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The bosonization of a pair of two-dimensional Weyl fermions, of opposite chiralities, is considered. When the fermions are in
different metrics the bosonization procedure gives a unique expression for the gravitational anomaly.

The classical bosonization of a Dirac fermion in a
two-dimensional background gauge field is closely re-
lated to the gauge anomaly [1]. Under a variation of
the gauge field, one sees directly the anomalous vari-
ation of the effective action from the bosonized la-
grangian, We wish to show that the gravitational anom-
aly [2] can also be seen in this way.

As is well known, in 2D Minkowski space a pair of
right- and left-handed Weyl fermions feeling two dif-
ferent gauge fields can be interpreted as a Dirac ferm-
ion feeling one gauge field. If one requires vector in-
variance for such a theory, one obtains a unique effec-
tive action {3]. (This corresponds to requiring that
the euclidean fermion determinant be invariant under
conjugation.) We show that the same trick works for
Weyl fermions feeling two different metrics; one ob-
tains a Dirac fermion feeling one metric along with a
C-valued gauge field, giving a unique effective action.
The fermion determinant for a single Weyl fermion
has been discussed in refs. [4,5] ¥,

First, consider a Dirac fermion in background met-
ric g and U(1) gauge field A. On euclidean S2, upon
integrating out the fermions, the effective action is
I'=—(1/2) In det Dg2,A . From the axial anomaly,
this is

['=—3indet By + (1/4m) <Fpp, A Fppdy, (1)

*1 Our conventions are {r9,yb}=2nab gab =
(1/9) [v2,vP), 73 = [1/2(~det P12 ][0, 41],
Pr=(1/DA+v),P_=(1/2)(1 = 9%), y4 =Py,
V_o=P_y,X*=(INDX*t X and A, = V2.
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which is clearly diffeomorphism invariant. Under a
conformal change of metric 6g = 2gg, we have

1
s(-zlndet PP =— 5.~ [oRVE
=5(; Indet &,). )

Thus I' equals the effective action for the bosonic
lagrangian

1 i
Ly = [Velie" 08,0 + SR TLl )
namely
P=—o [VERA IR + = [VEF,, A7 Feb
487 8 4 ab"g ' @
When rotated to Minkowski space, this shows the
equivalence between

Lp=[VZgivy D,y (5)

and

Ly = [V=8[584"0,00,0+(1/2v/m) 6w F, ],
(6)

which is the content of the Sugawara relation [6,7]
_ 1
Ty =JJ, —3m,,J2
Now let P be the principal SO(2) bundle over
Minkowski RZ and letd? and e’ be soldering forms
on P (local cross sections of which are zweibeins
d,’ and e,'). The action for left- and right-handed

fermions in the backgrounds of d? and e’ respective-
ly is
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Ly =t [[§4d y7,(@) ¥, dind?

¥ _e vV, (@) v_elae]. (7

Define a new soldering form fby f* =¢* and f~ =
=d ~, and a C-valued one-form 4 by

A= —% if [w—+p,(d) - “’—+u(f)]f+

+3ifF [w_ gy e) — w i (DI (®)
Then one finds that

Ly =i [ U [V,(0 +14,10f1AF2 ©)

If g is the metric coming from f, it follows that
an equivalent bosonic action for (7) is (6).

The effective action for (7) is given by (4) when
rotated to Minkowski space. To find the form of the
gravitational anomalies, it is easiest to compute the
anomalous variations of I" in euclidean space, letting
f again denote the background soldering form and 4
denote the background gauge field. The putative sym-
metry group is the group Aut(P) of automorphisms
of P, which has the group Diff($?) as a quotient group.
We will break up the formal Lie algebra aut(P) as
{p + V x } where p is an infinitesimal frame rotation
and ¥ y is infinitesimal parallel transport with respect
to w(f) over the vector field X. This will act on the
space of d?’s. [Because Diff(S2) is not a subgroup of
Aut(P), it generally does not make sense to talk of
Lie derivatives of spinors or soldering forms.]

Under the frame rotation 8d’ = pme’j d’, one has

SP=3P_p,p 0t P —P3p,,0°°P, , (10)
and
$'=—38Indet P2 =— lim Tr(P2)—-1p,

55—

1
[3P_p,50°°P D7 p,, 09 P,]
= lim L3 Nes=_L [z
sh_:% ziTr po; (P*)~5 2an f\/gR(g)Pm-(“)
Similarly, given a vector field X on S2, under the var-

iation 5dl = V(d)Xl + [w()lo(f) — wOIO(d)]X“e’]d/,
one has
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8P =P_vx (NP - PVx(HP, , (12)

and

80 = —4 8 In det P2 = — lim Tr(P2)~s-1p,
s—~0

P_vx (OB - DV (OP,]
= lim Tr vy BH)~

=—;—ﬂf\/§X#a#(eabFab). (13)

By construction, these anomaly expressions satisfy
the Wess-Zumino consistency condition, and presum-
ably differ by the variation of local counterterms
from the index theorem expressions.

As with the classical bosonization, one wishes to
also let ¢ vary under the above variations in such a
way that the effective action for (6), (including the
¢ field), changes exactly by the anomaly. To do this
it is necessary to include the diffeomorphism change
of g and the axial change of 4. If 8g is written as
Ly g+ ag for some vector field V, and 64, = LyA),
+ a“n + ewa"xthen one needs §¢ = V#a”¢ +
(1/a/7)x. Under these variations, the effective action
for (6) changes exactly by the above expressions.

Finally, if the Wey! spinors are in background
gauge fields B and C then this can be handled by ad-
ding a gauge field D to (9) which satisfies D, = B,
and D_ = (C_. In this way one obtains the mixed
gauge—gravitation anomalies.
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