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SINGULAR RICCI FLOWS 1
BRUCE KLEINER AND JOHN LOTT

ABSTRACT. We introduce singular Ricci flows, which are Ricci flow
spacetimes subject to certain asymptotic conditions. We consider
the behavior of Ricci flow with surgery starting from a fixed initial
compact Riemannian 3-manifold, as the surgery parameter varies.
We prove that the flow with surgery subconverges to a singular
Ricci flow as the surgery parameter tends to zero. We establish
a number of geometric and analytical properties of singular Ricci
flows.
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1. INTRODUCTION

It has been a long-standing problem in geometric analysis to find a
good notion of a Ricci flow with singularities. The motivation comes

Date: July 28, 2015.
Research supported by NSF grants DMS-1105656, DMS-1207654 and DMS-
1405899, and a Simons Fellowship.
1



2 BRUCE KLEINER AND JOHN LOTT

from the fact that a Ricci flow with a smooth initial condition can
develop singularities without blowing up everywhere; hence one would
like to continue the flow beyond the singular time. The presence of
singularities in Ricci flow is one instance of the widespread phenom-
enon of singularities in PDE, which is often handled by developing
appropriate notions of generalized solutions. For example, in the case
of the minimal surface equation, one has minimizing or stationary in-
tegral currents [20), [46], while in the case of mean curvature flow one
has Brakke flows [4] and level set flows [7) [18]. Generalized solutions
provide a framework for studying issues such as existence, uniqueness
and partial regularity.

One highly successful way to deal with Ricci flow singularities was
by surgery, as developed by Hamilton [26] and Perelman [43]. Surgery
served as a way to suppress singularities and avoid related analytical
issues, thereby making it possible to apply Ricci flow to geometric
and topological problems. Perelman’s construction of Ricci flow with
surgery drew attention to the problem of flowing through singularities.
In [42 Sec. 13.2], Perelman wrote, “It is likely that by passing to the
limit in this construction one would get a canonically defined Ricci flow
through singularities, but at the moment I don’t have a proof of that.”

In this paper we address the problem of flowing through singularities
in the three-dimensional case by introducing singular Ricci flows, which
are Ricci flow spacetimes subject to certain conditions. We show that
singular Ricci flows have a number of good properties, by establishing
existence and compactness results, as well as a number of structural
results. We also use singular Ricci flows to partially answer Perel-
man’s question, by showing that Ricci flow with surgery (for a fixed
initial condition) subconverges to a singular Ricci flow as the surgery
parameter goes to zero. These results and further results in the sequel
strongly indicate that singular Ricci flows provide a natural analytical
framework for three-dimensional Ricci flows with singularities.

Although it is rather different in spirit, we mention that there is
earlier work in the literature on Ricci flow through singularities; see
the end of the introduction for further discussion.

Convergence of Ricci flows with surgery. Before formulating our
first result, we briefly recall Perelman’s version of Ricci flow with
surgery (which followed earlier work of Hamilton); see Appendix
for more information.

Ricci flow with surgery evolves a Riemannian 3-manifold by alter-
nating between two processes: flowing by ordinary Ricci flow until the
metric goes singular, and modifying the resulting limit by surgery, so
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as to produce a compact smooth Riemannian manifold that serves as
a new initial condition for Ricci flow. The construction is regulated
by a global parameter € > 0 as well as decreasing parameter functions
r, 0,k : [0,00) — (0,00), which have the following significance:

e The scale at which surgery occurs is bounded above in terms
of 4. In particular, surgery at time ¢ is performed by cutting
along necks whose scale tends to zero as d(t) goes to zero. Note
that 0 has other roles in addition to this.

e The function r defines the canonical neighborhood scale: at
time ¢, near any point with scalar curvature at least ()2, the
flow is (modulo parabolic rescaling) approximated to within
error € by either a k-solution (see Appendix or a standard
postsurgery model solution.

In Ricci flow with surgery, the initial conditions are assumed to be
normalized, meaning that at each point m in the initial time slice, the
eigenvalues of the curvature operator Rm(m) are bounded by one in
absolute value, and the volume of the unit ball B(m,1) is at least
half the volume of the Euclidean unit ball. By rescaling, any compact
Riemannian manifold can be normalized.

Perelman showed that under certain constraints on the parameters,
one can implement Ricci flow with surgery for any normalized initial
condition. His constraints allow one to make ¢ as small as one wants.
Hence one can consider the behavior of Ricci flow with surgery, for a
fixed initial condition, as d goes to zero.

In order to formulate our convergence theorem, we will use a space-
time framework. Unlike the case of general relativity, where one has a
Lorentzian manifold, in our setting there is a natural foliation of space-
time by time slices, which carry Riemannian metrics. This is formalized
in the following definition.

Definition 1.1. A Ricci flow spacetime is a tuple (M, t, 0y, g) where:

e M is a smooth manifold-with-boundary.

e t is the time function — a submersion t : M — [ where I C R
is a time interval; we will usually take I = [0, 00).

e The boundary of M, if it is nonempty, corresponds to the end-
point(s) of the time interval: M = t~1(9I).

e O, is the time vector field, which satisfies Ot = 1.

e ¢ is a smooth inner product on the spatial subbundle ker(dt) C
TM, and g defines a Ricci flow: L59 = —2 Ric(g).

For 0 < a < b, we write M, = t"(a), M, =t ([a,b]) and M<, =
t71([0,a]). Henceforth, unless otherwise specified, when we refer to
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geometric quantities such as curvature, we will implicitly be referring
to the metric on the time slices.

Note that near any point m € M, a Ricci flow spacetime (M, t, dy, g)
reduces to a Ricci flow in the usual sense, because the time function t
will form part of a chart (x,t) near m for which the coordinate vector
field 2 coincides with d;; then one has % = —2Ric(g).

Our first result partially answers the question of Perelman alluded
to above, by formalizing the notion of convergence and obtaining sub-
sequential limits:

Theorem 1.2. Let {M7}32, be a sequence of three-dimensional Ricci
flows with surgery (in the sense of Perelman) where:

o The initial conditions {M{} are compact normalized Riemann-
tan manifolds that lie in a compact family in the smooth topol-
ogy, and

e If§;:]0,00) = (0,00) denotes the Perelman surgery parameter
for M7 then lim;_, 6,;(0) = 0.

Then after passing to a subsequence, there is a Ricci flow spacetime
(M 4,0, goo), and a sequence of diffeomorphisms

(1.3) (MISU; 3V, € M¥)
with the following properties:

(1) U; € M? and V; C M™ are open subsets.

(2) Let R; and Ry, denote the scalar curvature on M? and M,
respectively. Given t < oo and R < 0o, if j is sufficiently large
then

(14) Uj D) {m]‘ S ./\/lj . fj(?’)‘bj) S t_, Rj(mj) S F},
Vi D {Mee € M™ : t(mo) < t, Roo(ma) < R}.

(3) 7 is time preserving, and the sequences {10y, }52, and {®]g;}52,
converge smoothly on compact subsets of M to 0, and g,
respectively.

(4) 7 is asymptotically volume preserving: Let V;, Vs : [0,00) —
[0, 00) denote the respective volume functions V;(t) = Vol(M3)
and Voo (t) = Vol(M3®). Then Vy : [0,00) — [0, 00) is continu-
ous and lim;_,o V; = Voo, with uniform convergence on compact
subsets of [0, 00).

Furthermore:

(a) The scalar curvature function Ry, : M2 — R is bounded below
and proper for all T > 0.
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(b) M satisfies the Hamilton-Ivey pinching condition of [A.14).

(c) M is k-noncollapsed below scale € and satisfies the r-canonical
neighborhood assumption, where k and r are the aforementioned
parameters from Ricci flow with surgery.

Theorem may be compared with other convergence results such
as Hamilton’s compactness theorem [25] and its variants [33, Appendix
EJ, as well as analogous results for sequences of Riemannian manifolds.
All of these results require uniform bounds on curvature in regions of
a given size around a basepoint, which we do not have. Instead, our
approach is based on the fact that in a three dimensional Ricci flow
with surgery, the scalar curvature controls the local geometry. We first
prove a general pointed compactness result for sequences of (possibly
incomplete) Riemannian manifolds whose local geometry is governed
by a control function. We then apply this general compactness result
in the case when the Riemannian manifolds are the spacetimes of Ricci
flows with surgery, and the control functions are constructed from the
scalar curvature functions. To obtain (1)-(3) of Theorem (1.2 we have to
rule out the possibility that part of the spacetime with controlled time
and scalar curvature escapes to infinity, i.e. is not seen in the pointed
limit. This is done by means of a new estimate on the spacetime
geometry of a Ricci flow with surgery; see Proposition below.

Motivated by the conclusion of Theorem [1.2] we make the following
definition:

Definition 1.5. A Ricci flow spacetime (M, t, 0, g) is a singular Ricci
flow if it is 4-dimensional, the initial time slice M is a compact nor-
malized Riemannian manifold and

(a) The scalar curvature function R : M<r — R is bounded below
and proper for all " > 0.

(b) M satisfies the Hamilton-Ivey pinching condition of (A.14).

(c) For a global parameter ¢ > 0 and decreasing functions &, 7 :
[0,00) — (0,00), the spacetime M is k-noncollapsed below
scale € in the sense of Appendix[A.4]and satisfies the r-canonical
neighborhood assumption in the sense of Appendix [A.8]

Although conditions (b) and (c) in Definition |1.5are pointwise con-
ditions imposed everywhere, we will show that M is a singular Ricci
flow if (b) and (c) are only assumed to hold outside of some compact
subset of M<rp, for all 7> 0. Thus (b) and (c) can be viewed as as-
ymptotic conditions at infinity for a Ricci flow defined on a noncompact
spacetime.
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With this definition, Perelman’s existence theorem for Ricci flow
with surgery and Theorem [1.2] immediately imply :

Corollary 1.6. If (M, qgo) is a compact normalized Riemannian 3-
manifold then there exists a singular Ricci flow having initial condition
(M, go), with parameter functions k and r as in Theorem .

From the PDE viewpoint, flow with surgery is a regularization of
Ricci flow, while singular Ricci flows may be considered to be general-
ized solutions to Ricci flow. In this language, Corollary gives the
existence of generalized solutions by means of a regularization proce-
dure. One can compare this with the existence proof for Brakke flows
in [4, BI] or level set flows in [7, 18].

The existence assertion in Corollary leads to the corresponding
uniqueness question:

Question 1.7. If two singular Ricci flows have isometric initial condi-
tions, are the underlying Ricci flow spacetimes the same up to diffeo-
morphism?

An affirmative answer would confirm Perelman’s expectation that
Ricci flow with surgery should converge to a canonical flow through
singularities, as it would imply that if one takes a fixed initial condition
in Theorem then one would have convergence without having to
pass to a subsequence. Having such a uniqueness result, in conjunction
with Theorem [I.2] would closely parallel the results of [5, 28, 29, [36]
that 2-convex mean curvature flow with surgery converges to level set
flow when the surgery parameters tend to zero.

The structure of singular Ricci flows. The asymptotic conditions
in the definition of a singular Ricci flow have a number of implications
which we analyze in this paper. In addition to clarifying the structure of
limits of Ricci flows with surgery as in Theorem [I.2] the results indicate
that singular Ricci flows are well behaved objects from geometric and
analytical points of view.

To analyze the geometry of Ricci flow spacetimes, we use two differ-
ent Riemannian metrics.

Definition 1.8. Let (M, t, 0, g) be a Ricci flow spacetime. The space-
time metric on M is the Riemannian metric gy = § + dt?>, where
g is the extension of ¢ to a quadratic form on T'M such that J; €
ker(g). The quasiparabolic metric on M is the Riemannian metric

g = (1+R?)2 g+ (1+ R?)de.
For the remainder of the introduction, unless otherwise specified,
(M, t, 0y, g) will denote a fixed singular Ricci flow.
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Conditions (b) and (c) of Definition imply that the scalar cur-
vature controls the local geometry of the singular Ricci flow. This has
several implications.

e (High-curvature regions in singular Ricci flows are topologically
standard) For every t, the superlevel set {R > r=2(¢t)} N M, is
contained in a disjoint union of connected components whose
diffeomorphism types come from a small list of possibilities,
with well-controlled local geometry. In particular, each con-
nected component C' of M, has finitely many ends, and passing
to the metric completion C' adds at most one point for each end
(Proposition [5.31).

e (Bounded geometry) The spacetime metric gaq has bounded ge-
ometry at the scale defined by the scalar curvature, while the
quasiparabolic metric g% is complete and has bounded geome-
try in the usual sense — the injectivity radius is bounded below
and all derivatives of curvature are uniformly bounded (Lemma
5.23)).

The local control on geometry also leads to a compactness property
for singular Ricci flows:

e (Compactness) If one has a sequence {(M7,t;,0y,9;)};2, of
singular Ricci flows with a fixed choice of functions in Definition
and the initial metrics {(M3, g;(0))}52, form a precompact
set in the smooth topology, then a subsequence converges in the
sense of Theorem (Proposition [5.39).

The proof of the compactness result is similar to the proof of The-
orem [I.2l We also have global results concerning the scalar curvature
and volume.

e (Scalar curvature and volume control) For any 7' < oo, the
scalar curvature is integrable on M<p. The volume function
V(t) = vol(M,) is finite and locally a-Hélder in ¢ for some
exponent a € (0,1), and has a locally bounded upper right
derivative. The usual formula holds for volume evolution:

Mitg 1]

for all 0 <ty < t; < oo. (Propositions and
e (L? bound on scalar curvature) For all p € (0,1) and all ¢, the
scalar curvature is L? on M. (Proposition
The starting point for the proof of the above results concerning vol-
ume is the fact that for Ricci flow, the time derivative of the volume
form is given by the negative of the scalar curvature. To obtain global



8 BRUCE KLEINER AND JOHN LOTT

results, one is effectively forced to do integration by parts using the
time vector field 0;. However, there is a substantial complication due
to the potential incompleteness of the time vector field; we overcome
this by using Theorem below, together with the gradient estimate
on scalar curvature.

To describe the next results, we introduce the following definitions.

Definition 1.10. A path v : I — M is time-preserving if t(y(t)) = ¢
for all t € I. The worldline of a point m € M is the maximal time-
preserving integral curve v : I — M of the time vector field 0;, which
passes through m.

If v: I — M is a worldline then we may have sup/ < oco. In this
case, the scalar curvature blows up along ~(t) as t — sup /, and the
worldline encounters a singularity. An example would be a shrinking
round space form, or a neckpinch. A worldline may also encounter a
singularity going backward in time.

Definition 1.11. A worldline v : I — M is bad if inf I > 0, i.e. if it
is not defined at ¢ = 0.

Among our structural results, perhaps the most striking is the fol-
lowing;:

Theorem 1.12. Suppose that (M, t, 0, g) is a singular Ricci flow and
t > 0. If C is a connected component of M, then only finitely many
points i C' have bad worldlines.

As an illustration of the theorem, consider a singular Ricci flow that
undergoes a generic neck pinch at time ¢, so that the time slice M, has
two ends (e-horns in Perelman’s language) which are instantly capped
off when ¢ > t;. In this case the theorem asserts that only finitely many
(in this case two) worldlines emerge from the singularity. See Figure ,
where the bad wordlines are indicated by dashed curves. (The point in
the figure where the two dashed curves meet is not in the spacetime.)

A key ingredient in the proof of Theorem is a new stability
property of neck regions in x-solutions. We recall that x-solutions are
the class of ancient Ricci flows used to model the high curvature part
of Ricci flows with surgery. We state the stability property loosely as
follows, and refer the reader to Section [0 for more details:

Neck Stability. Let M be a noncompact k-solution other than the
shrinking round cylinder. If v : I — M is a worldline and My, is
sufficiently necklike at y(t1), then as t — —oo, the time slice My looks
more and more necklike at ~(t). Here the notion of necklike is scale
mvariant.
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FIGURE 1.

An easy but illustrative case is the Bryant soliton, in which worldlines
other than the tip itself move away from the tip (in the scale invariant
sense) as one goes backward in time.

As mentioned above, Theorem is used in the proof of and
the properties of volume.

We mention some connectedness properties of singular Ricci flows.

e (Paths back to My avoiding high-curvature regions) Any point
m € M can be joined to the initial time slice M, by a time-
preserving curve 7 : [0, t(m)] — M, along which max{R(v(t)) :
t € [0,¢(m)]} is bounded in terms of R(m) and t(m). (Proposi-
tion

e (Backward stability of components) If vy, : [to, t1] — M are
time-preserving curves such that vy(¢;) and v;(¢;) lie in the
same connected component of My, , then vo(t) and 7 (¢) lie in
the same component of M, for all ¢ € [ty,t;]. (Proposition[5.32)

Finally, we alluded before to the fact that the a prior: assumptions
in Definition are really restrictions on the spacetime near infinity.
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e (Asymptotic conditions) Given € > 0 and a decreasing func-
tion 7 : [0,00) — (0,00), there are decreasing functions ' =
K'(€) 1 [0,00) — (0,00) and " = 1'(¢,r) : [0,00) — (0, 00) with
the following property. Let M be a Ricci flow spacetime with
normalized initial condition, on which condition (a) of Defini-
tion holds. Suppose that for each T" > 0 there is a compact
subset of M <7 so that condition (b), and the r-canonical neigh-
borhood assumption of condition (c), hold on the part of M<r
outside of the compact subset. Then M satisfies Definition
globally with parameters €, x" and . (Proposition

Related work. We now mention some other work that falls into the
broad setting of Ricci flow with singular structure.

A number of authors have considered Ricci flow with low regularity
initial conditions, studying existence and/or uniqueness, and instan-
taneous improvement of regularity [9, 22], 23, 24] 35 45, 47, 48] 149,
52, 53]. Ricci flow with persistent singularities has been considered in
the case of orbifold Ricci flow, and Ricci flow with conical singularities
[8, 10, 11, 13, 16l 27, 34 37, B8, 39, 44, 54], 55, 58| B9

Passing to flows through singularities, Feldman-Ilmanen-Knopf noted
that in the noncompact Kahler setting, there are some natural exam-
ples of flows through singularities which consist of a shrinking gradi-
ent soliton that has a conical limit at time zero, which transmutes
into an expanding gradient soliton [21]. Closer in spirit to this paper,
Angenent-Caputo-Knopf constructed a rotationally invariant Ricci flow
through singularities starting with a metric on S"™! [I]. They showed
that the rotationally invariant neckpinches from [2], which have a sin-
gular limit as t approaches zero from below, may be continued as a
smooth Ricci flow on two copies of S™! for ¢ > 0. The paper [I] also
showed that the forward evolution has a unique asymptotic profile near
the singular point in spacetime.

There has been much progress on flowing through singularities in
the Kahler setting. For a flow on a projective variety with log termi-
nal singularities, Song-Tian [50] showed that the flow can be continued
through the divisorial contractions and flips of the minimal model pro-
gram. We refer to [50] for the precise statements. The paper [19] has
related results, but uses a viscosity solution approach instead of the
regularization scheme in [50]. The fact that the Kéhler-Ricci flow can
be reduced to a scalar equation, to which comparison principles may be
applied, is an important simplifying feature of Kahler-Ricci flow that
is not available in the non-Kahler case.
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The work in this paper is related to the question of whether there
is a good notion of a weak Ricci flow. This question is subject to
different interpretations, because the term “weak” has different mean-
ings in different settings. The results in this paper show that singular
Ricci flows give a possible answer in the 3-dimensional case, and in
the 4-dimensional case under the assumption of nonnegative isotropic
curvature. In the general higher dimensional case, however, it remains
unclear if there is a good general notion of weak Ricci flow.

Organization of the paper. The remainder of the paper is broken
into two parts. Part I, which is composed of Sections [2}4] is primarily
concerned with the proof of the convergence result, Theorem [1.2] Part
I1, which is composed of Sections 9] deals with results on singular
Ricci flows. Appendix [A] introduces and recalls notation and terminol-
ogy for Ricci flows and Ricci flows with surgery.

We now describe the contents section by section.

Section [2] gives a general pointed compactness result for Riemannian
manifolds and spacetimes, whose geometry is locally controlled as a
function of some auxiliary function. Section [3| develops some proper-
ties of Ricci flow with surgery; it is aimed at showing that the Ricci
flow spacetime associated with a Ricci flow with surgery has locally
controlled geometry in the sense of Section 2] Section [4] applies the two
preceding sections to give the proof of Theorem [1.2]

Section [5] establishes some foundational results about singular Ricci
flows, concerning scalar curvature and volume, as well as some results
involving the structure of the high curvature region. Section [6] proves
that neck regions in k-solutions have a stability property going back-
ward in time. Section 7| proves Theorem [1.12] concerning the finiteness
of the number of bad worldlines, and gives several applications. Sec-
tion |8 contains some estimates involving volume and scalar curvature.
Section [9 proves that conditions (b) and (c) of Definition are as-
ymptotic conditions. In Section [10| we indicate how the preceding re-
sults extend to four-dimensional singular Ricci flows with nonnegative
isotropic curvature.

Appendix [4] collects a variety of background material; the reader
may wish to quickly peruse this before proceeding to the body of the
paper. Appendix [B|is a technical addendum about three-dimensional
k-solutions.

Notation and terminology. We refer the reader to Appendix
for notation and terminology. All manifolds that arise will be taken to
be orientable.
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PARrRT I

2. COMPACTNESS FOR SPACES OF LOCALLY CONTROLLED
GEOMETRIES

In this section we prove a compactness result, Theorem [2.5] for se-
quences of controlled Riemannian manifolds. In Subsection we
extend the theorem to a compactness result for spacetimes, meaning
Riemannian manifolds equipped with time functions and time vector

fields.

2.1. Compactness of the space of locally controlled Riemann-
ian manifolds. We will need a sequential compactness result for se-
quences of Riemannian manifolds which may be incomplete, but whose
local geometry (injectivity radius and all derivatives of curvature) is
bounded by a function of an auxiliary function ¢ : M — [0, 00). A stan-
dard case of this is sequential compactness for sequences {(M;, g;, *;)}
of Riemannian r-balls, assuming that the distance function d;(x;,-) :
M; — [0,7) is proper, and that the geometry is bounded in terms of
dj(, ).

Fix a smooth decreasing function v : [0,00) — (0,1] and smooth
increasing functions Cy, : [0, 00) — [1,00) for all k£ > 0.

Definition 2.1. Suppose that (M, g) is a Riemannian manifold equipped
with a function ¢ : M — [0, 00).

Given A € [0,00], a tensor field ¢ is (1, A)-controlled if for all m €
¥»~1([0,A)) and k > 0, we have

(2:2) IVEEm)|| < Cr(w(m)).

If in addition v is smooth then we say that the tuple (M, g,v) is (¢, A)-
controlled if

(1) The injectivity radius of M at m is at least v(¢)(m)) for all
m € 1[0, 4)), and
(2) The tensor field Rm, and v itself, are (1, A)-controlled.

Note that if A = co then )71([0, A)) is all of M, so there are quanti-
tative bounds on the geometry at each point of M. Note also that the
value of a control function may not reflect the actual bounds on the
geometry, in the sense that the geometry may be more regular near m
than the value of ¥(m) suggests. This creates flexibility in choosing a
control function, which is useful in applications below.

Example 2.3. Suppose that (M, g, %) is a complete pointed Riemann-
ian manifold. Put ¢ (m) = d(x,m). Then Rm is (¢, A)-controlled if
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and only if for all r € (0, A) and k > 0, we have |[V¥Rm || < Ci(r) on
B(x,1).

Example 2.4. Suppose that ¢ has constant value ¢ > 0. If A < ¢
then (M, g,) is vacuously (¢, A)-controlled. If A > ¢ then (M, g,)
is (¢, A)-controlled if and only if for all m € M, we have inj(m) > t(c)
and ||[V* Rm(m)| < Ci(c).

There are compactness results in Riemannian geometry saying that
one can extract a subsequential limit from a sequence of complete
pointed Riemannian manifolds having uniform local geometry. This
last condition means that for each » > 0, one has quantitative uniform
bounds on the geometry of the r-ball around the basepoint; c.f. 25
Theorem 2.3]. In such a case, one can think of the distance from the
basepoint as a control function. We will give a compactness theorem
for Riemannian manifolds (possibly incomplete) equipped with more
general control functions.

For notation, if & : U — V is a diffeomorphism then we will write
®, for both the pushforward action of ® on contravariant tensor fields
on U, and the pullback action of ®~! on covariant tensor fields on U.

Theorem 2.5 (Compactness for controlled manifolds). Let

(26) {(ijgja*jawj) ;.il

be a sequence of pointed tuples which are (v;, A;)-controlled, where
lim; o Aj = 00 and sup; 1;(x;) < oo. Then after passing to a subse-
quence, there is a pointed (1), 00)-controlled tuple

(27) (Mooagooa*omwoo)
and a sequence of diffeomorphisms {M; D Uj LN Vj C My }52, such
that

(1) Given A,r < oo, for all sufficiently large j the open set U; con-
tains the ball B(;,r) in the Riemannian manifold (¢ ([0, A)), g;)
and likewise V; contains the ball B(*oo, 1) in the Riemannian

manifold (¥3'([0, A)), goo)-
(2) Given € >0 and k > 0, for all sufficiently large j we have

(2.8) 12295 = gacllenqry) < €
and
(2.9) 1225 = Yooller(vy) < €.

(8) My is connected and, in particular, every x € My, belongs to
V; for j large.
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We will give the proof of Theorem in Subsection 2.3] We first
describe some general results about controlled Riemannian manifolds.

2.2. Some properties of controlled Riemannian manifolds. One
approach to proving Theorem [2.5| would be to imitate what one does
when one has curvature and injectivity radius bounds on r-balls, re-
placing the control function based on distance to the basepoint by the
control function ¢». While this could be done, it would be somewhat in-
volved. Instead, we will perform a conformal change on the Riemannian
manifolds in order to put ourselves in a situation where the geometry
is indeed controlled by the distance from the basepoint. We then take
a subsequential limit of the conformally changed metrics, and at the
end perform another conformal change to get a subsequential limit of

the original sequence.
Let (M, g,v) be (¢, A)-controlled. Put

(2.10) g= (%O¢>29-

We will only consider g on the subset /7([0, A)), where it is smooth.
The next two lemmas are about g-balls and g-balls.

Lemma 2.11. For each finite a € (0, A], each x € ¥~([0,a)) and each
r < 0o, there is some R = R(a,r) < 0o so that the ball By(x,r) in the
Riemannian manifold (¢=([0,a)), g) is contained in the ball B(*, R)
in the Riemannian manifold (v=([0,a)),q).

2
Proof. On v71([0,a)) we have g < (Cl—(a)) g. Therefore any path in

t(a)
1»71([0,a)) with g-length at most r has g-length at most 611(((131)7,, SO we

C1(a)
@ " O

may take R =

Let x be a basepoint in ([0, A)).

Lemma 2.12. For all R € (0, A — ¢(x)), the ball Bj(x, R) in the
Riemannian manifold (=1([0, A)),g) is contained in p=1([0, (%) +
R)).
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Proof. Given m € Bj(x, R), let v : [0, L] — ¥71([0, A)) be a smooth
path from % to m with unit g-speed and g-length L € (0, R). Then

(213)  (m) — () = / Sty de < / a0 (4(8) dt

= [ S w1, 6o a
g/o e(W(y ()))dtg/Olet:L.

The lemma follows. O

We now look at completeness properties of g-balls.

Lemma 2.14. For all R € (0, A — (%)), the ball B3(*, R) in the Rie-
mannian manifold (=([0, A)),g) has compact closure in p~1([0, A)).

Proof. Choose R’ € (R, A—1(x)). From [3, Chapter 1, Theorem 2.4], it
suffices to show that any g-unit speed geodesic v : [0, L) — ¢~ 1([0, A))
with v(0) = %, having g-length L € (0, R'), can be extended to [0, L].
From Lemma [2.12] ~([0,L)) C ¢7'([0,4(x) + R')). Hence the g-
injectivity radius along 7([0, L)) is bounded below by t(u(x) + R')).
For large K, the points {y(L — %)}Z":K form a Cauchy sequence in
(¢¥~1([0, A),d;). As dj and d, are biLipschitz on ¢¥~1([0,¢(x) + R')),
the sequence is also Cauchy in (¢71([0, A)),d,). From the uniform pos-
itive lower bound on the g-injectivity radius at (L — %), there is a limit
in ¢~1(]0, A)). The lemma follows. O

Corollary 2.15. If A = oo then (M,gq) is complete.

Proof. This follows from Lemma and [3, Chapter 1, Theorem 2.4].
O

Finally, we give bounds on the geometry of g-balls.

Lemma 2.16. Gwen v, {Cy}32, and S < oo, there exist
(1) A smooth decreasing function ¥ : [0,00) — (0,1], and
(2) Smooth increasing functions Cy, : [0,00) — [1,00), k > 0,
with the following properties. Suppose that (M, g,v) is (1, A)-controlled
and ¥(x) < S. Then
(a) Rmy and ¢ are (dz(*,-), A — S)-controlled on the Riemannian
manifold (¢=1([0, A)),q) (in terms of the functions {C}.}32, ).
(b) If R < A— S —1 then inj; > t(R) pointwise on By(x, R).
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Proof. Conclusion (a) (along with the concomitant functions {Cy}%2;)
follows from Lemma [2.12] the assumption that Rm, and ¢ are (¢, A)-
controlled, and the formula for the Riemannian curvature of a confor-
mally changed metric.

To prove conclusion (b), suppose that R < A — S — 1 and m €
Bj(x, R). Since dj and d, are biLipschitz on the ball Bj(x, R + 1)
in the Riemannian manifold (~*([0, R+ 1+ 5)), ), we can find € =
e(R,S,{Ck}) > 0 so that B,(m,e) C Bz(m,1) C By(x, R+ 1). Since
we have a g-curvature bound on Bj(*, R+ 1), and a lower g-injectivity
radius bound at m, we obtain a lower volume bound vol(B,(m,€), g) >
vo = vo(R, S, v, {Cr}) > 0. Since g and g are relatively bounded on
By(m,€), this gives a lower volume bound vol(Bj(m,1),q) > v; =
v1(R,S,v,{Cx}) > 0. Using the curvature bound of part (a) and [0,
Theorem 4.7], we obtain a lower bound injz(m) > ig = io(R, S, t,{Cr}) >
0. This proves the lemma. O

2.3. Proof of Theorem (2.5, Put g; = (% owj)2gj. Consider the
tuple (M;, gj,*j, ;). Recall that lim; . A; = oo.

For the moment, we replace the index j by the index [. Using Lemma
, Lemma and a standard compactness theorem [25] Theorem
2.3], after passing to a subsequence we can find a complete pointed
Riemannian manifold (M, goo, *o0 ), domains U, C M, and V| C M,
and diffeomorphisms P! (71 — 171 so that

(a) *] € fjl.
(b) %o € 172

)
(¢) V; has compact closure.
(d) For any compact set K C M, we have K C V] for all suffi-
ciently large [.
(e) Given € > 0 and k > 0, we have

(2.17) 19290 = Gocllen 75,0y < €

for all sufficiently large [.

Using Lemma [2.16] again, after passing to a further subsequence if
necessary, we can assume that there is a smooth 1o, on M., so that for
all e > 0 and k£ > 0, we have

(2.18) 1950 = Yool erir gy < €

for all sufficiently large I. Put go = (< 0 woo)*2 Joo-
We claim that if the sequence {l;}22, increases rapidly enough then
the conclusions of the theorem can be made to hold with V; = By (%w0, J) C
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. To see this, we note
Uj

N1 o
M, U = () (V) € MY and 7 = &b
that

e Given A,r < oo, Lemma implies that the ball B(x.,7) in
the Riemannian manifold (/' ([0, A)), goo) Will be contained in
V; for all sufficiently large j.

e If the sequence {l;}22, increases rapidly enough then for large
J, the map @7 is arbitrarily close to an isometry and (7).,
is arbitrarily close to ¢, on V;. Hence given A,r < oo, the
ball B(x;,r) in the Riemannian manifold (¢; ([0, A)), g;) will
be contained in U; for all sufficiently large j, so conclusion (1)
of the theorem holds.

e The metrics g and g are biLipschitz on V;. Then if the
sequence {/;}72, increases rapidly enough, conclusion (2) of the
theorem can be made to hold.

e Conclusion (3) of the theorem follows from the definition of V.

This proves Theorem [2.5] O

2.4. Compactness of the space of locally controlled spacetimes.
We now apply Theorem to prove a compactness result for space-
times.

Definition 2.19. A spacetime is a Riemannian manifold (M, ga)
equipped with a submersion t : M — R and a smooth vector field
O such that dt(9;) = 1.

Given A € [0, 00] and ¢ € C°°(M), we say that the tuple (M, gy, t, O, ¥)
is (v, A)-controlled if (M, gpm, ) is (¢, A)-controlled in the sense of
Definition and, in addition, the tensor fields t and 0; are (¢, A)-
controlled.

Theorem 2.20 (Compactness for controlled spacetimes). Let
(221) {(ijg/\/lﬁtjv (at)ﬁ*jawj) }(;‘;1

be a sequence of pointed tuples which are (v;, A;)-controlled, where
lim; o Aj = 00 and sup; Y;(x;) < oo. Then after passing to a subse-
quence, there is a pointed (1o, 00)-controlled tuple

(222) (Mooag/\/looatooa (at)ooa*ooywoo)

and a sequence of diffeomorphisms

(2.23) (MU 25V Mo,

of open sets such that
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(1) Given A < 0o and r < oo, for all sufficiently large j, the open
set U; contains the ball B(xj,r) in the Riemannian manifold
(5110, A)), gaw) and likewise V; contains the ball B(xoo,7) C

(¥ ([0, A)), gae).
(2) ®7 exactly preserves the time functions:
(2.24) to® =t; forallj.
(3) ®7 asymptotically preserves the tensor fields ga, (04);, and ;:
if § € {gMj, (&)j ,%} and & 1s the corresponding element of
{gme, (01) o, s Yoo}, then for all e > 0 and k > 0, we have

(2.25) 03¢, — Exllcry < €

for all sufficiently large j.
(4) M is connected and, in particular, every x € M belongs to
V; for large j.

Proof. Put gy = (Cl owj)2gMj. Consider the pointed spacetime
(Mj7§./\/ljatj7(at)]> ]7w])
Lemma 2.26. For every A < oo, the tensor fields Rmg,, t;, (0;);,

and ; are all (dfgij (%55 ), A)—controlled for all large j, in the sense of
Lemma [2.10.

Proof. This follows as in the proof of Lemma [2.16] O

We follow the proof of Theorem up to the construction of P! .
Ul — V and 1. Using Lemma [2 after passing to a further subse-

quence if necessary, we can assume that there are smooth t., and (0)s
on M so that if § € {t;, (0y);, ¢} then for all € > 0 and k& > 0, we
have

(2.27) |®LE — Eoollon (i Gpume) < €
for all sufficiently large [. Again, t,, : M* — R is a submersion and
(O)sotoo = 1. As before, put gy = (% o @poo)QgMoo.

Let {¢s} be the flow generated by (0;)o; this exists for at least a

small time interval if the starting point is in a given compact subset
of My. Put V] = By (*,j). Then there is some A; > 0 so that

{¢s} exists on V] for |s| < A;. Given [; > 0, put U; = (&)lj)—l(x/j').
Assuming that [; is large enough, we can define & : U; — M by

(2.28) () = By o @ty (B ().

By construction, t.(®/(m)) = t;(m), and so conclusion (2) of the
theorem holds. If [; is large then ®’ will be a diffeomorphism to its
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image. Putting V; = ®(U;), if [; is large enough then V; can be made
arbitrarily close to VJ. It follows that conclusions (1), (3) and (4) of
the theorem hold. O

Remark 2.29. In Hamilton’s compactness theorem [25], the comparison
map ®’ preserves both the time function and the time vector field. In
Theorem the comparison map ®’ preserves the time function, but
the time vector field is only preserved asymptotically. This is good
enough for our purposes.

3. PROPERTIES OF RICCI FLOWS WITH SURGERY

In this section we prove several estimates for Ricci flows with surgery.
These will be used in the proof of Theorem to show that the
sequence of Ricci flow spacetimes has the local control required for the
application of the spacetime compactness theorem, Theorem [2.20]

The arguments in this section require familiarity with some basic
properties of Ricci flow with surgery. For the reader’s convenience, we
have collected these properties in Appendix A.8. The reader may wish
to review this material before proceeding.

Let M be a Ricci flow with surgery in the sense of Perelman [33]
Section 68]. As recalled in Appendix , there are parameters — or
more precisely positive decreasing parameter functions — associated

with M:

e The canonical neighborhood scale function r(¢) > 0. We can
assume that r(0) < 15.

e The noncollapsing function x(t) > 0.

e The parameter §(t) > 0. This has a dual role: it is the quality
of the surgery neck, and it enforces a scale buffer between the
canonical neighborhood scale r, the intermediate scale p and
the surgery scale h.

e The intermediate scale p(t) = 0(t)r(t), which defines the thresh-
old for discarding entire connected components at the singular
time.

e The surgery scale h(t) < 6(t)r(t).

e The global parameter ¢ > 0. This enters in the definition of
a canonical neighborhood. For the Ricci flow with surgery to
exist, a necessary condition is that ¢ be small enough.

In this section, canonical neighborhoods are those defined for Ricci
flows with surgery, as in [33 Definition 69.1]. The next lemma gives a
sufficient condition for parabolic neighborhoods to be unscathed.
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Lemma 3.1. Let M be a Ricci flow with surgery, with normalized
initial condition. Given T > 1(1)—0, there are numbers p = u(T) € (0, 1),
o=0(T) € (0,1), ig =1io(T) > 0 and Ay, = Ax(T) < 00, k > 0, with
the following property. Ift € (145, T] and |R(z,t)| < pp(0)~2 —r(T)72,
put Q = |R(x,t)| +r(t)"2. Then

(1) The forward parabolic ball Py (x,t,00Q)~ %) and the backward par-
abolic ball P_(z,t,0Q™2) are unscathed.

(2) |Rm| < AQ, inj > i,Q" 2 and |[VFRm| < A,Q'"2 on the
union P (x,t,00Q~ %) UP_(x,t,0Q~ %) of the forward and back-
ward parabolic balls.

Proof. By [33, Lemma 70.1], we have R(z',t') < 8@Q for all (2/,t") €
P_(:z;,t,n_lQ_%). where 17 < oo is a universal constant. The same
argument works for P, (z,t,n71Q~ %). Since R is proper on time slices
(c.f. [33, Lemma 67.9)), it follows that B(z,¢,7'Q 2) has compact

closure in its time slice.
Ifp< % then

(3.2) 8Q =8 (|R(z,t)| +r(t)~?) <8 (|R(z,t)| +r(T)7?)
< 8up(0)~* < p(t') 2

for all ' € [t — n2Q 't + n2Q7']. Hence if 0 < 1! then the
forward and backward parabolic balls Py(z,t,00Q~ %) do not intersect
the surgery regions.

To show that the balls Py(x,t,00Q~ %) are unscathed, for an appro-
priate value of o, it remains to show that P,(x,t,aQ’%) does not
intersect the time-zero slice. We have t — 02Q ™! >t — o%r(t)2. Since
t> 15 and r(t) < r(0) < 55, if 0 < 3 then t — 0?Q ™! > &= and the
balls Py (z,t,0Q 2) are unscathed.

The Hamilton-Ivey estimate of gives an explicit upper bound
|Rm| < AyQ on Pi(x,t,0Q 2). Using the distance distortion esti-
mates for Ricci flow [33] Section 27], there is a universal constant o > 0
so that whenever (2/,t") € Py(x,t, %JQ’ %), we have P_(2/, ', aQ~ %) C
Py (x,t,0Q~ %) UP_(z,t,0Q~ %). Then Shi’s local derivative estimates
[33, Appendix D] give estimates |[V* Rm | < AkQHg on Py(z,t, %O’Q_ %).

Since t < T, we have x(t) > x(T'). The x-noncollapsing statement
gives an explicit lower bound inj > iOQ_% on a slightly smaller par-
abolic ball, which after reducing o, we can take to be of the form

Pi(f[‘,t,O'Q_%). ]

L
200
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If M is a Ricci flow solution and 7 : [a, b] — M is a time-preserving
spacetime curve then we define length, (7) using the spacetime metric
gm = dt? + g(t). The next lemma says that given a point (zg,to) in
a k-solution (in the sense of Appendix , it has a large backward
parabolic neighborhood so that any point (x1, ¢1) in the parabolic neigh-
borhood can be connected to (xg,to) by a time-preserving curve whose
length is controlled by R(zo, 1), and along which the scalar curvature
is controlled by R(x,ty).

Lemma 3.3. Given k > 0, there exist A= A(k) < 00 and C = C(k) <
oo with the following property. If M is a k-solution and (x,ty) € M
then

(1) There is some (z1,t1) € P_(xo, to, 3 AR(20,t0)~ 2) with R(xy,t;) <
lR(ZL’o to).
3 9

(2) The scalar curvature on P_(xq,to, 2AR(z0,t0)” 2) is at most
%CR(Q?(),to), and

(3) Given (z1,t) € P_(xo,to, 2 AR(z0, t0)~ 2), there is a time-preserving
curve 7y : [t1,t] — P- (xo,to,%AR(l'g,to)_%) from (z1,t1) to
(xo,to) with

1 1
(3.4) length,,, (1) < 5C (R(:UO, t0)” % + R(zo,to)” 1) .

Proof. To prove (1), suppose, by way of contradiction, that for each
j € Z7F there is a s-solution M7 and some (z,#)) € M’ so that
R > %R(mé, t]) on P_(x), 1}, 17). By compactness of the space of nor-
malized pointed k-solutions (see Appendix , after normalizing so
that R(xé,té) = 1 and passing to a subsequence, there is a limiting
k-solution M’; defined for ¢ < 0, with R > % everywhere. By the weak
maximum principle for complete noncompact manifolds [33, Theorem
A.3] and the evolution equation for scalar curvature, there is a univer-
sal constant A > 0 (whose exact value isn’t important) so that if R > %
on a time-t slice then there is a singularity by time ¢ + A. Applying
this with ¢ = —2A gives a contradiction.

Part (2) of the lemma, for some value of C, follows from the com-
pactness of the space of normalized pointed x-solutions.

To prove (3), the curve which starts as a worldline from (xq,%;)
to (x1,t9), and then moves as a minimal geodesic from (z1,%y) to
(xo,tp) in the time-ty slice, has gys-length at most %AR(xo,to)’% +
%A2R(x0, to)~!. By a slight perturbation to make it time-preserving,

we can construct v in P_ <$0,t0, %AR(xo,to)_%> with length at most
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(A + 1)R(xo, to)” 2 + 1(A+1)2R(xo,t9) " '. After redefining C, this
proves the lemma. O

The next proposition extends the preceding lemma from k-solutions
to points in Ricci flows with surgery. Recall that e is the global param-
eter in the definition of Ricci flow with surgery.

Proposition 3.5. There is an ¢y > 0 so that if € < €y then the fol-

lowing holds. Given T < oo, suppose that p(0) < 7:%), where C' is

the constant from Lemma . Then for any Ry < £p(0)~2, there
are L = L(Ry,T) < oo and Ry = Ry1(Ry,T) < oo with the follow-
ing property. Let M be a Ricci flow with surgery having normalized
initial conditions. Given (xg,tg) € M with to < T, suppose that
R(xo,to) < Ry. Then there is a time preserving curve 7 : [0,ty] — M
with 7y(to) = (%o, t0) and length,  (v) < L so that R(v(t)) < Ry for all
t € [0,t).

Proof. We begin by noting that we can find ¢y > 0 so that if € < ¢y then
for any (x,t) € M with ¢ < T which is in a canonical neighborhood,
Lemma (2) implies that R < CR(z,t) on P_(z,t, AR(z,t) 2). If in
addition R(z,t) < £p(0)~2 then for any (2/,¢) € P_(x,t, AR(z,t)~ 2),
we have

(3.6) R(a',t') < p(0)* < p(t') .

Hence the parabolic neighborhood does not intersect the surgery region.
To prove the proposition, we start with (zg, t), and inductively form
a sequence of points (x;,t;) and the curve v as follows, starting with
i=1.
Step 1: If R(w;_1,t; 1) > r(t;_1) "2 then go to Substep A. If R(z;_1,t;1) <
r(t;_1)~2 then go to Substep B.
Substep A : Since R('Ti—lati—l) Z T(ti_1>_2, the pOiIlt (Z‘i—latz’—l) is
in a canonical neighborhood. As will be explained, the backward para-
bolic ball P_(z;_1,t;_1, AR(z;_1,t;—1)~ %) does not intersect the surgery
region. Applying Lemma and taking ey small, we can find (z;,t;) €
Pf(miflatiflaARCUiflatifl)i%) with R(2;,t;) < 3R(xi-1,ti—1), and a
time-preserving curve

(3.7) v i tioa]) = Po(ioq, i1, AR(zi-1, 1)~ %)
from (z;,t;) to (x;_1,t;—1) whose length is at most
(38) C <R<$¢,1, tz;l)i % + R(xifla tifl)i 1) )

along which the scalar curvature is at most CR(x;_1,t;1). If t; > 0
then go to Step 2. If ¢; = 0 then the process is terminated.
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Substep B : Since R(x;_1,t;_1) < r(t;1)"%, put x; = z;_; and t; =
inf{t : R(z;_1,8) < r(s) 2 forall s € [t,t;_1]}. Define v : [t;,t;_1] —
M to be the worldline v(s) = (x;_1, ).

If t; > 0 then go to Step 2. (Note that R(x;, t;) = r(t;)™2.) If t; =0
then the process is terminated.
Step 2 : Increase ¢ by one and go to Step 1.

To recapitulate the iterative process, if Ry is large then there may
initially be a sequence of Substep A’s. Since the curvature decreases
by a factor of at least two for each of these, the number of these initial

substeps is bounded above by log, (ﬁﬁ). Thereafter, there is some

(w;_1,t;i—1) so that R(x;_1,t; 1) < r(t;_1)~2. We then go backward in
time along a segment of a worldline until we either hit a point (z;,t;)
with R(x;,t;) = r(t;)™2, or we hit time zero. If we hit (z;,¢;) then we
go back to Substep A, which produces a point (z;11,t;11) with at most
half as much scalar curvature, etc.

We now check the claim in Substep A that the backward parabolic
ball P_(xz;_1,t;—1, AR(z;_1,t;—1)~ %) does not intersect the surgery re-
gion. In the initial sequence of Substep A’s, we always have R(z;_1,t;_1)
Ry < &p(0)72. If we return to Substep A sometime after the initial
sequence, we have

(39) Rmiwti)=r(tia)2<r(T)2< %p(())z.

Either way, from the first paragraph of the proof, we conclude that
P_(zi_1,ti-1, AR(z;_1,t;_1)~2)~ ') does not intersect the surgery re-
gion.

We claim that the iterative process terminates. If not, the decreasing
sequence (t;) approaches some to, > 0. For an infinite number of i, we
must have R(z;,t;) = r(t;)™2, which converges to r(t,) 2. Consider
a large ¢ with R(x;,t;) = r(t;)™2. The result of Substep A is a point
($i+1,ti+1) with R($i+1,ti+1> S %R(‘T“tl) = %T’(ti)_Q ~ %T’(too>_2. If 4
is large then this is less than 7(t;11) ™2 ~ 7(ts) 2. Hence one goes to
Substep B to find (z;11,tir2) With R(x;y1,ti10) = 7(ti2) 2. However,
there is a double-sided bound on %—If(xiﬂ, t) for t € [tiyo,t;11], coming
from the curvature bound on a backward parabolic ball in [33, Lemma
70.1] and Shi’s local estimates [33, Appendix D]. This bound implies
that the amount of backward time required to go from a point with
scalar curvature R(wiy1,ti41) < 37(t;)™2 ~ 37(tx) ™2 to a point with
scalar curvature R(w;y1,ti0) = r(tipe) 2 ~ 7(ts) 2 satisfies

(3.10) tip1 — Livg > const. 7(ts)?.

IN
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This contradicts the fact that lim;_ . t; = tw.

We note that the preceding argument can be made effective. This
gives a upper bound N on the number of points (z;,t;), of the form
N = N(Ry,T). We now estimate the length of 4. The contribution to
the length from segments arising from Substep B is at most 7. The
contribution from segments arising from Substep A is bounded above
by NC(r(0) 4+ r(0)?).

It remains to estimate the scalar curvature along 7. Along a portion
of v arising from Substep A, the scalar curvature is bounded above by
CR(z;1,ti—1) < Cmax(Ry,r(T)?). Along a portion of y arising from
Substep B, the scalar curvature is bounded above by r(T)~2. Thus we
can take Ry = (C' + 1)(Ry + r(T)~2). This proves the proposition. [

Finally, we give an estimate on the volume of the high-curvature
region in a Ricci flow with surgery. This estimate will be used to prove
the volume convergence statement in Theorem

Proposition 3.11. Given T' < oo, there are functions elT,Q : [0,00) —
[0,00), with limg_,__ €] (R) = 0 and lims g€l (6) = 0, having the fol-
lowing property. Let M be a Ricci flow with surgery, with normalized
initial condition. LetV(0) denote its initial volume. Given R > r(T)7?,
if t is not a surgery time then let V=E(t) be the volume of the corre-
sponding superlevel set of R in My. Ift is a surgery time, let V=E(t) be
the volume of the corresponding superlevel set of R in the postsurgery
manifold M;. Then if t € [0,T], we have
(3.12) VER(L) < (] (R) + €3 (5(0))) V(0).
Proof. Suppose first that M is a smooth Ricci flow. Given ¢ € [0, 7],
let i; : Mg — M, be the identity map. For x € My, put

1} dvol
3.13 Jy(x) = L0
(3:13) /(@) dvoly )

Let 7, : [0,¢] = M be the worldline of z. From the Ricci flow equation,
(3.14) Ji(z) = e~ Jo ROw(s) ds,

Suppose that m € M, satisfies R(m) > R. Then R(m) > r(t)2.
Let x € Mj be the point where the worldline of m hits M,. From
(A.9) we have
MO 5 ()

s
as long as R(7,(s)) > r(s)™2. Let t; be the smallest number so that

R(74(s)) = r(s)72 for all s € [t;,]. Since r(0) < 75, the normalized

(3.15)
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initial conditions imply that t; > 0. From (3.15)), if s € [¢1,¢] then

(3.16) R(30(8)) 2 s
In particular,

o 1
(3.17) r(t1)”" = R(ty) > Rom) (i —t))
From ,
t 1 R(m)™!
(3.18) /t R(0(s)) ds > —log o T
Hence

(319) e Ju BOsNds

IN

(ot i)
R(m)=! +n(t —11)

< (R(m)r(t1)*) " < (R(m)r(T)?)
On the other hand, for all s > 0, equation (A.11)) gives

S

(3.20) R(u(s)) = — = fzs’

)

(3.21) e It RO=) ds < (1 4 op )3,
Thus

(3.22) J(x) < (1+ 2T)% (R(m)r(T)Q)_% '

Integrating over such x € My, arising from worldlines emanating
from {m € M, : R(m) > R}, we conclude that

— 0 1
(3.23) VER(t) < (1+27)2 (Rr(T)%) " V(0),
so the conclusion of the proposition holds in this case with
_ _ _1
(3.24) el (R) = (1+2T)2 (Rr(T)?) 7.

Now suppose that M has surgeries. For simplicity of notation, we
assume that ¢ is not a surgery time; otherwise we replace M; by M.
We can first apply the preceding argument to the subset of {m € M, :
R(m) > R} consisting of points whose worldline goes back to M.
The conclusion is that the volume of this subset is bounded above by
eI (R)V(0), where €/(R) is the same as in . Now consider the
subset of {m € M, : R(m) > R} consisting of points whose worldline
does not go back to M. We can cover such points by the forward
images of surgery caps (or rather the subsets thereof which go forward
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to time t), for surgeries that occur at times ¢, < t. Let V¥ be the
total volume of the surgery caps for surgeries that occur at time t¢,,. Let
Viemove be the total volume that is removed at time ¢, by the surgery
process. From the nature of the surgery process [33 Section 72], there
is an increasing function ¢’ : (0, 00) — (0, 00), with lims_,¢d'(6) = 0, so
that
cap
Vie 51500,

remove —
Vi

(3.25)

This is essentially because the surgery procedure removes a long capped
tube, whose length (relative to h(t)) is large if () is small, and replaces
it by a hemispherical cap.

On the other hand, using ,

(3.26) S ypemer < (14 27)21(0),

ta<t
since surgeries up to time ¢ cannot remove more volume than was ini-
tially present or generated by the Ricci flow. The time-t volume coming
from forward worldlines of surgery caps is at most (1+27)2 Do Vit
Hence the proposition is true if we take

(3.27) 3 (8) = (1+2T)35(6).

4. THE MAIN CONVERGENCE RESULT

In this section we prove Theorem except for the statement about
the continuity of V,,, which will be proved in Corollary

The convergence assertion in Theorem 4.1/ involves a sequence { M/}
of Ricci flows with surgery, where the functions r and x are fixed,
but 6; — 0; hence p; and h; also go to zero. We will conflate these
Ricci flows with surgery with their associated Ricci flow spacetimes;

see Appendix [A.9
Theorem 4.1. Let {/\/lj}]oi1 be a sequence of Ricci flows with surgery
with normalized initial conditions such that:

e The time-zero slices {M}} are compact manifolds that lie in a
compact family in the smooth topology.
[ ] hmj_,oo 5](0) =0.
Then after passing to a subsequence, there is a singular Ricci flow
(M™ ts, 01, o), and a sequence of diffeomorphisms

. oI 00
(4.2) {M? D U; — V; € M},
so that
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(1) U; C M? and V; C M™ are open subsets.
(2) Givent >0 and R < oo, we have

(4.3) U; D {me M| t;(m) <1, R;(m) <R}
and

(4.4) Vi D {m € M™ |t (m) <%, Ro(m)< R}
for all sufficiently large j.

(3) ®7 is time preserving, and the sequences {®10,,}32, and {®1g;}32,
converge smoothly on compact subsets of M> to 0, and goo,
respectively. (Note that by any compact set K C M will
lie in the interior of V;, for all sufficiently large j.)

(4) For everyt > 0, we have

(4.5) iR > - %
and

(4.6) max(V;(t), Voo (t)) < Vo (1 + 2)7 ,
where V;(t) = vol(M7), Vao(t) = vol(M®), and Vyy = sup; V;(0) <
00

(5) ®7 is asymptotically volume preserving : if V;, Voo : [0,00) —
[0,00) denote the respective volume functions V;(t) = vol(M7)
and Veo(t) = vol(M3®), then lim; o V; = Vs uniformly on
compact subsets of [0, 00).

Proof. Because of the normalized initial conditions, the Ricci flow so-
lution g; is smooth on the time interval [0, 1—(1)0] . As a technical device,
we first extend g; backward in time to a family of metrics ¢;(¢) which
is smooth for t € (—oo, 1—(1)0]. To do this, as in [30, Pf. of Theorem
1.2.6], there is an explicit smooth extension h; of ¢;(t) — g;(0) to the
time interval ¢ € (—oo, 1—(1)0], with values in smooth covariant 2-tensor
fields. The extension on (—oo, 0] depends on the time-derivatives of
gj(t) — g;(0) at t = 0 which, in turn, can be expressed in terms of
g;(0) by means of repeated differentiation of the Ricci flow equation.
Let ¢ : [0,00) — [0, 1] be a fixed nonincreasing smooth function with

0] zlandgb’ =0. Given € > 0, for ¢ < 0 put
[0,1] [2,00)

(47) )= 50+ (- ) o

Using the precompactness of the space of initial conditions, we can
choose € small enough so that g;(¢) is a Riemannian metric for all j
and all t < 0. Then
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(1) g;(t) is smooth in ¢ € (—o0, 1],

(2) g;(t) is constant in ¢ for t < —2¢, and

(3) Fort <0, g;(t) has uniformly bounded curvature and curvature
derivatives, independent of ;.

Let grp be the spacetime Riemannian metric on M7 (see Definition

. Choose a basepoint x; € M.

After passing to a subsequence, we can assume that for all j,

(4.8) pi(0) < \/W’

where p = p(j) is the parameter of Lemma 3.1l Put o;(z,t) =
Rj(z,t)? + t*, where R; is the scalar curvature function of the Ricci
flow metric g;. Put A; = j2 If (x,t) € ¢; ([0, A;)) then |R;(z,t)| < j
and |t| < j. In particular,
(4.9) [Rj(a,t)| <5 < upi(0)72 = r(5) 7 < pi(0)72 < ps() 72,
so (x,t) avoids the surgery region.

We claim that there are functions v, C so that Definition holds

for all j. Suppose that ¢;(z,t) < A;. When ¢t < 0 there is nothing
to prove, so we assume that t > 0. If t € [O L } then the normalized

’ 100
initial conditions give uniform control on g;(t). If t > -5 then
1
4.10 trt) > —r(0)?>1> 0

where 0 = o(j) is the parameter from Lemma and we use the
assumption that r(0) < ;5 from the beginning of Section . Then

1 21
R+ 9
so the parabolic ball P_(z,t,00Q~ %) of Lemma does not intersect
the initial time slice. As |R;(z,t)| < pp;(0)72 —r(j)~2 from ([4.9), we
can apply Lemmato show that (M7, gai, ¥;) is (¢4, A;)-controlled
in the sense of Definition 2.1} Note that Lemma [3.1] gives bounds
on the spatial and time derivatives of the curvature tensor of g;(¢),
which implies bounds on the derivatives of the curvature tensor of the
spacetime metric gy, -

Finally, the function t; and the vector field d;;, along with their
covariant derivatives, are trivially bounded in terms of gp4;.

After passing to a subsequence we may assume that the number N
of connected components of the initial time slice MY is independent
of j. Then the theorem follows from the special case when the initial
times slices are connected, since we may apply it to the components

(4.11) t>o’r(t)? > o?
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separately. Therefore we are reduced to proving the theorem under the
assumption that My is connected.

After passing to a subsequence, Theorem [2.20| now gives a pointed
(900, 00)-controlled tuple

(412) (Mooag/\/looutocn (at>007*0071/}oo>

satisfying (1)-(4) of Theorem [2.20l We truncate M to the subset
t21([0,00)). We now verify the claims of Theorem [4.1]

Part (1) of Theorem [4.1] follows from the statement of Theorem [2.20]
Given £ > 0 and R < oo, Proposition implies that there are r =
r(R,T) < oo and A = A(R,T) < oo so that the set {m € M’;
R(m) < R} is contained in the metric ball B(%;,) in the Riemannian

manifold (¢;'([0,A)), gri). Hence by the definition of v, and part

(1) of Theorem [2.20} we get (4.3)).
Pick my € M™. Put t, = t(ims). By part (4) of Theorem [2.20]

we know that m., belongs to V; for large j. Now part (3) of Theorem
and the definition of 1; imply that

(4.13) Voo (Moo) = R(moo)? + 12, .
If j is large then it makes sense to define (;,ts) = (P7) (M) € M.

Then for j large, R(7j,tx) < R(mo) + 1 and so by Proposition 3.5
there is a time-preserving curve +; : [0, to] — M such that

(4.14) max (lengthgw_ (7;), max R(Vj(t))) < C=C(R(Mme),txo) -

t€]0,too]
By part (1) of Theorem we know that Im(v;) C U; for large j. By
part (2) of Theorem [2.20], for large j the map ®’ is an almost-isometry.
Hence there are r = 7(R(Mw ), too) < 00 and A = A(R(Mx), too) < 00
so that me. is contained in the metric ball B(xs,7) in the Riemannian
manifold ((¢s) ([0, A)), grm=) Combining this with and part

(1) of Theorem yields (4.4)). This proves part (2) of Theorem [.1]
Part (3) of Theorem now follows from part (2) of the theorem

and parts (2) and (3) of Theorem [2.20}
Equation (4.5]) follows from (A.11]) and the smooth approximation in

part (3) of Theorem . Let Vfﬁ(t) be the volume of the R-sublevel

set for the scalar curvature function on /\/li (If ¢ is a surgery time, we

replace M; by M) Let V<E(t) be the volume of the R-sublevel set
for the scalar curvature function on Mg°. Then

(4.15)  Volt) = lim VEE(t) = lim lim VEE(H) < limsup V;(t).
R—o0

R—00J—00 j—o0

Part (4) of Theorem {.1| now follows from combining this with (A.12]).
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Next, we verify the volume convergence assertion (5). Let || - ||
denote the sup norm on L*([0, 7). By parts (2) and (3) of Theorem
there is some €X (4, R) > 0, with lim;_, €1 (j, R) = 0, so that

(4.16) IV = Viflr < 3 (3, R).
Also, if S > R then

(4.17) [V = VFllr = lim V7S = ViF|p <limsup |V; = ViFlr.
J—o0 Jj—00

Proposition [3.11] implies

(4.18) 1V = Vil < (6 (R) + €5 (0;(0))) VA
Combining and , and taking S — oo, gives

(4.19) Voo = VElilr < € (R) Vi

Combining (4.16)), (4.18) and (4.19) yields

(4.20) 1V; = Vucllz < (267 (R) + & (8;(0))) Vo + €5 (. R)-

Given ¢ > 0, we can choose R < oo so that 2¢] (R)Vy < 1o. Given this
value of R, we can choose .J so that if j > J then

(1.21) EEO+ G R) < 5o
Hence if j > J then ||V;—V||r < 0. This shows that lim; o, V; = V.,
uniformly on compact subsets of [0, 00), and proves part (5) of Theorem
Theorem [4.1]

Finally, we check that M is a singular Ricci flow in the sense
of Definition [1.5] Using part (3) of Theorem one can pass the
Hamilton-Ivey pinching condition, canonical neighborhoods, and the
noncollapsing condition from the M?’s to M, and so parts (b) and
(¢) of Definition [I.5] hold.

We now verify part (a) of Definition [L.5] We start with a statement
about parabolic neighborhoods in M>. Given T > 0 and R < o0,
suppose that m,, € M™ has t(ms) < T and R(m.) < R. For large
7, put m; = (®/)"1(my) € MJ. Lemma supplies parabolic re-
gions centered at the m;’s which pass to M>. Hence for some r =
r(T,R) > 0, the forward and backward parabolic regions Py (me, )
and P_(meu,7) are unscathed. There is some K = K(T,R) < oo
so that when equipped with the spacetime metric gy, the union
P (Mo, ) U P_(meo,7) is K-bilipschitz homeomorphic to a Euclidean
parabolic region.
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From , we know that R is bounded below on ./\/lf(iT]. In order
to show that R is proper on M‘[’&T], we need to show that any se-
quence in a sublevel set of R has a convergent subsequence. Suppose
that {m;}3°, C M™ is a sequence with t(my) < T and R(m;) < R.
After passing to a subsequence, we may assume that t(my) — to, €
[0,00). Then the regions P(my, 155,7%) U P(my, 165, —r) will inter-
sect the time slice M, _ in regions whose volume is bounded below
by const.r®. By the volume bound in part (4) of Theorem , only
finitely many of these can be disjoint. Therefore, after passing to a sub-
sequence, {my}32, is contained in Py (my, §)UP_(my, ) for some £. As
P, (my, 5) U P_(my, ) has compact closure in Py (my,7)U P_(my, 1), a
subsequence of {my}2, converges. This verifies part (a) of Definition
1.5 U

PArT 11
5. BASIC PROPERTIES OF SINGULAR RICCI FLOWS

In this section we prove some initial structural properties of Ricci
flow spacetimes and singular Ricci flows. In Subsection [5.1| we justify
the maximum principle on a Ricci flow spacetime and apply it to a
get a lower scalar curvature bound. In Subsection [5.2] we prove some
results about volume evolution for Ricci flow spacetimes which satisfy
certain assumptions, that are satisfied in particular for singular Ricci
flows. The main result in Subsection [5.3| says that if M is a singular
Ricci flow and g, 7 : [to, t1] — M are two time-preserving curves, such
that vo(t1) and 71(¢;) are in the same connected component of M,,,
then 7o(t) and v;(¢) are in the same connected component of M, for
all t € [to,tl].

We recall the notion of a Ricci flow spacetime from Definition [I.1}
In this section, we will consider it to only be defined for nonnegative
time, i.e. t takes value in [0, 00). We also recall the metrics g and g%
from Definition [I.8] Let n+ 1 be the dimension of M. Our notation is

5.1. Maximum principle and scalar curvature. In this subsection
we prove a maximum principle on Ricci flow spacetimes and apply it
to get a lower bound on scalar curvature.

Lemma 5.1. Let M be a Ricci flow spacetime. Given T € (0,00),
let X be a smooth vector field on M<p with Xt = 0. Given a smooth
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function F : R x [0,T] — R, suppose that u € C*°(Mcr) is a proper
function, bounded above, which satisfies

(5.2) Ou < DNgyu + Xu+ F(u, t).
Suppose further that ¢ : [0,T] — R satifies
(5.3) o = F(9(8),4)

with initial condition ¢(0) = a € R. Ifu < o on Mg then u < ¢pot on
Mcr.

Proof. As in [51], Pf. of Theorem 3.1.1], for € > 0, we consider the ODE

(54) atgbe = F(¢e(t)’ t) te
with initial condition ¢.(0) = a + €. It suffices to show that for all
small € we have u < ¢. on M<rp.

If not then we can find some € > 0 so that the property u < ¢, fails on
M<p. As u is proper and bounded above, there is a first time ¢, so that
the property fails on My, and an m € My, so that u(m) = ¢(ty). The
rest of the argument is the same as in [51, Pf. of Theorem 3.1.1]. O

Lemma 5.5. Let M be a Ricci flow spacetime. Suppose that for each
T > 0, the scalar curvature R is proper and bounded below on M<p.
Suppose that the initial scalar curvature bounded below by —C', for some
C >0. Then

C
5.6 R > -
(5.6) (m) = 1+ 2Ct(m)
Proof. Since R is proper on M<p, we can apply Lemma to the
evolution equation for —R and follow the standard proof to get (/5.6]).
O

5.2. Volume. In this subsection we first justify a Fubini-type state-
ment for Ricci flow spacetimes. Then we show that certain standard
volume estimates for smooth Ricci flows extend to the setting of Ricci
flow spacetimes under two assumptions : first that the quasiparabolic
metric is complete along worldlines that do not terminate at the time-
zero slice, and second that in any time slice almost all points have
worldlines that extend backward to time zero.

The Fubini-type statement is the following.

Lemma 5.7. Let M be a Ricci flow spacetime. Given 0 < t; < ty <
oo, suppose that F' : My, 1,) — R is measurable and bounded below.
Suppose that My, 4, has finite volume with respect to gag. Then

t2
(58) / F dVOlgM :/ / F dVOlg(t) dt.
M ] 131 M

[t1,t2
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Proof. As F'is bounded below on My, ;,), for the purposes of the proof
we can add a constant to F' and assume that it is positive. Given m €
M, 1), there is an time-preserving embedding e : (a,b) x X — M with
e«(0s) = O (where s € (a, b)) whose image is a neighborhood of m. We
can cover M, 1,1 by a countable collection {F;} of such neighborhoods,
with a subordinate partition of unity {¢;}. Let ¢; : (a;,b;) X X; — P,
be the corresponding map. As

(5.9) /M [

we obtain

(5.10) /M

[2)
¢; I dvoly,, :/ / ¢ I dvoly dt,
t1 e(Xi,t)

t1,t2]

F dvoly,, = Y _ / ¢; F dvol,,,
,L‘ M

[t1,t2]

to
-y / / 6; F dvoly dt
i t1 ei(Xi,t)
to
_ / $ / 6 F dvol,g dt
t1 i ei(Xi,t)

to
:/ / F dVOlg(t) dt.
t1 My

This proves the lemma. U

[t1.t2]

We now prove some results about the behavior of volume in Ricci
flow spacetimes.

Proposition 5.11. Let M be a Ricci flow spacetime. Suppose that

(a) The quasiparabolic metric g% of Definition[1.8is complete along
worldlines that do not terminate at the time-zero slice.

(b) If By C My is the set of points whose mazimal worldline does
not extend backward to time zero, then B; has measure zero with
respect to dvolyy), for each t > 0.

(¢) The initial time slice Mgy has volume V(0) < co.

(d) The scalar curvature is proper and bounded below on time slabs
Mcrp, and the initial time slice has scalar curvature bounded
below by —C', with C > 0.

Let V(t) be the volume of M. Then

(1) V(t) < V(0) (1+ 2Ct)%.
(2) R is integrable on M, ).
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(8) For all t; < t,

(5.12) Vita) = V(t) = — / R dvol,,,
Mty to]
(4) The volume function V(t) is absolutely continuous.
(5) Given 0 < t; <ty < 00, we have

C 2 2
5.13 V(ta) = V(t1) < —=5—=— 1+ =Cta | V(0)- (t2 —t1).
(513 V(6) = Vi) € e (14 20R) VO (- t)
Proof. Given 0 <t; <ty < 0o, there is a partition My, 4,) = M{tht?] U
M, o) UM, ), where
(1) A point in M, ., has a worldline that intersects both M;, and
M,,.
(2) A point in My . has a worldline that intersects M;, but not
M,,.
(3) A point in M, has a worldline that does not intersect M, .
By our assumptions, M it ta] C Ute[t1 1, Br has measure zero with re-
spect to dvolgM, c.f. the proof of Lemma [5.7 Put X, = Mj, ., N M,
and Xp = M N M. For s € [ty, 1], there is a natural embedding
s : X1 = M coming from flowing along worldlines. The complement
M,, — i1,(X;) has measure zero. Thus

(5.14) V(ty) = / dvoly,) = / Z'Z; dvoly(s,) -

Mtg X1
and
(5.15) V(tl) == / dVOlg(tl) +/ dVOlg(tl)

X1 X2
Given x € X, let 7, : [t1,ta] = My, 4, be its worldline. Put
17 dvol

5.16 Jy(z) = 2—90)
( ) (z) dvoly,)

From the Ricci flow equation,

(5.17) Jy(z) = e J5, ROa(w) du-

Using Lemma [5.5)],

(5.18)  V(ts) = / Jia () dvolgq,)(z) < o e " dvoly()
X1

X1

n

1+ 2¢,\°
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When ¢; = 0, this proves part (1) of the proposition.
Next,

(5.19)

/ (7/:2 dVOlg(t2) — dVOlg tl / Jt2 dVOl tl)( )
X1 X3

where we applied Lemma with F' = R 1 M, in the last step.
1.2

Given = € Xy, let e(z) € (t1,t2) be the supremal extension time of

its worldline. From the completeness of g% on worldlines that do not

terminate at the time-zero slice,

e(x)
(5.20) / R(v:(u)) du = 0.

t1

Thus lim_e@) Js(2) = 0, so

e(x) d
(5.21) - / dvoly(,) = / / Mds dvoly(s,) ()
Xo
// R(ya(s)) Js(x) ds dvoly, ()
X2
e(x)

/ / R ds iy dvol gy,
X2

= R dvol,,

1
M[fl ta]

Part (3) of the proposition follows from combining equations (5

- and ( . Part (2) of the proposition is now an imme-

diate consequence

By Lemma and part (3) of the proposition, the function t —
1) M, Rdvol is locally-L' on [0,00) with respect to Lebesgue measure.
This implies part (4) of the proposition.
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To prove part (5) of the proposition, using Lemma and parts (1)
and (3) of the proposition, we have

to
(522) V(tg) - V(tl) = — / R dVOlg(t) dt
t1 My
to O

< — Y(t)dt
—/tl 1+%Ctv()

C 9 2
<—— (142 Aty — 1),
ST ( + nCt2> V(0) - (ty — t1)

This proves the proposition. 0

5.3. Basic structural properties of singular Ricci flows. In this
subsection we collect a number of properties of singular Ricci flows, the
latter being in the sense of Definition We first show the complete-
ness of the quasiparabolic metric.

Lemma 5.23. If M is a singular Ricci flow then the quasiparabolic
metric iy of Definition 1s complete away from the time-zero slice.

Proof. Suppose that v : [0,00) — M is a curve that goes to infinity
in M, with t o~y bounded away from zero. We want to show that
its quasiparabolic length is infinite. If t o v is not bounded then the
quasiparabolic length of v is infinite from the definition of g%, so we can
assume that t oy takes value in some interval [0, T]. Since R is proper
and bounded below on M<p, we have lim, o R(7(s)) = oco. After
truncating the initial part of v, we can assume that R(y(s)) > r(T) 2
for all s. In particular, each point (s) is in a canonical neighborhood.
Now

AR(:(s)) _ OR dt

24 = — !

(5:24) ds ot ds + (VR )y,

SO

(5.25) M2<2 %2ﬁ2+|VR|2|”2
' ds - ot | |ds gVl |-
The gradient estimates in ((A.9)), of the form

(5.26) |VR| < const. R2, |O,R| < const. R?,

are valid for points in a canonical neighborhood of a singular Ricci flow

solutions. Then
2

dR(v(s))
ds

dvy

2
< 2

(5.27) ’

I
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for some universal C' < oco. We deduce that

o dR < ld
(5.28) / ‘R‘l—‘ ds < C3 / 9 gs.
0 ds o |ds g
Since the left-hand side is infinite, the quasiparabolic length of v must
be infinite. This proves the lemma. 0

The next lemma gives the existence of unscathed forward and back-
ward parabolic neighborhoods of a certain size around a point, along
with geometric bounds on those neighborhoods.

Lemma 5.29. Let M be a singular Ricci flow. Given T < oo, there
are numbers o = o(T) > 0, iy = io(T) > 0 and Ay = Ax(T) < oo,
k > 0, with the following property. If m € M and t(m) < T, put
Q = |R(m)| + r(t(m))~2. Then
(1) The forward parabolic ball P, (m,cQ™2) and the backward par-
abolic ball P_(m,cQ™2) are unscathed.
(2) |[Rm| < AyQ, inj > i0Q™ 2 and |[VFRm| < A,Q'"2 on the
union Py(m,0Q~2) U P_(m,cQ™ 2) of the forward and back-
ward parabolic balls.

Proof. The proof is the same as that of Lemma [3.1] O

The next two propositions characterize the high-scalar-curvature part
of a time slice.

Proposition 5.30. Let M be a singular Ricci flow. For all ¢ > 0,
there is a scale function r : [0,00) — (0,00) with r(t) < r(t), such
that for every point m € M with R(m) > ri(t(m))~2 the €;-canonical
neighborhood assumption holds, and moreover (M,m) is e;-modelled
on a k-solution. (Recall that here k = k(t), i.e. we are suppressing the
time dependence in our notation.)

Proof. The proof is similar to the proof of [33, Theorem 52.7]. Suppose
that the proposition is not true. Then there is a sequence of singular
Ricci flows {M;}32,, along with points m; € Mj;, that together provide
a counterexample. After passing to a subsequence, we extract a limiting
flow, as in Step 2 of the proof of [33, Theorem 52.7]. In that proof, the
existence of a limiting flow used a point selection argument from Step 1
of the proof. In the present case, because of the canonical neighborhood
assumption in the definition of singular Ricci flow, we do not have to
perform point selection in order to extract a limiting flow.

Similarly, the use of the existing canonical neighborhood assumption
simplifies Step 2 of the proof of [33, Theorem 52.7]. The rest of the
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proof of the proposition is the same as in Steps 3 and 4 of the proof of
[33, Theorem 52.7].

As a further point, time slices are not assumed to be compact as in
[33, Theorem 52.7], and are therefore not necessarily complete. To deal
with this, there are places in the proof where one applies Lemma [5.29
to compensate for any incompleteness. O

Proposition 5.31. Let M be a singular Ricci flow. For any T < oo
and é > 0, there exist ) = C1(6,T) < o0 and R = R(¢,T) < o0
such that for every t < T, each connected component of the time slice
M, has finitely many ends, each of which is an é-horn. Morever for

every R > R, the superlevel set Mfﬁ ={m e M; : R(m) >
F/} is contained in a finite disjoint union of properly embedded three-
dimensional submanifolds-with-boundary {N;}¥_, such that

1=/
(1) Each N; is contained in the superlevel set Mfcl T

(2) The boundary ON; has scalar curvature in the interval (C; 'R ,CiR).

(8) For each i one of the following holds:

(a) N; is diffeomorphic to S* x S? or I x S? and consists of
é-neck points. Note that here the interval I can be open (a
double horn), closed (a tube) or half-open (a horn).

(b) N; is diffeomorphic to D* = B3 or RP?—B? and its bound-
ary ON; ~ S? consists of é-neck points.

(c) N; is diffeomorphic to S, RP3, or RP3#RP3.

(d) N; is diffeomorphic to a spherical space form other than S3
or RP3.

(4) In cases (b) and (c) of (3), if S; C N; is a subset consisting
of non-€-neck points, such that for any two distinct elements
1,82 € S; we have dp, (51, $2) > ClR_%(Sl), then the cardinal-
ity |S;| is at most 1 in case (b) and at most 2 in case (c).

Njw

(5) Each N; with nonempty boundary has volume at least C;* (f_%/> 2

Proof. The proof is the same as in [33, Section 67]. O

We now prove a statement about preservation of connected compo-
nents when going backwards in time.

Proposition 5.32. Let M be a singular Ricci flow. If vo,71 : [to, t1] —
M are time-preserving curves, and vo(t1), Y1 (t1) lie in the same con-
nected component of My, , then vo(t), 71(t) lie in the same connected
component of My for every t € [ty,t1].

Proof. The idea of the proof is to consider the values of ¢ for which
Y0(t) can be joined to v;(¢) in M,, and the possible curves ¢; in M,
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that join them. Among all such curves ¢;, we look at one which min-
imizes the maximum value of scalar curvature along the curve. Call
this threshold value of scalar curvature R..;;(t). We will argue that ¢,
can only intersect the high-scalar-curvature part of M, in its neck-like
regions. But the scalar curvature in a neck-like region is strictly de-
creasing when one goes backward in time; this will imply that R (¢),
when large, is decreasing when one goes backward in time, from which
the lemma will follow.

To begin the formal proof, suppose that the lemma is false. Let
S C [to,t1] be the set of times t € [to, ;] such that yo(t) and 74 (¢) lie
in the same connected component of M;; note that S is open. Put
t =inf{t | [t,t1] C S}. Then ¢ > & since Mo, 1y s a product. Also,
for i € {0,1} and t € [£,t] close to £, if 4;(t) € M, is the worldline
of v;(t) at time ¢ then 4;(t) lies in the same connected component of
M, as v;(t). Therefore, after reducing ¢, if necessary, we may assume
without loss of generality that ~; is a worldline.

For t € [to,t;] and R < oo, put M = {m € M, | R(m) < R}.
For t € (i,t], let R; be the set of R € R such that yo(¢) and 7, (t)
lie in the same connected component of /\/ltSR. Put R..i(t) = inf R;.
Since R : M; — R is proper, the sets {/\/ltSR}§> Runis() A€ compact and
nested, which implies that ~o(t) and ~;(¢) lie in the same component

of MER”““) = m§>Rcm(t) MER, Le. Reyit(t) € Ry.

By Lemma there is a C' < oo such that for any ¢ € (1(1)—0, t1] and
any m € M, there is a 7 = 7(t1, R(m)) > 0, where 7 is a continuous
function that is nonincreasing in R(m), such that the worldline ~,, of

m is defined and satisfies

dR(ym (1))

(5.33) ’ .

‘ < C- R(m)?
in the time interval (t — 7,¢ 4+ 7). Now for ¢ € (£,t,] and ¢ satisfying
[t —t| < T(t1, Repit(t)), let Zipy C My denote the result of flowing

MER””(t) under 0, for an elapsed time ¢’ —¢. Then Z, s is well-defined
and contains 7o(t') and ~; (') in the same component, so

(5.34) Reit(t') < max R < Repiy(t) + C - Reir(8)? - |t — 1]

Zt,t’

This implies that Re.; : (f,t;] — R is locally Lipschitz (in particular
continuous) and that

(5.35) Repir(t) = 00
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as t — t from the right; otherwise there would be a sequence t; — t
along which R..; is uniformly bounded above by some R< o0, which
would allow us to construct Z, ; whenever |f —t| < 7(t1, I%), contra-
dicting the definition of .

We now concentrate on ¢ close to £. Suppose that for some ¢ € (£, ]
we have
(5.36) Rerit(t) > max(r~2(t;), max R o 7o, max R o 7;) .

[to,t1] [to,t1]

Then by Proposition the superlevel set M, (Rerit®=1) ig contained
in a finite union of components { N;;}¥ each diffeomorphic to one of
the possibilities (a)-(d) in the statement of the proposition. Let X; be
the result of removing from M, the interior of each NN;, that is not of
type (a). Since 7yo(t) and ~,(¢) lie outside Uf;l N, and each N; of type
(b)-(d) has at most one boundary component, it follows that ~,(¢) and
71(t) lie in the same connected component of X;.

For t' < t close to t, let Xy C My be the result of flowing X; under
0. Now Y, = X; N Mt> (Ferie®=1 (onists of e-neck points, and at such
a point the scalar curvature is strictly increasing as a function of time.
Hence there is a 71 > 0 such that the worldline ~,, : [t — 71,t] = M of
any m € Y; satisfies

(5.37) R(ym(t')) < R(m) < Repi(t)

for t' € [t — 7,t). This implies that Re..;(t') < Ret(t) when ¢ < t
is close to t, again under the assumption (5.36)), which contradicts
(15.35)). O

We now state a result about connecting a point in a singular Ricci
flow to the time-zero slice by a curve whose length is quantitatively
bounded, and along which the scalar curvature is quantitatively bounded.

Proposition 5.38. Let M be a singular Ricci flow. Given T, Ry < 00,
there are L = L(Ry,T) < oo and Ry = Ri(Ry,T) < oo with the
following property. Suppose that R(mg) < Ry, with to = t(mg) < T.
Then there is a time preserving curve 7 : [0, to] — M with v(tg) = mg
and length(y) < L so that R(~(t)) < Ry for all t € [0, o).

Proof. The proof is the same as that of Proposition [3.5] O

Finally, we give a compactness result for the space of singular Ricci
flows.

Proposition 5.39. Let {M"'}2, be a sequence of singular Ricci flows
with a fixed choice of parameters €, r and k whose initial conditions
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{ME}e2, lie in a compact family in the smooth topology. Then a subse-
quence of {M'}2, converges, in the sense of Theorem to a singular
Ricci flow M.

Proof. Using Proposition [5.38] the proof is the same as that of Propo-
sition .11 0

Remark 5.40. In the setting of Proposition [5.39, if we instead assume
that the (normalized) initial conditions have a uniform upper volume
bound then we can again take a convergent subsequence to get a limit
Ricci flow spacetime M. In this case the time-zero slice Mg® will
generally only be C''®-regular, but M will be smooth on t71(0, c0).

6. STABILITY OF NECKS

In this section we fix k > 0; the dependence of various constants on
this choice of x is implicit. We recall the notion of a s-solution from
Appendix [A.5] In this section we establish a new dynamical stability
property of caps and necks in x-solutions, which we will use in Section
[7 to show that a bad worldline v : I — M is confined to a cap region
as t approaches the blow-up time inf I.

Conceptually speaking, the stability assertion is that among pointed
r-solutions, the round cylinder is an attractor under backward flow;
similarly, under forward flow, non-neck points form an attractor. The
rough idea of the argument is as follows. Suppose that § < 1 and
(20,0) is a d-neck in a r-solution M. Then (z,t) will also be neck-
like as long as t < 0 is not too negative. One also knows that M
has an asymptotic soliton as ¢ — —oo, which is a shrinking round
cylinder. Thus M tends toward neck-like geometry as t approaches
—o00, which is the desired stability property. However, there is a catch
here: the asymptotic soliton is a pointed limit of a sequence where
the basepoints are not fixed, and so a priori it says nothing about
the asymptotic geometry near (z¢,t) as t — —oo. To address this we
exploit the behavior of the [-function.

6.1. The main stability asssertion. We recall the notation M(t)
from Section for the parabolic rescaling of a Ricci flow spacetime
M. We recall the notation Cyl and Sphere from Section for the
standard Ricci flow solutions. We also recall the notion of one Ricci
flow spacetime being e-modelled on another one, from Appendix

Theorem 6.1. There is a Speck = Oneck (k) > 0, and for all dy,01 <
Oneck there is a T = T (0o, 1, k) € (—00,0) with the following property.
Suppose that
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(a) M is a k-solution with noncompact time slices,

(b) (x9,0) € M,

(c) R(x0,0) =1, and

(d) (M, (20,0)) is a dp-neck.
Then either M s isometric to the Zo-quotient of a shrinking round
cylinder, or for all t € (—oo, T,

(1) (M, (xg,t)) is a 61-neck and

(2) <M(—t),(x0,—1)> is d1-close to (Cyl, (yo, —1)), where yo €

S?% x R.

We recall the notion of a generalized neck from Appendix [A.2]

Corollary 6.2. If dpeck = Oneck(K) as in the previous theorem, then
there is a T = T'(k) < (—00,0) such that if M is a k-solution with
noncompact time slices, (x0,0) € M, R(x¢,0) = 1, and (z0,0) is
a generalized Opecr-neck, then (xo,T) is a generalized 5”20’“ -neck, and
R(l’o, T) < i

6.2. Convergence of [-functions, asymptotic /[-functions and as-
ymptotic solitons. In this subsection we prove some preparatory re-
sults about the convergence of [-functions with regard to a convergent
sequence of three-dimensional k-solutions.

Suppose that we are given that R(x,t;) < C at some point (z1,1;)
in a k-solution. By compactness of the space of normalized pointed
r-solutions (see Appendix [A.F]), we obtain R(z,t1) < F(C,dy, (z,11))
for some universal function F. Since R is pointwise nondecreasing in
time in a k-solution, we also have R(z,t) < F(C,d, (x,x;) whenever
t <t.

Lemma 6.3 (Curvature bound at basepoint). Let {(M7, (x;,0))} be
a sequence of pointed r-solutions, with sup; R(x;,0) < oo, and let
l; - j<0 — (0,00) be the reduced distance function with spacetime
basepoint at (x;,0). Then after passing to a subsequence, we have con-
vergence of tuples

(6.4) (M, (24,0),1;) = (M™, (24,0),ls) .

Here the Ricci flow convergence is the usual smooth convergence on
parabolic balls, and l; converges to a locally Lipschitz function ls uni-
formly on compact subsets of M, after composition with the compar-
1501 Map.

Proof. Since R(x;,0) is uniformly bounded above, the compactness of
the space of normalized pointed x-solutions implies that a subsequence,
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which we relabel as {(M7, (2;,0))}, converges in the pointed smooth
topology. Along the curve {z,} X (—00,0) C M/, the scalar curvature
is bounded above by R(x;,0). For any a < b < 0, this gives a uniform
upper bound on ; on {z;} x [a,b] C M?. From (A.6), we get that [ is
uniformly bounded on balls of the form B(x;,b,7) C Mj. Then from
, we get that [ is uniformly bounded on parabolic balls of the form
P(zj,b,r,a —b) C M’. Using and passing to a subsequence, we
get convergence of {/;} to some l, uniformly on compact subsets of

%, O

Proposition 6.5 (No curvature bound at basepoint). Let {(M?, (z;,0))}
be a sequence of pointed r-solutions, and let [; : ./\/lj<0 — (0,00) be the
reduced distance function with spacetime basepoint at (x;,0). Suppose
that {(y;,—1) € M|} is a sequence satisfying sup; 1;(y;, —1) < oo.
Then after passing to a subsequence, the tuples (M7, (y;, —1),1;) con-
verge to a tuple (M, (Yoo, —1), loc) where:

(1) The convergence (M7, (y;,—1)) = (M, (Yoo, —1)) is smooth
on compact subsets of MZ,, and M is either a k-solution
defined on (—o0,0) or the static solution on R3.

(2) {l;} converges to a locally Lipschitz function ls uniformly on
compact subsets of MZ,, after composition with the comparison
diffeomorphisms.

(3) The reduced volume functions V; : (—o0,0) — (0,00) converge
uniformly on compact sets to the function Vs : (—00,0) —
(0,00), where

(6.6) Vlt) = (—1)°3 /Mm e dvoly .

(4) The function | satisfies the differential inequalities (24.6) and
(24.8) of [33]. If Vs is constant on some time interval [to,t1] C
(—00,0) then M is a gradient shrinking soliton with potential

loo-

Proof. From , given a < b < 0, there is a uniform bound for /; on
{y;} x[a,b]. From (A.4), there are bounds for R; on {y;} x [a,b]. Then
we get a uniform scalar curvature bound on the balls B(y,,b,r) C MZ,
and hence on the parabolic neighborhoods P(y;, b, 7, —At) C M?. Tak-
ing a — —oo and b — 0, and applying a diagonal argument, we can as-
sume that {(M?, (y;, —1))} converges to a r-solution (M, (Yoo, —1)).
As in the proof of Lemma [6.3] after passing to a subsequence we get
l; = l for some ly, defined on MZ,. The rest is as in [56], 57]. O
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Lemma 6.7. Let (M, (x,0),1) be a shrinking round cylinder with R =
1 att =0, where the l-function has spacetime basepoint (x,0). Then:
(1) For every t € (—o0,0) the l-function | : M; — R attains its
minimum uniquely at (x,t).
(2) limy_,_oo(M(—=t), (2, —1),1) = (Cyl, (2o, —1),ls0), where the
coordinate z for the R-factor in Cyl satisfies z(xo) = 0, and

22

. lo =1+ .
(6.8) o =14 —

(8) limy_, o l(z,t) = 1.
Proof. Part (1) follows from the formula for £-length:

6 L= TR+ WOt > / =3 7"

with equality if and only if y(¢) = (x,t) for all t € [t,0]. Part (2) follows
from applying Lemma in Section to parabolic rescalings of M.
Part (3) is now immediate. O

From (6.8)), we get that [, is strictly decreasing along backward
worldlines, except at its minimum value 1. In particular, if [ (x,t5) <
1+4€ then I (z,t1) < 1+€ for all t; < ty. By compactness, this stability
property is inherited by any tuple which approximates the shrinking
round cylinder.

Lemma 6.10. For all ¢ > 0 and A € (0,1), there is a i > 0 with the
following property. Suppose that (M, (x,—1),1) is a k-solution, with
[-function based at (z,0), so that

(1) (M, (z,—1),1) is ji-close to (Cyl,(y, —1),ls) on the time in-

terval [—AY, —A], for some (y,—1) € Cyl, and

(2) l(z,t) < 14¢€ forallt € [—1,—A].
(Here lo(y, —1) need not be one.) Then l(z,t) < 1+ € for all t €
[—A7 —1].

Proof. If the lemma fails then for some € > 0 and A € (0, 1), there is a
sequence {(M7, (x;,—1),1;)} so that for all j:

o (M, (x;,—1),1;) is j~'-close to (Cyl, (y;, —1),ls) on the time

interval [—A~!, —A], for some (y;, —1) € Cyl_;.

o [j(xj,t) <1+4€éforallte|[-1—Al

o [;(x;,t;) > 1+¢ for some t; € [-A~ —1].
Using and passing to a limit, we obtain (Y, —1) € Cyl with the
property that lo (Yoo, —A) < 1+ € and I (Yoo, t) > 1 + € for some t €

2

[—A~!, —1]. But this contradicts the formula I (z,t) = 1 + - U
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6.3. Stability of cylinders with moving basepoint. In this sub-
section we prove a backward stability result for cylindrical regions,
initially without fixing the basepoint. We then prove a version fixing
the basepoint, which will imply Theorem [6.1]

We start with a preliminary lemma about reduced volume.

Lemma 6.11. There are > 0 and 7 < 0 so that if M is a k-solution
defined on (—o0,0] with R(x,0) =1 then V() < (47)% — p.

Proof. Using the monotonicity of the reduced volume, if the lemma fails
then there is a sequence {M?}%2, of s-solutions and points (z;,0) €

J 5o that R(z;,0) = 1 and V(j) > (4m)2 — % After passing to
a subsequence, there is pointed convergence to a pointed rk-solution
(M™,(20,0)). Then R(zo0,0) = 1 and Vao(t) > (47)2 for all ¢ < 0.
This is a contradiction [33, Pf. of Proposition 39.1]. O

Proposition 6.12. For allé > 0 and C < oo, thereis aT =T (¢,C) €
(—00,0) with the following property. Suppose that M is a noncompact
k-solution defined on (—o0,0] and:
o (2,0) € My is a point with R(x,0) = 1.
o [: M_o — R is the l-function with spacetime basepoint (x,0).
et < T, and (y,t) € My is a point where the reduced distance
satisfies l(y,t) < C.
Then one of the following holds:

~

(1) The tuple (M(—t), (y, —1),1) is é-close to a triple (Cyl, (Yoo, —1), o),
where Yoo € S? xR and L, s the asymptotic l-function of .
Note that y., need not be at the minimum of lo in Cyl_;.

(2) M is isometric to a Zs-quotient of a shrinking round cylinder.

Proof. If the proposition were false then for some é > 0 there would
be a sequence {(M?, (z;,0))} of pointed r-solutions, and a sequence
T; — —o0, such that
e R(x;,0)=1.
e There is a point (y;,Tj) € /\/l]fj with [(y;,T;) < C, such that
(1) and (2) fail for t = T}.

From Lemma there are constants ¢ > 0 and 7 < 0 so that
for each j, we have Vy,(7) < (47)2 — p. Using the monotonicity
of the reduced volume and the existence of the asymptotic soliton,
there is a uniform positive lower bound on Vi (T}). After passing
to a subsequence, we can find t; € (7},0) so that Ctp—j — 00, and the

reduced volume is constant to within a factor (1+;7!) on a time interval
[Ajt;, Aj_ltj] where A; — oo.
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By Appendix |A.5 for each j there is a point (z;,t;) € M with
l(z,t5) < % After passing to a subsequence, by Proposition , the

sequence of parabolically rescaled flows {(M7(—t;), (z;, —1))} pointed-
converges to a gradient shrinking soliton (S, (ys0, —1)) that is either
a k-solution or is flat R3. Since the reduced volume of (S, (ys0, —1))
is also bounded above by (4#)% — W, it cannot be flat R3. In addition,
S cannot be a round spherical space form, as each ./\/lé is noncom-
pact. Also, S cannot be a Zo-quotient of a shrinking round cylinder,
because then M7 would contain a one-sided RP?; by the classification
of noncompact k-solutions this would imply that ./\/li is isometric to
the Zs-quotient of a round cylinder for all ¢, contradicting the failure
of (2). Therefore S must be a shrinking round cylinder.

By the same reasoning, the asymptotic soliton of M7’ cannot be a
Zo-quotient of a shrinking round cylinder, so it must be a shrinking
round cylinder. It follows that the reduced volume V), (t) is nearly
constant in the interval (—oo,t;]. But this implies that after pass-
ing to a subsequence, {(M7(=T}), (y;, —1),1;)} converges to a gradient
shrinking soliton (M, (yso, —1), ls), which is a -solution and whose
asymptotic reduced volume is that of the shrinking round cylinder.
From Lemma this implies that M= is a shrinking round cylinder,
contradicting the failure of (1). O

We now use the stability result of Proposition [6.12] together with
Lemma [6.10] to show that worldlines that start close to necks have a
nearly minimal value of [, provided one goes at least a certain controlled
amount backward in time.

Lemma 6.13 (Basepoint stability). For all € > 0, there exist 6 =
3(€) >0 and T =T(€) € (—o0,0) such that if (M, (x,0)) is a pointed
Kk-solution with R(x,0) =1, and (z,0) is a 6-neck, then l(x,t) <1+ ¢€
forallt <T.

Proof. Suppose the lemma were false. Then for some ¢ > 0, there
would be a sequence {(M, (x;,0))} of pointed x-solutions so that

(1) R(x;,0) =1 and
(2) (z;,0) is a %—neck, but
(3) Ui(z;,t;) > 1+ € for some t; < —3.

We can assume that € < 1. Let 3 > 0 be a parameter to be determined
later.
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By Proposition[6.12} there is a Ty € (—o0, 0) such that for large j and
every (y,t) € /\/ljST1 with 1;(y, t) < 2, the tuple (M’ (—t), (y, —1),1;) is
pi-close to (Cyl, (v, —1),ls), for some (y/,—1) € Cyl_;.

Since (M7, (z;,0)) converges to the pointed round cylinder by as-
sumption, Lemmal6.7)(3) implies there is a 75 € (—oo, T3] such that for
large j, we have [;(z;,T5) <1+ <.

Put tj = max{t S (—OO,TQ] : lj(xj,t) > ].+é}, SO tj 7é TQ. Note that
there is an A € (0,1) independent of j; such that limsup;_, f—j <A
since

(614) lj(C(]j,TQ) < 1+£ < 1+€:lj($j,tj)

in view of the time-derivative bound on [ of .

For large j, in M7(—t;) we have l;(z;,t) < 1+ ¢ for t € [—1, —A],
but [;(x;, —1) = 1+ €. Since 1+ € < 2, we know from Proposition m
that (M7 (—t;), (z;,—1),1;) is pi-close to (Cyl, (v, —1),1s) for some
(v',—1) € Cyl_y, again for large j. If i is the constant from Lemma
[6.10, and p1 < f, then that lemma gives a contradiction. O

Proof of Theorem [6.1. This follows by combining Proposition[6.12] with
Lemma 16.13l
U

6.4. Compact k-solutions. The main result of this subsection, Corol-
lary [6.17], will be used in the proof of Proposition [8.1]

We recall from Appendix that if M is a k-solution then M,
denotes the points in M, that are not centers of é-necks.

Lemma 6.15. There is some € > 0 so that for any 0 < € <€, there are
€ =€(€) >0 and a = a(é) < oo with the following property. Let M
be a compact k-solution. Suppose that M; contains an € -neck. Then
there are points my, me € M, so that M. is covered by disjoint balls
B(my,aR(my, t)’%) and B(ma, aR(ms, t)’%), whose intersections with
M — M, are nonempty.

Proof. Let a = «(€) be the parameter of [33, Corollary 48.1]. Suppose
that there is some point z € M, ; so that R(z) Diam?*(M,) < a. By the
compactness of the space of pointed x-solutions, it follows that there is
an upper bound on (sup,,, R) -Diam?(M,), depending only on . If ¢ is
sufficiently small then we obtain a contradiction. Hence we are in case
C of |33 Corollary 48.1], so there are points m;,my € M, such that
M,; C B(my,aR(my,t)"2) U B(mg, aR(ms, t)"2). If € is sufficiently
small then a cross-section of the €-neck separates M; into two con-
nected components, each of which must have a cap region. Hence if € is
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sufficiently small then B(my, aR(my,t)"2) and B(mg, aR(my,t)"2) are

disjoint. As M, is closed, both B(my, aR(m;, t)’%) and B(mg, aR(ma,t)”

intersect M; — M. O

Lemma 6.16. Given ¢ > 0 and a compact family F of pointed k-
solutions, with basepoints at time zero, there is some T =T (¢, F) <0
such that for each M € F, there is a point (m,t) € M with t € [T, 0]
so that (M(—t),m) is €-close to a pointed gradient shrinking soliton

which s a k-solution.

Proof. Suppose that the lemma fails. Then for each j € Z", there is
some M’ € F so that for each (m,t) € M? with ¢ € [—7,0], there
is no pointed gradient shrinker (which is a k-solution) that is é-close
to (Mj(—t), m). After passing to a subsequence, we can assume that
lim; o M7 = M*> € F. From the existence of an asymptotic soliton
for M, there is some (Myo, too) € M so that (./\;loo(—too),moo> is
%—CIOSG to a gradient shrinking soliton (which is a k-solution). Then
for large j, there is some (m;,ts) € M7 so that (Mj(—too),mj> is
é-close to the gradient shrinking soliton. This is a contradiction. 0

Corollary 6.17. Let F be a compact family of compact k-solutions
that does not have any constant curvature elements. Then for each
€ > 0, there is some T =T (€, F) < 0 such that for each M € F, there
is a point (m,t) € Mo which is the center of an é-neck.

Proof. By assumption, there is some o = ¢(F) > 0 so that no time-zero

slice of an element of F is o-close to a constant curvature manifold. By
Lemma [6.16] for each ¢ > 0, there is some 7 = T (¢/, F) < 0 such that

for each M € F, there is some (m,t) € My so that <M(—t),m>

is €’-close to a gradient shrinking soliton (which is a k-solution). If €
is sufficiently small; in terms of o, then by the local stability of Ricci
flows of constant positive curvature, this soliton cannot have constant
curvature. Hence it is either a round shrinking cylinder or a Z,-quotient
of a round shrinking cylinder. If it is a round shrinking cylinder then as
long as € < €, we are done. If it is a Zy-quotient of a round shrinking
cylinder then if ¢ is sufficiently small, by moving the basepoint we can
find a point (m/,t) € M that is the center of an e-neck. O

7. FINITENESS OF POINTS WITH BAD WORLDLINES

In this section we study bad worldlines; recall from Definition
that a worldline v : I — M in a singular Ricci flow M is bad if inf I >

1
2

)
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0. In Theorem we prove that only finitely many bad worldlines
intersect a given connected component in a given time slice. We then
give some applications.

The main result of this section is the following theorem.

Theorem 7.1. Let M be a singular Ricci flow. For T' < oo, every
connected component Cp of Mr intersects at most N bad worldlines,
where N = N(T,vol(My)). In particular, the set of bad worldlines in
M is at most countable.

We begin with a lemma.

Lemma 7.2. For all D < oo there exist € = é(k,D) > 0 and A =
A(k,D) < oo such that if m € M, and (M, m) is é-modelled (see
Appendz’x on a k-solution of diameter < D, then:
(1) The connected component Ny of M, containing m is compact
and has Rm > 0.
(2) Let g'(+) be the Ricci flow on the (smooth manifold underlying)
N, defined on the time interval [t,T"), with initial condition at

time t given by ¢'(t) = g|Nt, and blow-up time T'. Let N be
the corresponding Ricci flow spacetime. Then N<y is compact
for all t' < T', and if M is the connected component of Mx,

containing Ny, then M is isomorphic to N
(3) R > AR(m) on M.

Proof. (1). Let Sol? be the collection of pointed x-solutions (M’, (x,0))
such that R(z,0) = 1, and Diam(M{) < D. Then every (M’, (z,0)) €
Sol? has Rm > 0, and since Sol? is compact, there is a A > 0 such that
Rm > )\ in M for all (M, (z,0)) € Sol?. Part (1) now follows.

(2). Let N be as above. Then ANy is compact for all ¢ € [t,T"),
and by Hamilton’s theorem for manifolds with Ric > 0, we know that

(7.3) min{R(m’) : m' e Ny} -0 as t' =T .

Consider an isometric embedding of Ricci flow spacetimes Ny < M,
that extends the isometric embedding N; — M, and which is defined
on a maximal time interval J starting at time ¢. Then J cannot be
a closed interval [t,], since then the embedding could extended to a
larger time interval using uniqueness for Ricci flows. If J = [t, 1) with
t < T', then since R is bounded on /\/[t,ﬂa by the properness of R
on M<p we may extend the embedding to an isometric embedding
Niij = M.q, contradicting the maximality of J. Therefore there ex-
ists an isometric embedding N7y — My, 1y of Ricci flow spacetimes,
as asserted. The image is clearly an open subset of Ms,; it is closed

by (7.3)). This proves (2).
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(3). From the proof of (1) above, for every (M, (z,0)) € Sol?, we
have R > 6A on Mj. Taking A = 3\, and € sufficiently small, we get
that R > AR(m) in N, and therefore in N; as well. By the maximum
principle applied to the scalar curvature evolution equation, we have

R > AR(m) on NV, and hence on M as well. O
Proof of Theorem[7.1]. In the proof below, we take k = x(T).

Let €1, A > 0 be constants, to be determined later. During the course
of the argument below, we will state a number of inequalities involv-
ing €; and A; these will be treated as a cumulative set of constraints
imposed on €; and A, i.e. we will be assuming that each inequality is
satisfied.

We recall that by Proposition [5.32, Cr determines a connected com-
ponent C; of M, for all ¢t < T. Let Bad be the collection of bad
worldlines intersecting Cr.

Choose 0 < t_ < t, < T such that £, —¢_ < A, and let Bad_,,)
be the set of worldlines v : I — M which belong to Bad, where inf I €
[t_,t;). We will show that if t, —t_ < A = A(k, T, €), then | Bady_4,) |
is bounded by a function of x, T" and vol(My); the theorem then follows
immediately.

Step 1. If A < A(er, k,¢,T), then there exists T e [0,T] such that:

(a) For every worldline v : I — M in Bad we have inf I < T.

(b) For every worldline v : I — M in Bady_;,y, and every t €
(inf I,t,] with t < T, the pair (M,y(t)) is e-modelled on a
noncompact k-solution.

By the compactness of the space of normalized pointed x-solutions
(see Appendix there exist e = €(€1) > 0 and D = D(e;) <
oo such that if (M, ~(t)) is ez-modelled on a pointed k-solution with
diameter greater than D, then it is ¢;-modelled on a noncompact x-
solution. Put €3 = min(é(k, D), €2), where é(x, D) is as in Lemma [7.2]

Let W be the set of m € |J,. C; such that the pair (M, m) is €;3-
modelled on a pointed k-solution with diameter at most D. Suppose
first that W is nonempty. Lemmaimplies that R(m) < A~'infe, R,
for all m € W; therefore by the properness of R : M<p — R, the time
function t attains a minimum value 7' on W. Pick m € Wn M.
Then by Lemma , the connected component of M[TA’T] containing m

is isomorphic to the [T', T]-time slab of the spacetime A of a Ricci flow
on a compact manifold with positive Ricci curvature. In particular, it
also coincides with Ute[T 1) Ct, and therefore the curvature is bounded

on the latter. Hence for every v : I — M in Bad, we have inf I < T.



SINGULAR RICCI FLOWS I 51

If W is empty then we put 7' = T then the conclusion of part (a) of
Step 1 still holds, so we continue.

By Proposition , there exists R = R(es, &, 7(T)), such that for all
m € Mcp with R(m) > R, the pair (M, m) is es-modelled on a pointed
k-solution. By Lemma , if A < A(R, k), v : I — M belongs to
Bady_,,yandt € [t_,t ]NINIO, T), then we have R(v(t)) > R. Hence
either (M, ~(t)) is (A) e;-modelled on a noncompact x-solution, or (B)
es-modelled on a k-solution of diameter at most D; but in case (B) we
would have ~(t) € W, which is 1mp0881b1e because t < 7. This proves
that part (b) of Step 1 holds when ¢ < T. The borderline case t = T
follows by applying the previous arguments to times t slightly less than
T and taking the limit as ¢t * T, using the fact that being e;-modelled

on a noncompact k-solution is a closed condition. This completes Step
1.

Hereafter we assume that A < A(ey, k,¢,T). By part (a) of Step 1,
the set Bad is the same as the set of bad worldlines intersecting Cs.
Hence we may replace T by T then by part (b) of Step 1, for every
v: 1 — Min Bady_,,), and every t € [t_,t;], the pair (M, ~(t)) is
e1-modelled on a noncompact k-solution.

Step 2. Provided that € < €1(k), for all v : I — M belonging to
Bady_;.) and everyt € IN[t_,t.), the pair (M, ~(t)) is not a gener-
alized 5"50’“ -neck. (Here Opeer 1S the parameter from Corollary and
a generalized neck is in the sense of Appendix )

Suppose that v : I — M belongs to Bady_,,), and (M, v({)) is a
generalized 5”;6’“ -neck for some ty € I N[t_,t;). By Step 1 we know
that (M, ~(f)) is e;-modelled on a noncompact pointed r-solution
(M, (20,0)). If &, < &(2ek), then (M, (z0,0)) will be a general-
ized pecr-neck. Let 17 = T'(dneck, 6"2"“) € (—00,0) be as in Corollary
Then (M2, (29, T1)) is a generalized 2t neck. If ¢ < & (17, 22k ),
then we get that:

e 7 is defined at t; = to + R~ (y(f0)) T}
o (M,~(t1)) is a generalized 5";6’“ -neck.

o R(y(h)) < 3R(y(to)).

Thus we may iterate this to produce a sequence {fo, ty,.. .} € I such
that t; < t,_1 + R™'(y(to))Ty for all . This contradicts the fact that
infI € [t_,t,), and completes Step 2.
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Hereafter we assume that ¢; < e;(k). Let Dy < oo be such that if
M’ is a noncompact k-solution, my, me € M;, and neither m; nor my

is a 5”“’“ -neck, then

(74) dt(ml,mQ) < DOR(ml)*% .
Let Dy € (2Dy, 00) be a constant, to be determined in Step 4.

Step 3. Provided that e, < € (k, D1), if y1,7 € Bady_4,), and

(7.5) di ((t1),72(t1)) < DlR(%(H)))% ;

then v1 = 7s.

Let I; be the domain of ~;, for i € {1,2}. Suppose that t € I; N I, N
[t_,t;]. By Steps 1 and 2, (M, v1(t)) is €;-modelled on a noncompact -
solution and neither v;(¢) nor yo(t) is a 2setneck. If € < & (D1, Snect)
then using the €;-closeness to a noncompact x-solution and , we
can say that

1

(7.6) di(71(t),72(t)) < DiR(m(t))) 2,
implies
(7.7) dtm(t),w( )) < 2DoR(7(t)))"2

Since we are assuming (|7 , a continuity argument shows that
holds for all t € IyNI,N[t,,t ] Ifinf I; > inf I, then limy i, R(72(t)) =
00, so inf Iy = inf [5; similar reasoning holds if inf I, < inf [;. Thus
inf I, = inf I,. Moreover, if ¢; < €/(k) then any geodesic from v, (t)
to 72(t) in C; will lie in the set with Ric > 0, so di(71(t),72(t)) is a
decreasing function of ¢. Since implies that di(71(t),72(t)) — 0
as t — inf [, it follows that v; = 5. This completes Step 3.

Hereafter we assume that €¢; < € (x, D1).

Step 4. Provided that A < A(k,T), the cardinality of Bady_ .,y is at
most N = N(k,T,vol(M,)).

Take é = %<t and let Cy = C1(6,T), R = R(¢,T), and Ny,..., N;, C
M, be as in Proposition[5.31] With reference to Step 3, take D, = C.
Let A < A(R, k,7(T)) be such that if v : I — M belongs to Badj;_,,),
and t € [t_,t,] NI, then R(y(t)) > R; c.f. the proof of Step 1.

Then the set

(7.8) S={vty) : v€ Bad[t,,u)}
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is contained in {m € M,, : R(m) > R} C |J, N;. By Step 3, for any
two distinct elements ~;, 72 € Bad;_;,) we have

(7.9)  di(n(ts)elts) = DiR 2 (3(ty)) = CLR 2 (i(t2)) -

By Proposition[5.31] for all i € {1,...,k} we have |SNN;| < 2. There-
fore |S| < 2k. This proves that Bady_,,) is finite, and hence a weaker
version of the theorem, namely that the set of all bad worldlines is
countable.

Since the set of bad worldlines is countable, their union has mea-
sure zero in spacetime. Therefore we may apply Proposition [5.11], to
conclude that

(7.10) vol(Chy) < vol(Myy) < V(0) (1+2¢)% .

If £ > 2, then each N; has nonempty boundary. Hence part (5) of
Proposition [5.31] gives a bound k < k(V(0),T).
This proves Theorem [7.1] O

Corollary 7.11. If M is a singular Ricci flow, then the volume func-
tion V(t) = vol(M,) is absolutely continuous.

Proof. By Theorem|[7.I]the set of bad worldlines is countable, and hence
has measure zero. Combining this with Lemma [5.23] we may apply
Proposition[5.11](4), to conclude that V(t) is absolutely continuous. [J

Theorem [7.1] also has the following topological implications.

Corollary 7.12. Let M be a singular Ricci flow.

(1) If T > 0 and W C My is an open subset that does not con-
tain any compact connected components of Mr, then there is a
smooth time-preserving map I' : W x [0, T] — M that is a “weak
isotopy”, in the sense that it maps W x {t} diffeomorphically
onto an open subset of My, for all t € [0,T].

(2) For all T >0, the pair (M, M<r) is k-connected for k < 2.

Proof. (1). Let C be the collection of connected components of M.
Pick C € C. Let B be the set of bad worldlines intersecting C'. By
Theorem [7.1]the set B is finite, so its intersection with C' is contained in
a 3-disk D3. There is a tc < T such that the worldline of every m € C
is defined in the interval [to, T]. Hence we get a time-preserving map
Fo:C x [te, T) — M that is a diffeomorphism onto its image.

By assumption, either C' is noncompact, or C'is compact and W 2 C.
Therefore there is a smooth homotopy {H; : WNC — C}ycpre, ) (purely
in the time-T slice) such that Hy : W N C — C is the inclusion map,
H, : WNC — C is a diffeomorphism onto its image for all ¢ € [t¢, T],
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and H,, (W NC)ND? = (. We define I' on (W NC) x [te, T] by
['(m,t) = Fo(Hy(m),t), and extend this to (WNC') x |0, t¢] by following
worldlines. Note that if C;, C5 € C are distinct components of M then
Fe, (Ci N W) is disjoint from F, (Co N W), so the resulting map I' has
the property that I'(-,t) : W — M, is an injective local diffeomorphism
for every t € [0,T].

(2). Suppose that 0 < k < 2, and f : (D* 0D*) — (M, M<r) is a
map of pairs, where 9D* = S*¥~1if £ > 1 and D° = ). By Theorem
the Hausdorff dimension of the bad worldlines is at most one. Then
after making a small homotopy we may assume that f is smooth, and
that its image is disjoint from the bad worldlines. We can now find
a homotopy through maps of pairs by using the backward flow of the
time vector field, which is well-defined on f(DF). O

8. CURVATURE AND VOLUME ESTIMATES

In this section we establish further curvature and volume estimates
for singular Ricci flows. There are two main results. In Proposition [8.1]
we show that |R|P is integrable on each time slice, for each p € (0,1).
In Proposition we give an estimate on how the volume V(¢) can
change as a function of . When combined with part (5) of Proposition
5.11} it shows that V(t) is | -Holder in ¢, where 7 > 1 is the constant

i [A9).

Proposition 8.1. Let M be a singular Ricci flow. Then for all p €
(0,1) and T < oo, there is a bound

(8.2) / |R|” dvolyy < const.(p, T") voly)(Mp)
My

for all t € [0,T].

Proof. Before entering into the details, we first give a sketch of the
proof.

Due to the bounds on V(t) from Proposition it suffices to control
the contribution to the left-hand side of (8.2) from the points with
large scalar curvature. Such points fall into three types, according to
the geometry of the canonical neighborhoods: (a) neck points, (b) cap
points, and (c) points p whose connected component in M, is compact
and has diameter comparable to R(p)*%. If (p,t) € M, is a neck point
with worldline v : [0,¢] — M then thanks to the stability of necks
going backward in time, the scale-invariant time derivative R_l% will
remain very close to the cylindrical value along v, until R falls down to
a value comparable to (r(¢)) 2. Combining this with previous estimates
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on the Jacobian as in Section [5] we can bound the contribution from
the neck points to the left-hand side of in terms of the volume of
the corresponding set of points in the time zero slice. To control the
contribution from points of type (b), we show that it is dominated by
that of the neck points. To control the contribution from the points
of type (c) we use a similar approach. We again analyze the geometry
going backward in time along worldlines, except that in this case there
are three stages : one where the components are nearly round, one when
they are no longer nearly round but still have diameter comparable to
R_%, and one when they have a large necklike region.

We now start on the proof. With the notation of the proof of Propo-
sition [5.17], let X3 C M, be the complement of the set of points in M,
with a bad worldline. From Theorem [7.1} it has full measure in M.
Given = € X3, let 4, : [0,t] = My, be the restriction of its worldline

to the interval [0, ¢]. Define J;(z) as in (5.16]), with ¢; = 0. From (/5.17)),

we have
(8.3) Ji(z) =e” Jo R(ya(w)) du_

Given T > 0, we consider times ¢ in the range [0,7T]. Let ¢, C;, R

and R be as in Proposition We take R > r(T)~2. From Proposi-
tion |b.30| we can assume that the é-canonical neighborhood assumption
holds on the superlevel set ./\/l of the scalar curvature function. We

will further _adjust the parameters ¢ and R later.
For any R > R, write

(84) M>R Mt ;neck U Mt ,cap U Mt closed>

where

./\/ltneck consists of the points in M7 % that are centers of
necks

o MR cap Consists of the points z € /\/lfR /\/lt “neck, SO that af-
ter rescaling by R(z), the pair (My,x) is é-close to a pointed
noncompaet k-solution, and

o MZE = MPT— (MR, UME,).

t,closed ~

Taking R= E, there is a compact set C of k-solutions so that for

x € ./\/ltdosed7 after rescaling by R(x) the connected component of M,
containing x is é-close to an element of C (c.f. Step 1 of the proof
of Theorem . In particular, before rescaling, the diameter of the
component is bounded above by CR(x)~ 2 and the scalar curvature on
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the component satisfies
(8.5) C 'Ry, < R < CRy,

for an appropriate constant C' = C(€) < oo, where R,, denote the
average scalar curvature on the component.

By the pointed compactness of the space of normalized x-solutions,
and the diameter bound on the caplike regions in normalized pointed
noncompact k-solutions, there is a ¢’ = C’ (6,}_%/) < 00 so that

(86) / -, |R|p dVOlg(t) S C,/ -, |R|p dVOlg(t) .
Mt>,§1p zfeck
Hence we can restrict our attention to M nﬁelck and M7 gésed.
Consider = € Mt> nﬁeckﬂX?" With d,eck, 09 and d; being parameters of
Theorem we assume that € < 15—&) and 0 < f—é’o. Using Theorem

and the é-canonical neighborhood assumption, there are 7" < T < 0 so
that for s € [T",T"], the rescaled solution (M(—sR(x)_l), Ve (t + 3R(x)‘1)>

is %—Close to (Cyl, (yo, —1)). By reducing €, we can make 7" arbitrarily
negative.

The gradient bound (A.9)) gives
1 1
<
R(yz(u)) — R(x)

as long as v, (u) stays in a canonical neighborhood. If

(8.7) +n(t —u).

(8.8) R >(1-nT"R

then for all u € [t + T"R(x)~',t], we have R(y,(u)) > R and (8.7)
holds, so

(8.9) /tt R () du > /tt ! du

+T'R(z)~! +T R Ty T —w)

1
= —log(1 —nT").
n

For a round shrinking cylinder, the sharp value for n in (8.7)) is 1.
For any ¢ > 1, if dy is sufficiently small then we are ensured that

t+T'R(z) ™1 t+T'R(z) ™! 1
(8.10) / R(v.(u)) du > / : du
t+T" R(z) ! t+T"R(z)~1 R@) T q(t —u)
1 1—qT"
= —log

g ~1—ql"
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In all,
(8.11) e Jevarnm-1 RO de < (1 _ )= (1 — qT")a(1 — qT") 7.
Because of the cylindrical approximation,

" " -1
L A-TORCe(E+ TR
2~ R(x) -

and so there is a constant C” = C”(q,n,T") < oo such that for very
negative 7", we have

- I R(z) ~2
1 S v riey—1 RO (W) du. |
(8 3) e Jtt < C R(’y(t-l—T”R(l’)fl))

We now replace t by t +T"R(z)~! and iterate the argument. Even-
tually, there will be a first time ¢, when we can no longer continue the
iteration because the curvature has gone below R. Suppose that there
are IV such iterations. Then

(8.12)

R
From (8.12)),
1-T"\""" _ R()
8.15 < M
615 (55) <%
SO
_1
(816) effttz R(vz(u)) du S C// (C//)N_l (R&I)) q
R
10370"” _1
<or(f2)
N R
Put p = % NG AY glO%_Cq:ln . By choosing ¢ sufficiently close to 1 (from
08\ T2 —

above) and T" sufficiently negative, we can make p arbitrarily close to
1 (from below). Since

fo T 3 3
1 > — = -]
810 [ Ry duz - [ i S +om),
we obtain
dVOl 3 R(x) -p
1 90 0y = < C"(14927)3 [ 22 .
(8.18) dvol, o (z) = Ji(x) < C"(142T) 7
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Then

(8.19) /M>R RP dvoly SC/IEP<1+2T)S//M>R dvoly g

t,neck t,neck

< C"R"(1 4 2T)? volyo) (Mo).

This finishes the discussion of the neck points.
Let B > R be a new parameter. Given o > 0 small, let My ;ouna

be the connected components of M; that intersect /\/lt> C}fosed and are o-

close to a constant curvature metric, and let Mtnonmund be the other
connected components of M, that intersect M7 elosed-  Using Proposi-
tion [5.32, a connected component N; in M, determines a connected
component Ny in My for all ¢ < t.

Let NV, be a component in My ,onround- From , we have R,, >
R’ Using the compactness of the space of approximating x-solutions,
we can apply Lemma and Corollary [6.17] Then for ¢ small and
T = T(€') < oo, there is some t’ € [t,t—10CT R,}'| so that Ny consists
of centers of €¢-necks and two caps. From , if z € N; and

(8.20) R >R
~a ([t,8])
then
(8.21) ! < C+1OCTR
. _— 77 av ?
R(%t(t,)) Ray
SO
Ray R’
(8.22) R(7.(t) >

> .
C(1+10nT) = C2(1 + 109T)

If R’ > C2(1+10nT)R then (8.20) holds and from (8.22), Ny ¢ M3E .
From (8.5) and ({8.22)), we also have
(8.23) R(7) < CRyy < C*(1+10nT)R(7.(t)).

Since the volume element at 7,(z) is nonincreasing as a function of
u € [t',t], we obtain

(8.24) ; R dvolyy < C*(1+ 1057) /N R dvoly) .

We now apply the argument starting with to Ny. Taking % large

compared to £ E’ , in order to ensure many iterations in the earlier-neck
argument, we get a bound

(8.25) /N |R|P dvolyy < const.(p, T) voly)(Ny).
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This takes care of the components in M ,onround-

Let NV be a component of M; in My ,ouna- Let 7 be the infimum of
the u’s so that for all ¢’ € [u, t], the metric on Ny is o-close to a constant
curvature metric. For a Ricci flow solution with time slices of constant
positive curvature, R is strictly increasing along forward worldlines but
[ R dvol is strictly decreasing in ¢. Hence if o is sufficiently small then
we are ensured that

(8.26) / R dVOlg(t) S //\/ R dVOlg(.,-) .

If N, has a point with scalar curvature at most R and o is small
then

(8.27) / R dvol < 2R" volgr) (N7) < QTZH(l + QT)% volg(oy (NVe) -

T

If, on the other hand, N, C M~ R’ then we can apply the preceding
argument for My ponround, replacing ¢t by 7. The conclusion is that

(8.28) /M>R" |R|P dvolyy < const.(p, T') voly(o) (M;fosed).
t,closed
Since
(829) / . RP dVOlg(t) S/ -, RP dVOlg(t),
M>R >R
t,neck t,neck
(8.30) / ., R? dVOlg(t) S/ » R? dVOlg(t)
ME ME
and

— N\ P 3 <§//
(8.31) /MFR” (R dvolyg < (R')" (1+27) vl (MFT).
the proposition follows from (8.6), (8.19), (8-28), (8:29). (8.30) and
(®:31). 0

Proposition 8.32. Let M be a singular Ricci flow. Let n be the
constant from . We can assume that n > 1. Then whenever
0 <ty <ty < oo satisfies ty —t1 < %T’(tg)z and t, > ——, we have

(8.33)  V(t2) — V(t1) >

g (2/
M,

— Byrr(ts) " 7 (1 4+ 26)2V(0) - (ts — t1) 7.

3=

[R|7 dvolyg,) +7(ts)” 5v<t1>) (ty —t1)7 >
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Proof. Let X; C M, be the set of points © € M;, whose worldline ~,
extends forward to time t; and let Xy C My, be the points x whose
worldline 7, does not extend forward to time t,. Put

=1 . R(x _
(8.34) Xl_{ e X1 : R( )>77(t2—t1)}’
"o . -2 —1
(8.35) X = {as € Xy :r(t) ° < R(x) < (s = 751)}
and
(8.36) X" ={z e X, : R(z) <r(t2)*}.
Then

(8.37) vol(My,) — vol(My,) > voly,

VOlt2

1

') = voly, (X7") — vol,, (X»)
1) = voly, (XY) + vol;, (X1") -
VOlt1 X{”) — VOLg1 (XQ) — VOlt1 (X{) .

Xi) = voly, (X7) +
X7{) = voly, (X7) +
X
X/

Z V01t2

(

(
voly, (

(

(
Suppose that x € X5.

Lemma 8.38. Let [t1,t,) be the domain of the forward extension of
Ve, With t, < ts. For all u € [t1,t,), we have

1
8.39 R(ve(u)) > ——.
(8.39) () 2 s
Proof. If the lemma is not true, put
1
4 "= t,t.) @ R(7z —_— .
8400 o =swueln) s RO < )

Then « > t;. From the gradient estimate (A.9) and the fact that
lim,_,;, R(7.(u)) = oo, we know that u’ < t,. Whenever u > u/, we
have

1 1
8.41 R(,(u)) > >
SAD RO = e 2 e 1)
so there is some 1 > 0 so that the gradient estimate ((A.9)) holds on the
interval (u'—p, t,). This implies that (8.39)) holds for all u € (v —p, t.),

which contradicts the definition of /. This proves the lemma. O

> T(t2>72,
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Hence

(8.42) (X, UX{) C {.13 eEM; : R(x)> M}

and

(8.43) wvoly, (X3) + vol, (X7) < vol {l’ e My @ R(z)> ;}
(b2 —11)

1 1 1
<nr(ta =) [ [R[7 dvolyay,
M,
since 17 (ts — ¢,)7|R|7 > 1 on the set {x € M,, : R(z) > m}
Suppose now that z € X7
Lemma 8.44. For all u € [ty,1ts], we have
1

(3.45) ROu(0) € o <o

Proof. If the lemma is not true, put

"o . 1
(8.46) u” = inf {u € [t1,ta] + R(yz(u)) > % Y — } :

Then u” < t3 and the gradient estimate (A.9) implies that u” > t;.
Now

(47) RO =

- > R(I) > T(tQ)_2.
"@ — = t)

Hence there is some p > 0 so that R(7y,(u)) > r(t2) ™2 for u € [u”,u” +
pl. If R(yz(u)) > r(ta)~2 for all u € [t1,u”] then implies that
holds for w € [ty,u” + p], which contradicts the definition of u”.
On the other hand, if it is not true that R(v,(u)) > r(ty)~2 for all
u € [t1,u"], put

(8.48) v" =sup {u € [t1,u"] + R(v:(w)) <r(t2)"*}.

Then v” > ¢; and R(7,(v")) = r(ty) 2. Equation (A.9) implies that

1 1
8.49 R(v,(u")) < < ,
( ) (7 ( )) T(t2)2 - n<u1/ o U”) R(lx) - 77(u// _ tl)

which contradicts (8.47)). This proves the lemma. O
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Hence if x € X7 then

(8.50) /tzR(%(u))dug /t2 B du

t1 t1 m _n(u_tl)

Lokt =y (a1,

SO
dvol 1
(8.51) S0 (1) = J,,(2) > (1= nR(x) - (ta — 1))7 .
dVOlg(tl)
Thus
(852) VOlt2 (X{,) — VOlt1 (X{/) Z

1
/ <(1 — T]R . (tg — t1)>" — 1) dVOlg(tl) .
Xy

Since n > 1, if z € [0, 1] then <z%>n + (1 - z%>n <1, so

(8.53) (1—2)1— 1> —z.
Then
(8.54)  voly, (XV) — voly, (X}) > —n(ty — t1)7 / R dvolyq,) .

XU

Now suppose that x € X{".
Lemma 8.55. For all u € [ty,ts], we have
1
8.56 R(v.(u)) < < 00.
(8.56) () €
Proof. 1f the lemma is not true, put
1

8.57 " = inf ti,ts] © R(vs > .
( ) u m {U € [ 1, 2] (ry (U)) T(t2)2 _ n(u _ tl)}

Then u” < t. If R(x) < r(t2)~? then clearly v” > t;. If R(x) =
7(t2) ™2 then since r(t;) > r(ts), there is some v > 0 so that R(v,(u)) >
r(u)=2 for u € [t1,t; + v]; then gives the validity of (8.56)) for
u € [t1,t;+v], which implies that " > t;. In either case, t; < v < ts.
Now

(858)  Ry(u")) = !

r(t2)? = n(u” — t1)
Hence there is some p > 0 so that R(v,(u)) > r(ty) 2 for u € [u”, " +

wl. If R(y.(u)) > r(ty)~2 for all u € [t,u”] then (A.9) implies that
(8.56) holds for uw € [t1,u” + u|, which contradicts the definition of

> T(t2)72.
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u”. On the other hand, if it is not true that R(~y,(u)) > r(t2)~? for all
u € [ty,u"], put
(8.59) v" =sup {u € [t,u"] : R(y.(u)) <r(ta)?}.

2

Then v > t; and R(7,(v")) = r(t)~2. The gradient estimate (A.9)
implies that

1 1
8.60 R(v,(u") < < ’
( ) (7 (u ) — T(tg)z _ 77(u/// _ U”’) T(t2)2 _ 77(u/// _ tl)
which contradicts (8.58]). This proves the lemma. O

Hence if x € X{" then

(8.61) / * Rl () du < / ’ - ! du

t t (t2)? — n(u —t;)

= — %log (1 —nr(ty) ™2 (ty — tl)) )

SO

dvol 1
8.62 ) oy g (1) > (1= ()2 - (ty — 1)) 7.
68 ) )2 0=
Thus
(8.63) voly, (X7") — vol, (X7") >

/X ((1 —r(t) 2 (b — 1)) — 1) dvoly,) -

Since nr(ty) ™2 - (to — t1) € [0, 1], we can apply (8.53)) to conclude that
(8.64) voly, (XI") —voly, (XI) > — nur(ts)” 7 - (s — t1)7 voly, (X7)
> — qur(t) " 1V(t) - (t — ).
Combining (8.37)), (8.43)), (8.54) and (8.64) gives (8.33]). O

9. ASYMPTOTIC CONDITIONS

In this section we show that the a prior: assumptions in Definition
[1.5] are really conditions on the spacetime near infinity. That is, given
€ > 0 and a decreasing function r : [0,00) — (0, 00), there are decreas-
ing functions ' = k'(€) : [0,00) — (0,00) and 7’ = 7/(e,r) : [0,00) —
(0,00) with the following property. Let M be a Ricci flow spacetime
with normalized initial condition, on which condition (a) of Definition
holds. Suppose that for each T" > 0 there is a compact subset of
M so that condition (b), and the r-canonical neighborhood assump-
tion of condition (c), hold on the part of M<r outside of the compact
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subset. Then M satisfies Definition globally with parameters €,
and 7.

If M is a Ricci flow spacetime and my € M, put ty = t(mg). We
define Perelman’s [-function using curves emanating backward from
mo, as in [33, Section 15]. That is, given m € M with t(m) < to,
consider a time-preserving map 7 : [t(m),to] = M from m to mg. We
reparametrize [t(m),to] by 7(t) =ty — t. Then

to—t(m)
(9.1) () = / V7 (R(() + 3(7)P) dr,

where 7 is the spatial projection of the velocity vector of v and |§(7)| is
computed using the metric on My,_, at (7). Let L(m) be the infimal
L-length of such curves v. The reduced length is

L(m)
2\/ t() - t(m) ‘

Proposition 9.3. Given Ar, At > 0 there are Ar = Ar(mg) < Ar
and At = At(mg) < At with the following property. For any m € M
with t(m) < to—At, let dyy(m, P(mg, Ar, —At)) denote the g5 -distance
from m to the set P(mqg, Ar,—At). Then

(9.2) I(m) =

[ VAL 8 s
(9.4) L(m) > min (4\/A_t’ 0 dgp(m, P(mg, Ar, —At))) — gto.

Proof. With a slight variation on Perelman’s definition [33, Definition
79.1], we put

to—t(m)
95  Li(y)= / VT (Re(y(m) + (0)P) dr,

where R, (m) = max(R(m),1). We define L, (m) using £ (7) instead
of L(7). Applying the lower curvature bound ((5.6) (with C' =n = 3),
we know that R > —3 and so

to—t(m)
(9.6) L(y) = L+(7) :/0 VT (R(y(1)) = Ry (v(7))) dr
to—t(m) 8 %
Z—/O \/;-4dT2—§t0.

Hence it suffices to estimate £ () from below.
Given numbers Ar, At > 0, if t(m) < to — At then

2

1
ds.

At . , VAL
01 L)z [ VAePa - [

dy
ds
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Suppose first that v leaves mg and exits P(mg, Ar, —At) at some time
t € (tog— At,tp). If the parabolic ball were Euclidean then we could say

from that £, (y) > 2% If Ar and At are small enough, de-

pending on myg, then we can still say that P(mg, Ar, —At) is unscathed

and L (v) > 4(33
At
Given such values of Ar and At, suppose now that v does not exit
P(mg, Ar,—At) in the time interval (tg — At,tg). Then (g — At) €
P(mg, Ar,—At). Now
to—t(m)

(9.8) Li(y) > VAt N (R (v(7)) + 3 (7)) dr,

Since R > —3, it follows that along v, we have

(9.9) V1+ R? < 10R,.

Then
(9.10) V1+ R2Y)2 4+ 14 R? <10R.|¥|* + 100R%
<100 (|51 + 2Ry [5]* + R2)
SO
(9.11) \/\/1+R2|ﬁ|2+1+R2 <10 (9% + Ry) -
Thus
/ to—t(m)
(9.12) L.(v) > L
VAL

zl—odqp(m, P(mo, A’I", —At))

The proposition follows. U

Corollary 9.13. Suppose that (M<y,, ghy) is complete away from the
time-zero slice and the time-ty slice. Given t' < ty, the restriction of L
to M<y is proper and bounded below.

Proof. From (9.4), the function L is bounded below on M<y. Suppose
that it is not proper. Then for some C' < oo, there is a sequence
{m;}2, in M<y going to infinity with L(m;) < C for all i. We can
choose Ar, At > 0 with At <ty —t' and

2
(Ar) 8¢
4vVAE 3
By the completeness of g%, we have lim; ., dg,(m;, P(mg, Ar, —At))
oo. Then (9.4)) gives a contradiction..

(9.14)

(I
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It is not hard to see that L is continuous on M. From the proof
of Proposition 0.3} given m € M, and K < oo, the time-preserving
curves v : [t(m),ty] — M from m to my with L(v) < K lie in a
compact subset of M. From standard arguments [33, Section 17], it
follows that there is an £-minimizer from mg to m.

Since L_is bounded below and time-slices have finite volume from
Corollary [7.11} the reduced volume V(1) = 7~ 2 fMtoq e~!dvol exists.

The results of [33, Sections 17-29] go through in our setting. In partic-
ular, V(7) is nonincreasing in 7.

Proposition 9.15. Suppose that (M<y,, %) is complete away from
the time-zero slice and the time-ty slice. For everyt € [0,ty), there is
some m € M, with I[(m) < 3.

Proof. Putting L = 2v/f; — t L, we have

(9.16) O(—L +6(tg—t)) < A(—=L+6(tg — 1))

in the barrier sense [33, Section 24]. From Corollary for each
t' € [0,1p), the function —L + 6(to —t) is proper and bounded above on
M _z. In particular, for each t € [0,%), the maximum of —L +6(to —t)
exists on M;. We want to show that the maximum is nonnegative.
By way of contradiction, suppose that for some ¢ € [0,t5) and some
a < 0, we have —L(m) + 6(tp —t) < « for all m € M; Given
t" € (t,to), we can apply Lemma |5.1 on the interval [t,t'] to conclude

that —L(m) + 6(tg — t') < a for all m € My. However, along the
worldline v going through my, for small 7 > 0 we have

(9.17) L(y(ty — 7)) < const. 72.
Then for small 7, we have —L(7(ty — 7)) + 67 > 0. Taking ¢’ =ty — 7
gives a contradiction and proves the proposition. O

In his first Ricci flow paper, Perelman showed that there is a de-
creasing function £’ : [0,00) — (0, 00) with the property that if M is
a smooth Ricci flow solution, with normalized initial conditions, then
M is k'-noncollapsed at scales less than e [33] Theorem 26.2].

Proposition 9.18. Let M be a Ricci flow spacetime with normalized
initial condition. Given t' > 0, suppose that (M<y, g%y) is complete
away from the time-zero slice and the time-t' slices. Then Mcy is
k'-noncollapsed at scales less than e.

Proof. The proof is along the lines of that of [33] Theorem 26.2]. We

can assume that ¢’ > ﬁ. To prove x'-noncollapsing near mo € My,

we consider L-curves emanating backward in time from mg to a fixed
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time slice Mz, say with ¢ = 1(1)—0. By Proposition m there is some

m € Mg with [(m) < 2. Using the bounded geometry near m and
the monotonicity of V, the #’-noncollapsing follows as in [33, Pf. of
Theorem 26.2]. O

We now show that the conditions in Definition [I.5] to define a sin-
gular Ricci flow, are actually asymptotic in nature.

Proposition 9.19. Given ¢ > 0, t' < oo and a decreasing function
r : [0,t'] = (0,00), there is some r' = 1'(e,r) > 0 with the following
property. Let M be a Ricci flow spacetime such that R : M<y — R
is bounded below and proper, and there is a compact set K C M<y so
that for each m € M<y — K,
(a) The Hamilton-Ivey pinching condition of is satisfied at
m, with time parameter t(m), and
(b) The r-canonical neighborhood assumption of Appendiz is
satisfied at m.

Then the conditions of Definition hold on M<y, with parameters
€, kK and r'.

Proof. Condition (a) of Definition 1.5 holds on M<y by assumption.

Also by assumption, for m € M<py — K, the curvature operator
at m lies in the convex cone of . The proof of Hamilton-Ivey
pinching in [15, Pf. of Theorem 6.44], using the vector-valued maximum
principle, now goes through since any violations in M«<y of
would have to occur in K. This shows that condition (b) of Definition
holds on M<y.

Since the r-canonical neighborhood assumption holds on M<y — K
the proof of Lemma shows that g% is complete on M <, away from
the time-zero slice and the time-t’ slice. Proposition now implies
that M<y is x’-noncollapsed at scales less than e.

To show that condition (c) of Definition holds on M«y, with
parameters € and ', and some parameter ' > 0, we apply the method
of proof of [33 Theorem 52.7] for smooth Ricci flow solutions. Suppose
that there is no such 7/. Then there is a sequence {M*}2° | of Ricci
flow spacetimes satisfying the assumptions of the proposition, and a
sequence 1, — 0, so that for each k there is some my € MY, where the
rt-canonical neighborhood assumption does not hold. The first step in
[33, Pf. of Theorem 52.7] is to find a point of violation so that there
are no nearby points of violation with much larger scalar curvature, in
an earlier time interval which is long in a scale-invariant sense. The
proof of this first step uses point selection. Because of our assumption
that the r-canonical neighborhood assumption holds in M%, — K*, as



68 BRUCE KLEINER AND JOHN LOTT

soon as 7}, < r(t') we know that any point of violation lies in K*. Thus
this point selection argument goes through. The second step in [33], Pf.
of Theorem 52.7] is a bounded-curvature-at-bounded-distance state-
ment that uses Hamilton-Ivey pinching and «’-noncollapsing. Since we
have already proven that the latter two properties hold, the proof of
the second step goes through. The third and fourth steps in [33] Pf.
of Theorem 52.7] involve constructing an approximating r’-solution.
These last two steps go through without change. 0

Proposition shows that the r’-canonical neighborhood assump-
tion holds with parameter ' = 7/(¢'). We can assume that 7’ is a
decreasing function of ¢. Hence M is a singular Ricci flow with pa-
rameters €, K = /'(¢) and ' = 1r'(e, r).

10. NONNEGATIVE ISOTROPIC CURVATURE IN FOUR DIMENSIONS

In this section we extend the results of the paper to four-dimensional
Ricci flow with nonnegative isotropic curvature, under an assumption
of no incompressible embedded spherical space forms. The basic results
about such flows are due to Hamilton [26].

Let (M, g) be a closed oriented 4-manifold with nonnegative isotropic
curvature. Suppose that under Ricci flow, the isotropic curvature does
not immediately become positive. From [40), Theorem 4.10], one of the
following happens:

(1) (M, g) is flat.
(2) The universal cover (M,q) is an isometric product of metrics
on S? and a surface Y.

(3) M is biholomorphic to CP? and g is a Kahler metric with pos-
itive first Chern class.

In these three cases, the Ricci flow is well understood. In case (1), it is
just a static flow. In cases (2) and (3), the ensuing Ricci flow will be
smooth on a time interval [0,7") and nonexistent thereafter. Hence we
assume that (M, g) has positive isotropic curvature. This condition is
preserved under the Ricci flow.

There is a version of the Hamilton-Ivey inequality for Ricci flow on
a 4-manifold with positive isotropic curvature |26, Section B]. It has
the implication that any blowup limit is a k-solution with positive
isotropic curvature, and restricted isotropic curvature in the sense of
[12, (2.4)]. Any such compact solution is diffeomorphic to S*. Any
such noncompact solution is diffeomorphic to R*, or is an isometric
product R x Z where Z is diffeomorphic to a spherical space form.

Using [41], we have the following extension of Lemma [A.1]
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Lemma 10.1. Let M be a four-dimensional gradient shrinking soli-
ton that 1s a k-solution, has positive isotropic curvature and restricted
isotropic curvature in the terminology of [12, (2.4)], and blows up as
t = 0. Fort <0 and a point (y,t) € M, letl,, € C®(My) be the
l-function on M constructed using L-geodesics going backward in time
from (y,t). Then there is a function l, € C®(M) so that the limit
limy_,o- ly+ = l exists, independent of y, with continuous convergence
on compact subsets on M. Define Vs, : (—00,0) — (0,00) as in (6.0]).
Then one of the following holds:

(1) M is isometric to the shrinking round cylinder solution on

(53 /T)xR, where T C SO(4), with R(z,t) = 2(—t)7!, l((z, 2),t) =

~ 5 _ 3
8 4+ _Z—zt and Vy(t) = 32“&? z.
(2) M is a shrinking round S*, with R(z,t) = 2(—t)71, I (2, t) = 2

and Vo (t) = 9(;_7;2.

Let (M, g) be a compact 4-manifold with positive isotropic curvature
and no embedded m-injective spherical space forms. The construction
of Ricci flow with surgery, starting from (M, g) was initiated by Hamil-
ton [26]. There was a problem with [26] because no canonical neighbor-
hood result was available at the time. The construction was revisited
by Chen-Zhu [12], based on Perelman’s work in the three-dimensional
case [42, 43] and a preprint version of [33]. The result of Lemma [10.1]
which follows from [41], was not available when [12] was written. With
the incorporation of Lemma [10.1] the construction of the Ricci flow
with surgery is strictly analogous to Perelman’s work.

The results of the present paper now extend to the setting of four-
dimensional singular Ricci flows with positive isotropic curvature, again
under the assumption that the initial time slice does not have any
embedded m;-injective spherical space forms.

Returning to Ricci flow with surgery, suppose that there are such
embedded spherical space forms in the initial time slice. There is still a
well-defined Ricci flow with surgery, but the time slices may be orbifolds
with isolated singularities [8]. It should be possible to extend the results
of the present paper to the orbifold setting, using [34], but we do not
address the subject here.

APPENDIX A. BACKGROUND MATERIAL

In this section we collect some needed facts about Ricci flows and
Ricci flows with surgery. More information can be found in [33].
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A.1. Notation and terminology. Let (M., g) be a Ricci flow
spacetime (Definition [I.1). For brevity, we will often write M for the
quadruple. In a Ricci flow with surgery, we will sometimes loosely write
a point m € M, as a pair (z,t).

Given s > 0, the rescaled Ricci flow spacetime is M(s) = (M, 1t, 50, 1g).

Given m € M, we write B(m,r) for the open metric ball of radius r
in M;. We write P(m,r, At) for the parabolic neighborhood, i.e. the
set of points m' in M pag if At > 0 (or Mpyary if At < 0) that
lie on the worldline of some point in B(m,r). We say that P(m,r, At)
is unscathed if B(m,r) has compact closure in M, and for every m’ €
P(m,r, At), the maximal worldline v through m’ is defined on a time
interval containing [t,t + At] (or [t + At,t]). We write P (m,r) for
the forward parabolic ball P(m,r,r?) and P_(m,r) for the backward
parabolic ball P(m,r, —r?).

We write C'yl for the standard Ricci flow on S? x R that terminates
at time zero, with g(t) = (—2t)gs> + dz?>. We write Sphere for the
standard round shrinking 3-sphere that terminates at time zero.

A.2. Closeness of Ricci flow spacetimes. Let M! and M? be two
Ricci flow spacetimes in the sense of Definition [I.I] Consider a time
interval [a,b]. Suppose that m; € M! and my € M? have t;(m;) =
ta(ms) = b. We say that (M, my) and (M2, my) are e-close on the time
interval [a, b] if there are open subsets U; C M" with P(m;,e ', a—b) C
Ui, 1 € {1,2}, and there is a pointed diffeomorphism ® : (Uy,m;) —
(Uz, m2) so that

B(m;, e ') has compact closure in M},

P(m;, et a — b) is unscathed,

® is time-preserving, i.e. to 0 & =ty

.0, = 0, and

®*g, — g1 has norm less than ¢ in the CI'/<+-topology on Uj.

Now consider an open time interval (—oo, b). Suppose that t;(m;) =
ty(mg) = ¢ € (—o0,b). After time shift and parabolic rescaling, we can
assume that ¢ = —1 and b = 0. In this case, we say that (M, m;) and
(M?,my) are e-close on the time interval (—oo,0) if there are open sets
U; C M? with (P(mj,e 1 —¢€) U P(my, e, —e2)) C Uy, i € {1,2},
and there is a pointed diffeomorphism & : (Uy,my) — (Uz, m2) so that
1) B(m;, e 1) has compact closure in M? |,

) P(m;,e ', 1 —¢€) and P(m;,e !, —e2) are unscathed,

) ® is time-preserving, i.e. ty0 ® = ¢y,

) ¢.0;, = 0, and
)
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Suppose (My,my), (Msy,ms) are as above, and u; : M; — R is
a continuous function for ¢ € {1,2}. Then we say that the triples
(My,my,u1), (Ma,ma,us) are e-close if (1)-(5) above hold, and in
addition

sup{ugo®(m)—uy(m) | m € (P(my, e ', 1—e)UP(my, e ', —e2))} <e.

We will apply this notion when the u;’s are reduced distance functions.

We define e-closeness similarly on other time intervals, whether open
or half-open.

If (My,my) and (My, my) are Ricci flow spacetimes then we say
that (Mj,my) is e-modelled on (M, my) if after shifts in the time
parameters so that t;(m;) = to(ma) = 0, and parabolic rescaling by
R(m;y) and R(msy) respectively, the resulting Ricci flow spacetimes are
e-close to each other on the time interval [—e~!, 0]. (It is implicit in the
definition that R(m;) > 0 and R(ms) > 0; this will be the case for us
since we are interested in modelling regions of high scalar curvature.) A
point m in a Ricci flow spacetime M is a generalized e-neck if (M, m) is
e-modelled on (M’,;m'), where M’ is either a shrinking round cylinder
or the Zs-quotient of a shrinking round cylinder.

A.3. Necks, horns and caps. We say that (M, m) is a (strong) -
neck if after time shifting and parabolic rescaling, it is d-close on the
time interval [—1, 0] to the product Ricci flow which, at its final time, is
isometric to the product of R with a round 2-sphere of scalar curvature
one. The basepoint is taken at time 0. In this case, we also say that m
is the center of a d-neck.

If I is an open interval then a metric on an embedded copy of S? x I
in My, such that each point is contained in an d-neck, is called a §-tube,
or a d-horn, or a double 6-horn, if the scalar curvature stays bounded
on both ends, stays bounded on one end and tends to infinity on the
other, or tends to infinity on both ends, respectively. (Our definition
differs slightly from that in [33, Definition 58.2], where the definition
is in terms of the “d-necks” of that paper, as opposed to the “strong
d-necks” that we are using now.)

A metric on B? or B3 — RP3, such that each point outside some
compact set is contained in a d-neck, is called a d-cap or a capped 0-
horn, if the scalar curvature stays bounded or tends to infinity on the
end, respectively.

A 4. k-noncollapsing. Let M be an (n + 1)-dimensional Ricci flow
spacetime. Let  : [0,00) — (0,00) be a decreasing function. We say
that M is k-noncollapsed at scales below e if for each p < e and all m €
M with t(m) > p?, whenever P(m, p, —p?) is unscathed and |Rm | <
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p~2 on P(m,p, —p?), then we also have vol(B(m, p)) > k(t(m))p". In
the application to Ricci flow with surgery, € will be taken to be the
global parameter.

We refer to [33], Section 15] for the definitions of the [-function [(m)
and the reduced volume V(7). For notation, we recall that the I-
function is defined in terms of L-geodesics going backward in time
from a basepoint m’ € M. The parameter 7 is backward time from
m'; e.g. T(m) = t(m') — t(m).

A.5. k-solutions. Given k € R*, a s-solution M is a smooth Ricci
flow solution defined on a time interval of the form (—oo, C') (or (—o0, C])
such that

e The curvature is uniformly bounded on each compact time in-
terval, and each time slice is complete.

e The curvature operator is nonnegative and the scalar curvature
is everywhere positive.

e The Ricci flow is k-noncollapsed at all scales.

We will sometimes talk about x-solutions without specifying x. Un-
less other specified, it is understood that C' = 0. If (M, m) is a pointed
k-solution then we will sometimes understand it to be defined on the
interval (—oo, t(m)].

Examples of x-solutions are C'yl and Sphere.

Any pointed k-solution (M, m) has an asymptotic soliton. Tt is
obtained by constructing the [-function using L£-geodesics emanating
backward from m. For any ¢ < t(m), there is some point m; € M,

where [(m) < 5. Put 7 = t(m) —¢. Then the parabolic rescaling

(M(T),?TL;) subconverges as 7 — oo to a nonflat gradient shrinking

soliton called the asymptotic soliton [33, Proposition 39.1]. (In the
cited reference, the convergence is shown on the (rescaled) time inter-
val [—1, —%} , but using the estimates of Subsection one easily gets
pointed convergence on the time interval (—oo,0).)

Hereafter, we suppose that the spacetime M of the x-solution is
four-dimensional. A basic fact is that the space of pointed k-solutions
(M, m), with R(m) = 1, is compact [33, Theorem 46.1].

Given ¢ > 0, let M denote the points in M that are not centers of
d-necks. We call these cap points. Put M;s = M; N M;. From [33]
Corollary 47.2], if § is small enough then there is a C' = C(J, k) > 0
such that if M, is noncompact then

o M, s is compact with Diam(M;s) < CQ’% and
e C7'Q < R(m) < CQ whenever m € M,
where () = R(m/) for some m' € OM, 5.



SINGULAR RICCI FLOWS I 73

If M is noncompact, and not a round shrinking cylinder, then M, 5 #
(). A version of the preceding paragraph that also holds for compact
rk-solutions can be found in [33, Corollary 48.1].

A compact k-solution is either a quotient of the round shrinking
sphere, or is diffeomorphic to S* or RP? [33, Lemma 59.3].

There is some kg > 0 so that any k-solution is a kg-solution or a
quotient of the round shrinking S® [33, Proposition 50.1]

A.6. Gradient shrinking solitons.

Lemma A.1. Let M be a three-dimensional gradient shrinking soliton
that is a k-solution and blows up ast — 0. Fort < 0 and a point
(y,t) € M, let I,y € C®°(Mcy) be the l-function on M constructed
using L-geodesics going backward in time from (y,t). Then there is
a function loo € C®°(M) so that the limit limy - l,; = lo exists,
independent of y, with continuous convergence on compact subsets on
M. Define Voo : (—00,0) — (0,00) as in . Then one of the
following holds:

(1) M is the shrinking round cylinder solution Cyl on S* x R, with

_ 3
R(w,t) = (=)™, Lo((w, 2),1) = 1+ g5 and Vi (t) = 2022
(2) M is the Zy-quotient of the cylinder in (2), with Va(t) = 822,

The pullback of I to the cylinder is 1 + &.
(3) M is a shrinking round spherical space form Sphere /T, where
I' € SO(4), R(z,t) = ()7, le(z,t) = 2 and Vi(t) =

2

(S

3
1672e” 2
|

Proof. The classification of the solitons follows from [33, Corollary
51.22]. Let f be a potential for the soliton, i.e.

(A.2) Ric+ Hess(f) = —Qltg
and

A _ o2
(A.3) = =V

There is a constant C' so that R+ [V f|? 4+ 1f = -

From [I7, Theorem 3.7] and [41, Proposition 2.5], for any sequence
t; — 07, after passing to a subsequence there is a limit lim;_, [, with
continuous convergence on compact subsets of M. In the case of a gra-
dient shrinking soliton, [14, Chapter 7.7.3] implies that lim; o l,;, =
f+ C; ctf. [I7, Example 3.3]. Thus the limit lim; ,o- [, ; exists and
equals f + C, independent of y. In our case, the formulas for /., and
Vo now follow from straightforward calculation. 0
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A.7. Estimates on [-functions. We recall some estimates on the [-
function that hold for s-solutions, taken from [56]

The letter C' will denote a generic universal constant. From [50,
(2.59)],

(A4) R < g
T
From [56} (2.54),(2.56)],
(A.5) max(\Vl\z, 11]) < g
-

From [56] (2.55)],

(A.6) Vi(qr,7) = Vg2, 7)| < \/g d(q1, G2, 7).
From [56] (2.57)],

(A7) (e < Mem) e

' T lg,m) T T

From [56, (3.7)],
(A.8)

d2
— a1, 7) =1+ C (a1, 42, 7)

d2
P027) (4,0 7) < 2l(gi) + G
-

A.8. Canonical neighborhoods. In this section we recall the notion
of a canonical neighborhood for a Ricci flow with surgery, and define
the notion of a canonical neighborhood in a singular Ricci flow. We
mention that this rather complicated looking definition is motivated by
the structure of k-solutions and the standard (postsurgery) solution.

Let r : [0,00) — (0,00) be a decreasing function. Let ¢ > 0 be
small enough so that the bulletpoints at the end of Subsection
hold (with § = €). Let C; = Cy(€) and Cy = Cy(€) be the constants in
[33, Definition 69.1].

As in [33] Definition 69.1], a Ricci flow with surgery M defined on
the time interval [a, b] satisfies the r-canonical neighborhood assumption
if every (w,t) € MF with scalar curvature R(z,t) > 7(t)~2 has a
canonical neighborhood in the corresponding forward /backward time
slice, in the following sense. There is an 7 € (R(z,t)"2, CyR(x,t)"2)
and an open set U C MF with B=(x,t,7) C U C B*(x,t,2+) that
falls into one of the following categories :

(a) Ux[t—At,t] C M is a strong e-neck for some At > 0. (Note that
after parabolic rescaling the scalar curvature at (x,t) becomes 1, so the
scale factor must be &~ R(z,t), which implies that At ~ R(x,t)"!.)
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(b) U is an e-cap which, after rescaling, is e-close to the corresponding
piece of a kp-solution or a time slice of a standard solution.

(c) U is a closed manifold diffeomorphic to S® or RP3.

(d) U is e-close to a closed manifold of constant positive sectional
curvature.
Moreover, the scalar curvature in U lies between C; ' R(z,t) and Cy R(x, t).
In cases (a), (b), and (c), the volume of U is greater than C; ' R(z, )2
In case (c), the infimal sectional curvature of U is greater than Cy ' R(x, t).

Finally, we require that

w\w

(A.9) IVR(z,t)| < nR(z,t)2, < nR(z,1)?

OR
)

where 7 is the constant from [33, (59.5)]. Here the time dervative
%If (x,t) should be interpreted as a one-sided derivative when the point
(x,t) is added or removed during surgery at time t.

We use a slightly simpler definition of canonical neighborhood in
the case of singular Ricci flows, for Definition [I.5] We do not need
to consider forward/backward time slices, and in case (b), we do not
need to consider the case that U is close to a time slice of a standard
solution.

Remark A.10. Alternatively, for a singular Ricci flow, one could replace
the above definition of canonical neighborhood with the requirement
that every point with R > r(¢)~2 is e-modelled on a r(t)-solution. This
is quantitatively equivalent to the definition above, as follows from
Proposition and [33, Lemma 59.7].

A.9. Ricci flow with surgery. We recall that there are certain pa-
rameters in the definition of Ricci flow with surgery, namely a number
e > 0 and positive nonincreasing functions r, x,d : [0,00) — (0, 00).
The function r is the canonical neighborhood scale; c.f. Appendix [A.8]
The function  is the noncollapsing parameter; c.f. Appendix[A.4 The
parameter € > 0 is a global parameter in the definition of a Ricci flow
with surgery [33] Remark 58.5].

The function ¢ : [0,00) — (0,00) is a surgery parameter. There
is a further parameter h(t) < 2(75)7"( ) so that if a point (z,t) lies
in an e-horn and has R(z,t) > h(t)™2, then (x,t) is the center of a
d(t)-neck [33] Lemma 71.1]. One can then perform surgery on such
cross-sectional 2-spheres [33, Sections 72 and 73]. Perelman showed
that there are positive nonincreasing step functions rp, kp and dp so
that if the (positive nonincreasing) function & satisfies 0(t) < dp(t)
then there is a well-defined Ricci flow with surgery, with a discrete set
of surgery times [33] Sections 77-80].
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In particular, we can assume that ¢ is strictly decreasing. If r < rp
and k < kp are positive functions then the rp-canonical neighborhood
assumption implies the r-canonical neighborhood assumption, and xp-
noncollapsing implies x-noncollapsing. Hence Ricci flow with surgery
also exists in terms of the parameters (r, k,d). Consequently, we can
assume that 7, k and § are strictly decreasing.

As in [33, Section 68|, the formal structure of a Ricci flow with
surgery is given by

e A collection of Ricci flows {(M}, x [t.,t}), gx(-)) h1<k<n, where
N < 00, My is a compact (possibly empty) manifold, ¢ = ¢,
for all 1 <k < N, and the flow g;. goes singular at ¢} for each
k < N. We allow t}, to be co.

e A collection of limits {(%, gx) }1<k<n, in the sense of [33, Sec-
tion 67], at the respective final times ¢, that are singular if
k < N. (Here Q is an open subset of Mj.)

e A collection of isometric embeddings {¢y : X;” — X L1f1<k<N
where X, C @ and X, C M1, 1 < k < N, are compact
3-dimensional submanifolds with boundary. The X ,;'“s are the
subsets which survive the transition from one flow to the next,
and the ¢;’s give the identifications between them.

We will say that ¢ is a singular time if t = | = t,,, for some

k+1
1 <k < N, ort =t} and the metric goes singular at time ¢},.

A Ricci flow with surgery does not necessarily have to have any real
surgeries, i.e. it could be a smooth nonsingular flow.

We now describe the Ricci flow spacetime associated with a Ricci flow
with surgery. We begin with the time slab M, x [t , ;] for 1 <k < N,
which has a time function t : My x [t , ] — [t , t]] given by projection
onto the second factor, and a time vector field 0y inherited from the
coordinate vector field on the factor [t ,{].

For every 1 < k < N, put W,” = (M \ Int(X, )) x {t, } and for
1 <k<N,let W5 = (M, \ Int(X;")) x {t{}. Since W, is a closed
subset of the 4-manifold with boundary My x [t;,#], the complement
Z = (Mg, x [t , 7))\ (W, UW}") is a 4-manifold with boundary, where
0Zy, = (My, x {t;;,t{}) \ (W, UW,"). Note that the Ricci flow gx(-)
with singular limit g defines a smooth metric gy on the subbundle
ker dt C T'Z, that satisfies Ly gr, = —2 Ric(gx).

For every 1 < k < N, we glue Z; to Zj1 using the identification

Int(X,;") % Tng(X #i1), to obtain a smooth 4-manifold with boundary
M, where OM is the image of W, U Wy under the quotient map
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||, Zk = M. The time functions, time vector fields, and metrics de-
scend to M, yielding a tuple (M, t, 0, g) which is a Ricci flow spacetime
in the sense of Definition [L.1l

Recall the notion of a normalized Riemannian manifold from the
introduction. Our convention is that the trace of the curvature operator
is the scalar curvature. From [33] Appendix B], if a smooth three-
dimensional Ricci flow M has normalized initial condition then the
scalar curvature satisfies

3
A1l > - —

If follows that the volume satisfies
(A.12) V(t) < (1+2t)2V(0).

These estimates also hold for a Ricci flow with surgery.
Let A be a symmetric 3 x 3 real matrix. Let A; denote its smallest
eigenvalue. For ¢ > 0, put

3 1

. = : > 1 <
(A13)  K(t)={A :tr(A) > s and if A\ < T3 then
tr(A) > —A; (log(—A1) +log(1+1¢) —3)}.

Then {K(t}>0 is a family of O(3)-invariant convex sets which is pre-
served by the ODE on the space of curvature operators [I5], Pf. of The-
orem 6.44]. If a smooth three-dimensional Ricci flow has normalized
initial conditions then the time-zero curvature operators lie in K (0).
Using , we obtain the Hamilton-Ivey estimate that whenever the
lowest eigenvalue A\ (x,t) of the curvature operator satisfies Ay <
we have

(A.14) R > =\ (log(—Ay) + log(1 +t) — 3).

The surgery procedure is designed to ensure that also holds for
Ricci flows with surgery.

(Perelman’s definition of a normalized Riemannian manifold is slightly
different; he requires that the sectional curvatures be bounded by one in
absolute value [43, Section 5.1]. With his convention, R(x,t) > 6

and V(t) < (14 4t)2V(0).) o

__1
1+t?
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APPENDIX B. EXTENSION OF PROPOSITION [6.12]

The main result in this appendix is Proposition [B.1] which is an ex-
tension of Proposition to general k-solutions. It uses similar ideas
as Proposition but is a bit more complicated to state. We include
this for the sake of completeness, as it gives a general quantitative pic-
ture of the behavior of x-solitons over time. It is not needed in the
body of the paper.

Suppose that M is a k-solution defined on (—o0, 0], and [ : My — R
is the [-function with spacetime basepoint (x,0) € My. Roughly speak-
ing, Proposition says that the reduced volume for a k-solution, as
a function of time, has two types of behavior: it can remain close to
the reduced volume of a gradient shrinking soliton over a long time
interval, or it can transition relatively quickly between two such val-
ues. During long time intervals of the former kind, the k-solution and
[-function are close, modulo parabolic scaling, to a gradient shrinking
soliton and its [-function. We now give the details.

Fix k > 0. By Lemmal[A.T|there are only finitely many 3-dimensional
gradient shrinking solitons that are k-solutions. Let Vi, = {0 < Vi <
... < Vi be the set of their reduced volumes, in the sense of Lemma

ATl

Proposition B.1. Forallé > 0 and C < oo thereis a p = p(€,C) < 00
with the following property. Suppose that

o M is a k-solution defined on (—oo, 0],

o (2,0) € My and

o[ : M.y — R is the I-function on M with spacetime basepoint

(x,0).
Then there is a partition
P={-oc0o<Ty<...<T;=-1},

of the interval (—oo, —1] (where i < 2|Vsy|) such that if I; = [T;_1,Tj]
for j >0, and Iy = (—o0, Tp), then the following holds :
(1) If 7 is odd then TJTII < p.
(2) If j is even, then
(a) For every (y,t) € My, with I(y,t) < C, the rescaled triple
(M(=t), (y,1),1) is é-close to a triple (M, (yso, —1), lso)
where M®™> is a gradient shrinking soliton with potential
function lo, and V(t) is é-close to the reduced volume of
M. (See Appendiz [A.g for the definition of é-closeness
of triples).
() [V(I;) N V| = Lif j >0 and |V (I;) N V| = 0 if j = 0.
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(c) f/(t) tends to an element of Vo as t — —o0.
We begin with a lemma.

Lemma B.2. For all e, > 0 and C' < oo there exist p = u(er, C) < 0o
and 0(e1, C) > 0 with the following property.

Let M be a k-solution defined on (—o0,0], let (,0) € My be a
basepoint and letl : Mo — R be the corresponding l-function. Suppose
that

e V(T) < V(T") + 60 and
o (y,T) € Mr is a point where l(y,T) < C.

~

Then the rescaled triple (M(=T), (y, —1),1) is e1-close to a triple (M, (Yoo, —1), o)
where M™ is a gradient shrinking soliton with potential function .,
and V(T) is €1-close to the reduced volume of M.

Proof. Suppose the lemma were false. Then for some €; > 0 and C' <
oo, there would be sequences {M7}22,, {T7}32,, {T;}32, and {y;}32,
with T; < T; <0, (y;,T;) € M, limj_mo% = 00 and lim;_, |‘~/(T]) —
‘N/(Tj’)| = 0, but for each j, the rescaled triple (M7(=T}), (y;, —1),1;)
does not satisfy the conclusion of the lemma. Proposition [6.5] implies
that after passing to a subsequence, we have convergence of triples
to a k-solution (M, (Yoo, —1),ls). From the assumed properties of
{M7}22,, the reduced volume V. (t) of M will be constant for ¢ < —1.
Hence M is a gradient shrinking soliton, which gives a contradiction.

O

Proof of Proposition [B.1. From the monotonicity of the reduced vol-
ume f/(t), the existence of the asymptotic soliton and the fact that
limy_,o V (t) = Vs, the reduced volume of flat R? (as a gradient shrink-
ing soliton), it follows that for all t € (—oc, 0), we have V(t) € [Vi, Vas].

Let py = p(é,C) and 6, = 6(¢,C) be as in Lemma . Choose
0; < min(%, V1) small enough that the intervals {[V; —0;, V;+6,]}1<j<k
are disjoint. Put J; = [V; + 0,V — @] for 1 < j < K, and Jx =
UN/K + 07, ‘N/Rs].

Putting J; = V'(J;) N (=00, —1] for 1 < j < K, we obtain a
collection {J;}1<j<k of at most K intervals in (—oo, —1].

We know that for each ¢ < 0, there is a point y;, € M, with [(y;,t) <
3. Let uo = w(0,2) and 6, = 6(6},2) be as in Lemma [B.2l Note
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that for every 1 < j < K, since dist(V (¢), Vsor) > 0 for all t € J;,
the contrapositive of Lemma implies that for any 7", T € J; with
V(T) < V(T") + 65, we have L < . Tterating this 1+ [0, " length(J;)]
times gives a bound
inf J;
sup J;

< pz = p3(€,C).

The complement of (J; J; in (—oo, —1] is a union of open intervals.

Let I = (t_,t;) be one such interval. Then ‘7’ ; takes values in an
interval of length at most 26, < ;. Therefore by Lemma , iftel
and t > Z—:, then for all y € M, with I(y,t) < C, conclusion (2a) of

Proposition holds.

Thus we may obtain the desired partition of (—oo, —1] by enlarging
each nonempty interval J; = [t;_1,t;] to Ji = [t;_1, %], forming the
union | J; J}, and taking the associated partition of (—oo, —1]. Conclu-
sion (2b) of the proposition follows from the construction. Conclusion
(2¢) of the proposition follows from the finiteness of V,, the mono-
tonicity of the reduced volume and the existence of the asymptotic
soliton. 0

Corollary B.3. With the notation of Proposition depending on
the topology of My, the sequence {M? }o<aj<i of gradient shrinking
solitons must be one of the following:

(1) My is diffeomorphic to a spherical space form other than S® or
S3/Zy: {Sphere/T}.

(2) M is diffeomorphic to the cylinder: {Cyl}.

(8) My is diffeomorphic to the Zs-quotient of the cylinder: {Cyl/Z,, Cyl},
{Cyl/Z}, {Cyl}.

(4) My is diffeomorphic to S®: {Cyl, Sphere}, {Sphere}, {Cyl}.

(5) My is diffeomorphic to S®/Zy: {Cyl/Zs, Sphere/Zs}, {Sphere/Zs},
{Cyl/Zs}, {Cyl/Zs, Cyl}, {Cyl}.

Proof. The relevant gradient shrinking solitons are C'yl/Zo, Sphere/Zs,
Cyl and Sphere. From Lemma their reduced volumes are 16.39,
17.62, 32.78 and 35.24, respectively. The corollary follows from the
fact that the reduced volumes of the M?’s form a strictly increasing
sequence, the local stability of quotients of Sphere, and topological
restrictions. U

Remark B.4. From explicit calculations, one can rule out the {Cyl}
possibility in case (3) of Corollary . We expect that one can also
rule out the {Cyl} possibility in case (5).
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