]

one can improve Shi’s derivative estimate and get

sup  sup }Vingk(t) (x)| < +4oo 1 <ig+1.
k M} x[0,T]

We will give a proof of this estimate in the appendix at the end. This esti-
mate implies that in normal coordinates the C***1-norm of metric tensor g ()
are bounded independent of k,t. Suppose we have injectivity radius bound
ig.(0)(Pk) = & > 0, then one can follow the proof of compactness theorem in
[H95a] to conclude the following. There is a subsequence (M,?J s 9k; (1), Dk, ), t €
[0, T] which converges in pointed C* Cheeger-Gromov topology to an complete
solution of the Ricci flow (M2, goo(t), o), t € [0,T], with bounded curvature
tensor and ig__ () (Poc) > 0.

Applying this compactness statement to (R™, g(t),y;), ¢ € [0,T], we conclude
that there is a subsequence y;; (still denoted by y;) such that

(R™, g(t),yi) = (Moo, goo (t); Yoo te [OaT]

in the C3-topology. Note that by assumption (iii) (Muo, goo(0)) is isometric to
round cylinder R x S§7~1 (\/2 (n— 2)) (M, goo (t)) has nonnegative curvature

operator because g(t) has nonnegative curvature operator.

Since Mo, has two ends, (Moo, hoo (t)) has a line for each ¢t € [0,T]. From the
local version of Hamilton’s strong maximal principle ([?] §8), the line direction
is preserved by the Ricci flow. By the Toponogov splitting theorem the metric
Joo(t),t € [0,T] splits and has the following form

Joo(t) = dr? 4 ggn- (t),

where ggn-1 () is the solution of the Ricci flow on sphere S"~! with initial
metric 2 (n —2)do. It follows from the uniqueness of Ricci flow solution on
closed manifold that ggn-1 (t) =2(n—2)(1 —t)do. =



1.2 Standard solutions are rotationally symmetric

Lemma 2 Let X be a vector field evolving by
0

—X'=AX'+ R X* 3
and Vi; =V, (gijk) = gjkViXk, then V' evolves by
0
avij = AVij = 2RiijiVia — Rt Viej — RjiVik. (4)
Proof. The evolution equation of X; = g;1 X" is
0 0
—X; = 2Ry X" + gip— XF
ot k +g ko
= 2Ry X" + g (AX* + Ry X)
= AXZ — R Xy

We compute
0 0 0 0
—Vii=—(V;X;)=— =Tt X =X,
gtV = g ViXa) <8t ”) 1 +V <8t J>
= (—VzRij + Vile + VjRZ'l) X +V; (AXj . Rijk) .

From
Vi(AX;) = ViViViX; — Rie ViXj — Rini Vi Xy
= Vi (ViViX; — Ripji X1) — RuViX; — RiiVie Xy
= AV; — XiViRipji — 2RiriVia — RuViy,
we get

0
&Vij = AVi; —2Ri1jiVin — RixVij — RjrVik

- XiViR;; + XiV; Ry — Xi Vi Ripji.

(4) follows from the second Bianchi identity 0 = ViRikj + VjRikik +
ViRikk;j = ViRikji — ViRy +ViR;;. m

Let h;; = Vi; + Vj;. It follows from (4) that

0
ahij = ALhij; (5)
where Aph;; = Ah;j+2Rikhi — Rikhi; — Rjkhyi is the Lichnerowicz Lapla-

cian. A simple calculation shows that there is a constant C' > 0 such that

0
(81& — A) |hij|” = —2|Vihij|> + 4Rijuahihi (6)
0
§|hij|2 < Alhyl? = 2|Vihig)? + C il (7)



Note X*(t) is Killing vector fields for g(t) if and only if h;;(¢t) = 0. For
any given Killing vector field X*(0) for metric g(0), (3) has a bounded solution
X (t) for t € [0,T). Then |h;; (t)] is a bounded function and satisfying (7) and
|hij|2 (0) = 0. Since the metric g(¢) has bounded sectional curvature, we can

apply the maximum principle to |hij|2 on complete manifolds ([Sh2] Theorem
4.6) to conclude that h;;(t) = 0 for all ¢ > 0. So X*(¢t) is Killing vector fields

for g (¢).

The following is a very nice observation of Bennett Chow, we thank him for
allowing us to use it here. From h;; = 0 we have V; X' + V; X7 = 0. Taking
V, derivative and summing over j we get AX’ + Ri X k =0 for all t. Hence
(3) gives £ X' =0 and X'(t) = X(0), i.e., the rotation group O(n) of R are
contained in the isometry group of g(t). We conclude

Lemma 3 The standard solution g(t),t € [0,T] are rotationally symmetric.

2 From Ricci flow to DeTurk-Ricci flow

In this section we discuss the DeTurk-Ricci flow and the harmonic map flow.

2.1 Converting Ricci flow solutions to Deturk-Ricci flow
solutions

Let (M™, h(t)),t € [0,T] be a solution of the Ricci flow and let ¢, : M — M, t €
[0, T1] be a solution of harmonic map flow

oy
877; = Ap),h(0)%t, Yo = Id. (8)
In local coordinates (z*) on domain M and (y®) on target M, the harmonic

map flow (8) can be written as

YO () oY (1)
ox?t oxJ (9)

(55~ Ao ) 07 (@) = (2.0 T, (0 021)

where I'g is the Christoffel symbols of h(0).

Suppose ¥ (x,t) is a solution with bounded |V|c2 norm, then ¢ (t),t €
[0,T1] are diffeomorphisms when 77 > 0 is small. For 0 < t < Tj, define
ho(t) = (7,[1;1)* h(t), then h(t) is a solution of Ricci-DeTurck flow by (see
[D], [H95b] or [CK] Chapter 3 for details)

0

&ﬁij = —QRij + @in + @jWZ‘ h (O) = h(O),

where R;; and V; are the Ricci curvature and Levi-Civita connection of A re-
spectively and the time-dependent 1-form W =W (ﬁ) is defined by



(W(k)) = hyh?t (T, —Th, (h(0))).

J
In local coordinates the Ricci-DeTurk flow takes the following form ([Shl]
Lemma 2.1)

Ohi; - - A ) )

i = WHVihi; = B R(0)iph Ry (h(0)) = KHh(0) 1™ ik (h(0))

4 Lk o Vi Vihg +2VihpVeha ‘ (10)
2 —2VhjpVihiq — 2V bk Vihig — 2Vihpi Vihijg

where V is the Levi-Civita connection of h(0). This is a parabolic system.

Recall the following derivative estimate for solution k(t) of the Ricci-DeTurck
flow from [Sh1] Lemmas 4.1 and 4.2, one can check easily that the v dependence
of constant C' below is not necessary.

Proposition 4 Let (M”, h (t)) ,t€10,T), be a solution of the Ricci-DeTurck
flow. For a given m € N, suppose

sup ‘V}L(O)Rmﬁ(o)m(()) S Bk.
r€Bj (zg,v+%ﬂ),i§k

There exists a constant C = C (n,m,d,T, By) depending only on n,m, 5, T, By,
such that if

1 . ) 1 .
- —— VO <h@®) < (14— 1h <t<T
< 256000n10> 0) < ()—< +256000n10) 0), 0sts<

then

. 5
m < : R
]v h)h(o)_o in By, <x077+m+1) x [0,7) (11)

2.2 Solutions of harmonic map flow

In this section we study the existence of harmonic flow (8) and its asymptotic
behavior at the space infinity when h(t) = g(t) is a standard solutions. Here we
use of the rotationally symmetric property and asymptotic property at infinity
of g(t).

Let 6 = (6%,---,0" 1) be local coordinates on the round (n — 1)-sphere of
radius 1, and let do the volume form on the sphere. Since g(t) is rotationally
symmetric and n > 3, we can write

g(t) = dr? + f(r,t)%do gy = dr® + fo(r)%do (12)

where r be the radial coordinate on R™ depending on time ¢, i.e. % #0. It is
clear that f(r,0) = fo(r). We want to solve (8) by maps of form

o(t) : R - R" (r,0) — (p(r,t),0). (13)



2.2.1 The harmonic map flow equation. Using (12) and (13) it is easy
to calculate the energy functional

1
B = 5 [ V6050000 Vot

_ %/ Kgi)z + (n=1)f5(p)f 2 (r,t)

If we have a compact-supported variation dp = w, then

9fo
dp

dVg(t) .

B =5 [ 225 20 - 1falp
s,

o
-/ [—fl‘”;i (fff) - DA G20 t)} wdV (1)

72 t)w] av, (1)

dp Ow

— /;00 [f"l(r, t) 2=+ (n—1)fo(p)

n—3 .
ar or 2 (r, t)w] dr /Snil dVys

Hence for rotationally symmetric maps the harmonic map flow equation (8) has
the following form

(P e03) = = D120 o)

dp__ 1 9
dt — fr=1(r,t) or
@782/) n—10fdp n-1 dfy Opdr

o "o fenorar e, “ara (14)

Note that coordinate r on domain R™ depends on time ¢, this leads us to take

. . . . dp __ 9p dp d
full derivative of p(r,t) with respect to ¢ in above formula, % = 22 + 52 9.

2.2.2 An equation equivalent to the harmonic map flow. We want
to make change of variables and turn (14) to an equation more easily to solve.
Let . .

Flr8) =ref 00 fo(p) = peloe?).
Note that f(w,0) = fo(w). We claim that f(w,t) and fo(w) are both smooth
functions of w > 0 and ¢t. Let f(r,t) = rf(rQ,t), to see this claim we only
need to show that f(w,t) is a smooth function of w,¢ and f(0,¢) # 0. Write
metric g(t) = g;jda’dz’? and let ' = Fcosf', 2? = Fsinf'cosh?, .-+ 2" =
Fsinf'---sinf "1, we compute f(r,t) by choosing # = x! and 6! = ... =
ol =0, ie,22=---=2" =0.

g(t) = g11(7,0,- -+, 0,8)dF* + gao (7,0, - - - ,0, )7 do.

So

7 1
7":/ V11(5,0, - ,o,t)dng/ Vo11(7s,0,---,0,t)ds
0 0

EN



and

72\/922(7% [ 707t) \/922(72307"' ,O,t)

0
I (3,0,---,0,0ds  [) /gu(75,0,--- 0, t)ds

For any k > 0 suppose F(#,t) is an even function in 7 and is differentiable up
to order 2k, it is clear that function w*F(\/w,t),w > 0 is differentiable up to
order k in w > 0 and its (left-)derivatives up to order k — 1 at w = 0 are 0.
Since by rotational symmetry goo(7,0,---,0,t) is even in 7 and by Taylor series
we can write for any k > 0

922(72’ 07 - ’O,t) — C()(t) + Cl(t)fQ 4+ 4 Ckfl(t)ka_Q + TAQkF(f‘7t)

for some smooth even function F(7,t). Let §oa (72,0, -+ ,0,t) = gao(#,0,--- ,0,1).
Since 72KF(7,t) has k-derivative, goo(w,0,---,0,t) is a smooth function of
w > 0,t. Similarly \/gu(f&(), .-+ ,0,t) is a smooth function of #2,¢ . Hence
we conclude that I \/zflz((:sooooti)ds and 72 = 72 fol \/gll(fs’ 0,---,0,t)ds is a
smooth function of #2,¢. Furthermore 2 is a smooth invertible function of #2.
We now conclude that f(w, t) is a smooth function of w > 0,¢.

Since

2

1 A
—dr _ Jo &\/911(75,0,---,0,t)ds
di fol \/911(728707"' ao,t)dS ’
a simple consequence of above arguments is that f(w t) is a smooth function

of w > 0,t for 7(r?,t) = r~'9 Let B(w,t) = 3 fO #(w, t)dw. Clearly %
%B(r27t) and B(w,t) is a smooth function of w > 0, 1.

We will solve (14) for solutions of form
p(r,t) = refmh),

Then some straight forward calculation shows that (14) becomes

rdt = Ot Or2 r Or

At PR Fole?)=21 ()| +2(n—1)ﬁ(7’2,t)

ldr  9p 9% 10p B) 5 (0p\°
Lo _dp nt 2P 4 (n— )f(r,t) +<p)

or or or

72 ow
_ _ 2f~o(92)+2ﬁ72f(7“2,t)% ldr drop
2(n—1e ow (p )~ rdt dtor

Note that from the definition off (0,t) = 0 we can write f(w,t) =wf*(w,t)
and fo (w) = wfi(w) where both f*(w,t) and f§(w) are smooth functions. So

— ! [1 - 2Rl 27(%0)] ”%21 [1- 2[5 (00) =1 ()]




which is a smooth function of 5, r2,t. Let

G5 " [t BROIE0] 2001 50 0%
~2(n—1) e2f0(P2)+25—2f(r2¢)%(92) - %%- (15)

G(w, p,t) is a smooth function.
Recall 47 = %B(TQ,t). (14) can be written as
of 0B

9 95 n+19p
P Al e

s 0O (VL e
(T 7t) or + or +G1(T 7pvt)‘

ot or? r Or

Now we think j as a rotational symmetric function defined on R"*2 and let
G(z,p,t) = Gl(z?:12(xi)2’ p,t). Then the equation above can be written as
op _ x . . -

5 = A9+ Vi = 1] = Bl-Vp+ Vil + Gl 1) (16)
where V and A are the Levi-Civita connection and Laplacian defined by Eu-
clidean metric on R™*? respectively. Note that f = f(Z?;Z(zi)z,t),B =
B()'H2(2%)2,t) are smooth functions on R™+2.

From the nonnegativity of the curvature operator of g(t) and Lemma 1, we
have the following properties of f, fy for large r, p.

52 1 of 1
Fret) Ay A
N (1—-2t)r Ow (1) 2
; 1 9f 1
fO(p) ~ — 70 ~ — 1
e > ow (p) e (17)
or 1 OB 1
—or 1 06 5, 1
ot r2  or (1) r

2.2.3 The short time existence. We will show that equation (16) with
initial condition p(z,0) = 0 has a solution on time interval [0,7]. Let z,y be
two points in R**! and

1 _Jz—y|?

H(xa Y, t) == (47Tt)(n7+2)/2 e

be the heat kernel of R"*!. We solve (16) by successive approximation [LT].
Define

Let po(x,t) = 0. For ¢ > 1 we define p; inductively by

t
pi = / H(z,y,t — s)F(y, pi—1, Vpi-1, s)dyds (18)
0 R71+2



which solves
9pi
ot
To show the existence of p; by induction, it suffices to prove the following
statement: for any ¢ > 1 if |p;_1],|Vp;—1| are bounded, then p; exists and
|0il, [V pi| are bounded. Assume |p;—1| < C1,|Vpi—1| < Cs are bounded on
R"™*2 x [0, T], then it follows from (17) that G(z, p;—1,t) is bounded on R"*2 x
(0,77

= Aﬁl + F(l‘,ﬁi_l, Vﬁi_l,t) p}(l‘,O) =0. (19)

|G(z, pi—1,t)| < C3
where C5 depends on Cy,Cs. F(z, pi—1,Vpi—1,t) is bounded

[P (2, i1, Vi1, < |(n = 1) sup|Vf] +sup [VB|| Cy + CF + Cy = Cu.

Hence p; exists.
The bounds of |p;| and |V p;| follow from the following estimates

t
|9:] < / H(z,y,t — s)Cydyds < Cyt,
0 Jrn+2

and
t
Wl =1 [ [ VBt = 9P, Vi, s)dyds
0 n+2

t
S// |VoH(z,y,t — s)|Cadyds
0 Jrnt2

' 1 e
— 1(t—s)
/0 /Rn+2 (4m(t — s))(n+2)/2€ 20— ) Cydyds
(n+2)Cy /t 1 2(n+2)Cy
< ds = .
S bt E

If we define T7 = min{%, ﬁ}, then for 0 <t < T} we have for all ¢

il <Cr Vil < Co. (20)

We prove the convergence of p; to a solution of (16) by showing that it is
a Cauchy sequence in C'-norm. We assume 0 < t < Ty. Note that p; — pi_1
satisfies

0(pi — pi— - . . . .

% = A(pi — pi—1) + F(z, pi—1,Vpi_1,t) — F(x, pi2, Vpi_2,t)

(pi — pi—1)(,0) = 0. (21)
where

F($7ﬁi717 vﬁi*ht) - F(mvﬁi727 vﬁi727t)
=[(n—1)Vf —=VB+V(pi1 + pi-2)] - V(pi—1 — pi—2)
+G(z, pi-1,,t) — G(x, pi—2,1)

10



By lengthy but straight-forward calculations one can verify the Lipschitz prop-
erty of G(x, p,t)
G(z, pi-1,t) — G(z, pi—2,t)| < C5 - [pi—1 — pi-2]
where C5 depends on C;. This and (20) implies
|F(x, pi-1, Vpi-1,t) — F(2, pi—2, Vpi2,t)|
<C5 - |pi—1 — pi—2| +C6 - [Vpi—1 — Vpi_a] (22)

where Cg = [(n — 1) sup |V f| + sup |VB| 4 2C5).
Let

Ai(t) = sup |pi — pi—1l(x, 5)
0<s<t,xeRn™+2

Bi(t) = sup V(i — pi-1)|(z, 5).
0<s<t,xcRn+2

From (21) and (22) we can estimate |p; — p;—1| and |V(p; — pi—1)| in the same

way as we estimate |p;| and |V ;| above, we conclude
Al(t> < [C5Ai_1(t) + C6Bi_1(t>] -t

2(n +2)[Cs5A;_1(t) + CsBi—1(t)]

Bi(t) < NG WVt
Let C7 = max{Cs, Cg}, then we get
A;i(t) + Bi(t) < <C7t + W) (Aim1(t) + Bi—a (1)) -

If we choose Ty € (0,74] so that C7Ts + W < %, then

DN | =

so p; is a Cauchy sequence in C*(R"*2).
Let limi_,+oc Pi = Poo- Then Vp;, — Vpo, and F(x,ﬁi_l,Vﬁi_l,t) —
F(x, poos Voo, t) uniformly. Hence we get from (18)

t
o= [ Hwt = )P e, Vi, 5)duds (23)
0 Jrn+2

The argument below is similar to the argument in [LT] p.21. Since p; is a smooth
solution of (19), p;(x,0) = 0 and both p; and F(x, p;,, Vpi—1,t) are uniformly
bounded on R"*2 x [0, T3], by Theorem 1.11 [LSU] p.211 and Theorem 12.1
[LSU] p.223, for any compact K C R"*2 and any 0 < t. < 75, there is Cg and
a € (0,1) independent of ¢ such that

[Vpile,t) = Viily, )| < Cs - (Jo =yl + |t = s[°2)

11



where z,y € K and 0 <t < s <t,. Let i — co we get
[Viso(@,t) = Visoly,5)| < Cs - (Jo—yl* + 1t =s*/2) . (24)

Hence Vo, is Holder continuous. From (23) we conclude that po is a solution
of (16) on R"*2 x [0, Ty] with peo(z,0) = 0.

2.2.4 The asymptotic behavior of the solutions. In the rest of this
subsection we study the asymptotic behavior of solution p(z,t) as  — oo. First
we prove inductively that there is a constant A and T5 € (0, 73] such that for
r € R"2 ¢t € [0, T3]

~ A
|pi(z,t)] < O+ 22 1+ [2])2

Clearly these estimates holds for ¢ = 0. It follows from (20) and (17) that there
is a constant Cg independent of i such that

IVpi(z, )] < (25)

Cy
G, pi, 1)] < m
[(n =019 7+ VBl 0 < 150

Now we assume the estimates hold for ¢, then for 0 <t < T

Oy X\ Cy
ol [ [ Ht) [ e

// I:(ty\2 CoX + A2 + Cy duds
Rn+2 47‘(’ t—s )(n+2)/ (1+‘ |) Y

< (CoA+ \? + Cy) - (ﬁr(pi)

Also we have

t A+ A2
\Vpi(z,t)| < / / |va<x,y7ts>|[C“’ i +Cf’}dyals
]Rn+2

(1+ ly)?
[ e L e [OA NG
rt2 2(t — 8) (4m(t — 5))(n+2)/2 (1+ [y])? Y
C(n)Vt
< (Cod+ A2+ Cg) - —————.
= (OATAH O a2

If we choose T3 € (0, T3] such that
(CoA+ X2+ Cy)-C(n)Ts <X and  (CoX + A2+ Cy) - C(n)\/T3 < A,

then (25) hold for all i. From the definition of po, we conclude

A A

|Poo (2, )] < ( |V hoo(,1)| < m

1+ |2[)?

12



Now we consider ps, as a solution of the following linear equation

0 ~
8—;} :A’U-|-V[(n_ 1)f_B+p~00]'vv+G(xaﬁomt)
v(z,0) =0.

From (24) and (17) we know that V[(n—1)f — B+ ] has C*/2-Holder-norm
bound. By some lengthy calculation we get

. Cio
G(Z, pooy t)|carary < ——.
| ( P )|C /2 (1+|(E|)2

By standard interior Schauder estimate for parabolic equation we conclude

- C
‘,000|02+a,1+a/2 S %
(1 + [a])

Using this estimate one can further show by calculation
IV2[(n = 1)f = B+ poc]|gaarz < Cha

- C13
a,a /2 < T T <o
‘VG(xvptxnt)lC /2 > (1+|I|)2

By high order interior Schauder estimates for parabolic equation we conclude

. Cis
IV hoolcztantarz < W

We have proved the following

Proposition 5 For standard solution (R™,g(t)), there is a rotationally sym-
metric solution ¢(t)(z) = xe? @Y to the harmonic map flow

0p(t
% = Dg(1).g(0) #(0)(z) = z,

and |vl[)|($at) S u_ﬂ# fO?"O S 7 S 3.

3 The uniqueness of standard solutions

Let ¢(t) be the solution of harmonic map flow from §2.2, in this section we
use the asymptotic behaviors of g(t) and of ¢(t) to prove the uniqueness of
q(t) = (o7 1)* g (t). Then the uniqueness of standard solutions follows easily.

3.1 The uniqueness for the solutions of Deturk-Ricci flow

We prove the following general uniqueness result for Deturk-Ricci low on open
manifolds.

13



Proposition 6 Let G (t) and H (t),0 <t < T be two bounded solution of the
Deturk-Ricci flow on complete and noncompact manifold M™ with initial metric
G (0) = H (0) = g and for some § € (0,1)

(1-0)g<Gt)<(1+0)g
(1-0)g<H(t)<(1+6)g

G20y, < +o0

IH @)l c2(q,),5 < +oo-
Suppose G (t) and H (t) has the same sequenctial asymptotical behavior at oo in

the sense that there is a sequence of exhausting submanifolds of Q0 C M with
Qp C Qg1 and UQy, = M. For any € > 0, there is a ko such that

|G (t) - H (t)lcl(agko)@7 <€

Then G (t) = H (t), i.e., the Deturk-Ricci flow has uniqueness in above allowable
family of solutions.

Proof. Using the orthonormal frame of § and the Ricci-Deturk flow (10)
for G and H we compute 2 (G; (t) — H;j (t)) and then estimate

G160 HOE=2(5 GO - H0).60-H0)
< 2G*Va V5 (Gij — Hij) (Gij (8) — Hij (t))
+Ca |G (t) — H ()] + Cua |G (t) — H (1)]}

+ (014 G (t) — H (1)), + Cua [VC (1) —VH(t)\g) G (t) — H (t)],
< 2GPV, V5 |G (1) — H (1)|2 — 4GPV, (G(t) — H(1) -V (G (1) - H (1))
+Ca|G(t) — H)2 + Cra |V (G(t) — H(t))|, |G(t) — H(t);
<2GPV, V|G (t) — H ()2 —4(1—6) |V (G(t) — H(t))[2
2 6?4

+CulG(t) - HOly + (1= 9) IV (GO - HO; + 7725

g

We have proved

216 ()~ HOR < 26°99.9, 16 ()~ HWE+ OG0~ HOE ()

pointwise on 2, with C15 depends only on n, 8, |G(t)||c2(q,) 5 20d [|H (8)||lc2(q,) 5-
If G (t) # H (t), then there is a point g such that |G (tg) — H (t0)|§ (zo) > €0
for some ¢y > 0 and some €y > 0. We choose a kg such that z¢ € 2k, and

sup g (t) = h ()7 (z) < e (28)
€N

14



where ¢ > 0 is a constant to be chosen later. Recall we have initial condition
|G (0) — H(O)@ = 0. Applying maximum principle to |G (t) — H(t)|§ in (27)
on domain 2, , we get

e~ Cist |G (t) — H (t)|§ () <e for all x € Q.

This is a contradiction if we choose € < ege~¢15T. The proposition is proved. m

Let g(t) and g.(t) be two standard solutions with same initial condition. By
Proposition 4 there are ¢(t) for g(t) and ¢.(t) for g.(t) which are two solutions
of the harmonic map flow, 0 < ¢t < Tj. Let G(t) = (¢~1(t)) * g(t) and H(t) =
(¢7(t)) * g+(t). Then G(t) and H(t) are two solutions of Ricci-Deturk flow
with G(0) = H(0). Choose Ty € (0,Ts] such that G(t) and H(t) is d-close
to G’(O) as required in Proposition 5. It follows from Lemma 1 and the decay
estimate in Proposition 4 that G(t) and H(t) are bounded solutions and they
have same sequential asymptotic behavior at infinity. We can apply Proposition
5 to conclude G(t) = H(t) on 0 < ¢t < Ty. We have proved

Lemma 7 The Ricci-Deturk solutions G(t) and H (t) constructed from standard
solutions g(t) and g.(t) with g(0) = ¢.(0) are the same, G(t) = H(t) fort €
[07T4]'

Remark 8 Another way to prove the uniqueness of Ricci-DeTurk flow is to use
mazximum principle on open manifolds, then we do not need using the asymptotic
behavior.

Proposition 9 Let iL(O) be a metric on complete manifold with injectivity ra-
dius lower bound §1 > 0 and curvature bound

[V h(0) R, gy |7y 0y < C for i =0,1,2.
Let hi(t) and hy(t), 0 < t < T are two solutions of the Ricci-Deturk flow with
h1(0) = ho(0) = h(0). Suppose

1 ; 2 1 .
~ 550 < < (14 o <t<T
( 256000n10> MOy <h(t) < < + 256000n10> h0), 0<t<

Then hl(t) = hz(t),o S t S T.

—

. . 2
Proof. Let u(xz,t) = ‘hl (t) — ho (t)’ﬁ . By (11) and the computation of
(27) we obtain that u is bounded and ’
0
au < 3A}1(0)“ + Ci5u u(z,0) =0

If one check the proof of [Sh2] Theorem 4.6, it is clear the positive sectional
curvature requirement in Assumption (A) can be replaced by lower bounded of
sectional curvature. The requirement is used for constructing cut-off function
on [Sh2] p310 which can be replaced by the injectivity radius assumption. We
can apply [Sh2] Theorem 4.6 to conclude u(z,t) =0 m

15



3.2 The uniqueness of standard solutions

Recall the following procedure of converting the solution A (t) of Deturk-Ricci
flow in §2.1 back to solution h (t) of the Ricci flow (see [CK], p.89-90). Given
two metrics g and g, we define 1-form

W (g,9.); = 9ikg?? (Tpq (9) — Tpq (94)) -
Define a family diffeomorphisms ¢; by solving the following ODE

d

a4 (o) = W (W (ﬁ(t), h(O)) ;

@Yo = Id. :
Then h(t) = o*(t)h(t).

For the rest of this subsection, we adopt the notation at the end of §3.1.
Define diffeomorphisms ¢4 (t) and ¢2(t) by

d

G @) =G OW (G0),C0))  ea(0) =1d
5 (o) = B W (A0 1(0))  ¢2(0) = 1

Since G(t) = H(t) by Lemma 6, W (G,G(O)) =W (ﬁ,ﬁ(O)) and hence
#1(t) = pa(t). We have g(t) = ¢1()G () = @3(O)H(t) = g.(t) for 0 <t < Ty,

To show ¢(t) = g«(t) for 0 < t < T, we repeat above argument using new
initial time T4. This proves the uniqueness of the standard solutions.

Theorem 10 Let g(t) and g.(t),0 < t < T be two standard solutions of the
Ricci flow as defined in §1. Suppose g(0) = g.(0), then g(t) = g«(t) for 0 <t <
T.

4 Appendix: Shi’s local derivative estimate
when initial metrics have higher regularity

If initial metric has better curvature bound, we can improve Shi’s local derivative
estimates as following.

Theorem 11 For any o, K, Ky, r, I > 0,n and m € N, there exists C =
C(a, K, Kj,r,l,n,m) depending only on a, K, Kj, v,1, n and m such that if M™
is a manifold, p € M, and g(t), t € [0,7], 0 < 7 < /K, is a solution to the
Ricci flow on an open neighborhood U of p containing Bg(o) (p,7) as a compact
subset, and if

|Rm (x,t)| < K for allz € U and t € [0, 7],
|V?Rm (,0)| < K; for allz € U and 8 <1
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then
C

‘v Rm (y7t)| = tmax{m—1,0}/2
for all y € Byoy (p,r/2) and t € (0,7]. In particular if m <1 we have
V™ Rm (y,t)] < C.

Proof. Below the constant C' may change from line to line and depends on
some or all o, K, K;, v, n,l and m.

If I = 0, this is Shi’s local estimates for higher derivatives.

Consider

F, = (C + tmax{mfl,()} |vm Rm\2) tmax{me»l,O} |Vm+1 Rm|2,
where C' is to be chosen. The main calculation is given by

Lemma 12

0 C 2 C
<8t o A) Fm B _tsign{max{mflJrl,O}} (Fm) + $sign max{m—I+1,0} "

We can easily obtain the theorem from the lemma. Let n be a cutoff func-
tion with n = 1 on By (p, r/2m+1) and support in By (p,7/2™). When
sign {max{m — 1+ 1,0}} < 0, then we have

0 2
— < — .
(8t A> Fp<—c(Fp)*+C

We compute

(gt - A> (nFn) <n (ﬂ:(Fm)2 + C) —An-F —2Vn-VFE.
Let (xo,t0) be the point where nF, attains its maximum in By (p,7/2™).
The maximum is finite by the assumption of the theorem. Then if ty = 0, the
estimate follows. If ¢y > 0, then a simple maximum principle argument shows
that nF,, is bounded.

When sign {max{m —1+1,0}} > 0, again we use a maximum principle
argument. We compute the evolution inequality for nF,, and conclude that
nF,, is bounded. The theorem then follows from induction on m.

Proof of the lemma. Given [, we argue by induction, assume that for
j =1,...,m there exist constants C; depending only on o, K, Kj, r, n,l and m.
such that for z € By() (p,7/27) and t € [0,7],

gmax{i=L0}/2 |77 R (x,t)] < C.
Recall that
k
O |94 B[ < A |9* Ranf? — 294+ Ranf* 4 37 |9 Ron |74 Ran [ ¥ Rom].
£=0
(29)
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Hence

% ( max{k—1,0} Wk Rm‘z) <A (tmax{kfl,O} |vk Rm|2)
k
_ ggmax{k—1,0} |Vk+1 Rm|2 4 gmax{k—1,0} Z ’vi Rm| ’vk—i Rm‘ |Vk Rm|
i=0

+ max {k — 1,0} "> =L0} 1 |7k Ry |

In particular, using our induction hypothesis that ¢™ax{i—1.0}/2 ‘Vj Rm (z, t)| <
Cjon Byo) (p,7/2™)x[0, 7] for j = 1,...,m,, we have with m; = max {m — [ + 1,0}

% (e [v Rml”) < A (£ [V Rl”) - 207 |97 R
m+1

+t™ Y |V Rm| [V~ Rm| [V"+! R + myt™ ~* | V™ +! Rmn|”
i=0

< A (¢ |9 Rf*) - 207 [ Rin?

+ Ctm/? |V Rm| + (2¢ [Rm| + my) t™ 1 [V Rm|2
< A (¢ |9 Rmf*) < 207 (972 Rin

c

+ Ctmzfl }varl Rm|2 + tSign{mL} .

Let 7y = max {m — [,0}. From (29) and the induction hypothesis, we have

% (tml v Rm\Z) <A (tﬁ” v Rm|2)

— 2™ [V Ran[* 4 sy t™ 1 [V R o+ C.
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Hence if C is chosen so that 4¢max{m—1,0} |vm Rm|2 < C, then

(gt = A) [(C+em v Rmf?) ¢ |97+ R ]

C

S <C + tml |Vm RIH|2) (—Ztml |Vm+2 ].:{II1|2 + Ctm171 |Vm+1 RH’I|2 + W
+ (—2?57;” ‘VnH-l Rm‘Q + mltﬁu—l |V7n Rm|2 + C) e ‘v’m—i—l Rm‘Z

— 2™+ |77 R - V |V Rn|”

< —10t™+™ |V Rm[? |V Rm|?

_ 8tm+ml |vm Rm| ‘Vm+l Rm|2 |vm+2 Rm| _ 2tmax{m,—l,0}+ml |vm+1 Rm 4

m m m m 2 ¢
+ (€4 e v Rmf?) (Ct H[V"* R +tgn{m}>

+ (max {m —1,0} ™1 V™ Rm|* + C) g | Rm|2

<2 (t"” [yt Rm]Q)2 +C 1+ )t | vt Rm|2 + _C

S T npsign{mi} Feign{mi}
¢ m m 2\ ,m m-+1 212 C

< [(C+t ' |V™ Rm)| )t t |V R } + T

The lemma follows.

Peng Lu, Dept of Math, University of Oregon, Eugene, OR 97403
Gang Tian, Dept of Math, Princeton University, Princeton, NJ 08544
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