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Abstract
There is a conjecture that a complete Riemannian 3-manifold with bounded sectional
curvature, and pointwise pinched nonnegativeRicci curvature,must be flat or compact.
We show that this is true when the negative part (if any) of the sectional curvature
decays quadratically.

1 Introduction

Let (M, g) be a complete connected Riemannian 3-manifold. Suppose that
Ric(M, g) ≥ 0. At a point m ∈ M , the Ricci tensor on TmM can be diagonalized
relative to g(m). Let r1 ≤ r2 ≤ r3 be its eigenvalues. Given c ∈ (0, 1], we say that
(M, g) is c-Ricci pinched if at all m ∈ M , we have r1 ≥ cr3.

Conjecture 1.1 Let (M, g) be a complete connected Riemannian manifold of dimen-
sion three,with bounded sectional curvature andnonnegativeRicci curvature. Suppose
that (M, g) is c-Ricci pinched for some c ∈ (0, 1]. Then (M, g) is flat or M is compact.

Using basic properties of Ricci flow, one can show that Conjecture 1.1 is equivalent
to the following conjecture.

Conjecture 1.2 Let (M, g) be a complete connected Riemannian manifold of dimen-
sion three, with bounded sectional curvature and positive Ricci curvature. Suppose
that (M, g) is c-Ricci pinched for some c ∈ (0, 1]. Then M is compact.

We will think of Conjectures 1.1 and 1.2 interchangeably. They are apparently
due to Hamilton, who proved a result similar to Conjecture 1.2 for hypersurfaces
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in Euclidean space [16]. Conjecture 1.2 can be considered to be a scale-invariant
version of the Bonnet-Myers theorem. The latter says that if a complete Riemannian
n-manifold (M, g) has Ric ≥ (n − 1)k2g, with k > 0, then M is compact with
diameter at most π

k . In Conjecture 1.2, rather than an explicit bound for the diameter,
the claim is that the diameter is finite.

To get a feeling why Conjecture 1.1 might be true, consider a Riemannian manifold
(M, g) with nonnegative Ricci curvature that is strictly conical outside of a compact
subset. The Ricci curvature vanishes in the radial direction of the cone. The c-Ricci
pinching then implies that M is Ricci-flat on the conical region and hence flat there,
since the dimension is three. Then the link of the cone consists of copies of round S2’s
and RP2’s. From the splitting theorem, the link must be connected. Since it bounds
a compact 3-manifold, it must be S2. The global nonnegativity of the Ricci curvature
now implies that M is isometric to R

3. This intuition will enter into the proof of
Theorem 1.4 below.

We show that Conjectures 1.1 and 1.2 are true under an extra curvature assumption.

Theorem 1.3 Conjecture 1.1 is true if

(a) (M, g) has nonnegative sectional curvature, or
(b) (M, g) has quadratic curvature decay.

Theorem 1.3(a) was proven earlier in [8] using Ricci flow. Our proof also uses Ricci
flow but is technically different.

Theorem 1.4 Conjecture 1.1 is true if there is some A < ∞ so that the sectional
curvatures of (M, g) satisfy K (m) ≥ − A

d(m,m0)2
, where m0 is some basepoint.

Theorem 1.4 implies Theorem 1.3 but we state it separately, since the proof of
Theorem 1.4 uses results from the preprint [23].

Besides the particular results in Theorems 1.3 and 1.4, we prove more general
results that may lead to a proof of Conjecture 1.1. The next proposition says that if
(M, g0) is noncompact and satisfies the hypotheses of Conjecture 1.1 then the ensuing
Ricci flow exists for all positive time and is type-III.

Proposition 1.5 Given (M, g0) as in Conjecture 1.1 with M noncompact, there is a
smooth Ricci flow solution (M, g(·)) with g(0) = g0 that exists for all t ≥ 0. There is
a constant C < ∞ so that ‖ Rm(g(t)) ‖∞≤ C

t for all t ≥ 0.

Themain technical result of this paper is that a three dimensional Ricci flow solution
(M, g(t)) with positive Ricci curvature, that satisfies the conclusion of Proposition
1.5, admits a three-dimensional blowdown limit.

Proposition 1.6 Let (M, g0,m0) be a complete connected pointed Riemannian mani-
fold of dimension three, with bounded sectional curvature and positive Ricci curvature.
Suppose that the ensuing Ricci flow exists for all t ≥ 0, and that there is some
C < ∞ so that ‖ Rm(g(t)) ‖∞≤ C

t for all t ≥ 0. For s > 0, put gs(t) = s−1g(st).
Then for some sequence si → ∞, there is a limit limi→∞ gsi (·) = g∞(·) in the
pointed Cheeger-Hamilton topology. The Ricci flow solution g∞(u) lives on a three
dimensional manifold and is defined for u > 0.
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The issue in proving Proposition 1.6 is to rule out collapsing at large time. Examples
of Proposition 1.6 come from expanding gradient solitons, for which the tangent cone
at infinity can be the cone over any two-sphere with Gaussian curvature greater than
one [11]. Of course, these are not c-Ricci pinched (Lemma 4.6).

Using distance distortion estimates, Proposition 1.6 has the following implication
about the initial metric.

Corollary 1.7 Under the hypotheses of Proposition 1.6, the Riemannian manifold
(M, g0) has cubic volume growth.

The proof of Theorem 1.3(a) then uses a Ricci flow result of Simon-Schulze [35].
To prove Theorem 1.3(b) we apply a spatial rescaling argument to (M, g).

The proof of Theorem 1.4 uses Corollary 1.7 and results of [23] about weak con-
vergence of curvature operators. Assuming that M is noncompact, we apply a spatial
rescaling to (M, g) to get an locally Alexandrov three dimensional tangent cone at
infinity. If (M, g) is nonflat then the weak convergence of curvature operators, along
with the c-Ricci pinching, forces the tangent cone at infinity of (M, g) to beR3, which
contradicts the nonflatness assumption.

One could ask about generalizations of Conjectures 1.1 and 1.2 without the uni-
form curvature bound, or in higher dimension. However, in this paper we stick with
three dimensions and bounded sectional curvature. The paper [29] shows compact-
ness in general dimension for complete Riemannian manifolds that have bounded
sectional curvature and pointwise pinched positive curvature operator. Having a posi-
tive curvature operator allows the papers [8, 29] to apply theGromoll-Meyer injectivity
radius bound and Hamilton’s differential Harnack inequality. As we do not make an
assumption of positive curvature operator, we have to develop different tools.

The structure of the paper is the following. In Sect. 2 we prove Proposition 1.5 and
give some distance distortion estimates. In Sect. 3 we prove Proposition 1.6. Section
4 has the proof of Corollary 1.7. In Sect. 5 we prove Theorem 1.3 and in Sect. 6 we
prove Theorem 1.4. More detailed descriptions are at the beginnings of the sections.

I thank Nina Lebedeva for sending me a preliminary version of [23]. I also thank
Christoph Böhm, Simon Brendle, Yi Lai, Man-Chun Lee, Yu Li and the referee for
comments on an earlier version of this paper.

Note: After this paper was submitted for publication, Conjecture 1.1 was proved by
Deruelle et al. [12]. The proof uses Propositions 1.5 and 1.6 of the present paper. The
assumption of bounded sectional curvature was then removed by Lee and Topping
[24].

2 Long-time existence and curvature decay

In this section we prove Proposition 1.5. We first show that the Ricci flow exists for
all t > 0. The proof is similar to an argument in Hamilton’s original Ricci flow paper
[15] about what could possibly happen at a curvature blowup under the Ricci pinching
assumption. When applied to long-time solutions, essentially the same argument is
used to rule out type-II solutions, thereby proving the curvature bound in Proposition
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1.5. Using the curvature bound, we give some distance distortion estimates that will
be important in Sect. 3.

We begin by recalling some facts about Ricci flow. Let (M, g0) be a Riemannian
manifold as in the statement of Conjecture 1.1. Let (M, g(·)) denote the unique maxi-
mal Ricci flow solution with initial time slice g(0) = g0, having complete time slices
and bounded curvature on compact time intervals. The condition Ric ≥ 0 is preserved
under Ricci flow. Using the weakmaximum principle, one can show that being c-Ricci
pinched is preserved under Ricci flow. Using the strongmaximumprinciple, if (M, g0)
is nonflat then for t > 0, the Ricci curvature is positive. Hence we can assume that
(M, g0) has positive Ricci curvature. This shows the equivalence between Conjecture
1.1 and Conjecture 1.2.

Under the hypotheses of Conjecture 1.2, to argue by contradiction, hereafter we
also assume that M is noncompact. Then it is diffeomorphic to R3 [34].

Proposition 2.1 The Ricci flow solution (M, g(·)) exists for all t ≥ 0.

Proof We have

r1 ≥ cr3 ⇒ r1 ≥ 1

2
c(r2 + r3) ⇒

(
1 + 1

2
c

)
r1 ≥ 1

2
c(r1 + r2 + r3). (2.2)

Hence Ric ≥ ρR, where ρ = c
2+c ∈ (

0, 1
3

]
, and R denotes the scalar curvature. Put

σ = ρ2.
Suppose that the maximal Ricci flow solution is on a finite time interval [0, T ). We

claim first that for all t ∈ [0, T ), we have

Rσ−2
∣∣∣∣Ric−1

3
Rg(t)

∣∣∣∣
2

≤
(
3

2t

)σ

(2.3)

everywhere on M . To prove this, we combine methods from [2, Pf. of Proposition 3]
and [8, Pf of Lemma 6.1]. Put

f = Rσ−2
∣∣∣∣Ric−1

3
Rg(t)

∣∣∣∣
2

. (2.4)

From the bounded curvature assumption, f is uniformly bounded above at time zero.
From [2, p. 539] and [8, Eqn. (76)], which are based on [15, Lemma 10.5],

(
∂

∂t
− 	

)
f ≤ 2(1 − σ)

〈∇R

R
,∇ f

〉
− σ(1 − σ)Rσ−4

∣∣∣∣Ric−1

3
Rg(t)

∣∣∣∣
2

|∇R|2

−2

3
σ f 1+

1
σ . (2.5)

If M were compact then we could immediately derive (2.3) using the weak maximum
principle, as in [2, Proposition 3]. IfM is noncompact then the possible unboundedness
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of ∇R
R is an issue. To get around this, using

2

〈∇R

R
,∇ f

〉
≤ σ f

∣∣∣∣∇R

R

∣∣∣∣
2

+ |∇ f |2
σ f

, (2.6)

we obtain

(
∂

∂t
− 	

)
f ≤ 1 − σ

σ

|∇ f |2
f

− 2

3
σ f 1+

1
σ . (2.7)

Equivalently,

(
∂

∂t
− 	

)
f

1
σ ≤ − 2

3
f

2
σ (2.8)

in the barrier sense. From the weak maximum principle,

sup
m∈M

f
1
σ (m, t) ≤ 3

2t
, (2.9)

which proves the claim.
There is a sequence {ti }∞i=1 of times increasing to T , and points {mi }∞i=1 in M so

that limi→∞ |Rm(mi , ti )| = ∞ and |Rm(mi , ti )| ≥ 1
2 sup(m,t)∈M×[0,ti ] |Rm(m, t)|.

Put Qi = |Rm(mi , ti )| and gi (x, u) = Qi g(x, ti + Q−1
i u). Then gi is a Ricci flow

solution with curvature norm equal to one at (mi , 0), and curvature norm uniformly
bounded above by two for u ∈ [−Qi ti , 0].

Suppose first that for some i0 > 0 and all i , we have Qi injg(ti )(mi )
2 ≥ i0. (This

does not follow from Perelman’s no local collapsing result, since we do not assume
that the initial metric has positive injectivity radius.) After passing to a subsequence,
there is a pointed Cheeger-Hamilton limit

lim
i→∞(M, gi (·),mi ) = (M∞, g∞(·),m∞), (2.10)

where g∞(u) is defined for u ∈ (−∞, 0]. The property of having nonnegative Ricci
curvature passes to the limit. By construction, g∞ has curvature norm one at (m∞, 0).
Hence g∞ has positive scalar curvature at (m∞, 0). By the strong maximum principle,
it follows that g∞ has positive scalar curvature everywhere.

Given m′ ∈ M∞, the point (m′, 0) is the limit of a sequence of points {(m′
i , 0)}∞i=1

with limi→∞ Rgi (m
′
i , 0) = Rg∞(m′, 0) > 0. As limi→∞ Qi = ∞, after undoing the

rescaling it follows that limi→∞ Rg(m′
i , ti ) = ∞. As limi→∞ ti = T , we also have

limi→∞ ti Rg(m′
i , ti ) = ∞. Applying (2.3) to gi and taking the limit as i → ∞, it

follows that the metric g∞(0) satisfies Ric− 1
3 Rg∞(0) = 0. As g∞(0) has positive

scalar curvature at (m∞, 0), it follows that M∞ is a spherical space form. Then M is
compact, which is a contradiction.
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2792 J. Lott

Even if there is no uniform positive lower bound for Qi injg(ti )(mi )
2, after passing

to a subsequence, there is a pointed limit

lim
i→∞(M, gi (·),mi ) = (G∞, g∞(·),Ox∞). (2.11)

Here G∞ is a three dimensional closed Hausdorff étale groupoid and g∞(·) is a family
of invariant Riemannian metrics on the unit space of G∞ [25, Section 5]. Let X∞
denote he orbit space of G∞; then Ox∞ ∈ X∞ is a basepoint. The Ricci flow g∞(u)

is defined for u ∈ (−∞, 0]. For each u, the metric g∞(u) induces a metric on X∞
that makes it into a complete metric space. As before, limi→∞ Rg(mi , ti ) = ∞ and
(2.3) again implies that the metric g∞(0) satisfies Ric− 1

3 Rg∞(0) = 0. As g∞(0)
has positive scalar curvature along the orbit Ox∞ in the unit space, the metric g∞(0)
has constant positive Ricci curvature. The argument for the Bonnet-Myers theorem
implies that X∞ is compact; c.f. [18, Section 2.9]. Then M is compact, which is a
contradiction. �
Remark 2.12 One could avoid the use of étale groupoids by first looking at the pull-
back flows on Tmi M and taking a limit, to argue that for large i , the metric g(ti )

has almost constant positive sectional curvature on B
(
mi , R(mi , ti )−

1
2

)
. One could

then shift basepoints and repeat the argument, to obtain that for any A < ∞ and
for large i , the metric g(ti ) has almost constant positive sectional curvature on

B
(
mi , AR(mi , ti )−

1
2

)
. FromBonnet-Myers, one concludes thatM is compact,which

is a contradiction.

Proposition 2.13 There is some C < ∞ so that for all t ∈ [0,∞), we have
‖Rm(g(t))‖∞ ≤ C

t .

Proof Suppose that the proposition is not true. After doing a type-II point picking [9,
Chapter 8, Section 2.1.3], there are points (mi , ti ) so that limi→∞ ti |Rm(mi , ti )| =
∞ and |Rm | ≤ 2|Rm(mi , ti )| on M × [ai , bi ], with limi→∞ |Rm(mi , ti )|(ti −
ai ) = limi→∞ |Rm(mi , ti )|(bi − ti ) = ∞. Put Qi = |Rm(mi , ti )| and gi (x, u) =
Qig(x, ti + Q−1

i u).
Suppose first that for some i0 > 0 and all i , we have Qi injg(ti )(mi )

2 ≥
i0. After passing to a subsequence, we get a limiting Ricci flow solution
limi→∞ (M, gi (·),mi ) = (M∞, g∞(·),m∞) defined for times u ∈ R. Here M∞
is a 3-manifold and |Rm(m∞, 0)| = 1. As in the proof of Proposition 2.1, for
each m′ ∈ M∞, the point (m′, 0) is the limit of a sequence of points (m′

i , 0) with
limi→∞ ti Rg(m′

i , ti ) = ∞, where the latter statement now comes from the type-II
rescaling. From (2.3), we get Ric− 1

3 Rg∞ = 0. Then (M∞, g∞) has constant positive
curvature time slices, which implies that M∞ is compact. Then M is also compact,
which is a contradiction.

If lim inf i→∞ Qi injg(ti )(mi )
2 = 0, we can still take a limit as in (2.11). As in the

argument after (2.11), we again conclude that M is compact, which is a contradiction.
�
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Corollary 2.14 There are numbers {Ak}∞k=0 that for all t ∈ [0,∞) and all multi-indices

I , we have ‖∇ I Rm ‖g(t) ≤ A|I |t−
|I |
2 −1.

Proof This follows fromProposition 2.13, alongwith derivative estimates for the Ricci
flow [9, Theorem 6.9]. �

Let dt : M×M → R be the distance function on M with respect to the Riemannian
metric g(t). In particular, d0 is the distance function with respect to g0.

Lemma 2.15 There is some C ′ < ∞ so that whenever 0 ≤ t1 ≤ t2 < ∞, we have

dt1 − C ′ (√t2 − √
t1

) ≤ dt2 ≤ dt1 . (2.16)

Proof This follows from distance distortion estimates for Ricci flow, as in [20, Remark
27.5 and Corollary 27.16]. �

Fix m0 ∈ M . Given s > 0, put gs(u) = s−1g(su). Then (M, gs(·)) is also a Ricci

flow solution, with ‖ Rm(gs(u)) ‖≤ C
u and ‖∇ I Rm ‖gs (u) ≤ A|I |u− |I |

2 −1. Its distance

function at time u is d̂s,u = s− 1
2 dsu . From (2.16), we have

1√
s
d0 − C ′√u ≤ d̂s,u ≤ 1√

s
d0. (2.17)

Given ρ > 0, it follows that

Bd̂s,u (m0, ρ − C ′√u) ⊂ Bd0(m0, ρ
√
s) ⊂ Bd̂s,u (m0, ρ) (2.18)

Also, if 0 ≤ s1 ≤ s2 < ∞ then

√
s1
s2
d̂s1,u − C ′

(
1 −

√
s1
s2

) √
u ≤ d̂s2,u ≤

√
s1
s2
d̂s1,u . (2.19)

Given ρ > 0, it follows that

Bd̂s2,u

(
m0,

√
s1
s2

ρ − C ′
(
1−

√
s1
s2

) √
u

)
⊂ Bd̂s1,u

(m0, ρ) ⊂ Bd̂s2,u

(
m0,

√
s1
s2

ρ

)
.

(2.20)

Given a sequence {si }∞i=1 tending to infinity and u > 0, after passing to a subse-
quence we can assume that there is a limit of limi→∞(M, gsi (u),m0) in the pointed
Gromov-Hausdorff topology.We claim that we can choose the subsequence so that the
limit exists simultaneously for each u, and as u varies the limiting metric spaces are
all biLipschitz equivalent to each other. To see this, after passing to a subsequence we
can assume that there is a limit limi→∞(M, gsi (·),m0) = (G∞, g∞(·),Ox∞). Here
g∞(·) is a Ricci flow solution on the étale groupoid G∞, that exists for u > 0. As u
varies, the pointed Gromov-Hausdorff limit limi→∞(M, gsi (u),m0) always has the
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2794 J. Lott

same underlying pointed topological space, namely the pointed orbit space (X∞, x∞)

of G∞. The metric on the limit depends on u, and is the quotient metric d̂∞,u coming
from g∞(u). It follows that the various quotient metrics, as u varies, are biLipschitz
to each other.

Since M is noncompact, X∞ is also noncompact. In particular, dim(X∞) > 0.

3 Noncollapsing at large time

In this section we show that the Ricci flow solution from Sect. 2 is noncollapsed
for large time, in a scale-invariant sense. More precisely, we show that there is a
blowdown limit on a three dimensional manifold, where the emphasis is on the three
dimensionality.

We recall that the Ricci flow solution from Sect. 2 has positive Ricci curvature and
lives on a noncompact manifold, which is necessarily then diffeomorphic toR3. After
passing to a subsequence, we can extract a blowdown limit X∞ (corresponding to
a fixed rescaled time) in the sense of pointed Gromov-Hausdorff convergence. The
issue is to show that dim(X∞) = 3. Since X∞ is noncompact, we must exclude that
dim(X∞) is one or two.We note thatR3 can collapsewith bounded sectional curvature
[5, Example 1.4] due to a graph manifold structure, so the result is not immediate.

The following statement is the main result of this section.

Proposition 3.1 There is some sequence {si }∞i=1 tending to infinity so that the pointed
limit limi→∞(M, gsi (·),m0) exists as a Ricci flow (M∞, g∞(·),m∞) on a pointed
3-manifold (M∞,m∞).

Before giving the details of the proof, we sketch the main ideas. Suppose that the
proposition is not true. Fixing u, for large s0 the metric space

(
M, d̂s0,u,m0

)
is pointed

Gromov-Hausdorff close to a noncompact Alexandrov space of dimension one or two.
In either case, there is a short loop γ atm0 that is not contractible in Bd̂s0,u

(m0, 1). Since
M is contractible, γ can be contracted in Bd̂s0,u

(m0,�) for some � > 1. From the
distance shrinking in (2.19), there will be some s1 ≥ s0 so that γ cannot be contracted
in Bd̂s1,u

(m0, 1) but can be contracted in Bd̂s,u (m0, 1) for all s > s1. From continuity
and the definition of s1, the loop γ can be contracted in Bd̂s1,u

(m0, 2) but cannot be

contracted in Bd̂s1,u
(m0, 1/10). When changing metrics from d̂s0,u to d̂s1,u , the length

of γ can only go down. Then (M, d̂s1,u,m0) will be pointed Gromov-Hausdorff close
to a ray, with m0 corresponding to a point of distance approximately one from the tip
of the ray. The part of M in which γ contracts is a very collapsed solid torus. From the
geometry of such solid tori, if a very short loop at m0 is contractible in Bd̂s1,u

(m0, 2)
then it is already contractible in Bd̂s1,u

(m0, 1/10), which is a contradiction.
In what follows, const. will denote a constant that is independent of the other

parameters in the statement. Given a sequence {Ki }∞i=0, we will say that a Riemannian
manifold is �K -regular if ‖∇ I Rm ‖ ≤ K|I | for all multi-indices I . For simplicity,
we will take ‖Rm ‖ ≤ K0 to mean that the sectional curvatures are bounded by K0
in magnitude. We will say that a loop γ at a basepoint m0 is contractible in a ball
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On 3-manifolds with pointwise… 2795

Fig. 1 Close to a ray

B(m0, r) if it can be contracted to a point by a family of loops in B(m0, r) that go
through m0, i.e. that γ represents a trivial element of π1(B(m0, r),m0). We begin by
proving some lemmas about collapsed 3-manifolds. The first one is relevant when the
manifold is pointed Gromov-Hausdorff close to a one dimensional space. (See Figure
1.)

Lemma 3.2 Given �K and L < ∞, there is some δ1 = δ1( �K , L) > 0with the following
property. Suppose that (M,m0) is a complete pointed �K-regular oriented Riemannian
3-manifold so that (M,m0) has pointed Gromov-Hausdorff distance δ1 ≤ δ1 from a
line or ray, which we denote by (X , x0). Then there is a loop γ through m0 with length
l(γ ) ≤ const.1 δ1 so that γ is not contractible in B(m0, L).

Proof It is enough to consider δ1’s that are much smaller than L−1. We apply [4,
Theorem 1.7]. In our case, the relevant nilpotent Lie groups N to describe the local
geometry near a point m ∈ M , from [4, p. 331], are R2 if X is a line and R ×U (1) if
X is a ray.

If X is a line and δ1 is sufficiently small then the pointedGromov-Hausdorff approxi-
mation can be realized by amap that restricts to a fibrationπ : U → (−δ−1

1 /2, δ−1
1 /2),

where U is an open subset of M , π(m0) = 0 = x0, the fibers of π have diameter at
most const. δ1, and the fibers are 2-tori or Klein bottles. Since an oriented 3-manifold
cannot contain a two-sided Klein bottle, the fibers must be 2-tori. Up to a small biLip-
schitz perturbation, we can assume that the fibers are flat [4, Theorem 1.3]. We can
then take γ to be a shortest nontrivial closed geodesic in π−1(x0) passing throughm0.

If X is a ray, let x1 denote its tip. If d(x0, x1) > 2L then we are effectively in
the previous case. If d(x0, x1) ≤ 2L then there is a singular fibration π : U →
B(x0, δ

−1
1 /2), whereU is an open subset of M and the preimages of π have diameter

at most const. δ1. If x �= x1 then π−1(x) is a 2-torus, while π−1(x1) is a circle.
From [4, Theorem 1.7], a local biLipschitz model around π−1(x1) is (R × B2)/	,
where R × B2 has a metric that is R × U (1)-invariant and 	 is a discrete subgroup
of R × U (1) that is isomorphic to Z. More precisely, for any given ε > 0, there are
ρ > 0 and k ∈ Z

+ so that there is a (ρ, k)-round model metric, in the sense of [4,
Section 1], that is eε-biLipschitz close to the geometry near π−1(x1); in our case the
model metric takes the form (R × B2)/	. To be close to a ray, a generator (τ, eiφ)

of 	 has φ a small nonzero number and τ very small, relative to φ. Topologically,
(R × B2)/	 is a solid torus, as can be seen by isotoping φ to zero. Away from this
model around π−1(x1), there is a topological product structure of an interval with a
2-torus, so π−1(B(x0, 3L)) is a solid torus.

As before, up to a small biLipschitz perturbation, we can assume that the generic
preimage ofπ is a flat 2-torus. If x0 = x1 thenwe can take γ to be the circleπ−1(x0). If
x0 �= x1, let γ0 be a shortest nontrivial closed geodesic in the 2-torus π−1(x0) passing
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2796 J. Lott

through m0 and let γ1 be a shortest closed geodesic in π−1(x0) passing through m0
that is not homotopic to a multiple of γ0. They both have length at most const.1 δ1.
At least one of γ0 and γ1 is noncontractible in the solid torus π−1(B(x0, 3L)) and we
take γ to be that curve. �

Given K , δ1 > 0, let AK ,δ1 be the set of pointed two dimensional complete Alexan-
drov spaces (X , dX , X )with Alexandrov curvature bounded below by−2K that have
pointed Gromov-Hausdorff distance at least δ1/2 from any pointed one dimensional
complete Alexandrov space. It is compact in the pointed Gromov-Hausdorff topology.

The next lemma is relevant when the manifold is pointed Gromov-Hausdorff close
to a two dimensional space but is not pointed Gromov-Hausdorff close to a one
dimensional space.

Lemma 3.3 Given L < ∞, δ1 > 0 and �K, there is some δ2 = δ2( �K , L, δ1) > 0
with the following property. Suppose that (M,m0) is a complete pointed �K-regular
Riemannian 3-manifold diffeomorphic to R

3 so that (M,m0) has pointed Gromov-
Hausdorff distance δ2 ≤ δ2 from an element (X , x0) of AK0,δ1 . Then there is a loop γ

through m0 with length l(γ ) ≤ const.2 δ2 so that γ is not contractible in B(m0, L).

Proof We can assume that δ−1
2 � L . We can apply [4, Theorem 1.7], with the relevant

nilpotent Lie group N being R. The conclusion is that if δ2 is sufficiently small then
the pointed Gromov-Hausdorff approximation can be realized by a map that restricts
to an orbifold circle fibration π : U → B(x0, δ

−1
2 /2) where U is an open subset of

M and the fibers of π have diameter at most const.2 δ2. (As AK0,δ1 is compact, we
can choose δ2 independent of (X , x0) ∈ AK0,δ1 .) As M is orientable, the orbifold
B(x0, δ

−1
2 /2) has isolated singular points, i.e. there are no reflector lines. Since M

does not have any embedded Klein bottles, the circle fibration is orientable and so
describes a Seifert fibration. As B(x0, 2L) is noncompact, from [36, Lemma 3.2]
there is an exact sequence

1 → Z → π1

(
π−1(B(x0, 2L))

)
→ π1 (B(x0, 2L)) → 1, (3.4)

where the image of a generator of Z is represented by a regular fiber of the Seifert
fibration, and π1 (B(x0, 2L)) denotes the orbifold fundamental group. (Since the
Z-subgroup is central in π1(π

−1(B(x0, 2L))), it is well-defined independent of base-
point.) If δ2 is small then B(m0, L) ⊂ π−1(B(x0, 2L)) and we can take γ = π−1(x0).

�
The next lemma describes the geometry of a collapsed space with a short loop at

the basepoint that can be contracted in a ball of radius 2L around the basepoint, but
not in a ball of radius L/10 around the basepoint.

Lemma 3.5 Given L < ∞, δ3 � L−1 and �K, there is some δ4 = δ4( �K , L, δ3) > 0
with the following property. Suppose that (M,m0) is a complete noncompact pointed�K-regular oriented Riemannian 3-manifold so that (M,m0) has pointed Gromov-
Hausdorff distance at most δ4 from a one or two dimensional complete pointed
Alexandrov space with Alexandrov curvature bounded below by −2K0. Suppose that
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there is a loop γ through m0 of length l(γ ) < δ4 that can be contracted in B(m0, 2L)

but not in B(m0, L/10). Then (M,m0) has pointed Gromov-Hausdorff distance at
most δ3 from a ray (X , x0).

Proof Given δ1 > 0, which we will adjust, as in the proof of Lemma 3.3 if δ4 is
sufficiently small and (M,m0) is δ4-close to some (X , x0) ∈ AK0,δ1 then the pointed
Gromov-Hausdorff approximation can be realized by an orbifold circle fibration π :
U → B(x0, δ

−1
4 ).

We claim that there is an r = r( �K , δ1) � L/100 so that the pointed Gromov-
Hausdorff approximation can be chosen such that B(x0, r) has at most one singular
point. To see this, suppose bywayof contradiction that there are sequences {Mi }∞i=1 and{δ4,i }∞i=1 with limi→∞ δ4,i = 0 so that limi→∞ Mi = X∞ for some (X∞, x0,∞) ∈
AK0,δ1 , but if πi : Mi → Xi is an orbifold circle bundle that is a pointed δ4,i -
approximation to an (Xi , x0,i ) ∈ AK0,δ1 then B(x0,i , 1/i) has more than one orbifold
point. After passing to a subsequence, the frame bundles {FMi }∞i=1 converge in the
pointed smooth SO(3)-equivariant topology to a 5-manifold M with a locally free
SO(3)-action, and X∞ = M/SO(3) [13, Proposition 11.5 and Theorem 12.8]. As
each Mi is orientable, X∞ has isolated singular points. For large i there is a pointed
δ4,i -approximation πi : Mi → X∞, which is a contradiction.

Then π−1(B(x0, r)) is a solid torus. As γ is a short loop in π−1(B(x0, r)) that is
not contractible in B(m0, 2r), it is homotopic to a nonzero multiple of a circle fiber of
the fibration. Then from (3.4), the loop γ is not contractible in B(m0, 2L), which is
a contradiction. Hence (M,m0) isn’t δ4-close to an element of AK0,δ1 . In particular,
if δ4 is small enough relative to δ1 then (M,m0) is δ1-close to a pointed line or ray
(X , x0).

If (X , x0) is a line and δ−1
1 is large compared to L then B(m0, 4L) is homeomorphic

to a product of an interval with a 2-torus, with B(m0, L/10) and B(m0, 2L) homeo-
morphic to a products of subintervals with the 2-torus. This contradicts the assumption
that γ is contractible in B(m0, 2L) but not in B(m0, L/10). Hence (X , x0) is a ray,
to which (M,m0) is δ1-close. If we take δ1 � δ3 then the conclusion of the lemma
holds. �

The next lemma is a statement about the lengths of curves γ in Lemma 3.5.

Lemma 3.6 Given �K and L < ∞, there are δ5 = δ5( �K , L) > 0 and L = L( �K , L) >

0 with the following property. Suppose that (M,m0) is a complete pointed orientable�K-regular Riemannian 3-manifold so that (M,m0) has pointed Gromov-Hausdorff
distance at most δ5 from a ray (X , x0). Suppose that there is a loop γ in B(m0, L/100),
going through m0, that can be contracted in B(m0, 2L) but not in B(m0, L/10). Then
the length of γ is at least L.
Proof We can assume K0 > 0. For δ5 small, we first describe the local geometry of
M . In what follows, it will be sufficient to have estimates with respect to a metric that
is eε-biLipschitz to the metric g on M , for some ε > 0. Fixing ε, we can approximate
the metric on M by a model (ρ, k)-round metric ĝ in the sense of [4]. In doing so we
may increase the curvature bound by some factor depending on ε. Although it’s not
essential for us, we can assume that the sectional curvatures of ĝ are bounded above
by 2K0 in magnitude [32, Theorem 2.1].
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In the region of M corresponding to the tip x1 of X , the relevant nilpotent group
is N = R × U (1) and the relevant covering group is 	 = Z, a discrete subgroup of
N . From [4, Theorem 1.3], there is an open subset V of M whose 	-cover Ṽ carries
a model N -invariant metric. The fixed-point set c̃ ofU (1) will be an infinite geodesic
in Ṽ and we can assume that Ṽ is the ρ(2K0)

−1/2-neighborhood of c̃, topologically
R × B2. A point on c̃ has injectivity radius at least ρ(2K0)

−1/2. The image c of c̃,
in V , is a closed geodesic that can be considered to lie over x1 in a singular fibration
V → B(x1, ρ(2K0)

−1/2), given by the distance from c, with the other fibers being 2-
tori. A generator of	 acts by an element

(
τ, eiφ

)
of N . For V to be Gromov-Hausdorff

close to a ray, φ has to be a small nonzero number and τ has to be small relative to φ.
Note that V = Ṽ /	 is diffeomorphic to a solid torus.

Given β > 0, let W̃ be the βK−1/2
0 -neighborhood of c̃ in Ṽ . We claim that β can be

chosen small enough, independent of the other parameters, so that any noncontractible
loop on ∂W̃ (in the sense that it cannot be contracted in ∂W̃ ) has length at least
πβK−1/2

0 . To see this, if we rescale W̃ so that it is the unit distance neighborhood of
c̃ then as β → 0, the result approaches the flat isometric product R × B2 uniformly
in the C1,α-topology. For the latter, the shortest noncontractible loop on the boundary
of the unit distance neighborhood of R × {0} has length 2π , from which the claim
follows. We will take β � K 1/2

0 L/100.
Put W = W̃/	. If σ is a noncontractible loop on ∂W that contracts in W then σ

lifts to a noncontractible loop on ∂W̃ , and hence has length at least πβK−1/2
0 .

There is an open set U ⊂ M with B(m0, 3.9L) ⊂ U ⊂ B(m0, 4L) so that on
U − W , the model geometry has a Riemannian submersion F : (U − W ) → [a, b)
whose fibers are flat 2-tori with diameter at most const. δ5 and second fundamental
form atmost const. K 1/2

0 in norm (where const. depends on β) [4, Theorem 2.6]. Using
the (integrable) horizontal distribution to trivialize the fibration as G : (U − W ) →
[a, b) × T 2, we can write the model metric as ĝ = dt2 + ht , where t ∈ [a, b) and ht
is a flat metric on T 2. The shape operator of a fiber is 1

2h
−1
t ∂t ht .

We can assume that this torus fibration matches up with the torus fibration on a
neighborhood of ∂W inW [4, Theorem1.7]. Suppose that γ is a loop in B(m0, L/100),
going through m0, that can be contracted in B(m0, 2L) but not in B(m0, L/10). If
the distance from x0 to the tip x1 of the ray is less than L/20 then B(m0, 2L) −
B(m0, L/10) lies in the torus-fibered region U − W and B(m0, 2L) can be retracted
to B(m0, L/10), which contradicts the assumption about γ . Hence d(x0, x1) ≥ L/20.
For similar reasons, d(x0, x1) ≤ 5L . Hence |b − a| ≤ 10L .

As γ cannot be contracted in B(m0, L/10), and lies in B(m0, L/100) ⊂ U − W ,
it is homotopic to a noncontractible loop in F−1(m0). We now sweep γ to ∂W . That
is, writing G(γ (t)) = (γ1(t), γ2(t)), we put γ̂ (t) = G−1(a, γ2(t)). The loop γ̂ is
noncontractible in ∂W . By the bound on the shape operators of the fibers of F , there

is a bound l(γ̂ ) ≤ econst. K
1/2
0 Ll(γ ). As γ contracts in B(m0, 2L), the loop γ̂ contracts

inW . Hence l(γ ) ≥ πβK−1/2
0 e− const. K 1/2

0 L , as measured with ĝ. Taking into account
that g and ĝ are eε-biLipschitz, this proves the lemma. �

We now prove Proposition 3.1. Fix a time parameter u > 0. From Corollary 2.14,
there is a sequence {Ki }∞i=0 so that for all s ≥ 1, the metric gs(u) is �K -regular.
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We first describe how we choose parameters. Put L = 1. Let δ5 be the parameter
of Lemma 3.6. Choose δ3 < δ5 with δ3 � 1. Let δ4 = δ4( �K , 1, δ3) be the parameter
from Lemma 3.5. In reference to the parameters δ1 and const.1 of Lemma 3.2, and L
of Lemma 3.6, choose δ1 < min(δ1, δ4) so that const.1 δ1 < min(δ4,L). Given this
value of δ1 and in reference to the parameters δ2 and const.2 of Lemma 3.3, choose
δ2 < min(δ2, δ4) so that const.2 δ2 < min(δ4,L).

Suppose that the proposition is not true. Then there is a positive nonincreasing
function εs with lims→∞ εs = 0 so that the metric space (M, d̂s,u,m0) has pointed
Gromov-Hausdorff distance atmost εs fromaoneor twodimensional complete pointed
Alexandrov space with Alexandrov curvature bounded below by −2K0. Take s0 so
that εs0 � min(δ1, δ2). If (M, d̂s0,u,m0) is δ1-close to a one dimensional complete
pointed Alexandrov space then we can apply Lemma 3.2. If not, we can apply Lemma
3.3. In either case we get a loop γ through m0, with length at most min(δ4,L), that is
not contractible in Bd̂s0,u

(m0, 1).

As M is diffeomorphic to R
3, there is some � > 1 so that γ can be contracted in

Bd̂s0,u
(m0,�). Let C be the set of s ≥ s0 so that γ can be contracted in Bd̂s,u (m0, 1).

By the right-hand inclusion of (2.20), large values of s are in C, and if s ∈ C then
s′ ∈ C for all s′ > s. By (2.20), C is open inR. Hence it is a half-open interval (s1,∞)

for some s1 ≥ s0.
In particular, γ cannot be contracted in Bd̂s1,u

(m0, 1/10). On the other hand, if s is
slightly greater than s1 then γ can be contracted in Bd̂s,u (m0, 1). Then by the left-hand
inclusion of (2.20), γ can be contracted in Bd̂s1,u

(m0, 2). By (2.19), the length of γ

with respect to gs1(u) is still less than min(δ4,L).
Lemma 3.5 implies that (M,m0) has pointed Gromov-Hausdorff distance at most

δ3 < δ5 from some ray (X , x0). Lemma 3.6 now implies that the length of γ , with
respect to gs1(u), is at least L. This is a contradiction.

4 Cubic volume growth

Proposition 4.1 Under the hypotheses of Proposition 1.6, andwith reference to Propo-
sition 3.1, both (M, g0)and (M∞, g∞(u))have cubic volumegrowth. In addition, each
tangent cone at infinity of (M∞, g∞(u)) is isometric to the tangent cone at infinity

T∞M = limi→∞
(
M,m0, s

− 1
2

i d0

)
of M.

Proof We know that the pointed limit limi→∞(M, gsi (·),m0) exists as a Ricci flow
(M∞, g∞(·),m∞) on a pointed 3-manifold (M∞,m∞). We claim first that (M, g0)
has cubic volume growth. Fix u > 0. Given R > 0, put Ui = Bd̂si ,u

(m0, R) and
CR = vol(B(m∞, R), g∞(u)). Then for large i , using (2.17) we have

s
− 3

2
i vol(Ui , d0) = vol

(
Ui , s

− 1
2

i d0

)
≥ vol

(
Ui , d̂si ,u

) ≥ 1

2
CR, (4.2)
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where vol denotes the 3-dimensional Hausdorff mass computed with the given metric.

Also from (2.18), we have Ui ⊂ Bd0

(
m0, s

1
2
i (R + C ′√u)

)
. Hence

vol

(
Bd0

(
m0, s

1
2
i (R + C ′√u)

))
≥ 1

2
CRs

3
2
i . (4.3)

Since r−3 vol(B(m0, r), g0) is nonincreasing in r , it follows that there is some v0 > 0
so that for all r > 0, we have vol(B(m0, r), d0) ≥ v0r3.

Let d∞ denote the metric on T∞M . Let d̂∞,u denote the metric on (M∞, g∞(u)).
From (2.17), we have

d∞ − C ′√u ≤ d̂∞,u ≤ d∞ (4.4)

on T∞M − Bd∞(∞,C ′√u). Hence the tangent cone at infinity of (M∞, g∞(u)) is
unique and is isometric to (T∞M, d∞). �
Proposition 4.5 If {si }∞i=1 is any sequence tending to infinity then after passing to
a subsequence, there is a pointed limit limi→∞(M, gsi (·),m0) as a Ricci flow on a
pointed 3-manifold, defined for times u ∈ (0,∞).

Proof Putv∞ = limr→∞ r−3 vol(Bd0(m0, r), g0) > 0, the asymptotic volume ratio of
(M, g0). Fix u > 0. For any s > 1, from (2.17) a tangent cone at infinity of (M, gs(u))

is isometric to a tangent cone at infinity of (M, g0). Hence the asymptotic volume
ration of (M, gs(u)) is v∞. Given R > 0, the Bishop-Gromov inequality implies that
vol(Bd̂s,u (m∞, R), d̂s,u) ≥ v∞R3. As |Rm(gs(u))| ≤ C

u , the claim follows from the
Hamilton compactness theorem. �

The next lemma will be used in Sect. 5.

Lemma 4.6 A three dimensional complete gradient expanding soliton (M, g) with
bounded sectional curvature, c-pinched nonnegative Ricci curvature, and cubic
volume growth, must be isometric to flat R3.

Proof If (M, g) is flat then because of the cubic volume growth, it must be isometric
to R3. Hence we can assume that Ric(M, g) > 0. From [28, Proposition 3.1], (M, g)
has exponential curvature decay. Fix a basepointm0. We can find a sequence αi → ∞
so that {(M, α−2

i g,m0)}∞i=1 converges in the pointed Gromov-Hausdorff topology
to a three dimensional tangent cone at infinity (X∞, x∞) of (M, g). In particular,
(X∞, x∞) is a cone over a connected compact surface. Because of the quadratic
curvature decay, after passing to a further subsequence we can assume that there is a
W 2,p-regular Riemannian metric on X∞ − x∞, along with convergence of metrics in
the weak W 2,p

loc -topology; c.f. [19] and [30, Sections 4 and 5]. From the weak W 2,p
loc -

convergence and the exponential curvature decay of (M, g), the Riemannian metric
on X∞ − x∞ is flat. Hence X∞ is a cone over the round S2 or its Z2-quotient RP2.
As M was orientable, the second possibility cannot occur, so X∞ is the flat R3. Then
by [10, Theorem 0.3], (M, g) is flat, which is a contradiction. �
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Remark 4.7 Under the additional assumption of nonnegative sectional curvature,
Lemma 4.6 was proven in [8].

5 Proof of Theorem 1.3

Proposition 5.1 If (M, g0) has nonnegative sectional curvature then Conjecture 1.1
holds.

Proof It is enough to prove thatConjecture 1.2 holds, sowewill assume thatRicM > 0,
with M noncompact, and derive a contradiction. Using Proposition 4.1 and [35, The-
orem 1.2], there is a blowdown limit (M∞, g∞(·),m∞) that is an gradient expanding
soliton. From Lemma 4.6, it must be isometric to R3. Hence T∞M is isometric to R3.
By [10, Theorem 0.3], (M, g0) is isometric to R

3, which contradicts our assumption
that RicM > 0. �
Remark 5.2 To clarify a technical point, in [8] use is made of [17, Theorem 16.5]
to say that A = lim supt→∞ t‖Rm(g(t))‖∞ is positive. The proof of [17, Theorem
16.5] is based on [17, Theorem 16.4], which has a similar conclusion without an
assumption of positivity of curvature, but whose proof is only valid in the compact
case (since it invokes the diameter). In fact, there are noncompact counterexamples to
[17, Theorem 16.4].With nonnegative curvature operator, the traceHarnack inequality
directly implies that A > 0 for nonflat solutions.

Lemma 5.3 If (M, g) has c-pinched nonnegative Ricci curvature then for any tangent
vector v, we have

Rg(v, v) ≤
(
1 + 2

c

)
Ric(v, v). (5.4)

Proof Working in a tangent space TmM , we can restrict to unit vectors v. Lagrange
multipliers show that the maximum of Rg(v, v)− (

1 + 2
c

)
Ric(v, v), over unit vectors

in TmM , is realized at a unit eigenvector of the Ricci operator. Let r1 ≤ r2 ≤ r3 be
the eigenvalues of the Ricci operator. As r2 ≤ r3 ≤ 1

c r1, we have

R = r1 + r2 + r3 ≤
(
1 + 2

c

)
r1 ≤

(
1 + 2

c

)
ri (5.5)

for each i ∈ {1, 2, 3}. This proves the lemma. �
Proposition 5.6 If (M, g) has quadratic curvature decay then Conjecture 1.1 holds.

Proof Wewill assume that RicM > 0, withM noncompact, and derive a contradiction.
Given α > 1, consider the rescaled metric α−2g. Using Proposition 4.1, there is a

sequence {αi }∞i=1 tending to infinity so that {
(
M, α−2

i g,m0

)
}∞i=1 has a limit T∞M =

limi→∞
(
M, α−2

i g0,m0

)
in the pointed Gromov-Hausdorff topology, where T∞M is

a three dimensional metric cone with a connected link [3, Theorem 7.6]. Furthermore,
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from the quadratic curvature decay, T∞M is a smooth manifold away from the vertex,
where it has a W 2,p

loc , p < ∞, or C1,α
loc , α ∈ (0, 1), metric g∞, and the convergence

to g∞ is in the weak W 2,p
loc -topology. The inequality (5.4) will pass to such a limit.

Since T∞M is a cone, if ∂r denotes the radial vector field then from the cone structure,
Ricg∞(∂r , ∂r ) = 0. Then by (5.4), we conclude that Rg∞ = 0. This means that Ricg∞
vanishes, so g∞ is smooth and flat. Hence T∞M is a cone over the round S2 or
RP2. Since M is orientable, T∞M must be a cone over the round S2, and hence is
isometric to R

3. By [10, Theorem 0.3], (M, g) is isometric to R
3, which contradicts

our assumption that RicM > 0. �

6 Proof of Theorem 1.4

To prove Theorem 1.4 we will use a rescaling argument as in the proof of Proposition
5.6. The rescalings no longer have uniform local double sided bounds on their cur-
vatures, so we need a different convergence result. This will come from [23], which
provides a weak convergence of curvature operators. It turns out that this is enough to
obtain a contradiction.

We recall some results from [23]. Given an n-dimensional Riemannian manifold
(M, g), let Riem be the curvature operator ofM and let M : 	n−2(T M) → 	2(T M)

be Hodge duality. Given C1-functions { f j }n−2
j=1 on M , put

σ = M (∇ f1 ∧ ∇ f2 ∧ · · · ∧ ∇ fn−2) (6.1)

and define

rM ( f1, . . . , fn−2) = 〈σ,Riem(σ )〉 dvolM , (6.2)

a measure on M .
Suppose that {(Mi , gi )}∞i=1 is a sequence of n-dimensional pointed complete Rie-

mannianmanifoldswith sectional curvatures uniformly bounded below, that converges
to an n-dimensional pointed Alexandrov space X∞ in the Gromov-Hausdorff topol-
ogy. There is a notion of a test function f∞ on X∞. Given C1-functions { fi }∞i=1 on
the Mi ’s, there is a notion of the sequence C1

δ -converging to f∞.
The main result of [23] is the following. Suppose that for each i , { fi, j }1≤ j≤n−2

is a collection of C1-functions on Mi . Suppose that for each j , there is a C1
δ -limit

limi→∞ fi, j = f∞, j , where f∞, j is a test function on X∞. Then there is a weak limit

lim
i→∞ rMi ( fi,1, . . . , fi,n−2) = rX∞( f∞,1, . . . , f∞,n−2). (6.3)

Furthermore, the measure rX∞( f∞,1, . . . , f∞,n−2) is intrinsic to X∞. It vanishes
on the strata of X∞ with codimension greater than two, and has descriptions
on the codimension-two stratum and the set of regular points. Similarly, there is
a measure RX∞ on X∞ to which the scalar curvature measures converge, i.e.
limi→∞ RMi dvolMi = RX∞ in the weak topology.
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The preceding constructions can also be carried out locally.

Lemma 6.4 Suppose that M is a 3-manifold with c-pinched nonnegative Ricci
curvature. Given f ∈ C1(M), put V = ∇ f . Then

Rg(V , V ) dvolM ≤
(
1 + 2

c

)(
1

2
R dvolM g(V , V ) − rM ( f )

)
. (6.5)

Proof The proof is similar to that of Lemma 5.3. Fixing m ∈ M and restricting to unit
vectors Vm ∈ TmM , using Lagrange multipliers one sees that it is enough to check
the inequality when Vm is an eigenvector associated to the quadratic form coming
from the difference of the two sides of (6.5). One finds that these eigenvectors are the
eigenvectors of the Ricci operator, in which case (6.5) reduces to (5.4). �
Proposition 6.6 If there is some A < ∞ so that the sectional curvatures of (M, g)
satisfy K (m) ≥ − A

d(m,m0)2
, where m0 is some basepoint, then Conjecture 1.1 holds.

Proof Wewill assume that RicM > 0, withM noncompact, and derive a contradiction.
From Proposition 4.1, there is a sequence {αi }∞i=1 tending to infinity so that putting
gi = α−2

i g and Mi = (M, gi ), the sequence {(Mi ,m0)}∞i=1 converges to a three-
dimensional metric cone (X∞, x∞) in the pointed Gromov-Hausdorff topology. From
the curvature assumption, the cone X∞ has curvature bounded below by the function
− A

d(x,x∞)2
in the Alexandrov sense. As a locally Alexandrov space, the cone will

have no boundary points, i.e. no codimension-one stratum. Let �∞ denote the link
of the cone, so that X∞ = cone(�∞). Then �∞ is a connected Alexandrov surface
with curvature bounded below by −A. The underlying topological space of �∞ is
a 2-manifold Y without boundary, which hence admits a smooth structure. Let ωY

denote the curvature measure on Y , in the sense of [31]. (If Y is a smooth Riemannian
2-manifold then ωY = K dvolY , where K is the Gaussian curvature.)

Lemma 6.7 Let ∂r denote the radial vector field on X∞. Then

rX∞( f ) = (∂r f )
2dr ∧ (dωY − dvolY ), (6.8)

where dωY is the curvature measure of the Alexandrov surface Y and dvolY is the
two-dimensional Hausdorff measure of Y . Also,

RX∞ = 2dr ∧ (dωY − dvolY ). (6.9)

Proof From [33, Section 1 and Appendix A], there is a 1-parameter family of smooth
Riemannian metrics {hs}s∈(0,ε) on Y so that lims→0(Y , hs) = �∞ in the Gromov-
Hausdorff topology, and the curvature of (Y , hs) is bounded below by −A. For s ∈
(0, ε), let Ys denote Y with the Riemannian metric hs . We first compute rcone(Ys ).
Writing cone(Ys) −  = (0,∞) × Ys , if V is a vector field on Ys then we can also
consider it to be a vector field on cone(Ys) − . We have Riem(∂r ∧ V ) = 0. If V
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and W are vector fields on Ys then Riem(V ∧ W ) = Ks−1
r2

V ∧ W , where Ks is the
Gaussian curvature of Ys . Hence if f is the radial function on cone(Ys) then

rcone(Ys )( f ) =〈cone(Ys )∂r ,Riem(cone(Ys )∂r )〉 dvolcone(Ys )

=Ks − 1

r2
〈cone(Ys )∂r , cone(Ys )∂r 〉 r2dr ∧ dvolYs

=(Ks − 1)dr ∧ dvolYs = dr ∧ (Ks dvolYs − dvolYs ). (6.10)

Then in general,

rcone(Ys )( f ) = (∂r f )
2dr ∧ (Ks dvolYs − dvolYs ). (6.11)

As s → 0, we have pointed Gromov-Hausdorff convergence lims→0 cone(Ys) =
X∞. Working locally on X∞, say on an annular region a ≤ r ≤ A, there is a weak
limit lims→∞ rcone(Ys ) = rX∞ , which gives (6.8).

As

Rcone(Ys ) dvolcone(Ys ) = 2(Ks − 1)

r2
r2dr ∧ dvolYs = 2(Ks − 1)dr ∧ dvolYs ,(6.12)

equation (6.9) follows. �
If f is the radial function r on X∞ then from (6.8) and (6.9), we have

RX∞ = 2rX∞( f ). (6.13)

Returning to the sequence {Mi }∞i=1, the inequality (6.5) will pass to the weak limit, so
(6.13) implies that RX∞ = 0. Equation (6.9) gives

dωY = dvolY . (6.14)

Integrating (6.14) over Y shows that the Euler characteristic of Y is positive. By
Perelman stability, cone(X∞) −  is orientable, so Y is a 2-sphere. As an Alexandrov
surface, the Alexandrov geometry on Y comes from a Riemannian metric of the form
e2φgS2 which is subharmonic in the sense of [31, Section 7]. Equation (6.14) becomes

	S2φ − 1 = −e2φ, (6.15)

where 	S2φ is a priori a measure on S2 and e2φ is an L1-function. From (6.14)
the curvature measure dωY is absolutely continuous with respect to the Riemannian
density on the round S2, so [1, Proposition 2.8] implies that e2φ is L p-regular on S2

for all p < ∞. Then (6.15) implies that φ is W 2,p-regular, hence C1,α-regular for all
α ∈ (0, 1). We can now bootstrap (6.15) to conclude that φ is smooth on S2. Then
(6.15) becomes the statement that e2φgS2 has constant curvature 1. Thus Y is isometric
to the round S2. Hence X∞ is the flat R3. By [10, Theorem 0.3], (M, g) is flat, which
is a contradiction. �
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