AN INTRINSIC PARALLEL TRANSPORT IN WASSERSTEIN SPACE

JOHN LOTT

ABSTRACT. If M is a smooth compact connected Riemannian manifold, let P(M) denote
the Wasserstein space of probability measures on M. We describe a geometric construction
of parallel transport of some tangent cones along geodesics in P(M). We show that when
everything is smooth, the geometric parallel transport agrees with earlier formal calcula-
tions.

1. INTRODUCTION

Let M be a smooth compact connected Riemannian manifold without boundary. The
space P(M) of probability measures of M carries a natural metric, the Wasserstein metric,
and acquires the structure of a length space. There is a close relation between minimizing
geodesics in P(M) and optimal transport between measures. For more information on this
relation, we refer to Villani’s book [13].

Otto discovered a formal Riemannian structure on P(M), underlying the Wasserstein
metric [10]. One can do formal geometric calculations for this Riemannian structure [6]. It
is an interesting problem to make these formal considerations into rigorous results in metric
geometry.

If M has nonnegative sectional curvature then P(M) is a compact length space with
nonnegative curvature in the sense of Alexandrov [8, Theorem A.8], [12, Proposition 2.10].
Hence one can define the tangent cone T),P(M) of P(M) at a measure p € P(M). If pu is
absolutely continuous with respect to the volume form dvoly, then 7, P(M) is a Hilbert space
8, Proposition A.33]. More generally, one can define tangent cones of P(M) without any
curvature assumption on M, using Ohta’s 2-uniform structure on P(M) [9]. Gigli showed
that 7,P(M) is a Hilbert space if and only if 4 is a “regular” measure, meaning that it
gives zero measure to any hypersurface which, locally, is the graph of the difference of two
convex functions [3, Corollary 6.6]. For examples of tangent cones at nonregular measures,
if S is an embedded submanifold of M, and p is an absolutely continuous measure on S,
then T, P(M) was computed in [7, Theorem 1.1].

If v : [0,1] — M is a smooth curve in a Riemannian manifold then one can define the
(reverse) parallel transport along v as a linear isometry from T,y M to ThyM. If X is a
finite-dimensional Alexandrov space then the replacement of a tangent space is a tangent
cone. If one wants to define a parallel transport along a curve ¢ : [0,1] — X, as a map from
TeyX to Ti)X, then there is the problem that the tangent cones along ¢ may not look
much alike. For example, the curve ¢ may pass through various strata of X. One can deal
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with this problem by assuming that c is in the interior of a minimizing geodesic. In this
case, Petrunin proved the tangent cones along ¢ are mutually isometric, by constructing a
parallel transport map [11]. His construction of the parallel transport map was based on
passing to a subsequential limit in an iterative construction along c. It is not known whether
the ensuing parallel transport is uniquely defined, although this is irrelevant for Petrunin’s
result.

In the case of a smooth curve ¢ : [0,1] — P>°(M) in the space of smooth probability
measures, one can do formal Riemannian geometry calculations on P> (M) to write down an
equation for parallel transport along ¢ [6, Proposition 3]. It is a partial differential equation
in terms of a family of functions {7, }+cjo,1)- Ambrosio and Gigli noted that there is a weak
version of this partial differential equation [1, (5.9)]. By a slight extension, we will define
weak solutions to the formal parallel transport equation; see Definition 2.13.

Petrunin’s construction of parallel transport cannot work in full generality on P(M),
since Juillet showed that there is a minimizing Wasserstein geodesic ¢ with the property
that the tangent cones at measures on the interior of ¢ are not all mutually isometric [5].
However one can consider applying the construction on certain convex subsets of P(M).
We illustrate this in two cases. The first and easier case is when c is a Wasserstein geodesic
of §-measures (Proposition 3.1). The second case is when ¢ is a Wasserstein geodesic of
absolutely continuous measures, lying in the interior of a minimizing Wasserstein geodesic,
and satisfying a regularity condition. Suppose that Vi, € T.q)P(M) is an element of the
tangent cone at the endpoint. Here Vi, € L*(TM,dc(1)) is a square-integrable gradient
vector field on M and 7, is in the Sobolev space H'(M,dc(1)). For each sufficiently large
integer (), we construct a triple

(1.1) (Vig, Vng(0), V(1)) € L*([0,1]; L*(TM, dc(t))) & L*(TM, de(0)) & L*(T'M, de(1))
with Vng(1) = Vi, which represents an approximate parallel transport along c.

Theorem 1.2. Suppose that M has nonnegative sectional curvature. A subsequence of
{(Vng, Vng(0), Vng(1)) 5=, converges weakly to a weak solution (Vis, Viis0, Viiso1) of
the parallel transport equation with Ve 1 = V. If ¢ is a smooth geodesic in P> (M),
n1 is smooth, and there is a smooth solution n to the parallel transport equation (2.6) with
n(1) = m, then limg,e0(Vng, Viig(0), Vig(1)) = (Vn, Vn(0), V(1)) in norm.

Remark 1.3. In the setting of Theorem 1.2, we can say that V7 ¢ is the parallel transport
of Vi, along ¢ to Ty P(M).

Remark 1.4. We are assuming that M has nonnegative sectional curvature in order to
apply some geometric results from [11]. It is likely that this assumption could be removed.

Remark 1.5. A result related to Theorem 1.2 was proven by Ambrosio and Gigli when
M = R™ [1, Theorem 5.14], and extended to general M by Gigli [4, Theorem 4.9]. As
explained in [1, 4], the construction of parallel transport there can be considered to be
extrinsic, in that it is based on embedding the (linear) tangent cones into a Hilbert space
and applying projection operators to form the approximate parallel transports. Although
we instead use Petrunin’s intrinsic construction, there are some similarities between the two
constructions; see Remark 3.32. We use some techniques from [1], especially the idea of a
weak solution to the parallel transport equation.
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Remark 1.6. Besides its inherent naturality, the intrinsic construction of parallel transport
given here is likely to allow for extensions. For example, using the results of [7], it seems likely
that Petrunin’s construction could be extended to define parallel transport along Wasserstein
geodesics of absolutely continuous measures on submanifolds of M. In the present paper we
have done this when the submanifolds have dimension zero or codimension zero.

The structure of this paper is as follows. In Section 2 we discuss weak solutions to the
parallel transport equation. In Section 3 we prove Theorem 1.2.

I thank Takumi Yokota and Nicola Gigli for references to the literature.

2. WEAK SOLUTIONS TO THE PARALLEL TRANSPORT EQUATION
Let M be a compact connected Riemannian manifold without boundary. Put
(2.1) P*(M)={p dvoly : pe C®(M),p > O,/ p dvoly, = 1}.
Given ¢ € C*(M), define a vector field Vy on P>(M) by s;\;ing that for ' € C°(P>(M)),
(2.2) (VaF)(pdvoly) = % 6:OF (pdvoly — € V'(pV;9) dvoly) .

The map ¢ — Vj passes to an isomorphism C*(M)/R — T} dvol,, P (M). Otto’s Riemann-
ian metric on P*°(M) is given [10] by

2.3 Vs Ve (pvolsr) = [ (961, 95) p vl

= — / ¢1vl(pvz¢2) dVOlM.
M
In view of (2.2), we write dy,p = — V*(pV;¢). Then

(2.4) (Visy, Vi) (pdvolyy) = / ¢1 0y, p dvoly = / ¢2 O, p dvoly .
M M

To write the equation for parallel transport, let ¢ : [0,1] — P*(M) be a smooth curve.
We write c(t) = p; = p(t) dvoly, and define ¢(t) € C>°(M), up to a constant, by % = V.
This is the same as saying

0 .
(2.5) a—? + VI (pV;0) = 0.

Let V,) be a vector field along ¢, with n(t) € C°°(M). The equation for V;, to be parallel
along ¢ [6, Proposition 3] is

(2.6) v (,0 <V% + V6 vivjn)) ~ 0.

Lemma 2.7. [6, Lemma 5] If 5,7 are solutions of (2.6) then [, (Vn, V) du is constant
m t.

Lemma 2.8. Given n, € C*(M), there is at most one solution of (2.6) with n(1) = ny, up
to time-dependent additive constants.
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Proof. By linearity, it suffices to consider the case when n; = 0. From Lemma 2.7, V1(t) = 0
and so 7(t) is spatially constant. O
For consistency with later notation, we will write C*°([0, 1]; C>(M)) for C*(]0, 1] x M).
Lemma 2.9. (c.f. [1, (5.8)]) Given f € C*([0,1];C>®(M)), if n satisfies (2.6) then
d 0
@) 4 [ L= [ (T i+ [ Hes (90.90) du

Proof. We have

iy v dp =

1
i/ o M(Vf, Vn) p dvoly,

:/ (V%,V?ﬁp dvolM+/ <Vf,V%>p dvoly +
M M

9
/ V£,V 2 dvoly,
M ot

Then

d of
@12) 4 [ (VY0 - /M (oL )

= [ (VG o avolae = [ (@) (70) ¥ (59,0) avo

=— /M 1A (;NZ%) dvoly, — /M (Vif) (V'n) V7 (pV ;) dvoly

= [ 19 p19,0) (V9) dvolus + [ V() (V) (T50) p dvol
— [ (V1) (36) (V') p dvoly

+ [ ST (F0) (V,0) p ol

= [ (99.) (V) (9,0) p vy

= / Hess¢(Vn, Vo) dpu.
M
This proves the lemma. 0]

We now weaken the regularity assumptions. Let P*(M) denote the absolutely continuous
probability measures on M with full support. Suppose that ¢ : [0,1] — P*(M) is a Lipschitz
curve whose derivative ¢/(t) € Ty P(M) exists for almost all t. We can write ¢/(t) = V)
with Ve(t) € L*(TM,dc(t)). By the Lipschitz assumption, the essential supremum over
t €[0,1] of Vo (t)|l 2(rasacqry is finite. As before, we write c(t) = pu.

Definition 2.13. Let ¢ : [0,1] — P®(M) be a Lipschitz curve whose derivative ¢/(t) €
T.;yP(M) exists for almost all ¢. Given Vo € L*(TM,duo), Vi € L*(TM,dp,) and
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Vn € L*([0,1]; L*(T'M, du)), we say that (Vn, Vg, Vn;) is a weak solution of the parallel
transport equation if

(2.14) / (VF(1), V) dp — /M (V£(0), Vo) dpto =

/ / (< > + Hess;(V, Vcb)) dpuy dt

for all f € C>([0,1];C>*(M

Remark 2.15. In what follows, there would be analogous results if we replaced C*° ([0, 1]; C>°(
everywhere by C°([0, 1]; C*(M)) N C*([0, 1]; C*(M)). We will stick with C*([0, 1]; C>°(M))

for concreteness.

From Lemma 2.9, if ¢ is a smooth curve in P*(M) and n € C*([0, 1]; C°°(M)) is a solution
of (2.6) then (Vn, Vn(0),Vn(1)) is a weak solution of the parallel transport equation. We
now prove the converse.

Lemma 2.16. Suppose that ¢ is a smooth curve in P>(M). Given ng,m € C>®(M) andn €
C>([0,1]; C>(M)), if (Vn,Vno, V) is a weak solution of the parallel transport equation
then n satisfies (2.6), n(0) = ny and n(1) =y (modulo constants).

Proof. In this case, equation (2.14) is equivalent to
(217) [ (900,90 dus ~ [ (V5(0), V) o =
M M
[ 50900} s — [ (500, 97(0) di+
M M

1
/ / A (vi%Jrvjwivjn) dyy dt.
0 M

Taking f € C*([0,1]; C>°(M)) with f(0) = f(1) = 0, it follows that (2.6) must hold. Then
taking all f € C*([0,1]; C>(M)), it follows that Vi, = Vn(0) and Vi, = Vn(1). Hence
n(0) = no and n(1) = n; (modulo constants). O

Lemma 2.18. Suppose that ¢ is a smooth curve in P¥(M). Given Vo € L*(TM,duy),
Vi € L*(TM,duy), Vi € L*([0,1]; LA(TM, duy)) and f € C>([0,1]; C>®(M)), suppose that

(1) (Vn,Vno, Vi) is a weak solution to the parallel transport equation,
(2) f satisfies (2.6),
(3) ( ) V771;
(4)
(2.19) / [Vn0l* dpo < / V| dp
M M

and

()

1
(2.20) [ wapduar< [ 19mP aw
0 M M

M))
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Then V f(0) = Vno, and V f(t) = Vn(t) for almost all t.

Proof. From (2.6) (applied to f) and (2.14), we have

(2.21) /M(Vf(O),Vn0> iy — /M<Vf(1),vn1>d,u1:/M<V771,Vm> dus.

From Lemma 2.7,

(2.22) /M (V£(0), V£(0)) dpto = /M (V). V(1) dy = /M (Vnr, V) dus.
Then
(2.23) [ 19— £ODF dua = [ 19 duo— [ (9 du <.

Thus Vf(0) = Vo in L*(T'M, dpuyg).
Next, replacing f by ¢f in (2.14) gives

(2.24) /0 /M (VF, V) dpr dt = /M (VF(1), Vi) dyar = /M (Vo V) dps.
Then

(2.25) //|Vf V2 dup, dt =

//|Vf|2dutdt—2// (Vf, V1) dutdt+/ / V|2 dpy dt =
[ vsPdn =2 [ VP d +/ [ vl du e -
M M 0 M
1
//|V17|2d,utdt—/ IV |? dpy < 0.
0 M M

Thus Vf(t) = Vn(t) in L*(TM, du), for almost all ¢. O

3. PARALLEL TRANSPORT ALONG WASSERSTEIN GEODESICS

3.1. Parallel transport in a finite-dimensional Alexandrov space. We recall the
construction of parallel transport in a finite-dimensional Alexandrov space X.

Let ¢ : [0,1] — X be a geodesic segment that lies in the interior of a minimizing geodesic.
Then T, X is an isometric product of R with the normal cone N X. We want to construct
a parallel transport map from N1y X to NypX.

Given Q € Z" and 0 < i < @ — 1, define ¢; : [0,1] — X by ¢;(u) = ¢ <Z+“> We define
an approximate parallel transport P; : N, ()X — N, 0)X as follows. Given v € N 1)X,
let v : [0,¢] — X be a minimizing geodesic segment with v(0) = ¢;(1) and 7/(0) = w.
For each s € (0,¢], let us : [0,1] — X be a minimizing geodesic with p(0) = ¢;(0) and
1s(1) = y(s). Let wy € Ny X be the normal projection of 1 (0) € T, )X . After passing
to a sequence s; — 0, we can assume that lim; ,. ws, = w € N, )X. Then Py(v) = w. If
X has nonnegative Alexandrov curvature then |w| > |v|.
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In [11], the approximate parallel transport from an appropriate dense subset Lo C Nepy X
to Ne)X was defined to be Fyo Pyo...0o Py_y. It was shown that by taking () — oo and
applying a diagonal argument, in the limit one obtains an isometry from a dense subset of
NeyX to NeyX. This extends by continuity to an isometry from N.)X to N X.

If X is a smooth Riemannian manifold then P; is independent of the choices and can be
described as follows. Given v € N,,1)X, let j,(u) be the Jacobi field along ¢ with 5,(0) =0
and j,(1) = v. (It is unique since ¢ is in the interior of a minimizing geodesic.) Then

Fi(v) = 7,(0).

3.2. Construction of parallel transport along a Wasserstein geodesic of delta
measures. Let M be a compact connected Riemannian manifold without boundary. Let
v :10,1] — M be a geodesic segment that lies in the interior of a minimizing geodesic. Let
II: TyyM — Ty M be (reverse) parallel transport along v. Put c(t) = d,4) € P(M).
Then {c(t)}icp,1) is a Wasserstein geodesic that lies in the interior of a minimizing geodesic.
We apply Petrunin’s construction to define parallel transport directly from the tangent cone
T,1yP(M) to the tangent cone Ty P(M) (instead of the normal cones). From [7, Theorem
1.1], we know that Tc(t)P(M) = Pg(Tv(t)M).

Proposition 3.1. The parallel transport map from Toq)P(M) = Py(Ty 1y M) to Too)yP(M) =
Py(Ty0)M) is the map pp — I p.

Proof. Given Q@ € Z" and 0 < i < @ — 1, define v; : [0,1] — M by ~;(u) = 7(%)
and ¢; : [0,1] = P(M) by ¢;(u) = 04, We define an approximate parallel transport
Pi : Tci(l)P<M) — Tci(O)P(M) as follows.

Given s € RT and a real vector space V, let R, : V — V be multiplication by s. Let v be a
compactly-supported element of P(T,1yM ). For small € > 0, there is a Wasserstein geodesic
o : [0,e] = P(M), with 0(0) = ¢;(1) and ¢’(0) corresponding to v € T,,1)PM, given by
o(s) = (exp,, 1) oRs)«v. Given s € (0,¢], let g, : [0,1] = P(M) be a minimizing geodesic
with 1s(0) = ¢;(0) = 6,00y and ps(1) = o(s). There is a compactly-supported measure
7s € Po(T, M) = Ti,0)P(M) so that for v € [0,1], we have ,(v) = (exp.,(g) 0Ry)sTs.
If @) is large and € is small then all of the constructions take place well inside a totally
convex ball, so 7, is unique and can be written as 7, = <exp;i1(0) 0 €XD.y, (1) oRs>* v. Then

lim_,o 1 (75 — 79) exists and equals (dexp., ), 'v. Thus P, = (dexp,,)); "

Now
(3.2) PooPio...oPy = <(dexp70(0))_1 o (dexpvl(o))_l 0...0 (dexpwil(o))_llk .

Taking () — oo, this approaches II,. [l

3.3. Construction of parallel transport along a Wasserstein geodesic of absolutely
continuous measures. Let M be a compact connected boundaryless Riemannian mani-
fold with nonnegative sectional curvature. Then (P(M), W5) has nonnegative Alexandrov
curvature.



8 JOHN LOTT

Let ¢ : [0,1] — P*(M) be a geodesic segment that lies in the interior of a minimizing
geodesic. Write ¢/(t) = Vj). Since ¢(t) is defined up to a constant, it will be convenient to
normalize it by [, ¢(t) dy, = 0. We assume that

(33) sup qu( )HCQ(M) < Q.

t€0,1]

In particular, this is satisfied if ¢ lies in P>°(M).

Let NP (M) denote the normal cone to c¢ at c(t). We want to construct a parallel
transport map from Ny P(M) to Ny P(M).

Given Q € Z* and 0 < i < Q — 1, define ¢; : [0,1] — P(M) by ¢;(u) = C(%“)-

Correspondingly, write p;, = Pt We define an approximate parallel transport P; :
Ne,yP(M) — N¢,0)P(M), using Jacobi fields, as follows.

Let us write cj(u) = Vi, ), i.e. ¢i(u) = égzﬁ (%) The curve ¢; is given by ¢;(u) =
(Fiu)«ci(0), where F;,(z) = exp,(uV,¢;(0)). That is, for any f € C*(M),

(3.4) /fdcz /f +o2)) diis o).

If 0; is a variation of ¢;(0), i.e. §¢;(0) = o;, then taking the variation of (3.4) gives

(3.5) /M f dbe,(u) = /M (Vf, dexPus, 5,0 (UV50)) 7o) o)
= u/ (Vf, W, (u)) dps .
M

Here
(3.6) (Wo,(u))y = dexp,g, p,0)(Va0i),

with y = F;,(z). The corresponding tangent vector at ¢;(u) is represented by L,,(u) =
I, ) Wy, (u), where I, () is orthogonal projection on ImV C L*(TM, dp; ). We can think
of J,,(u) = uLy,(u) as a Jacobi field along ¢;. If v = J,,(1) = L, (1) = I, 1yW,, (1) then
its approximate parallel transport along ¢; is represented by w = J (0) = L,,(0) = Vo; €
ImV C L3 (TM, du;p).
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Next, using (3.6), for f € C>°(M) we have

(3.7)

d d d
o [ 0L din = [ VW) i = S [ (90005p05,00/(Va) 0 i)

= [ Hessrs (1) (405D, (T05(0). A XD, 0)(T20) disale)+
| (97, Dasdespus 0V} o Ao

= [ Hess() (Vo). Wo, () dsot
[ (98D Vo, w0}

Here 0, is the vector at Fj,(z) given by

d
(3.5) 9, = L Bu(2) = dexpyg . 0/(Vo0:(0)
If instead f € C*([0,1]; C*(M)) then
d 9]
(3.9) o | 0 L) d :/M<va—£,Lgi> Qi+

/M Hess(f) (Véu (), Wi, () ditot
/]\v/[<vf7 DauWaz(u» d/lz,u

We will need to estimate [,, |[Wy,(u) — Lo, (u)[* dps .

Lemma 3.10. For large (), there is an estimate
(3.11) W) = Lo () d <
M

const. || Hess (i ()| Z= (o, xa0) | Los O |72 (zr.0,.)-
Here, and hereafter, const. denotes a constant that can depend on the fized Riemannian
manifold (M, g).

Proof. Since I, is projection onto Im(V) C L*(T'M, dy; ), and V(o;0 F;') € Im(V), we
have

312) [ W) = L dpsa < [ (W) = Vios0 FLDE dis
M

— [ V@F): W (0) = Vel dua
M
(Compare with [1, Proposition 4.3].) Defining T}, : T,M — T, M by

(3.13) Tipa(2) = (dFiu); (deXpuvz@(o)( ))
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we obtain

(3.14) W) = L) i <

(s0p 4P AF W1 WEie = TIP) 1O scrss o

Since sup,e(o ) [|VA(t)[lcoary < oo, if Q is large then [[V;(0)|[co(as is much smaller than
the injectivity radius of M. In particular, the curve {Fj () }uejoq lies well within a normal
ball around x. Now T;;, can be estimated in terms of Hess(¢;). In general, if a function h
on a complete Riemannian manifold satisfies Hess(h) = 0 then the manifold isometrically
splits off an R-factor and the optimal transport path generated by Vh is translation along
the R-factor. In such a case, the analog of T}, , is the identity map. If Hess(h) # 0 then the
divergence of a short optimal transport path from being a translation can be estimated in
terms of Hess(h). Putting in the estimates gives (3.11). O

Using Lemma 3.10, we have

(3.15)
/M Hess(f) (Véi(u), Wo,(u)) dpti — /M Hess(f) (Véi(u), Lo, (1)) dpiu| <

const. || Hess(f)l|coan) || Hess(@i ()| Lo jo,1xa0) [| V@i (W) || 2 (0as,dps 0) | Loy (O) || 20 01,d10s ) -

Next, given x € M, consider the geodesic

(3.16) Via(w) = Fiu().
Put
(3.17) Joia (W) = WWo, (W) o w) € Ty () M-

Then j,, , is a Jacobi field along v; ., with js, .(0) = 0 and j,. (0) = V,0;. Jacobi field
estimates give

(3.18) 1D, W, (W) || 210t .dps. ) < const. [V oill L2ty |V i ()| Zoe (o 11500
again for @) large.

Lemma 3.19. Define A, : (W c LA(TM, dﬂi70)> = (W c LX(TM, dﬂm)) by
(3.20) A;(Vo;) = L, (1).

Then for large Q, the map A; is invertible for all i € {0,...,Q — 1}.

Proof. Define B, : (1m(V) c LX(TM, dﬂi,1)> o (1m(V) c LX(TM, duw)) by

(3.21) Bi(V[f)=V(fo ).
Then whenever Vf € L*(TM,du; 1), we have
(3.22) (AiB:) (V) =AiV(foFi1)) = Lyor,, (1),
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so whenever V' € L*(TM,du; ), for large Q we have
(3.23) (V' (AiBi = D(V ) 2 y) =

(VI Wior, (1) = V) 2omdus) <
const. || Hess(¢;(+)) || o (0,1xa1)

IV 2 @atan o IV FllL2ndp -
Hence [|A;B; — I|| = o(Q), so for large () the map A;B; is invertible and a right inverse for
A; is given by B;(A;B;)~!. This implies that A; is surjective.

Now suppose that Vo € Ker(A4;) is nonzero, with o € H'(M, du; ). After normalizing,
we may assume that Vo has unit length. Then

(324) 0 :<V(O' e} F’i,l)y Ai(va)>L2(TM,dui’1) = <V(U o Fi,l)a LU(1)>L2(TM,dl,Li’1)
=<V(U o Fi,1)> Wa(1)>L2(TM7dui,1) = <VU, (dFi,l)_lwa(1)>L2(TM,dM,0)
=1 — <VO’, VO' — (dFi,l)ilwo'(1)>L2(TM,dui’0) Z 1 - const. H Hess(@('))HLoo([o,l]XJV[),

for large Q. If () is sufficiently large then this is a contradiction, so A; is injective. 0

Fix V) € NeqyP(M). If Vi # 0 then after normalizing, we may assume that it has unit
length. For Q € Z* large and t € [0, 1], define Vy(t) € NyP(M) as follows. First, using

Lemma 3.19, find 0 so that V} = L,,_,(1). For t € [%, 1], put

(3.25) Vo(t) = Lo, (Qt — (@ — 1))

Doing backward recursion, starting with ¢« = @) — 2, using Lemma 3.19 we find o; so that
L;,(1) = Ls,,,(0) = Vo,41. Fort € [é, %], put
(3.26) Vo(t) = L,, (Qt — ).

Decrease ¢ by one and repeat. The last step is when ¢ = 0.

From the argument in [11, Lemma 1.8],

(3.27) Jim sup [[Vo(t)] - 1] =0.

te(0,1]

We note that the proof of [11, Lemma 1.8] only uses results about geodesics in Alexandrov
spaces, it so applies to our infinite-dimensional setting. It also uses the assumption that ¢
lies in the interior of a minimizing geodesic. After passing to a subsequence, we can assume
that

(3.28) lim (Vg,V0(0),Vo(1)) = (Veos Voo .0s Voor1)

Q—oo

in the weak topology on L?([0,1]; L*(T' M, du,;)) & L*(TM, duo) & L*(TM, duy). Note that
Vo1 = V1.
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From (3.9), (3.15) and (3.18), for a fixed f € C'*°([0, 1]; C*°(M)), on each interval [é, %]
we have

d B of
(3:29) & [ wive) du = [ (Vo) auc+

| Hess(P)(T0(6). Vo(0) du + (@),

It follows that (Vso, Voo s Veo,1) 18 & weak solution of the parallel transport equation. As the
limiting vector fields are gradient vector fields, we can write (Voo, Voo 0, Voo1) = (Voo, Vioo.0s Vso.1)
for some (1o 00,0, Moo1) € L2([0,1]; HY(M, dpy)) & H* (M, duo) & H (M, du,)).

Suppose that ¢ is a smooth geodesic in P>(M), that V; (and hence 7. 1) is smooth
and that there is a smooth solution 7 to the parallel transport equation (2.6) with V(1) =
VNoo1. By Lemma 2.7, || Vn(t)|| is independent of t. By Lemma 2.18, (V1)so, Vo 0, Vso1) =
(Vn, Vn(0),Vn(1)). We claim that

(3.30) QIEIC}O(VWQ: Vne(0), Ving(1)) = (Vn, Vn(0), Ve 1)

in the norm topology on L*([0,1]; L*(T'M,du,)) & L*(T' M, dug) @& L*(TM,dyy). This is be-
cause of the general fact that if {x;}32, is a sequence in a Hilbert space H with lim; . |z;| =
1, and there is some unit vector z,, € H so that every weakly convergent subsequence of
{z,;}52, has weak limit x.,, then lim; ,,, x; = z in the norm topology.

In particular,
(3.31) lim Vng(0) = Vn(0)
Q—oo

in the norm topology on L*(T'M, duy).
This proves Theorem 1.2.

Remark 3.32. The construction of parallel transport in [1, Section 5] and [4, Section 4] is
also by taking the limit of an iterative procedure. The underlying logic in [1, 4] is different
than what we use, which results in a different algorithm. The iterative construction in [1, 4]
amounts to going forward along the curve ¢ applying certain maps P;, instead of going
backward along ¢ using the inverses of the A;’s as we do. In the case of R", the map P;
is the same as A;, but this is not the case in general. The map P; is nonexpanding, which
helps the construction in [1, 4]. In contrast, A; ' is not nonexpanding. In order to control
its products, we use the result (3.27) from [11].
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