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1. Introduction

Differential K-groups are invariants of smooth manifolds that combine K-theory
with differential forms. As shown in [18], many results from local index theory fit into
the framework of differential K-theory. For background and history about differential
K-theory, we refer to the introduction of [18].
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Just as K-theory has different but equivalent descriptions, so does differential
K-theory. The primary goal of this paper is to give a new description of differential
K-theory, based on Hilbert bundles, that unifies other descriptions. A secondary goal is
to provide a functional analytic framework for superconnections on Hilbert bundles.

We recall the generators for some of the descriptions of the K-group K°(M) of a
compact manifold M:

(1) Vector bundles on M [1].

(2) Maps from M to the space of Fredholm operators [1, Appendix].

(3) Maps p: Z — M where Z is compact and p is K-oriented [17].

(4) Zs-graded Hilbert C'(M)-modules equipped with certain bounded operators that
commute with C'(M) [25,28].

(5) Zg-graded Hilbert C'(M)-modules equipped with certain possibly-unbounded oper-
ators that commute with C(M) [2].

Of these descriptions, perhaps the last one, based on unbounded K K-cycles, is the most
encompassing one.

For the first three descriptions of K-theory, there are corresponding models for dif-
ferential K-theory:

(1) Vector bundles with connections, as in [18,34].
(2) The Hopkins—Singer model [21].
(3) The geometric families of Bunke—Schick [12].

All of these descriptions give isomorphic groups, which we denote by K Fan(M). In this
paper we give a new model for the differential K-theory of M, extending the description
of K-theory using unbounded K K-cycles. Our model is in terms of Hilbert bundles on M
equipped with superconnections. One motivation for our model is that it unifies earlier

models, as described below. The main result of the paper is the following.

Theorem 1. The differential K-groups K* (M), as defined using Hilbert bundles and su-
perconnections, are isomorphic to K*,,, (M).

Given a finite dimensional Hermitian vector bundle on M with compatible connection,
we can think of it as a Hilbert bundle on M with a very special superconnection. Hence
our Hilbert bundle model includes the standard description of differential K-theory using
finite dimensional vector bundles with connection. Similarly, given a geometric family
in the sense of [12, Section 2], there is an ensuing Hilbert bundle equipped with the
Bismut superconnection [4]. Hence our model also includes the description of differen-
tial K-theory using geometric families. However, we do not have an obvious way to
construct a Hilbert bundle, with superconnection, from a Hopkins—Singer cocycle [21,
Section 4.4].
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To motivate the use of superconnections, we recall that in the vector bundle de-

0
stan

scription of K (M), the generators are triples [F,V,w], where E is a finite dimen-
sional Hermitian Zs-graded vector bundle on M, V is a compatible connection and
w € Q4 (M) /Im(d). The relations involve Chern—Simons forms. There is an equivalent
description whose generators are triples [E, A, w], where A is a compatible supercon-
nection on E in the sense of Quillen [32], and whose relations involve eta forms. When
we pass to infinite dimensional vector bundles, the Chern character construction using
connections no longer make sense. However, under suitable hypotheses, we show that
the construction using superconnections does make sense.

Hence one goal of this paper is to find the right setting for superconnections on
Hilbert bundles. As an indication, such a setting should allow for Bismut superconnec-
tions. A first question is what the structure group G of such a Hilbert bundle should
be. The answer to this is not immediately evident. One remark is that to deal with a
geometric family whose fiber is a compact manifold Z, there should be a smooth homo-
morphism from Diff (Z) to G coming from the action of Diff(Z) on the Hilbert space H
of square-integrable half-densities on Z. However, with the norm topology on U (H ), such
an action is not even continuous (as seen in the action on the circle on itself by rotations).

To construct G in general, we use the data of a Hilbert space H and an unbounded
self-adjoint operator D on H that is #-summable for all § > 0 (such as a Dirac-type
operator). Using D, in Section 2 we define Sobolev spaces H® and pseudodifferential
operators op* that map H*® to H*~* following Connes and Moscovici [16, Appendix B].
As a set, we take G = U(H) Nop®. To put a smooth structure on G, we can use the fact
that we only care about Hilbert bundles over finite dimensional manifolds, as opposed
to more general base spaces. Hence it suffices to say what a smooth map, from a domain
in Euclidean space to G, should be. This is the underlying idea of diffeological smooth
structures [22]. In our case, we say that such maps are smooth if they are compatible in
a certain sense with the Fréchet topologies on H*® and op*.

Given a Hilbert bundle H on M, with such a structure group, in Section 3 we develop
the theory of superconnections A on H. We construct their Chern characters and eta
forms. In Section 4 we give our generators and relations for K 9(M). The generators are
triples [H, A, w] where H is a Zs-graded Hilbert bundle on M, A is a superconnection
on H and w € Q°%(M)/Im(d). There are three relations. The first relation is about
taking direct sums. The second relation arises when the degree-0 part A of the super-
connection is invertible, and involves an eta form. The third relation says what happens
when one changes Ay by a family of operators in op?, and involves a relative eta form.

If ¢ is a generator for K°(M) then we construct a generator ¢(c) for K9, (M), based
(M) is independent of the
(M). We then show that

on certain choices. We show that the class of ¢(c) in K9,

choices. We prove that ¢ passes to a map q : IV(O(M) — KO

stan
q is an isomorphism, thereby proving Theorem 1.
One advantage of a Hilbert bundle approach to differential K-groups is that, as in [12],

the pushforward becomes essentially tautological. We recall that using the finite dimen-

0
stan

sional model K for differential K-theory, in [18] two pushforwards were defined,
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called the analytic index and the topological index. The definition of the analytic index
there involved some perturbations. The main theorem of [18] said that the two indices
coincide. Given a fiber bundle 7w : M — B with even dimensional compact fibers and
a Riemannian structure, in Section 5 we define the pushforward m.[H, A, w] of a finite
dimensional representative [H, A, w] for K O(M).

Theorem 2. The pushforward m, on cocycles passes to a map 7, : KO(M) — K°(B). It
coincides with the analytic index of [18].

The proof of Theorem 2 partially uses results from [10,26].

Another advantage of using Hilbert bundles is that it allows a unified treatment of
even and odd differential K-groups. (By way of contrast, in [18, Section 9] and [35], the
odd differential K-groups were constructed based on the model of odd K-theory coming
from maps to unitary groups.) In Section 6 we indicate how the results of the preceding
sections extend to the odd differential K-group K*(M).

Yet another advantage of using Hilbert bundles is that it allows for a simple model of
twisted differential K-theory. We recall that ordinary K-theory can be twisted by an ele-
ment of H3(M ;Z). The corresponding twisted differential K-theory has been considered
in many papers, including [11,13,14,31]. Some applications to mathematical physics are
in [24]. In Section 7 we give the basic definitions for a Hilbert bundle model Iv(g(M ) of
twisted differential K-theory, where £ is a unitary gerbe on M. If one restricts to finite
dimensional vector bundles in the definition then one can only deal with twistings by
torsion elements of H*(M;Z).

There are many directions for further study, including the following.

1. Extend the pushforward to infinite dimensional cocycles for K 0. see Remark 4.

2. Show that the twisted differential K-groups Iv(g(M ) satisfy an axiomatic characteri-
zation, as outlined in [13, Section 7].

3. Construct a topological pushforward in K. We recall that the topological pushforward
in K K-theory involves a Kasparov product with a d-operator [25].

The paper has an appendix in which we prove a formula for the Chern character of a
superconnection in relative cohomology. There is an application to eta forms.

More detailed descriptions of the content of the paper appear at the beginnings of the
sections.

We thank Dan Freed for discussions about superconnections and differential K-theory,
and for comments on an earlier version of this paper. We thank Jean-Pierre Bourguignon
and Alan Weinstein for telling us about diffeology. We also thank the referees for helpful
comments.

2. Pseudodifferential calculus

This section is devoted to functional analytic preliminaries. Given a Zs-graded Hilbert
space and an odd self-adjoint operator D that is #-summable for all > 0, in Subsec-
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tion 2.1 we define order-s Sobolev spaces H* and order-k pseudodifferential operators op”.
We prove basic composition properties of the pseudodifferential operators. In Subsec-
tion 2.2 we consider a space P of “Dirac-type” order-1 operators. We prove in particular
that P is preserved by the addition of order-0 operators. Subsection 2.3 shows that for

any € > 0, the map that sends P to e—eP”

is smooth, in the diffeological sense, as a
map from P to the space of trace-class operators. The heart of the proof is to justify a

Duhamel formula in this setting.
2.1. Operator norms

Let H = H" @® H~ be a Zs-graded Hilbert space (possibly finite dimensional) with
inner product (-,-)p. Let L£L(H) denote the bounded operators on H, with operator
norm || - ||. Let £1(H) be the trace ideal of H, with its norm || - [|z:. Let D be an odd
(with respect to the Zy-grading) self-adjoint operator on H, possibly unbounded, which
is #-summable for all § > 0, i.e.

Tre 7" < . (2.1)

In particular, D? has a discrete spectrum. Let Pyer(p2y be orthogonal projection onto
Ker(D?). Define

|D| =V D2 + PKer(D2)~ (22)

If D is invertible then |D| has the usual meaning, but for us |D| is always a strictly
positive operator.
For s € Z nonnegative, put H* = Dom (|D|?), with the inner product

<U177)2>H5 = <‘D|S’U1,‘D|SU2>H. (23)

For s € Z negative, put H® = (H~*)". Put H® = Nsso H*®, a dense subspace of H.
Following [16, Appendix BJ, let op* be the closed operators F such that

(1) H* C Dom(F),

(2) F(H*)C H*, and

(3) For all s € Z, the operator F': H>® — H* extends to a bounded operator from H*®
to H*~F.

Let |F|j,s be the operator norm for F : H® — H*~*_ Then op” is a Fréchet space
with respect to the norms |F|j ;. We take a product of operators to act from right to

left. Using the isometric isomorphism |D|~* : H® — H*, if F € op” then

|Fli,s =Il [DI*7*F[D]™* | . (2.4)



666 A. Gorokhovsky, J. Lott / Advances in Mathematics 328 (2018) 661712

Let £I” be the ideal of finite rank operators, i.e. the set of operators T'on H that can
be expressed as

T(v) = Zfi<ni,v>H» (2.5)

where the sum is finite and &, n; € H*. Then LI7 C (<5 op*.

Lemma 1.
(1) If Fy € op* and Fy € op*? then F\Fy € op*+**2 and

|F1F2|k1+7€278 < |F1|k1,3—k2|F2|k278' (26)

(2) IfF € op*, and F : H® — H*~* is an isomorphism for each s € Z, then F~* € op~*.
(3) If F € op® then its adjoint F* in B(H) satisfies F* € op°.

Proof. (1). The proof is straightforward.

(2). By the bounded inverse theorem, F~! : H*~* — H* is bounded for each s € Z. In
particular, H>*° C Dom(F~!) and F~1(H>) C H®°.

(3). If v € H? then for all w € H*, we have

(Fw,v)u = ((|D|"°F|DJ*) |D|~*w, |D|*v) x, (2.7)

showing that
F*o = |D|™* (ID|*F|D[*)" |D|*. (2.8)

In particular,
|D|*F*v = (|D|"*F|D|*)" |D|*v € H, (2.9)

showing that F*(H*®) C H®, with
F*=|D|™* (|D|"*F|D|)"|DJ® (2.10)
being a bounded operator on H®. O

Example 1. Suppose that H is finite dimensional. Then H* = H and H® = H for all
s € 7. Also, op* = B(H) for all k € Z.

Example 2. Let Z be a compact Riemannian manifold. Let V' be a Clifford module over Z,
equipped with a compatible connection. Let D2 be the half-density line bundle on Z. Put
H = L*(Z;D2®V). Let D be the Dirac-type operator on H. Then H> = C>(Z, D2 ®V)



A. Gorokhovsky, J. Lott / Advances in Mathematics 328 (2018) 661712 667

and H®* = H*(Z Dz ® V). A pseudodifferential operator of order k gives an element
of op”.

2.2. The space of Dirac-type operators

Definition 1. P is the space of odd self-adjoint operators P € op! such that |P|~! € op~1.

In Section 3, the elements of P will become the possible degree-0 terms of the super-
connection.

Recall that |P| is defined to be 1 on Ker(P?). If P € P then P?|P|~! € op'. As |P| —
P?|P|~! € £Ir, it follows that |P| € op!. Then for any s € Z, the operators |D|*|P|~*
and | P|*|D|~* lie in op® and, in particular, are bounded on H. It follows that if we defined
H? using P instead of D then we would get the same spaces. If we think of D as being a
given Dirac operator then we can think of P as being a collection of Dirac-type operators.
For example, if D is the operator of Example 2, and P is the operator arising from a
different Riemannian metric on Z and a different Clifford connection on V', then P € P.

Lemma 2.

(1) Any P € P is 0-summable for all 6§ > 0.
(2) If P € P, and Q € op® is odd and self-adjoint, then P + Q is 6-summable for all
0 > 0. More precisely, for any € € (0,1), we have
Tre 0(P+Q)* < 0> —DIIRIP |y o —0(1—€*)P? (2.11)
(3) Given P € P, I, € op™, Fy € 0p*? and € > 0, for every t > € we have
| Fre P Fy||z1 < C(e, P, k1, k)| Fi iy oy | Fali o0 (2.12)
and
Tr (Fle_tP2F2> —Tr <e—tP2F2F1> ~Tr <F2Fle_tp2> . (2.13)
Proof. (1). Since |P|~1D? P|~! lies in op, it is bounded on H. Hence there is some

C < oo so that D? < C(I + P?). Thus P? > C~'D? — I, so P is f-summable.
(2). We follow the method of proof of [19, Theorem C|. For any € > 0, we have

0< (eP+e'Q)* =P?+ (PQ+ QP) + ¢ 2Q. (2.14)
If e € (0,1) then

—0(P+Q)*=—0(P? + PQ + QP + Q% (2.15)
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IN

—0(1 — )P? + 0(e 2 — 1)Q?
<—0(1— )P +0(c 2 - 1)|Q*

The claim follows.

(3). We have
Fre™" Fy = (B1|D| ™) - (D[ |P|7H) e 577 (2.16)
(1Ppfse D P ) (P4 D)
(D7 F).

By assumption, each of the six factors in (2.16) is bounded on H. Part (1) shows that

e~ 5% is trace class. Hence the product is trace class. Using (2.4), we obtain

p— 2 —_
1F1e™ P Byl g1 <|Fi |y s - || D[R P74 (2.17)
le™ 5%l g1 - || P|Fre=t=DP7 | plk2y).

1P DI - |Fa ks 0-

From the spectral theorem,

ki4ko

|\|p|kle—<t—%>P2|P|k2||gsgg(aw% 2 e_§T2)<oo. (2.18)

Next, we can write

Tr (Fle_tP2F2> —Tr (Fe— 577 . e (t=5)P% e‘iPQFg) (2.19)

Similarly,

lee—ip2 . e—(t_é)PZ . 8_2P2F2) (220)

This proves the claim. O
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Proposition 1. An odd self-adjoint operator P € op! is in P if and only if there is some
odd self-adjoint operator Q € op™! with PQ — I € op™' and QP — I € op™'.

To prove Proposition 1, we begin with some lemmas.

Lemma 3. Suppose that P € op' is an odd self-adjoint Fredholm operator. Then the
spectrum of P is disjoint from [—e,0) U (0, €], for some € > 0. Put R = f(P), where

f(t) = {Ut Tl > e (2.21)

1 otherwise.
(This is independent of the choice of such €.) Then |P|~1 € op~! if and only if R € op~*.

Proof. Suppose that |P|~! € op~!. Then P|P|~2 € op~'. As R — P|P|™2 € L/, it
follows that R € op™!.

Now suppose that R € op~!. Since R~ — P € L£/7, it follows that R~! € op'. Given
s € Z, write

[DI*HPITHDI = (DT R - (RTTHPITIRY) - (RT3[D]77). (2.22)

As |D|*T1RstL € op® and R=%|D|~% € op®, they are bounded operators. Since R = f(P)
we have R~ !|P|7'R* = R~!|P|~!, which is bounded. Hence |P|~! € op~!. O

Lemma 4. If Qq is an odd self-adjoint element of op™' such that QoP — 1 € LIT(H),
then R — Qo € LI7(H).

Proof. First, QoPR — R = (QoP — I)R € L7 (H). Note that I — PR is the projection
on the kernel of P, hence in £I”. Then Qo — QoPR = Qo(I — PR) € LI’. The lemma
follows. O

Lemma 5. If A € op” is an even operator, with k < 0, then A is a limit of even elements
of LI, in the op°-topology.

00’

Proof. Write A = B|D|*, with B € op°. Put

1 ift<n,
Xn(t) = _ (2.23)
0 otherwise.

Put A,, = Ax,(|D]). Then for every s € Z,

| A~ Aulos =[IDI*BIDI* - (1 = xx)(ID]) - DI~ (2.24)
=[[[D]*BID|=* - |DI*(1 = xx)(|1D])]
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<[IDFBIDI™*[- [1DI*(1 = xx)(|1D])]
=|Blo,s - [IIDI*(1 = xa)(IDD)| < [Blo,sn".

Hence lim,,_,o |A — Ay, |o0,s = 0. This proves the lemma. O

Proof of Proposition 1. Suppose that P € P. Then we can take () to be the operator R
of Lemma 3.

Conversely, suppose that we have an odd self-adjoint operator P € op', and Q € op~*
is an odd self-adjoint operator such that PQ — I € op~! and QP — I € op~ . It follows
that P is Fredholm, and we therefore can define R as in (2.21). By the proof of Lemma 5,

for every N € Z*, we can write
QP — I = Fy — Ay, (2.25)

where Fy and Ay are even operators, Fiy € E{;f(H) and Cy = max{|An|o,s : |s| <
N} < 1. Then I — Ay is an even invertible operator on H and for all s € Z with |s| < N,

(I —ANn) " Yos = mz:ofm 0 <s _ICN. (2.26)
Equation (2.25) implies that
(I - Ay)R—Q=Q(PR—1I)— FyR. (2.27)
Multiplying on the left by (I — Ax)~! shows that
R—(1-Ax)'Q=(I - A) *(Q(PR —T) - FyR). (2.28)

Note that Q(PR — I) — FxR € LII. Given s € Z, if N is sufficiently large then the
right-hand side of (2.28) is a bounded operator from H*® to H*T!. Hence the operator

[DIPFIRID|™* — (|DIH (1 = An) YD) (IDIFQIDI ™) (2.29)

defined originally on H*°, extends to an odd bounded operator on H. For N sufficiently
large, we know that |D|*T1(I — Ax)~!|D|7*~! extends to a bounded operator on H.
Also, for any s € Z, the operator |D|**1Q|D|~* extends to a bounded operator on H.
Therefore |D|*T!R|D|~* extends to an odd bounded operator on H and R € op~!.
Lemma 3 now implies the proposition. O

Corollary 1. If P € P, and A € op® is an odd self-adjoint operator, then P+ A € P.
Proof. From Proposition 1, there is some odd self-adjoint @ € op~! so that PQ — I €

op~tand QP — 1 € op~t. Then (P+ A)Q — I € op~* and Q(P + A) — I € op—!. The
corollary now follows from Proposition 1. O
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2.8. Duhamel formula

We say that a map from R™ to P is smooth if the composite map R® — P C op' is
smooth with respect to the Fréchet topology on op'.

Proposition 2. If f: R — P is smooth, then x — e=<f@” s a smooth map from R™
to LY(H).

Proof. Consider first the case when n = 1. Let f : R — P be a smooth map, parametrized
by u € R. We claim that for u; < ug, we have

U2 €
2
e—el(u2)? _ g—ef(un)? _ _//e—af(v)2 dfc(zv) e~ do . (2.30)
v
uq 0

To give meaning to the integral over o, we rewrite it as

€

2

/e_gf(”)2 —dfév) e (W) 4o = (2.31)
v

0

€

2

2

/ o= )2 (dfdﬂe—%fw)?) e~ (5-0) 77 gt
v

; 2
/ o~ (0= 5)F)? (esﬂvﬁM) (= ) g
dv

2

Using Lemma 2.(3), the integrands in the last two integrals are continuous as maps from
[0, 5] (or [5,¢€]) to L1 (H).

To prove (2.30), we first prove the corresponding statement for resolvents. For A €
C —R2% and —oco < 11 < vy < 00, we have

A= fw2)) "= (A= fo)*) ' = (2.32)
(A= f(v2)?) ™" (f(02)® = F(1)?) - (A= f(v1)?) 7

Then
(A - f(vz)z);l : 1()>\ —fle)?)~' (2.33)
R R LU TR

fw2)? = f(v)?  df(v)®

Vg — U1 dv

V=01 )

@—f@@%*-(
(O F)?) .
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By assumption, f : R — op' is differentiable, so f2 : R — op? is differentiable.
Using the fact that H® can be defined using f(v) € P instead of D, it follows that
(A= f(v)?)~! € op~2. From (2.32),

A=fO)) P R—=o0p? (2.34)

is continuous. Then (2.33) implies that (2.34) is differentiable and the derivative is given
by

L s = 0 e T

dv dv

A= f)*) ™ (2.35)

Hence

A= flu2)®) "= (A= f(wm)*) ™ = (2.36)

uz

Jor= 107 0 s,

U1

where the integrand is a continuous map from [uy, us] to op™2.
Put T' = {(]¢| — 1,t) : t € R}, a parametrized curve in the complex plane. By the

spectral theorem,

2 1
—ef(u)® _— _~ —eA(y 2\—1 92
e 5.7 | € (A= f(w)?)™" dX\ (2.37)
r
Then
e—€f(u2)® _ p—ef(ur)? _ (2.38)
2
—// A= f)) f( ) A= f(©)?) " dvdr =
T u
_ I+ f (v) df (v)? _
e I 1 I 2y—1,
2m// I 4 50 L 1 )
T u
I+ f(v)?
——— . dvdA
= fp ™
The spectral theorem gives a uniform bound on H /I\t];g); for v € R and A € T'. Also,

I+ f(v)Q)*l%(I—k f(v)?)71| is uniformly bounded for v € [uy, us]. Combined with

—€eX

the exponential decay of e~* = e~<({=1+%) a5t — 400, one can justify switching the

order of integration to obtain
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e—cf(u2)® _ p—ef(u)? _ (2.39)

omi / / A pp I )2(/\—f(v)2)’1d/\dv.

We claim that

1 df (v)?
o [0 1A L o ey an- (2.40)
r
/ ~ofw? ¥ ()7 df (7 gy,
0

To see this, let e; and ey be eigenfunctions of f(v)?, with eigenvalues A\; and Ay, respec-
tively. Then

1

= —eA _ 2\—1 _ 2\ —1 _

57 | € (e1,(A = f(v)) a0 (A= F(v)7)7" e2) dA (2.41)
I

1 df (v)?

5 e AN =A) T =) 7 (e, % es) d\ =
r

e—e)\g _ 6—5A1 df(U)2
vy vt

—5)\276—5)\1

where e/\T is taken to be —ee~¢* if Ay = A;. On the other hand,

€

d 2

/<€1, ef(rf(v)2 fc(liv)ef(efa)f(v)zeﬂ do = (2.42)
v

0

€

d 2
/6*0>\1€*(6*0)>\2 <€1, fév) 62> do =
v

0

6—6)\2 _ 6—€>\1 df(v)2
A2 — A\

which proves the claim.
This proves (2.30). It follows that u — e~</(®)” is differentiable as a map into £!(H),
with derivative

€

d _ 2 -~ adf (u)? 2

ef(u) of(u)* Y\ —(e—0)f(u)

Tt /e Ju ¢ do. (2.43)
0
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If f : R® — P is a smooth map then precomposing with smooth maps R — R™, we see
that 2 — e~<f(®)” is differentiable as a map from R" to £}(H). By a similar argument,
we can take more derivatives and see that z — e~/ is a smooth map from R™
to L1(H). O

3. Superconnections

In this section we develop the theory of superconnections on Hilbert bundles. In Sub-
section 3.1 we define the relevant class of Hilbert bundles and specify, in particular,
the structure group. In Subsection 3.2 we define superconnections on such Hilbert bun-
dles, using the pseudodifferential operators of the previous section. We construct Chern
characters and eta forms. We prove additivity results for eta forms.

3.1. Structure group
Put G = U(H) N op®.
Lemma 6. G is a group.
Proof. If g € G then Lemma 1.(3) gives that g* € op?, so ¢g* is an inverse of g in G. O

We now put a smooth structure on G. Since we will be considering principal G-bundles
over finite dimensional manifolds, it suffices to give a notion of smooth maps from open
subsets of Euclidean spaces to G, i.e. plots in the sense of diffeology. A reference for
diffeology is the book [22]. A brief introduction is in [8, Appendix A].

The smooth structure on G that we take is such that the adjoint action of G on op*
is smooth and the action of G on H* is smooth. The precise definition is the following.
(We define smooth maps to op* using the Fréchet structure on op*, and to H® using the
Hilbert space structure on H*.)

In the rest of the paper, we fix a number K € N; its role will eventually be to bound the
pseudodifferential order of the connection form. Taking K large allows more flexibility.
The results of the paper, such as Theorems 1 and 2, will hold independent of K.

Definition 2. If U is an open subset of R™ then a map g : U — G is a plot if

(1) For any smooth map F : U — op¥, the maps gFg~' : U — op* and g™ Fg : U — op*
are smooth.

(2) For any smooth map v : U — H?, the maps gv : U — H?® and g~
smooth.

(3) There is a smooth map X : U — (R")* ® op¥ so that for any smooth map v : U —
H*, we have g~ *d(gv) = dv + Xv in Q' (U; H*=F).

Ly : U — H?® are

It is straightforward to see that this defines a diffeology on G. Let M be a manifold and
let ¢ : P — M be a smooth principal G-bundle [22, Chapter 8.11]. Form the associated
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Hilbert bundle H = P xg H [22, Chapter 8.16]. We can find a covering {U,} of M by
open sets, diffeomorphic to open subsets of R", so that ¢~!(U,) is G-diffeomorphic to
Uy X G [22, Chapter 8.13]. Let go : UoNUp — G be the transition map. By a connection
on H, we will mean a collection of 1-forms A, € Q' (U,; op™) satisfying

Ao = 92548908 + Xag, (3.1)

where X3 comes from Definition 2.(3). Because of our notion of smooth structure on G,
we can talk about the space €D, ez ¥ (M; op*(H)) of smooth op*-valued differential
forms on M. Since G preserves the space P from Definition 1, and acts smoothly on it,
we can also talk about Q° (M;P(H)).

Example 3. If H is finite dimensional then G = U(N) and # is a finite dimensional
unitary vector bundle.

Example 4. Let Z be a compact manifold. Let Dz be the half-density line bundle on Z.
Let V' be a Hermitian vector bundle on Z. Let L be the group of Hermitian isomorphisms
of V to itself. We do not assume that the elements of L cover the identity diffeomorphism
of Z. Put H = L?(Z;D? ® V). Then there is a homomorphism L — U(H). We give
L the smooth topology. Note that if dim(Z) > 0 then the homomorphism will not be
continuous if we give U(H) the topology coming from the norm topology on B(H).

Suppose now that Z is even dimensional and V is a Clifford module. In particular,
Z acquires a Riemannian metric. Let D be the associated Dirac-type operator. Putting
G = U(H) Nop® as before, with its diffeological structure, there is a homomorphism
p: L — G that is smooth in the sense that if U is an open subset of R”, and o : U — L
is a smooth map, then p o « is a plot for G.

Now let 7 : @ — M be a fiber bundle with connected base M and compact even
dimensional fibers. Let F be a Hermitian vector bundle on Q. Given m € M, put
Zy = 7 1(m) and put V,, = E‘Z . Choose my € M and let L be the Hermitian
isomorphisms of V;,,,. Then (Q, F) is associated to some principal L-bundle P — M,
using the action of L on Vp,,.

Suppose that E is a Clifford module with connection, in the sense of [3, Section 10.2].
Construct H and D as above, using Z,,, and V,,,,. Put H,, = L2(Zm;D§L ® Vin). Then
{Hm } mem are the fibers of a Hilbert bundle H associated to P using the representation p.
The smooth sections of H — M are the same as the smooth sections of (DY Q)2 ®E — Q,
where (DVQ)z is the line bundle on Q of vertical half-densities.

3.2. Chern character and eta form

Definition 3. Let H = H™ @& H~ be a Zo-graded Hilbert bundle on M, in the sense of
the previous subsection. A superconnection on H is a sum
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A= A[O] + A[l] + A[Q] + ... (3.2)
where
(1) Ay € Q°(M;P),
(2) Ap is a connection on H and
(3) Fori > 2, wehave Af; € QY M, op¥i (H)) for some k; € Z, and Ay;) has total parity —1
(including the parity (—1)% of the exterior algebra part).

Example 5. In the fiber bundle setting of Example 4, the Bismut superconnection
ABismut [3, Section 10.3] is an example of a superconnection on H.

As usual, we define e~ A? by doing a Duhamel expansion around e~ A%, Because of
the nilpotency of Q21(M), the expansion has a finite number of terms.

Lemma 7.

(1) For any X € Q*(M;op*(H)), we have that Xe= 4* and e~ ** X lie in Q*(M; L} (H)),
and

dStr (Xe* AZ) — Str ([A X]e A2) (3.3)
(2) Ch(A) = Stre~ 2% s a closed form on M.

Proof. Expanding e™ A% e Qr (M;op*) around e~ A% in a Duhamel expansion shows that
the component in Q!(M;op*) is a finite sum of terms of the form

/e to Aoy e~ 1 Al By .. Frye™ ™ Ao, (3.4)
Ay

where
Ar = {(to,...,t) € RF1 Zt =1} (3.5)

and each Fj lies in Q=1(M;op*). For any (to, ..., tx) € Ay, we have t; > k+1
Thus the integral in (3.4) can be written as a finite sum of integrals where in each
j > 73 for some j. The fact that Xe~ A% and e~ 2 X lie in Q*(M; L1(H))
now follows from Lemma 2.(3). Using (2.13), equation (3.3) can be proved along the

for some j.
integral, ¢;

same lines as the proof of [3, Lemma 9.15]. Finally, as in [3, Theorem 9.17(1)], part (2)
of the lemma is an immediate consequence of (1). O
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Lemma 8. Let {A(t)}icj0,1) and {A(t )}te[01 be two smooth 1-parameter families of
superconnections on H with A(0) = A(O) and A(1) = ( ). Suppose that the two
1-parameter families are homotopic relative to the endpoints, in sense that there is a
smooth 2-parameter family of superconnections {A(s, )}, telo,) on H with A0,1) = A(t),
A1, 1) = A(t), As,0) = A(0) = A(0) and A(s, 1) = A(1) = A(1). Then

1 1 —~
/ str (A0 - 2200 g = / str [ 220 - 220 | g (3.6)
dt dt
0 0

n Q°44(M)/Im(d).

Proof. Define a superconnection B on [0, 1] x [0,1] x M by

B = ds A ds + dt A 9y + A(s, 1). (3.7)
Then Ch(B) is given by
~ dA(s,t) _ 32
Ch(B) = Ch(A(s, t)) — ds A Str ( fl‘: ) <S’t>> - (3.8)

dA(s,t) _ e
dt A Str <%e A <S¢>> +O(ds A dt).

From Lemma 7, Ch(B) is closed on [0,1] x [0,1] x M. Modulo Im(dys), we have

h® = [ doonCh® =~ [ ducnE)  G9)
9([0,1]1x[0,1]) [0,1]x[0,1] [0,1]%[0,1]
— dy / Ch(B) =
[0,1]x[0,1]

The lemma follows. O

Remark 1. We can weaken the homotopy hypothesis in Lemma 8 to just assume that
there is a smooth 2-parameter family {(’)(s t)}s teo,1] in QU (M; P) with (’)(O t) = A(t)[o,
o(1,t) = A( )[O], O(s,0) = A(0 )[0] ~A( )[0] and O(s,1) = A(l)[o] = A( )[] Then we
can construct a 2-parameter family {A(s,t)}o<st<1 as in the lemma.

Let Ao and A; be two superconnections on H. Let Ag g and A; o) denote their
order-zero parts. Suppose that Ag o) — Aq jo) € QO(M; 0p°(H)). For t € [0,1], put A(t) =
(1—t)Ag+tA;. By Corollary 1, for any t € [0, 1], we have A(t)[o) € P. Define n(Ag, A1) €
Qo%4(M)/ Im(d) by
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1
(Ao, A1) = /Str <%§t>€_ Az(”) dt. (3.10)
0
Lemma 9.

Proof. Consider the superconnection on [0, 1] x M given by
B =dtA0J+ A(t). (3.12)

Then Ch(B) € 2*(]0,1] x M) is given by
A 2
Ch(B) = Ch(A(t)) — dt A Str (dd—gt)e— = <t>) : (3.13)
From Lemma 7, Ch(B) is closed on [0, 1] x M. This implies that
d B dA(t) _ a2
o Ch(A(t)) = —dStr < s (3.14)

in *(M). The lemma follows by integrating over [0,1]. O

Lemma 10. Let Ag, Ay and Ay be three superconnections on H such that Ag o) — Ay ] €
QY (M;0p°(H)) and Ay o) — As o) € QO(M;0p°(H)). Then

n(Ao, A1) +1(A1, Az) = 1(Ag, Ag). (3.15)

Proof. For s,t € [0, 1], put

A(s,t) = (3.16)
(1 —t — st)Ag + 2stA; + (1 — s)tAy ifo<t<i,
(1—s)(1—t)Ag+2s(1 —t)Ay + (—s+t+1ts)Ay if L <t <1

Then {&(O,t)}te[o,l] is the linear path from Ay to Ay, while {1&(1,15)},56[0,1] is the con-
catenation of the linear path from Ay to A, with the linear path from A; to A.
After reparametrizing [0,1] x [0,1] to make &(s,t) smooth in s and ¢, we can apply
Lemma 8. O

Given a superconnection A on H and ¢t > 0, define a new superconnection by

A, = tA[O] + A[l] + t_lA[g] +.... (3.17)
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Lemma 11. Suppose that there is some ¢ > 0 so that A2, > c?1d fiberwise on H. Put

(0] =
(A, 00) = /Str <%6_ Af) dt. (3.18)
1
Then
Ch(A) = dn(A, c0) (3.19)

Proof. Given m € M, let {\;} denote the eigenvalues of A[QO] on the fiber H,,. By
assumption, \; > ¢? for each i. Then for ¢t > 1,

ZeftQ)\i _ Ze*(tkl)kie*’\i < 678(#71) Z e M (3.20)
i i i

Hence

H€7t2A[20] S e~ 02(t2—1) HefA[QO] (321)
1 1
and it follows from the proof of Lemma 2 that on any compact subset of M,
Str (67 Af) =0 (676%2/2) (3.22)
and
dA

Str (d_tte_ Af) =0 (e_CQtz/Q) . (3.23)

In particular, the integrand in (3.18) is integrable.
As in the proof of Lemma 9,
d dA

Using (3.22) and (3.23), we can integrate (3.24) over [1, 00), from which (3.19) follows. 0O

Lemma 12. Let E be a superconnection on a Hilbert bundle over [0,1] x M. Let E(s)
be the superconnection on the restriction of the Hilbert bundle to {s} x M. If E(s)jo is
invertible for all s € [0,1] then

1

n(E(0), 00) — n(E(1), 00) = — / Ch(E) (3.25)
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in Q°(M)/Im(d). In the case of a product Hilbert bundle, meaning that it pulls back
from a Hilbert bundle on M, (3.25) becomes

1(E(0), 00) — n(E(1), 00) = n(E(0), E(1))- (3.26)
Proof. Consider the superconnection F on [1,00) x [0,1] x M given by
dt A8, + Ey, (3.27)

where ¢ is the coordinate on [1,00). Given L > 1, integrating Ch(F) over [1, L] x [0, 1]
(cf. (3.9)) gives

L L
/Str %(iiE(O)f dtf/Str Mefml)? dt = (3.28)
dt dt
1

1
1

—/lCh(IE)—i-/Ch(IEL).

0
From (3.22),

1
lim [ Ch(E.) = 0. (3.29)
L—oo
0

This proves (3.25). Equation (3.26) follows as in (3.13). O

In Appendix A we prove a generalization of (3.26) where we no longer assume the
invertibility of {E(s)o]}se[0,1]-

4. Differential K-theory

This section contains the main results of the paper. In Subsection 4.1 we define the
differential K-group K 9(M) in terms of superconnections on Hilbert bundles over M. In
Subsection 4.2 we construct a map ¢ from K 9(M) to the standard differential K-group
Ivfgtan(M ). Subsection 4.3 makes the map more explicit when the degree-0 part of the
superconnection, A, has vector bundle kernel. In Subsection 4.4 we show that q is

an isomorphism, thereby proving Theorem 1. Subsection 4.5 provides a multiplication
on KO(M).

4.1. Definitions

Let M be a smooth manifold.
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Definition 4. A cocycle for KO(M) is a triple [H, A, w] where
(1) H is a Zy-graded Hilbert bundle over M,
(2) A is a superconnection on H and

(3) w e Q°UM(M)/Im(d).

Definition 5. Two cocycles [#, A, w] and [#’, A’,w'] for K°(M) are isomorphic if there is
a smooth isometric isomorphism 7 : H — H' so that [H, A, w] = [(*H',i*A’, ']

Definition 6. The group K 9(M) is the quotient of the free abelian group generated by the
isomorphism classes of cocycles, by the subgroup generated by the following relations:

(1) If [H,A,w] and [H', A’,w'] are cocycles then
[H, A w)+ [H AW =HeH A A, w+d]. (4.1)
(2) If Ajg is invertible then
[H, A, w] =[0,0,w + n(A, c0)]. (4.2)

(3) Suppose that Ag and A; are superconnections on H such that Ag g — Ay jg €
Q°(M;0p®). Then

[H,Ao,w] = [H,Al,w + U(Ao,Al)] . (43)

Example 6. In the setting of Example 5, given w € Q°%(M)/Im(d), the triple
[H, ABismut,w] gives an element of K 9(M). Compare with the “geometric family” cocy-
cles of [12].

It follows from the relations that there is a map K°(M) — Qv¢"(M) that sends a
cocycle [H, A, w] to Ch(A) + dw.

Lemma 13. Let [}, A, w)] be a cocycle for KO(M). Let E be a finite dimensional Hermitian
vector bundle on M with compatible connection VF. Put E = E © E with Zy-grading

<(1) _01> and connection VE = VE @ VE. Then

[H, A, w] = [H@E,A@vﬁ,w] (4.4)

Proof. From relation (1) of Definition 6, it suffices to show that {E,VE,O} vanishes

in K°(M). Define a superconnection B on E by



682 A. Gorokhovsky, J. Lott / Advances in Mathematics 328 (2018) 661-712
_(VE T
(T &), -
From relations (2) and (3) of Definition 6, in K°(M) we have
[E,VE,O} - [E’,IBS,O} . (VE,B) (4.6)
= [0,0,7 (V7. B) + n(B, )] .

For t € [0, 1], put

Alt) = (1-t)VE 4 1B = (Zf é@) . (4.7)
Then
A(t)? = (t2 - E)VE)Q 2 ?vE)?) (4.8)
and

Str (d‘zit)e— Az(f)) _ (4.9)

0 I\ [et'-(V)? 0
Str ((I 0) < O e—tz—(VE)2 = O

It follows from (3.10) that n (VE,IBB) = 0. By a similar argument, (B, co) = 0. This
proves the lemma. O

4.2. Map to the standard finite dimensional version

Define K°

stan
bundles rather than Hilbert bundles, connections instead of superconnections, removing

(M) as in the previous subsection, except using finite dimensional vector
relation (2) and adding a stabilization relation
H,V,w] = [H@E,V@Vé,w] (4.10)

as in the conclusion of Lemma 13.
Then K9, (M) is isomorphic to the standard differential K-theory group as defined,
for example, in [18].

Suppose now that M is compact. Given a cocycle ¢ = [H, A,w]| for KO(M), we con-
struct an equivalent finite dimensional cocycle as follows.

As in [3, Section 9.5], one can find a finite dimensional vector bundle E on M (in

fact, a trivial one) and a linear map s : E — H~ so that A[B] +s:HtOE - H is
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surjective. Let VE be a connection on E. First, from Lemma 13, the cocycle [H, A, w] is
equivalent to [’H ®EA® VE,w] Next, define A* : H* @ Et - H- @ E~ by

0 s
At = <0 0) (4.11)
and define A~ : H- @ E~ — Ht & E* by
_ 0 0
S0 D) -
Put
~ B 0 A~
A:(A@VE)+<A+ 0), (4.13)

a superconnection on H = H @ E. From relation (3) in Definition 6, the cocycle [H, A, w]
is equivalent to |H,A,w + n(A & VE,&)]. As a map from Ht @ E* to H~ @ E—, we
have

~ At s
+ _ 0
Ay = ( 6] 0) . (4.14)

Since A[JB] + s is surjective, its kernel is a finite dimensional vector bundle; cf. [3,

Section 9.5]. Then Ker(A['E]) Ker(A[B] s) and Ker( P ) = Coker(Ar]) = E~. This

shows that A[O] has (Zs-graded) vector bundle kernel.
Let P be orthogonal projection onto Ker(A[o]) Put
A= (I - P)A(I — P) + PAy P. (4.15)
Then in K°(M), [H,A,w] equals

HoFaevrhu] = (4.16)
:ﬁ,&w—kn(A@VE,z&)} =

:ﬁ,&',w—kn(A@VE,f&)+n(1§,1&’)} =

_ﬁ7&',w+n(A@V5,§’)] =

(1= PYA, (I - P)A(I = P),0] +

Ker(&[o]),P&[l]P,w + n(A @ VE7&/):| =

Ker(l&[o]), Pz&[l]P,
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w+n(A e VE A +5((I - P)AUI - P), oo)} .

We define the last expression to be ¢(c).

Thus given a cocycle ¢ for K 9(M), we have constructed an equivalent cocycle g(c) for
KO(M), and g(c) is also a cocycle for K2, (M).
Proposition 3. The class in KO, (M) represented by q(c) is independent of the choices
of E, s and V.

Proof. We first claim that given E and s, the class is independent of the choice of VZ.
Let VE be another choice of connection on E. Let & and &l be the corresponding super-
connections constructed using V¥ instead of V. Note that Ker(A[O]) = Ker(l&[o]), so the
projection operator P doesn’t change. Then the change in the class of ¢(c) in K9, (M)
is [0,0, 0w], where

Sw =n(PAy P, PAy P) + (A @ V&) + n((T - P)A(I - P),00)—  (4.17)

n(h e V&) = (I = P)AU ~ P),c0).
Using Lemma 10 and (3.26), this equals

n(PAy P, PRy P) +n(h o V2, &)+ (4.18)
n((I = P)A(I - P),(I - P)A(I — P)) —n(A® VZ,A') =
n(A 2] yéa§/) + "7(&,7 I&I) - W(A 2] VE»&/) =

n(Aa VP Ao vE) =y vE) =o.

This proves the claim.

Now suppose that E, s1, F2 and sy are two different choices for E and s. Let ¢1(c)
and ¢a2(c) be the ensuing cocycles for K%, (M). Put F = E; & E,, with connection
VEL @ VP2 Put S; = 51 @0 and Sy = 0 @ so, both being maps from F to H~. Let C,
and Cy be the ensuing cocycles for KO(M). Then ¢ (¢) is equivalent to ¢(C}), and ga(c)
is equivalent to ¢(Cy). For t € [0,1], put S(¢) = ¢Sz + (1 — ¢)S1. Then for all ¢ € [0,1],
the map Aro]
when E; = FEs, which we will again call F, but there are two maps s1,s2 : £ — H~
that are joined by a l-parameter family of maps s(t) : E — H ™, so that AEB] + s(t) is

0
stan

+ S(t) is surjective from HT @ F to H~. Hence we can reduce to the case

surjective for all ¢ € [0,1]. If ¢y (¢) is the cocycle for K9, (M) constructed using s(0),

0

oran (M) constructed using s(1), then we want to show that

and g3 (c) is the cocycle for K
01 (c) = g2(c)-

~

Define A(t), P(t), and A’(t) accordingly. The family of Hilbert bundles {ﬁ(t)}te[o,l]
forms a Hilbert bundle £ over [0, 1] x M. There are subbundles M and M’ of £ formed by
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{P(t)ﬁ(t)}te[oyl] and {(I—P(t))ﬁ(t)}te[o,l], respectively. The Hilbert bundle £ acquires
a superconnection

~

T =(I - P(t)) (dt A Oy + &(t)) (I - P(t)+ (4.19)
P(t) (dt Aoy + Ay (t)) P(t).

The finite dimensional bundle M acquires a connection

B = P(t) (dt A Oy + g (t)) P(t). (4.20)

There is a superconnection on M’ given by

~

B = (1— P(1) (dt 0+ A1) (- P(1). (4.21)

v

In K9,,(M), we have

[Ker(Ag (1)), P()Ay (1)P(1),0] = (4.22)

as can be seen from trivializing M with respect to [0,1] and then applying (3.13)
and (4.3).
From Lemma 10,

~ o~

n(A® VP, A1) - (Ao VE, A/(0) =n(A'(0),A'(1) (4.23)
= / Ch(C).
0
From Lemma 12,
(I — P(1)A1)(I - P(1)),00) = (4.24)

Now

/1 Ch(C) = /1 Ch(B) + /1 Ch(B). (4.25)
0 0 0

Equations (4.22), (4.23), (4.24) and (4.25) imply that ¢1(c) = g2(¢). O
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Proposition 4. ¢ passes to a map from K°(M) to K9, (M).

Proof. We have to show that ¢ vanishes on relations for K 9(M). This is evident for
relations (1) and (2) in Definition 6. For relation (3), suppose that Ay and A; are two
superconnections on #H such that Ag o — A ] € QO(M;o0p°). For t € [0,1], put A(t) =
tA1 + (1 —t)Ag. From Corollary 1, we know that A(t) € P. Let K be the product Hilbert
bundle [0, 1] x H over [0,1] x M. We can find a finite dimensional vector bundle E on
[0,1] x M (in fact a trivial one) and a map s : E — K~ such that for each ¢ € [0,1],
it E(t) — {t} x M is the restricted bundle and s(¢) : E(t) — H~ is the restricted
map then A (t) + s(t) : HT @& E(t) — H~ is surjective. Define A(t), P(t), and A’(t)
accordingly. The family of Hilbert bundles {ﬁ(t)}tG[O,l} forms a Hilbert bundle £ over
[0,1) x M. There are subbundles M and M’ of £ formed by {P(t)ﬁ(f)}te[o’l} and
{I - P(t))ﬁ(t)}t6[071], respectively. Define C/, B and B’ as in (4.19), (4.20) and (4.21).
As in the proof of Proposition 3, we conclude that

[Ker(z[o]( )),P(1)E[1]P(1),o} - [Ker(A[O](O))7P(O)XMP(O),O} —  (4.26)
0,0, | Ch(B)| = [o,o, Ch(C) 0,0, [ Ch(B')| =
/ / /

The proposition follows. 0O
4.8. Vector bundle kernel

In this subsection we simplify the formula for ¢(c¢) in the special case when the fam-
ily Ker(A[O]) of vector spaces actually form a vector bundle on M.

Proposition 5. Suppose that Ker(Ay)) is a (Zz-graded) vector bundle. Let () denote or-
thogonal projection onto Ker(Ay). Put

B=(I-QAI-Q) +QAyQ. (4.27)

If an element ¢ € KO(M) is represented by ¢ = [H,A,w] then q(c) € K°(M)san is
represented by

[Ker(Ajg), QA Q. w +n(A,B) +1((I — Q)A(I — Q), 00)] . (4.28)
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Proof. Put ¢ = [H, A,w]. Then c is equivalent to ¢ = [H,B,w + n(A,B)], so it suffices
to look at ¢(¢’). In the construction of ¢(¢’), put E = Ker(A[O}) with connection V¥ =

QA[_HQ. Let s : E — H~ be inclusion. Define B as in (4.13). In terms of the orthogonal
decompositions

HE = (I - QH* © Ker(Afy) ® B (4.29)
and
H™ = (I -QH eKer(Ay) e E™, (4.30)
we can write
(I-QAHI-Q) 0 0
IB%[JB] = 0 0 I (4.31)
0 0 0
and
 [U-QAZI-Q) 0 0
B = 0 00 (4.32)
0 I 0
Then
Ker(]B%[ 1) = 0@ Ker(Af) @0 (4.33)
and
Ker(By) 2 0© 06 E™. (4.34)
Let P be projection onto Ker(@[o]). Put
B = (I — P)B(I — P) + PByP. (4.35)
Then the cocycle ¢(¢’) is represented by
[Ker(Byo)), PByy P, (4.36)

w -+ (A, B) + (B & VE,B) +n((I - PYBU - P), o).
As P(Q ®0) = P, there is an orthogonal decomposition

H=(I-Q) ®0)H®(Q®0)— P)H® PH. (4.37)
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Put

H' = ((Q®0) — PYH = E* @ Ker(Ag), (4.38)
with the Zs-grading operator <(1) _01> Define a connection V' by VH' =
(VOE VOE> and a superconnection E on H” by E = (VIE VIE> Due to cancel-
lations, n(B & vE, B = (VH”, ]E)

Next,
n((I = PYB(I = P),00) = n((I = Q)A(I — Q),0) + 1(E, o0). (4.39)
As in the proof of Lemma 13,
n (v”", JE) +7(E, 00) = 0. (4.40)
The proposition follows. 0O
4.4. Proof of Theorem 1
We now give the proof of Theorem 1, in the following precise form.

Proposition 6. The map q : K’O(M) — K°

Sran (M) is an isomorphism.

Proof. Let e = [F, VF,w] be a cocycle for KO

Yan(M), where F is a finite dimensional

Zso-graded Hermitian vector bundle on M and V¥ is a compatible connection on F. We
can also consider e to be a cocycle for K°(M). Let r(e) denote this cocycle for KO(M).
Then r : K9, (M) — K°(M) is well defined, because of Definition 5 and Lemma 13.

Given a cocycle ¢ = [H,A,w] for KO(M), the cocycle 7(g(c)) amounts to consider-
ing ¢(c) as a cocycle for K°(M). Equation (4.16) shows that 7(g(c)) is equivalent to ¢
in KO(M).

Given a cocycle e for K9, (M), applying Proposition 5 to r(e), with Q = Id, shows
that ¢(r(e)) is equivalent to e in K9, (M). (Note that in this application, all of the

vector bundles in the proof of Proposition 5 are finite dimensional.) This proves the
proposition. O

Remark 2. The isomorphism in Proposition 6 is compatible with the structures in dif-
ferential cohomology theory.

4.5. Multiplicative structure

Let [H1,A1,w1] and [Ha, Ag, ws] be two cocyles for R'O(M). Let 71 be the Zs-grading
operator for Hi. Put
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H=H1® Ho, (4.41)
A=A @)+ (m ® A),
w :(Ch(Al) A LUQ) + (w1 AN Ch(Ag)) + (w1 AN dw2).

Proposition 7. The map that sends [H1, A1, w1], [Ha, Az, ws] to [H, A, w] passes to a map
m: KO(M) x KO%(M) — K°(M).

Proof. First, the isomorphism class of [H, A, w] only depends on the isomorphism classes
of [Hi,A1,wi] and [Ha, Ag,ws]. We will check that the relations on the first factor
[H1,A1,w1] pass to relations on [H, A,w]. The argument for the second factor is similar.

Relation (1) of Definition 6 is clearly compatible. For relation (2) of Definition 6,
suppose that A; jo) is invertible. Since

A[20] - A%,[0] + A%,[O]v (4.42)
it follows that Ao is invertible. It suffices to show that

n(A, OO) + (Ch(Al) A WQ) + (OJl AN Ch(Ag)) + (OJ1 N dCOQ) = (443)
(w1 +n(A1,00)) A (Ch(Az) + dws))

in Q°4(M)/Tm(d) or, equivalently, that

(A, 00) = 1(A1,00) A Ch(Ay) (4.44)
in Q04(M)/ Tm(d). Put
Alt) = (A1) ® 1d) + (71 ® Ag). (4.45)
Then
Str (@e&%) ) = Str (%G(Al)f ) A Ch(Ay). (4.46)
For s € [0, 1], put
B(s,t) = sA, + (1 — s)A(t). (4.47)
Then
B(s, t)0] = t(A1,jo) ® Id) + (st + 1 — s) (71 ® As [g)) (4.48)

and
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B(s, )iy = (A7 oy ® Id) + (st + 1 — 5)*(Id@A] o)) > 1?AT [ @ 1d. (4.49)

Using the strict positivity of Af [0]> We can apply a homotopy argument as in the proof

of Lemma 12. Since A(1) = A, it follows that B(s,1) = A for all s € [0,1]. Then the
analog of the term fol Ch(E) in Lemma 12 vanishes, so

n(A, 00) = / Tr, (@e‘ &"’“)) dt = (A1, 00) A Ch(Ay) (4.50)

in Q°%(M)/Tm(d). This proves (4.44).
For relation (3) of Definition 6, suppose that A} is another superconnection on H;
with A o)~ A10) € QO(M; 0p°(H1)). The new product superconnection A’ on H satisfies

A'—A=(A]-A)®Id (4.51)
and hence
Alyy — Ay = (A] o) — Ay o) ® Id € op”(H). (4.52)
It suffices to show that
Ch(A;) Aws = (Ch(A]) Aws) + (n(A1,A}) A Ch(Ag))+ (4.53)

(n(Ala All) A dw?) + n(A/7 A)
in Q°4(M)/TIm(d) or, equivalently,
n(A,A") = n(A;, A]) A Ch(Ay) (4.54)

in Q°4(M)/Im(d). For t € [0, 1], put

At) = (1 —t)A +tA’ (4.55)
and
Ar(t) = (1 —t)A; +tA]. (4.56)
Then
A%(t) = (A(t) ® 1d) + (Id ®A3) (4.57)
and

dA(t)  dA(1)
dt —  dt

®1d, (4.58)

from which (4.54) follows. O
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Remark 3. It is straightforward to see that m is unital and associative. That it is com-
mutative can be shown using the graded isomorphism Ho ® Hi — H1 ® Ho that sends
vy ®@ vy to (_1)sign(v1)sign(vg)vl ® vs.

5. Pushforward

Given a fiber bundle 7 : M — B with even dimensional compact fibers and a Rie-
mannian structure, in this section we construct a pushforward m, : K 9., (M) — K°(B).
Here K 0.,(M) denotes the differential K-theory constructed using finite dimensional
Hermitian vector bundles with compatible superconnections. As K ?m(M ) is isomorphic
to K°(M), to define the pushforward on K°(M) it suffices to just define the pushforward
on K Yin(M).

In Subsection 5.1 we define the pushforward on cocycles. In Subsection 5.2 we show
that it passes to a pushforward on the differential K-groups. Subsection 5.3 has the proof
that 7, coincides with the analytic index of [18].

One could consider defining the pushforward directly on cocycles for K O(M), instead
of just on cocycles for K 0:n(M). This may be possible but there are some technical
issues; see Remark 4.

5.1. Pushforward on cocycles

Let K Om(M ) denote the group formed by only allowing finite dimensional Hilbert
bundles in the generators and relations of Definition 6. The proof of Proposition 6,
when restricted to finite dimensional Hilbert bundles, shows that K ?M(M ) is isomorphic
to K2, (M). (The distinction between K9, (M) and K9, (M) is that cocycles for the
former involve superconnections, whereas cocycles for the latter involve connections.)
From (4.16), any cocycle for K°(M) is equivalent to a cocycle for K9, (M).

Let w: M — B be a fiber bundle with even dimensional compact fibers. We assume
that 7 has a Riemannian structure in the sense of [18, Section 3.1]. This means that we
are given an inner product g7 M on the vertical tangent bundle TV M = Ker(dr) and a
horizontal distribution T M on M. Let DY M denote the vertical density bundle on M.
We assume that 7 is spin-oriented in the sense that the vertical tangent bundle TV M
on M has a spin®-structure, with characteristic Hermitian line bundle LY M — M. We
also assume that 7 has a differential spin®-structure in the sense of [18, Section 3.1],
meaning that LY M is equipped with a unitary connection. Let SV M denote the vertical
spinor bundle on M. The connections on TV M and LY M induce a connection vr'M
on SV M.

There is a degenerate Clifford module Cy(M) generated by T*M, with a Clifford
action m on 7*T*B ® SV M [3, Section 10.2]. Note that we can identify Co(M) and
A*(T*M) as vector bundles on M. Let B denote the Bismut superconnection acting on
C>(M; 8V M @ (DY M)3).
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Let [E, A,w] be a cocycle for K%, (M). We define the push-forward 7., [E, A, w] to be
the cocycle [H, A, w’] where the definition of the terms is as follows. First, H is the
Hilbert bundle whose fiber over b € B is

W= 12 (x50 870 0 VA

ﬂ1<b)> . (5.1)

The operator D;, on Hy is the Dirac-type operator. Then

2= (wl(b); (E®SYM & (DY M)?) Wl(b)) (5.2)
and
C®(B;H®) = C®(M;E® SV M @ (DY M)?). (5.3)
We use the identification
C®(M;E®SYM ® (DY M)2) = (5.4)

C=(M; E) @y CF(M; 8V M @ (DY M)?).
Given £ € C*°(M; E), write

A =Yg @w € C®(M; E®A*(T*M)), (5.5)

a locally finite sum on M, where & € C*°(M; E) and w; € C(M;A*(T*M)). With
s e C®(M;SVM @ (DY M)2), let m(A ® 1) denote the operator that sends & ® s to

S & @mw)s € C*(M;E® SV M ® (DY M)? @ n*T*B). (5.6)

Acting on C°°(M;E ® SV M @ (DY M)2) and using (5.4), we define
A = m(A®1d) + 2B (5.7)

This is well-defined since one can check, for example, that if £ € C>®°(M;E), s €
C°(M;SVM @ (DVM)z) and f € C°°(M) then

(mA)(Ef @ s) = (mA)(E D fs). (5.8)

Let R; denote the rescaling operator on superconnections, i.e. R;A = A; where the
right-hand side is defined in (3.17). Put

(1uA)y = Ry (M(Ry-1A ©1d) + 1d®B) . (5.9)
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From [23, Theorem 5.41], the limit lim, o n((mA)y, 7.A) € Q°44(B)/Im(d) exists; see
also [5, Appendix 1]. Denote the limit by n((m.A)g, m.A). With the characteristic form
Todd (@TVM) from [18, Section 2.1], we put

W = / Todd (WVM) A w4+ n((mA)o, mA). (5.10)
M/B
Definition 7.
e [E, A w] = [H, mA, W] (5.11)
5.2. Pushforward on differential K-theory

In this subsection we show that the pushforward 7. is well defined on K9, (M). We
begin with a lemma.

Lemma 14. Suppose that {A(s)}seo,1] 9 a smooth 1-parameter family of finite dimen-
stonal superconnections on E. Then

lim (A1), (1oA(0))) = /Todd (@TVM)M(AQ),A(O)). (5.12)

u—0
M/B

Proof. Put E =ds A s + A(s) and m.E = ds A 05 + mA(s). Then

li (. (1)) (. A(0),) = iy [ Cl((m.).) (5.13)
0
and
Todd (WVM) An(A(1), A(0)) = (5.14)
M/B
1

/ / Todd (@TVM) A Ch(E).
0 M/B

From [23, Theorem 5.33],
lim Ch((m.E),) = / Todd (ﬁTVM) A Ch(E) (5.15)
u—0
M/B

uniformly on [0, 1] x M; see also [6, (2.127)] and [7, Proposition 11.7]. The lemma fol-
lows. O
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Proposition 8. The map 7., as defined on cocycles for IV(?M(M), passes to a map Ty :
K9, (M) — K°(B).

Proof. It is clear that relation (1), in Definition 6 for IV(?W(M), passes through ..
For relation (3), suppose that [E, A, w] is a cocycle for K9, (M) with Aoy invertible.
We must show that 7. [E, A, w] is equivalent to

7 [0,0,w + n(A, 00)] = [0,0, / Todd(ﬁTVM)A(w+n(A,oo)) . (5.16)

M/B

Equivalently, letting F'(A) € K 9(B) be the class represented by the cocycle

Mmoo md) - [ Todd (F7) Antaoo)| . (5a)

M/B

we must show that F'(A) vanishes.
Lemma 15. Suppose that {A(s)}sepo,1] 95 a smooth 1-parameter family of finite dimen-
sional superconnections on M, with A(0)) and A(1)) invertible. Then F(A(0)) =
F(A(1)).
Proof. Using Lemmas 10 and 12, one finds that

F(A(1) = F(A(0) = [0.0, im n((r. A1), (r.A0)).) - (515)

/ Todd (ﬁTVM) An(A(1), A(0))
M/B

The lemma now follows from Lemma 14. O

Lemma 16. For v > 0, put A(v) = (v — 1)Ajo) + A. Then for all b € B, for sufficiently
large v the operator (m.A(v))(o) is invertible on Hp.

Proof. Without loss of generality, suppose that B is a point. Writing
A= A[O] + A[l] + X, (5.19)
with X € C*(M;End(F) ® A=%(T*M)), we have

(T(*A(’U))[O] = U(A[O] ®Id) + DA[I] +m(X ®1d), (5.20)
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where Dy ,, denotes the Dirac operator on M coupled to the connection Apjon E. Using
the fact that Ajg) anticommutes with vg, while D, ,; commutes with vg, it follows that

(meA(v) T =v* (Al @ Id) + vm([Apy, Apg] ® Id)+ (5.21)

vm([Ag), X] ©1d) + (Day, +m(X ©1d)).

Since A[QO] is strictly positive, if v is sufficiently large then (TF*A(U))[QO] is strictly positive.
This proves the lemma. 0O

By Lemmas 15 and 16, without loss of generality we can assume that (m.A)p is
invertible. Then the cocycle in (5.17) is equivalent to

0,0, n((mA)g, mA) + n(m A, 00) — / Todd (@TVM> An(A o00)| . (5.22)

M/B

By adiabatic techniques for eta forms, (5.22) vanishes. The proof of this is similar to the
proofs in [10, Theorem 5.10 and Section 6] and [26], which deal with adiabatic limits in
the more difficult case of a double fibration, i.e. when F is itself the pushforward of a
vector bundle with connection. We omit the details.

Finally, to show that relation (3) passes through ,, suppose that Ag and A are two
superconnections on F. Then

T s [E,Al,w+77(Ao,A1)] — T [E,Ao,w] = (523)
H.mhs, / Todd (V7M) A (w + 1(Ao, A1) + n((m.A1)o, 7.A1) | -
M/B

H, Ao, / Todd(ﬁTVM)Aw+n((w*A0)o,w*Ao) _
M/B

0,0, / Todd (V7'M An(ho, A1) = lim n((m.ho)u, (7eh1)u)
u—
M/B

This vanishes from Lemma 14. O

Remark 4. If we start with a cocycle [E, A, w] for KO(M), i.e. an infinite dimensional
cocycle, then we could consider defining its pushforward [H, 7.A, w] as in Definition 7.
The definition of H, as (5.1), still makes perfect sense. The formal definition of 7, A is
the same as (5.7). However, there is the technical point that we want (m.A)p to be
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f-summable for all § > 0. To analyze this requirement, let us assume that B is a point.
Then

mel = A+ Doy + Y c(Ap), (5.24)
i>2

where Dy, is the Dirac-type operator on C* ( M; E® SM ® (DM) %21 as constructed

using the connection Ajj; on [, and ¢ denotes the Clifford action on SM. As

(m.A)? =Afy + ¢ (VAg)) + DE , + (5.25)
2

> e(lhop Al + e (VA) + [ D el |

i>2 i>2 i>2

in order for m, A to be f-summable it is reasonable to assume that VA[O} is 1st-order, and if
i > 2 then A, and VA, are Oth-order. (That is, to require that VAg € C*°(M;T*M ®
op'), and for i > 2 that Ay € C°(M; AY(T*M) ® op°) and VA € C°(M;T*M ®
AN(T*M) @ op?).)

Returning to the case of general B, even with such additional assumptions on A,
it remains to show that n((m«A)g,mA) is well defined, i.e. that the analog of [23,
Theorem 5.41] holds for infinite dimensional bundles. One can do all this for super-
connections A arising from geometric families in the sense of [12], which gives reason to
believe that it can be done more generally.

5.3. Relation with the analytic index

Proposition 9. Under the isomorphisms K° = K9, = K9

otan, the map m, [V(qu(M) —
K°(B) coincides with the analytic index Tnd™ : K9 (M) — K%, (B) of [18, Defini-
tion 3.12].

Proof. Suppose first that Ker((m.A)) is a (Zz-graded) vector bundle on B. Let @ be
orthogonal projection onto Ker((m.A)jo). For T'> 0, put

Er = (I - Q)(mA)r(I - Q) + Qlr.A)mQ. (5.26)

By Proposition 5 and Definition 7,

T [E, A, w] = | Ker(Ajg), Q(m.A)1Q, / Todd (@TVM> A w—+ (5.27)
M/B
n((ﬂ—*A)Oﬂ W*A) + W(W*A, ]El)+
n((I = Q)mA(l — Q), 00)]



A. Gorokhovsky, J. Lott / Advances in Mathematics 328 (2018) 661712 697

_ Ker(A[O]),Q(W*A)[l]Q, / Todd (@TVM)/\w-i-
M/B

n((meA)o, (meA)r)) + n((meA)7, E7)+
n(({ = Q)(mA)r(I — Q),00)].

From Lemma 8,

u—0 dt
u

T
(Ao, (meA)r)) = lim | Str (C“”*A)te ww) it. (5.28)

From [3, Theorem 9.23], the limit limp_, oo n((7m«A)o, (7«A) 7)) exists; it is called 77 in [18],
after the Bismut—Cheeger eta form [5]. Using the estimates in [3, Section 9.3], we have
limr 00 n((mA) 7, Er) = 0 and limr_, 00 (I — Q)(mA)7r (I — Q),00) = 0. Thus

T [B, A w] = [Ker(Aq), Q(m.A)yQ, / Todd (VI"M) Aw+7j|, (5.29)

M/B

which is the same as [18, Definition 3.12]. If Ker((m.A)[o)) is not a vector bundle then
we can effectively deform to that case, as in Subsection 4.2 and [18, Section 7.12]. O

6. Odd differential K-groups

In this section we indicate how the results of the previous sections extend to the odd
differential K-group K 1(.). Some of the arguments are similar to those of the previous
sections, so we do not write them out in detail. For this reason, we label the results of
this section as “claims”.

We use the odd Chern characters of Quillen [32, Section 5]. Let M be a smooth
manifold. Let H be a Hilbert bundle over M as in Subsection 3.1, except ungraded.
A superconnection A on H is defined as in Definition 3, except removing the oddness con-
dition on A and the parity condition on A};). Note that the only grading on Q*(M; op™)
is the one coming from Q*(M). Let o be a new formal odd variable with 02 = 1. Put

A, :O'A[O] +A[1] +0A[2] + ..., (6.1)
so that A, has odd total parity. Define Tr, (A + Bo) = Tr(B) and
_ —AZ odd
Ch(A) = Tr, (e ) € Qo(ar). (6.2)

Define the eta forms similarly to (3.10) and (3.18), as elements of Q" (M)/Im(d),
using Tr, instead of Try.
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Definition 8. A cocycle for K*(M) is a triple [H, A, w] where

(1) H is an ungraded Hilbert bundle over M,
(2) A is a superconnection on H and
(3) we Qv (M)/Im(d).

Definition 9. The group K (M) is the quotient of the free abelian group generated by the
isomorphism classes of cocycles, by the subgroup generated by the following relations:

(1) If [H,A,w] and [H', A’,w'] are cocycles then
[H, A w)+ [H AW =HoH Ao A w+d]. (6.3)
(2) If Ajg is invertible then
[H, A, w] =[0,0,w + n(A, o00)]. (6.4)

(3) Suppose that Ag and A; are superconnections on H such that Ag g — Ay €
Q0(M; 0p°). Then

[H,Ao,w] = [H,A1,w + T}(Ao,Al)] . (65)

It follows from the definitions that there is a map K'(M) — Q4 (M) that sends a
cocycle [H, A, w] to Ch(A) + dw.

Let m : M — B be a fiber bundle with odd dimensional compact fibers. As in Section 5,
we assume that 7 has a Riemannian structure and a differential spin®-structure. Given
a cocycle [E, A, w] for K9, (M), we define the pushforward 7. [E, A,w] = [H, T.A,w'] as
in Definition 7, where H is now ungraded.

Claim 1. The map 7. on cocycles passes to a map Ty : [V(})W(M) — K'(B).
Proof. The proof is similar to that of Proposition 8. 0O

Let p; : S x M — S' and p : S' x M — M be the projection maps. We define
a suspension map p' on cocycles for K L(M) as follows. Consider the product bundle
q:S' x S' — Sl Give it a product Riemannian structure with circle fibers of constant
length. Let (V, V") be the Hermitian line bundle on St x S* with connection of constant
curvature, whose restriction to ¢~ '(e?) is the flat bundle on S! with holonomy e?.
The sections of V form a Hilbert bundle I over S!, on whose sections the Bismut
superconnection acts. Trivializing V over (0,27) x S! and giving coordinates (6, ¢) to

the latter, we can write this Bismut superconnection on /C in the form (9, — ﬁ )+

(0,27)

dO A Dp. Let [H,A,w] be a cocycle for K'(M). Put
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H =p"H @ (piK @ piK), (6.6)

et )
(2 4)

df A Op 3¢—i9
<a¢+19 NGy ) The

W' =pj(df) A p*w.
Then p'[H, A, w] = [H', A, '], a cocycle for K°(S* x M).
Claim 2. The map p' on cocycles passes to a map p' : K1(M) — K°(S* x M).

Let K1(M) denote the group defined by similar generators and relations as our defini-
tion of K(M), except leaving out the differential form components and the parts of the
superconnection beyond Ajg. As in our constructions on differential K-groups, there are
maps p, : KO(S' x M) — K'(M) and p' : K'(M) — K°(S' x M). As in Proposition 6,

KO( ) than( ) a“nd SO
KO(SI X M) than(sl X M) than(M) Ksltan(M) = (67)
KO(M) @Kitan(M)

Choosing a point x € S and letting i : {x} x M — S x M be inclusion, it follows that
the group K°(S! x M) is a direct sum of K(M) and Ker(i* : K°(S! x M) — K°(M)).

Claim 3. The composite map p, o p' is the identity on KY(M), and p' o p, is projection
from KO(S* x M) onto Ker(i* : K°(S' x M) — K°(M)).

Claim 4. The group K*(M) is isomorphic to the standard K -group K

stan(

Proof. Using Claim 3,

K (M) =2 Ker(i* : K°(S' x M) — K°(M)) = (6.8)
(M)) = K,

stan

Ker(i* : K%, (S* x M) — K?,

stan (M)
The claim follows. 0O

Let Qv (M) g denote the union of affine subspaces of closed forms whose de Rham
cohomology class lies in the image of Ch : K°(M) — Qeven(M).
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Claim 5. With our definition of Kl(M), there is a short exact sequence

QE’UG’I’L (M)

0 — 2
Qeven(M)K

— KY (M) — K'Y (M) — 0. (6.9)

Claim 6. The differential K-group R’l(M) is isomorphic to the standard differential
K-group KL, (M) as defined in [18, Section 9] and [35].

stan
Proof. There is a short exact sequence

QC’UCH (M) _) I\{,l

1
- Qoo (M) 0 stan(M) — K

stan

(M) — 0. (6.10)

Also, using the desuspension map D : K9, (8! x M) — K]

stan stan

(M) from [18, (9.21)],
there is a map
K'Y (M) 5 KOSt x M) = K0, (S* x M) B KL,

stan

(M). (6.11)
The claim follows from applying the 5-lemma to the diagram

0 — 2700 KY(M) - K{ M) — 0

Qeven(M)K
! ! (6.12)
Qeven( v
0 = googme = Kha) = Kl () = 0,

where the rows are exact and the outer vertical arrows are isomorphisms. O

Remark 5. One can define multiplications K°(M) x K'(M) — K'(M) and K*(M) x
K'(M) — K°(M) in analogy to the multiplication map of Section 4.5.

Remark 6. Definition 9.15 of [18] is missing a homotopy relation; we thank Scott Wilson
for pointing this out. Relation (2) on [18, p. 955] should be replaced by a statement that
two homotopy equivalent unitary automorphisms are equivalent. Then the corresponding
relation on [18, p. 957] will involve the transgressing form C'S of [18, p. 956] when applied
to homotopy equivalent automorphisms; cf. [35, Appendix A].

7. Twisted differential K-theory

In this section we give the basic definitions for a Hilbert bundle model of twisted dif-
ferential K-theory, i.e. when differential K-theory is twisted by an element of H*(M;Z).
Subsection 7.1 has a review of abelian gerbes. Subsection 7.2 discusses connective struc-
tures on gerbes. Subsection 7.3 recalls twisted de Rham cohomology. In Subsection 7.4 we
define superconnections on projective Hilbert bundles. Finally, Subsection 7.5 contains
the definition of twisted differential K-theory.
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7.1. Gerbes

We first give a summary of facts about abelian gerbes, referring the reader [9, Chapters
4 and 5], [20] and [29] for more details. We will describe abelian gerbes in terms of their
descent data.

Let M be a smooth manifold. Let {U, }aea be an open cover of M. Put U,g = U,NUp,
Uapy = Ua NUg N U,, etc. Any statement about U, will only refer to the case when
Uap # 0, and similarly for Uy, and Uygys.

A unitary gerbe £ on M is described by the following data:

o A Hermitian line bundle £,3 over each U,g and

e An isometric isomorphism pagy: Lag ® Lgy — Lovy over each Ua,gy
By Uapy Uapy
such that
o Over each U,gs, the following diagram commutes:
apy®id
Lop ® Loy @ Los —25 Lo @ Loys

id ®M[S'yr3l l#aw& (7-1)

ﬁag (9 ﬁgg ﬂ—% Los.

If the cover {Uy}taea is good then the bundles £,z are trivializable. After choices of
trivializations, the collection (1as+) can be viewed as a Cech 2-cocycle with coefficients
in the sheaf T of smooth functions with values in T = {z € C | |z| = 1}. This defines a
cohomology class [u] € H2(M;T) = H3(M, Z).

Given the open cover, there is an evident notion of two gerbes being isomorphic. There
is also an evident notion of the tensor product of two gerbes A trivial unitary gerbe has
defining line bundle £,z on U,g given by Lo®L;! 5 » where L, is a Hermitian line bundle
on U,. Stable isomorphism of unitary gerbes is the equivalence relation generated by
isomorphism along with saying that if £ is a unitary gerbe, and £’ is a trivial unitary
gerbe, then L is equivalent to £ ® £’. The class [u] determines the stable isomorphism
class of the gerbe.

7.2. Connective structures on gerbes

Definition 10. A connective structure on £ is given by a collection (V,g) of Hermitian
connections on (L) such that on Uygy, we have

ﬂ’;ﬂvvw =Vaos ®id+id®@Vg,. (7.2)
Fact 1. A connective structure exists on any gerbe.

Let V = (Vag) be a connective structure on L. Put kag = V75, the curvature of the
connection V,g.
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Definition 11. A curving of V is given by a collection K of 2-forms r, € Q%(U,) such
that on U,g, we have

KaB = Ka — K3. (7.3)
Fact 2. Given a gerbe with connective structure V, there is a curving of V.

Given 7 € Q?(M) and a curving K = {k,} on a gerbe £ with connective structure V,
we can define a new curving K + 7 = {ko + 7}. This defines a free transitive action
of Q2(M) on the set of all curvings (on a given connective structure).

There is a closed form ¢(K) € Q3(M) such that ¢(K)|y, = dkq. Note that ¢(K +7) =
oK) +dr.

If £ is a trivial unitary gerbe with L5 = Lo ®2§1, and V,, is a Hermitian connection

on Ea, then there is a connective structure V on £ given by V.5 = @a ® @El There is
a curving K of V coming from k, = V2. It has ¢(K) = 0.

7.8. Twisted cohomology

Let H € Q3(M) be a closed 3-form. The periodic twisted de Rham complex is the
Zso-graded complex (Q*(M),dy)

dn

d_H> Qeven(M> d_H> QOdd(M) d_H> Qe“e"<M) — (7.4)

with the differential dgy = d+ H A -. Its cohomology is called the twisted de Rham coho-
mology. If H' = H + dr then there is an isomorphism of complexes I.: (Q*(M),dy) —
(Q*(M),dg) where

I-(§) =e 7 AE. (7.5)
7.4. Projective Hilbert bundles
Definition 12. An L-projective Hilbert bundle H is given by

« A Hilbert bundle (in the sense of Subsection 3.1) H,, over each U,, and
o A collection of Hilbert bundle isomorphisms ¢q5 : Ho ® Log = Hpg such that
e On U,gy, the following diagram commutes:

id @pe
Ho ® ’Caﬂ ® £57 Py Ho ® ‘Ca’Y

%f@idl lapw (7.6)

Hp ® Lay e, H.
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Example 7. To a unitary gerbe £ on M, one can associate a projective space bundle
on M [9, Section 4.1]. Using this bundle, there is a natural £-projective Hilbert bundle
on M formed by fermionic Fock spaces; cf. [27].

Note that there is a canonical vector bundle isomorphism over U,g:
op* (Mo @ Lap) = op®(Ha). (7.7)
Then the bundle isomorphism ¢.g induces an isomorphism of algebra bundles over Uag:
P op"(Hg) = op*(Ha). (7.8)
Over Uaygy, we have

Pap © Phy = Pay: (7.9)
Hence the collection {op*(Ha)}aea defines a bundle of algebras over M, which we denote
by op®(H). Similarly, there is a bundle £!(#) of trace ideals. For every a € A, we can

apply the fiberwise trace to smooth sections of £!(H,), to obtain a map
Tro: C°(Ua; LY (Ha)) = C=(Uy). (7.10)

For b € C™(Ug; L (Hp)), we have Trq (¢} 5(b)) = Trp(b) on Usp. Hence we can define
Tr: C°°(M; LY (H)) — C>(M) by saying that

;= Tra <a Ua) . (7.11)

If the bundle H is Zs-graded then there is a supertrace

Tr(a)

Str: C°(M; LY (H)) — C=(M). (7.12)

Assume now that the gerbe L is equipped with a connective structure V. A super-

connection on H is a choice of superconnection A, on each H, so that on U,g, we
have

Yaphp = Ay ®1d+id@V,p. (7.13)

Let K be a curving of V. Put H = ¢(K).

Lemma 17. There is a Oa x € Q*(M, op*(H)) such that for all o € A, we have

(Onx) |, =A%+ o (7.14)

e%
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Proof. Equation (7.13) implies that on U,g, we have
cp;‘;ﬁAQ = A2 + Kap.
Hence the collection {A2 + k4 }aca satisfies the relations
wZB(A% +rp) = A2 + Ky
The lemma follows. O

For & € O*(M, op*(H)) we can define [A, ] € Q*(M, op*(H)) by

)

A, €]

= |:A0“£

Ua

One can check that this is well defined.

Lemma 18. We have [A, 0, k] = H.

Proof. On U,, we know that [A,, A2 + k.| = dkq = H| . The lemma follows.

U(!

Definition 13. The Chern character of A is given by
Ch(A, K) = Stre™ %5 € Q™ (M).
Lemma 19.

(1) We have dg Ch(A, K) = 0.
(2) Let K' = K + 7 be another curving. Put H = ¢(K') = H + dr. Then

I.(Ch(A, K)) = Ch(A, K").
Proof. (1). We have

dStre™ %% =Str[A, e 5] = — Str[A, O, x]e” K

= —StrHe % = —H Stre~ +x

Hence dy Ch(A, K) = 0.
(2). As 0 i = 0p i + 7, the lemma follows. O

The proofs of the next four lemmas are similar to those in Subsection 3.2.

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)
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Lemma 20. Let {A(t)}icp0,1] and {A(t )}tEO 1 be two smooth 1-parameter families of
superconnections on H with A(0) = A(0) and A(1) = A(1). Suppose that the two
1-parameter families are homotopic relative to the endpoints, in sense that there is a
smooth 2 pammeterfamzly of superconnections {A(s t)}s,tepo, 1] on H with A(O t) = A(t),
A(l t) = A(t), A(s,0) = A(0) = A(0 0) and A(s,1) = A(1) :A(l).

Then
/ dA i A
/Str (—(t) e~ 9‘“”“) dt = /Str <d ¢
dt
0 0

in QO (M) / Im(dg).

) e "mw) dt (7.21)

Let Ag and A; be two superconnections on H such that Ag jo—A; g € QO(M; 0p° (H)).
For t € [0,1], put A(t) = (1 — t)Ag + tA;. Define n(Ag, A;) € Q°(M)/Tm(dgy) by

1
n(Ag, A1) = /Str (%Et)e Q*W%K) dt. (7.22)
0
Lemma 21.
Ch(Al) - Ch(Ao) = _dHn(AO;Al)- (723)

Lemma 22. Let Ag, Ay and Ay be three superconnections on H such that Ag o) — Ay ) €
QO(M;0p°(H)) and Ay o) — As o) € Q°(M;0p"(H)). Then

n(Ag, A1) +n(A1, Ag) = n(Ag, Az). (7.24)

Lemma 23. Suppose that there is some ¢ > 0 so that A[o] > c?1d fiberwise on H. Put

T /dA
n(A,00) = [ Str —Le™ %x ) dt. (7.25)
[ (S o)
Then
Ch(A) = dyn(A, o) (7.26)

7.5. Definition of twisted differential K -theory

Let M be a smooth manifold. Let £ be a gerbe on M with a connective structure V.
Let K be a curving of V. Put H = ¢(K).

Definition 14. A cocycle for K(M) is a triple [H, A, w] where
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(1) H is a Za-graded L-projective Hilbert bundle over M,
(2) A is a superconnection on H and
(3) we Q(M)/Im(dg).

Definition 15. The twisted differential K-theory group K%(M) is the quotient of the
free abelian group generated by the isomorphism classes of cocycles, by the subgroup
generated by the following relations:

(1) If [H,A,w] and [H', A’, '] are cocycles then
[H, A w)+ [H AW ]=HOH Ao A w+d]. (7.27)
(2) If A is invertible then
[H,A w] =10,0,w+ n(A,o0)]. (7.28)

(3) Suppose that Ag and A; are superconnections on H such that Ag o — Ay €
Q°(M; 0p°). Then

[H,Ao,w] = [H,Al,w + U(Ao,Al)] . (729)

The map [H,A,w] — Ch(A) + dyw passes to a map KQ(M) — Q°**(M) whose
image is dp-closed.

Proposition 10. Up to isomorphism, KE(M) only depends on L through its stable iso-
morphism class; it is independent of the choices of connective structure and curving.

Proof. Fixing the connective structure V on the gerbe L, if K’ = K + 7 is another
curving of V then the map [H,A,w] — [H,A, e "w] induces an isomorphism of the
corresponding K% (M)-groups.

To see what happens when the connective structure on £ varies, suppose that V/ =
(Vi) is another connective structure. One can find a collection ¢, € Q' (U,) such
that Vflﬁ —Vap = ¢a — ¢s. If K = (ko) is a curving of V then we obtain a curving
K’ = (k!)) of V' by putting k], = kq + d¢o. The corresponding 3-form H' = dx!, is the
same as H = dk,. Suppose now that A is a superconnection on an L-projective Hilbert
bundle, as defined using the connective structure V. Put A/, = A, — ¢,. This defines
a superconnection A’ on H that is compatible with V'. Note that Oa g = O k. It
follows that the map [H, A, w] — [H, A’ w] induces an isomorphism of the corresponding
KO 7(M)-groups. This isomorphism depends on the choice of the ¢,’s

To check what happens under stable isomorphism of the gerbe suppose that £’ is
given by L’aﬁ =L, ® Eag ® E . Choose Hermitian connections V, on the £,’s. Put

0p = = Vo ® Vag ® VB leen a cocycle [H, A, w] for K%(M), we obtain a cocycle
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("', A, W] for KO, (M) by H, = Ha ® L7Y, Al = A ® V7! and ' = w. This gives an
isomorphism between K%(M) and K,(M). It depends on the choice of the V,’s. O

Appendix A. Chern character in relative cohomology

In [32], Quillen stated without proof that if A is a superconnection on a finite di-
mensional vector bundle £ over M, and the degree-0 component A is invertible on
an open subset U C M, then the pair (Ch(A),n(A, 00)) represents the Chern character
of FE in relative cohomology. In this appendix we provide a proof of the statement in the
more general setting of superconnections on Hilbert bundles. We give an application to
a difference formula for eta forms.

Remark 7. As mentioned by Paradan and Vergne [30], in the finite dimensional case one
can also prove Quillen’s claim by showing that the pair satisfies Schneiders’ axiomatic
characterization of the relative Chern character [33, Proposition 4.5.2].

Let A be a superconnection, in the sense of Definition 3, on a Zs-graded Hilbert
bundle H over a manifold M. Let U C M be an open set such that A[QO] >c2Id >0
on U, for some ¢ > 0. Then n(A, co0) is defined on U.

Recall that H*(M, U; R) is the cohomology of the complex

Q" (M,U;R) = Q" (M) & Q"1 (U) (A1)
with differential
d(w, o) = (dw,i*w — do), (A.2)
where 7 : U — M is the inclusion map.
Lemma 24. The pair (Ch(A),n(A, 00)) defines a class in H* (M, U;R).
Proof. This follows from Lemmas 7 and 11. O

Lemma 25. Let A and A" be two superconnections as above such that Ay — Afo] €
QY (M;0p°(H)) and A = Afg on U. Then

[(Ch(A), n(A, 00))] = [(Ch(A'),n(A", 00))] € H (M, U;R). (A.3)
Proof. On the product space [0,1] x M, consider the superconnection
B =dt ANO;+tA+ (1 —t)A (A.4)

Note that IB%[QO} > ¢?1d on [0,1] x U. Since d Ch(B) = 0 in 2*([0, 1] x M), one finds that
in Q*(M,U;R), we have
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d / Ch(B), [ n(B,) | = (A5)
(Ch(A)v 77(A7 OO)) - (Ch(Al)a n(Alv OO)) .
The lemma follows. O

Since A[g) is invertible on U, we can define a class Ind(A[jé]) € K°(M,U) as follows.

Let v denote the Zy-grading operator on H. Put H = H ® H with the Zo-grading
operator y = [g _07] . Let f € C*°(R) be a real-valued odd function such that x f(z) =

1—¢&(x), with £(0) = 1 and supp§(x) C [—c,c|. Put Q@ = f(A)). Then Q is a parametrix
for Ajg) which is odd with respect to v, self-adjoint and is the inverse of A over U.
Put Sop =1 - QA and S; = 1 — Ajg)Q. Note that Sy and S; vanish over U. Put
| Se —(1450)Q . 1 So (1+50)Q
L = |:A[O] S , with L™ = — Ay S
that are even with respect to 7.

Put P = L~! {(1) 8} L and Py = [8 (1)} They are both even projection operators.

Then

]. These are operators on H

_ Sg —So(1 + S0)@Q
Peto= <‘A[0}50 —S7 (4.6)

is a smooth family of finite rank operators, i.e. P— Py € Q°(M; £L/7(H)); the smoothness
can be seen by repeated differentiation. Also, P — Py vanishes on U.
Put P* = P|;, and Py = Pyl

Definition 16. The index Ind (A[%]) € K°(M,U) is represented by the virtual projection
[P* - P,

Remark 8. As in [15, Chapter [1.9.a], [P* — P{] is the index class in K°(M). As P*— P
vanishes on U, we can consider [P¥ — PF] to give a class in K°(M,U). To justify
this statement, suppose that there is a closed subset A C M which is a strong de-
formation retract of U (as is often the case). Then there are canonical isomorphisms
KO(M,U) = K°M, A) = K°(M/A). The virtual projection [P¥ — P5] descends to a
reduced K-theory class of M/A.

Note that Ind (A@) — —TInd (AE]).

The real-valued Chern character Ch (Ind (A+

[0])) in Hj”en(M, UN; R) can be repre-

sented as follows. Put A = A ® A, a superconnection on H. Then Ay is a connection
on H.
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Definition 17. The Chern character of Ind (A[&) inH " (M/A;R) is represented by

Ch (Ind (A[g])) - (A7)

|:<l r]_'\rS (Pe—(POT&[l]oP)zp N Poe—(PooK[I]oPO)ZPO) 0>:|
2 ’ '
Remark 9. To justify this definition, we first note that the closed form
1 ~ ~
5 T (Pe*<P°A[11°P>2P - Poe*<P0°A[11°P°>2PO) (A.8)

represents the Chern character of the index in H**"(M;R). It has support in M \ U
and so, in the setting of Remark 8, extends to a compactly supported form in (M/A) —
(A/A). Under the isomorphisms H."“"((M/A) — (A/A);R) = H"(M/A, A/A;R) =
H™ (M, A;R) &2 H®"(M, U; R), the form gets mapped to (A.7).
Proposition 11.

Ch (Ind (A[;])) = [(Ch(A), n(A, 00))]- (A.9)
Proof. We claim that

[(Trs (pe*(Po&[nOpr _ Poe*(POOK[l]OPO)QPO) ’0)] = (A.10)

{(Trs (Pef(POI&OP)2P _ Poef(P00&OP0)2PO) ’0):|

in H**" (M, U; R). To see this, for ¢ € [0,1] put A(t) = tA+(1 —t)&[l], a superconnection
on H. Now

Pe(PoAWOP) p _ p o —(Pook(t)oPo)* p (A.11)

is a (2 x 2)-matrix with entries in Q*(M; £/"(H)), that are smooth in ¢. Using the finite
rank property, it is easy to justify that

%Trs (Pef(Po&(t)oP)zP _ Poe*(Poo&(t)oPo)QPO) - (A.12)

A s A A
d v, (Pd dit) Pe_(POA(t)OP)ZP Pod dit) Poe_(PooA(t)oP0)2P0> ,
SO

Tr, (pe—(Po&u]OP)zp _ poe—(Poo&noPo)po) = (A.13)

TI'S (Pe—(POA&OP)zp _ Poe—(PooA&Opo)ZPO) _|_
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1 ~ _
d/TrS <P%@P6_(P°Ku)op)2P — Po%z(f?f)Poe_(P""g(t)"P")zPo) dt.

0

This proves (A.10).
Considering P o A o P to be a superconnection on Im(P), and Py o A o Py to be a
superconnection on Im(FPy), Lemma 24 implies that

(Trs (6_(1:0&01:)2) (PohoP, oo)) (A.14)
and
(Trs (e*<P°°&°P°>2) (Pyoho Py, oo)) (A.15)
are closed elements of Q°¢"(M, U). Since P = Py on U, we have
[(Trs (Pe—<P°7*°P>2P - Poe—<P0°7*°P0>2P0) o)] - (A.16)
[(Trs <e*<P°&°P>2) (PokoP, oo))} -

[(TrS (e_(PD"&OPO)Q) ,n(Py o Ao Py, oo))} .

Next, since Py = {8 (1)] and the Zs-grading operator 7 is —y on Im(FPp), we have

(T, e PoeBeR y(Py o Ao Py, 00)) = (= Ch(A), —1(A, 00)). (A.17)
Finally, put P, = [(1) 8} Then
PoAoP=L"'P.LoAoL 'PL. (A.18)
Hence
(Ch(PoAoP),n(PohAoP,x)) = (A.19)

(Ch(P,LoAo L 'P),n(P,LoAo L~ Py, 0)).

The superconnections A and PL o Ao L~'P, on Im(P;) = H satisfy the conditions of
Lemma 25. Hence

[(Ch(PLLoAo L 'P),n(P.LoAo L 'P,))] = (A.20)
[(Ch(A),n(A, 00))].
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The proposition now follows from combining (A.7), (A.10), (A.16), (A.17), (A.19)
and (A.20). O

Corollary 2. Suppose that {E(t)}ic(0,1) is a smooth 1-parameter family of superconnec-
tions on H. Put A =E(0) and A" =E(1). If Ajg) and Ay, are invertible then

n(A, A") = n(A, 00) + (A, 00) € Im(Ch : K} (M) — H(M;R)). (A.21)

If Ejo)(t) is invertible for all t € [0,1] then the expression in (A.21) vanishes in
Qodd (M) / Tm(d).

Proof. Let V be a codimension-zero submanifold of M with compact closure. (If M is
compact then we just take V.= M.) Put M/ =V xRand U =V x ((—00,0) U (1, 00)).
There are isomorphisms ix : KO(M’,U) — K'(V) and i : H®(M',U) — H*(V),
where ip is represented by

1

i (0,m) = / w | — (1) +n(0). (A.22)
0

The maps ix and iy are consistent in the sense that
ChOiK ZiH oCh. (A23)

Extend E() to be constant on (—oo,0) and constant on (1, c0). By reparametrizing R
if necessary, we can assume that E is smooth in ¢. Put B = dtA9;+E(t), a superconnection

on M’'. The family IB['E] of operators defines an element [IB%?(')}] e K°(M',U), since the

operators are invertible on U.
Equations (3.10) and (A.22) along with Proposition 11, when applied to B, M’ and U,
give

Ch(ie ([By))) = —n(A, A) — n(&', 00) + (A, ). (A.24)

After exhausting M by such Vs, this proves the first part of the corollary. If each E(t)

is invertible then [IB%[T)]] vanishes in K°(M’,U), which implies the second part of the

corollary. O
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