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ANALYTIC TORSION FOR GROUP ACTIONS

JOHN LOTT & MEL ROTHENBERG

I. Introduction

The Reidemeister torsion is a classical topological invariant for non-
simply-connected manifolds [14]. Let M be a closed oriented smooth
manifold with the fundamental group #,(M) nontrivial. Let p:7,(M) —
O(N) be an orthogonal representation of =, (M) . If the twisted real co-
homology H*(M , E p) vanishes, then one can define the Reidemeister
torsion 1 » € R, which is a homeomorphism invariant of M . The original
interest of 7 , was that it is not a homotopy invariant, and so can distin-
guish spaces which are homotopy equivalent but are not homeomorphic.

Ray and Singer asked whether, as for many other topological quantities,
one can compute 7, by analytic methods [17]. Given a Riemannian metric
g on M , they defined an analytic torsion T,eR asa certain combination
of the eigenvalues of the Laplacian acting on twisted differential forms.
They showed that under the above acyclicity condition, Tp is independent
of the metric g, and they conjectured that the analytic expression Tp
equals the combinatorial expression 7 ) This conjecture was proven to be
true independently by Cheeger [4] and Miiller [15].

One can look at the above situation in the following way. The group
n, (M) acts freely on the universal cover M, and so one has an invariant
for free group actions. A natural question is whether the Reidemeister
torsion can be extended to an invariant for more general group actions.
For a finite group acting (not necessarily freely) on a closed oriented PL
manifold X, a Reidemeister torsion was defined algebraically by Rothen-
berg [19]. One can then ask whether there is a corresponding analytic
torsion when X is smooth, and whether the analytic torsion equals the
combinatorial torsion.

In §II we define the analytic torsion T, for a finite group action and
show that if the relevant cohomology groups vanish, then it is indepen-
dent of the G-invariant metric used in its definition. (This was shown
previously in unpublished work by Cheeger [5].) The analysis involved to
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prove this is similar to that of the analogous statement for the ordinary
analytic torsion, in that it involves a heat kernel analysis, but differs in that
it is necessary to use the heat kernel asymptotics off of the diagonal. We
prove some product formulas for T » in §III, and compute Tp for special
orthogonal actions on spheres in §IV. We define the combinatorial torsion
T, based on [19], in §V, and compute 7 P for special orthogonal actions
on spheres in §VI.

We were surprised to find that, in general, Tp does not equal 7_. One
can see this for special orthogonal actions on spheres. If the sphere is
odd-dimensional then Tp =17,, but if the sphere is even-dimensional then
Tp vanishes, whereas 1 » generally does not. In §VII we show that Tp
and 1 » coincide for all orientation-preserving finite group actions on odd-
dimensional spaces. As in the case of the ordinary analytic torsion, the
proof is done using surgery arguments, now generalized to the equivariant
case.

In §VIII we discuss the case of even-dimensional spaces. If the space
X is even-dimensional, then 7, vanishes from an argument involving
the Hodge duality operator. If the action is free, then 7 » also vanishes.
However, if the action is not free, then one finds that the corresponding
combinatorial arguments, involving the dual cell complex, fail.

From the argument of the proof in §VII, we do derive an expression that
tells how 7 » changes under equivariant surgery in the even-dimensional
case. Although we first found this expression by analytic means, we later
found a purely topological proof, which we also present.

It is well known that the Reidemeister torsion has many similarities with
the Euler characteristic (see [8] for a exposition from this point of view). In
§VIII, for the even-dimensional case, we give an expression for © p in terms
of a Morse function on X, and also an expression for » in terms of an
excision of a subspace of maximal isotropy group. Both of these relations
show a striking resemblance to the corresponding equations for the Euler
characteristic. They make the combinatorial torsion very computable in
the even-dimensional case. For example, we use them to show that for a
Z, action, the exponential of twice the torsion is the absolute value of an
element of a certain multiplicative subgroup of Q(exp(27i/p)). In §IX we
consider the torsion for orientation-reversing group actions. We show that
the analytic and combinatorial torsions agree for an orientation-preserving
group action in odd dimensions, or an orientation-reversing group action
in even dimensions. We use this to derive some results on the torsion of a
manifold with boundary by looking at the involution on the double of the
manifold.
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One can ask whether one can use the analytic methods to define invari-
ants for group actions without usual combinatorial invariants. In §X we
define the analytic torsion for discrete group actions and study its prop-
erties. In §XI we give an example of its application in proving by purely
analytic means (in the odd-dimensional case) a theorem of de Rham, stat-
ing that orthogonal group actions on spheres are smoothly equivalent if
and only if they are linearly equivalent.

An exposition of the results of this paper appeared in [12].

We would like to thank David Fried and Isadore Singer for helpful
discussions. We would like to thank Wolfgang Liick for discussions and
for pointing out a gap in our original proof of Proposition 16. He has
independently derived results for the combinatorial torsion for manifolds
with boundary which are analogous to those of §IX [13]. We would like
to thank Jeff Cheeger for informing us of his unpublished results. One of
us (J.L.) would like to thank M. Berger and the IHES for their hospitality
while part of this research was performed.

I1. The analytic torsion of finite group actions

Let us recall the definition of the ordinary analytic torsion. Let M
be an n-dimensional closed smooth oriented Riemannian manifold with
metric g. Let p:m, (M) — O(N) be an orthogonal representation of the

fundamental group of M, which then gives a flat R" bundle E , over
M . One has the de Rham complex

(2.1) ANM,E)- LA M E)L . LA (ML E,)

of smooth differential forms on M with valuein E ) Using the metric one
has an inner product on Ak(M ,E p) and so one has the adjoint operator

(2.2) 8:A“(M,E,)~ AN (M, E,).

Let A, denote the Laplacian dé +dd acting on Ak(M ,E p) . The kernel
of A, is isomorphic to the real cohomology group Hk(M , E p), which
inherits an inner product from that of Ak(M , E p). Let P, denote the
projection of the Hilbert space P4 (M, E p) of L? k-forms onto KerA, .
Let A;c denote A, acting on ImA, . By abuse of notation, we will write
exp(—TA:.c) to denote exp(—TA,) — P, , acting on f?k(M, Ep). Let F
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denote the operator on @, # k(M ,E p) , which is multiplication by £ on
4 k(M , E,), and let (—)F denote the operator which is multiplication by
(-1)* on #*(M,E,).

Definition. The ordinary analytic torsion T is given by

2.3) F = ds T / 7*~' Tr(-) T,
where Tr denotes the trace of a trace class operator acting on
@, ¥ M, E ) -

(It is understood that the derivative at s = 0 is that of a meromorphic
function in s, which is defined by analytic continuation from Res > 0,
and which is analytic around s = 0.)

The remarkable fact about this expression is that if €, Hk(M , E,)
vanishes, then T ) is independent of the metric used in the definition and
equals the combinatorial Reidemeister torsion [4], [15].

One can think of the analytic torsion as being an invariant for a non-
simply-connected manifold, or, equivalently, as an A{nvaﬂant for the free
action of 7, (M) on the universal covering space M . In the special case

when M is compact, let
(2.4) a:m (M) — Diff(M)

denote the covering transformations. If g is an element of #,(M), let
a(g_l)* denote the action of g on the differential forms on A :

(2.5) a(g”" )@ #* (M) - P# ().
k k
Consider the projection operator
(2.6) Z p(g)a(g™
gen (M)

acting on @k(%k (M) ® RY), whose range is D, 7 “(M,E ,) - Then we
can write
~ 1 0o - - !
(2.7) T, = % s=oﬁ5/0 ' Tr(-) Fle™ "™ 4T,
where the Tr now denotes the trace of a trace class operator acting on
@, (7“(M)aR").

These considerations motivate the following generalization. Let G be
a finite group acting smoothly by orientation-preserving diffeomorphisms
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on a closed oriented smooth n-dimensional Riemannian manifold X,
equipped with a G-invariant metric g. Let p: G — O(N) be an orthogo-
nal representation of G. Put

(2.8) - G (et

geG

a projection operator acting on @, (# k (X)® RY ).

Definition.
d ~TA
(2.9) T,= % Ol"(s)/ ' Tr(-) FIe ™™ ar,
where Tr now denotes the trace of a trace class operator acting on
@, (7 (x)oRY).

(From the estimates in the proof of Proposition 2 it will follow that we
are taking the derivative at s = 0 of a meromorphic function which is
defined by analytic continuation from Res > 0, and is analytic around
s=0.)

We will now prove two properties of Tp , which are analogous to those
of the ordinary analytic torsion [17].

Consider the d-operator, acting on the p-equivariant R -valued differ-
ential forms, that is, on TI(@, (#*(X)®R")). Let @, H*(X, p) denote
the cohomology of this complex, with the induced inner product structure.
Let x denote the Hodge duality operator.

Proposition 1. If n is even, then Tp =0.

Proof. The operator x commutes with A’ and a(g_l)* , and satisfies

(2.10) Fx+xF=nx, (=)x==)"+)".
Thus

Tr(—)FFa(g_l)*e_TAl = Tr(—)FFa(g_l)*e'TAl wx !
(2.11) =Trs " (-) Fxa(g™!)e™™

= ()" Tr(-) (n - F)a(g™")"e™™.

We can consider the above trace to be on trace class operators acting on
ImA. Let us define the operator Q on ImA by

(2.12) Q= (d+0)a)
Then
(2.13) 0’=1 and 0" +(-)fQ=
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It follows that

@214y  Tr(-) ae™)'e ™ =Tr@*(-) a(g™") e ™
=Tro(-) a(g™")'e ™0
(2.15) = —Tr @ (=) Fag™)e ™ =0

Then
(2.16)  Tr(-) Fa(g™")'e ™ = (=)' Te(-) Fa(g™")"e
Thus the integrand for T, vanishes.

Proposition 2. If n is odd, let g(e) be a smooth 1-parameter family of

G-invariant metrics on X . Then
d Ffd -1
(2.17) %Tp = = Tr g AJ1(-) (‘—12*> x .

Proof. In the ensuing proof, we will make some manipulations which
are initially only justified when Res > 0. Because everything will be
analytically continued to s = 0, it will follow that the manipulations are
also justified around s =0.

Let V' denote (j’;*) «~!. Because the d-operator is defined indepen-

~TA'
=0.

dently of the metric £d =0, but

d d
(2.18) 250 = pE=dn =V, 4]
Thus
d
(2.19) 7:A=14, [V, dl},

where {e, o} denotes anticommutation. We also need that a(g'l)* com-
mutes with x, d, d, and F, and that

(2.20) [F,dl=d, [F,d]=-0.
Then
d_ _dd 1 [ s-1 F —TA
T =0 S=om/0 T°'[Tr(-)" FIle
(2.21) —Tr g o(-) FIIIAT.

Let A denote the de Rham isomorphism from KerA®R" to H(X)®
RY . As G acts by isometries on X, we have that

(2.22) Aa(g™y 4 =a(g™h)",
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where, on the right-hand side, a(g'l)* actson H*(X)® RY. However,
the action on H*(X) ® RY is clearly independent of the metric, and so
the second term of the integrand of (2.21) is independent of &.

For simplicity, we will write 3‘13 to mean the derivative at s =0 of

s=0
the analytic continuation of an expression which is defined for Res > 0.

Then the rest of (2.21) can be written as the T-integral of
(2.23)

d dA _T1a
~ds|,_,T(s )TsT( )y FIl7ze
d 1 -TA
(2.24) =-— S=Ofmr‘rr(—) FI{d, [V, é]}e
d 1
(225) = —% S=OWTSTrHV

(6= Fd +6d(=)F - (=) dé —d(-)FFé)je ™

(2.26) = —dis _0-1:(1—)7*‘ eIV (-)F (0[d, F1+[d, Flo)e ™
d —-TA
(2.27) =& T )T’TrnV( )FA
d 1 1 —TA
(2.28) =ES=01_(S)TSTrHV( YFa'e
d 1 F —TA'
(2.29) = &) dT(T‘TrHV( ) e ")
+sT ' Trv(-)e “],
SO
2.30 iT =B+C
( . ) d8 p" H
where
® d 1 d F -TA
(2.31) B= A -%komﬁ(r‘TrnV(—) )dT,
2.32 C= T‘ v (-)fe ™ dT
232 [ %r (v (-)"e
Now

— (T Trav(-)Fe ™ )).

. . d
(2.33) B= (711—1:20—;'1—%) ( ds|,_, (s)
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Because everything is defined by analytic continuation from Re s > 0,
both limits vanish and B=0.
We now have

d d
(2.34) 7% —T,=C= 7
As 1/T(s) is O(s), and [° ! TrI'IV(—)Fe'TA dT is holomorphic in
s forany a >0, it follows that

/ T rerv (=) e ™ aT.,

5=0 F(S

d d F —TA

@39 &7, = 7| OF(s / P ey (=) e ™ dT
d [/ ~TA 4
2.36 v
(2.36) =7 s-ol"(s) (-)'e
—s_lasTrlKerAHV(—)F]
(2.37) (the T° term in the asymptotic expansion of
' TV (=) e ) = Tr |, IV (-)F

In order to prove the proposition, it is sufficient to show that the asymp-
totic expansion in 7 of Tr l'IV(—)F e ™ has no T° term, which will
be implied if we can show that Tr Va(g)*e_TAl ACX) has no T° term for
geGand 0<k<n.

Let e~ 72 71(gx, x) denote the operator kernel for e A going from an
orthonormal basis 7/ of A* (x) to an orthonormal basis 1 of Ak(gx) .
Let V,,(x) denote the matrix form of the local operator V' with respect
to this basis. Then we want to look at the asymptotic expansion of

(2.38) Z = / S V)t (x), (@(8)'t,)(x)es (g, x)d vol(x).
I J,K

Let us review the results on heat kernel expansions as in, for example,
[1], when generalized to the case of the Laplacian acting on differential
forms. Let n be a bump function on R with center at the origin and
support within {r € R:|r| < (the injectivity radius of X)}. Let

, k
(2.39) $P(x, x') = (4nT) "2 EFIED S Ty (6 X
1=0

be a parametrix for the heat kernel and put
(2.40) H(x, x") = n(x, x)S(x, x'),

(2.41) 2% = ©0/0,+0)HY.
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Let [Z®1"* denote the convolution of 7 with itself A times and put

(2.42) o% = i(—l)l“[‘%(k)]d.

i=1
Then the heat kernel is

(2.43) e ™A= W _o®  g®

provided k > n/2+ 2, [1].
Fix T to lie in the interval (0, a) hereafter. Then for k large enough,

(244) R(k) - ;:—’0 n/2 Q(k)( /)

exists and is bounded in the sup norm on [A?(X)]" ® A”(X). Now
(2.45)

7= / > Vig)zg(x), (a(8)"1,)(x0))

X1,7.K

[Hﬁ’}’(gx x) - Z / o) gx,x)Hj’?(se,x)dvol(sé)]dvol(_x).

For small T, ¥, [, Q (gx x)H,(_';)(x x)dvol(X) is O(Tk "2y (In
fact, it is asymptotic to y 2R(J ,)(gx , X).) Thus, by choosing k large,
we can ensure that the second part of (2.45) does not contribute to the
constant term in 7 of Z°, and so we can simply examine the asymptotic
expansion of H in order to determine the T° term of 2.

The first part of Z is

246 3 / S Ve (0n(d(x, g0)izg(x), (alg)'T,)(x))

X1,7,K

k
2
x (4nT)™"?e™® (x:80)/(4T) Y Tlum(gx, x)d vol(x).
1=0

Clearly, for any ¢ > 0, the points x such that dz(x, gx) > ¢ do not
contribute to the asyptotic expansion of Z°. We know that there is a
finite number of components of FIX(a(g)) and that these components are
boundaryless submanifolds of X . It follows that it suffices to integrate the
integrand of (2.46) over the union of the tubular neighborhoods of these
connected components. Let & be a connected component of FIX(a(g))
of dimension c, and let {Vﬂ} be a collection of coordinate charts on %
with {p ﬂ} a partition of unity subordinate to {V;g}. By the generalized
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Morse lemma [10), we can choose coordinates (w, z) € R°* @ R"™° on
a tubular neighborhood of ¥, such that dz(x, gx) = |z|2. Using the
partition of unity, the integral of (2.46) is a sum of terms of the form

(2.47) 7" / a(w, z)e
TUB NBHD

with ¢ being a C* function on the tubular neighborhood. (Note that
it is irrelevant whether % is orientable.) We can extend g to a C§°
function ¢ on R" and thereby integrate over z € R"~° without changing
the asymptotics of (2.47) in 7. Thus we have an integral of the form

—|z|*/4T
T py(w).

(2.48) Tl-"/z/(i(w, z)e_'zlz/ﬂpﬂ('w)dcwd"-cz.
Doing the w-integral gives something of the form

(2.49) 7"/ / r(z)e AT g,

(2.50) = =92 l=n/2 [ r(zT" )™ g5,

with r € C;°(R"™). Expanding r in a Taylor’s series gives an expansion
of the last integral in integer powers of 7', with error of arbitrarily high
order in T . Thus, all of the powers of T in the asymptotic expansion of
Z liein T7**%_ Because a(g) is an orientation-preserving isometry,
% must be of even codimension, ¢ must be odd, and so there is no T°
term in the asymptotic expansion of .Z".

II1. Product formulas

Let ¢ denote the character of the representation p,i.e., c¢(g) = Trp(g).
Note that we can write T , as

(3.1) T, = g1 L ele)ie),
4

where

d 1 /°° -1 ~1\*%, \Fp —TA
tg)=— = T~ Tra —) Fe " dT.
=g .5/, (g7)")
Let L(g) denote the Lefschetz number of g.
Proposition 3. Suppose that X, and X, are closed oriented Rieman-
nian manifolds. Let X, x X, have the product metric. If G, acts on X, by
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isometries, and G, acts on X, by isometries such that the product action
on X, x X, is orientation-preserving, then for g, € G, and g, € G,,

(3.2) L&, &) = t(8)L(g,) + L(g,)t(8,)

Proof. Consider the operators A=A, ® I+1®A, and F=F @1+
I ® F,, which we will abbreviate by A, + A, and F, + F, respectively,
acting on

(3.3) A'(X, x X,) = A"(X,) ® A" (X,).
Then

(34) tls,, &)= =

1 /°° 75! —1 —1\#
—_— Tra , 1 a(l,
s=0r(s) 0 (gl ) ( g2 )

x (=) R (F, + F)e T4 g,

Because the eigenvectors of A, + A, with nonzero eigenvalue are of the
form v, ®v,, where v, is an eigenvector of A, , and v, is an eigenvector
of A, such that at least one of v, and v, has a nonzero eigenvalue, it
follows that (3.4) equals

(3.5)

4
ds

L[ . I
F(5"_)/0 T lTra(gl l) (_)FlFle T Tra(g, 1) (—)er ™ ar

d
ds

s=0

+

1 [ s —Lyx, \Fy . ~TA, —1\
s=0m</0 T Tra(g, ) (=) *Fe Tra(g, )

x (=)l ™A 4T,
We have
(3.6) L(g,) =Tra(g; )" (-)2e™ ™,

(see, for example, [9]) and similarly for L(g,). Hence the proposition
follows. q.e.d.
Let %, generally denote the Euler character of the d-complex of p-

equivariant R"-valued differential forms.

Proposition 4. Suppose that p, is an orthogonal representation of G,
and p, is an orthogonal representation of G,. With the hypotheses of
Proposition 3,

(37)  T,e, (X, x X,) =T, (X,)z, (X,) + T, (X,)x, (X,).
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Proof.
68 7,0, = o160 ||G2| > eleeeis, &)

(3'9) lGll lG ' Z c](gl c2(g2)(t(g1)L(g2) +L(g1 t(gz))
(3~10) = 'Tll gzlcl (gl)t(gl)'l'(_;z-l gEzcz(gz)L(gz)

1 1
+ Gyl gzzcz(gz)t(gz)m %?cl(gl)l‘(gl)

(3.11) = Tpl)cp2 + szxm‘ q.e.d.

Given an action of a finite group G on X, let p, denote the (virtual)
representation of G given by the difference of the G-module H®*"(X)
and the G-module H°dd(X ). Because G preserves the inner product on
H*(X) induced from the de Rham isomorphism, py is an orthogonal
(virtual) representation. We can derive for virtual representations p, tp,
by additivity.

Proposition 5. If G actson X, andon X, , then for the diagonal action
of G on X, xX,,

(3.12) T,(X, xX,)= p®p (Xl) +T o0y, (X,).

Proof.

(313) T,= ﬁ Y c(g)ie, 8)
4

3.14) = ,%, 3" e(8)(t, () Ly(8) + Ly (8)15(8))
g
(3.15) =ﬁ2c<g> Ly(),(8) + Z )L (8)t,(g
g
(3.16) = Tye, (X)) + Ty, ( 2).

Proposition 6. Suppose that G acts by orientation-preserving diffeomor-
phisms on X, H is a subgroup of G, p is an orthogonal representation
of H, and p is the induced representation of G. Then T; =T

Proof. Note that if the character of p is given by c(4), then the char-
acter of p is given by

(3.17) E(g):l—;” S ch),

g . hg'h(g") =g
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Then
(3.18) .- L L Yoo eie).
»|GIIH| =
ghgh(g) =g

Now
(319) ug'h(e) )= 5wl “ T Tra(g ™) ah™')

ca(@d) (=) Fe ™ ar

d 1 ® L s—1 P T
(3.20) = S=OW/O T~ Tra(g' ™ )'ah™)

- (—)FFe_TA’a(g')' dT
(3.21) = t(h).
Thus
(3.22) T = l—llﬁ S c(hy(h)

g',h
(3.23) = ﬁZc(h)t(h)
h

(3.24) =T.

IV. Computations of 7" for orthogonal actions on spheres

We now compute the analytic torsion for certain group actions on a
sphere. Suppose that a: G — SO(2n) is a representation of a finite group
into the special orthogonal group, and consider the induced action on
S0 Let p:G — O(N) be an orthogonal representation of G such
that ) ¢ c(g) = 0, where ¢ denotes the character of the representation
p, i.e., p has no trivial component. By equations (10) and (11) of Ray
[16], we have

|G| B )
(4.1) T, = l—é—l Zloglez’”’/'G| - 1|<Zc(g)Tra(g’)>.
Jj=1

g

Note that the g summation must be done first in this equation in order
to get a well-defined answer.

For future use, let us compute the analytic torsion for a cyclic subgroup
of G. Let g be a fixed element of G, and let us compute the contribution
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to Tp coming from the subgroup generated by g. Choose k such that
|G| + k, and consider

|G| |G|
_ 1 2mij/|G| —2nirk/|G)| jr
(4.2) F = _|G| j§=1 log |e 1| E e Tra(g").

r=1
Suppose that the normal form for o(g) has block matrices

( cos2ny, /|G|  sin2ny,/|G] )"

—sin2ny, /|G| cos2ny,/|G| /,_,

along the diagonal. If v, is nonzero, define a(/) by

v |G|
4.3 o()———==1 mod ————.
4.3 ! gedtv, 16D ged(,, 1G]
Let us write ged(/) hereafter for ged(y,, |G|).
Proposition 7.
! 2nika(l)/|G
(4.4) Fo= Y log|t — g2 ke/d])
I=
scd(lglk
Proof. We have
1 @ 27ij/|G Gl 27irk/|G
(4.5) F, = mzlog e nij/IGl _ 1 Ze— nirk/|G|
Jj=1 r=1

n
% Z(eZRijru,/lGl + e—Znijru,/lGl)
=1

|G| B n
(4.6) =Y logle™ %1 1L
j=1

I=1
Jjy;=xk mod |G|

Now jv, = £tk mod |G| has a solution if and only if ged(/)|k, in which
case the solutions for j are

(L ke() |G| O
(4.7) J€ {igcd(l) +sng(1) }s=0 .
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This gives
- ; 2nij/|G]
ni
(4.8) Fo=Y > logle™™ -1
=1 j=1
jy,=tk mod|G|
n, 0! 27i(s|G|xka(l G| ged(/
=1 s=0
ged(/)|k
n ged(l)-1 _ .
(4.10) = log 2%/ &) _ F2nika(/(1G] 30
=1 s=0
ged()|k
n .
(4.1 1) = Z log I 1 _ e:Fzﬂlka(I)/|G| |
I=1
ged(D) |k
n .
(4.12) = log | 1- eZMka(l)/IGl |'
I=1
ged(l)|k

V. The combinatorial torsion for finite group actions

An expression for the Reidemeister torsion for actions of finite groups
on PL G-manifolds was developed by Rothenberg [19]. To make this
paper self-contained, we will summarize a simplified version of this work
which is sufficient for our purposes. This approach is based on the work
of Milnor in [14]. The reader may wish to refer to this reference for
information on the torsion of a complex.

Let G be a finite group, and let K be a finite regular simplicial G-
complex [2]. Let p:G — O(N) be an orthogonal representation of G.
Consider the equivariant cochain groups

(5.1) CM(K, p) = {w e C*(K)oR :forall g € G, p(g)a(g™") » = w},
where a(g_l)* denotes the action of g € G on ck (K), and the complex
(5.2) CK, p) 25 C'(K, p) 2o 2 CM(K, p).

In order to define the torsion of the complex [14] we must give volume
forms for the cohomology groups H* (K, p) of the complex and for the
cochain groups Ck(K , p). As in §II, when K is a triangulation of a
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smooth compact oriented n-dimensional G-manifold X, the de Rham
isomorphism between KerA, and Hk(K , p) gives the latter the inner
product structure induced from #*(X) @ R .

Let us define an inner product on Ck(K , p). If we take the k-simplices
to form a preferred basis of Ck(K ), and we use the standard inner product
on R", we obtain an inner product on Ck(K )® RY . Give Ck(K , p) the
inner product that is induced as a subspace of Ck(K )® RY . The volume
form on Ck(K , p) is that determined by this inner product.

Proposition 8. The R-torsion 1 of the complex (5.2) is invariant under
equivariant subdivision of K .

Proof. As the torsion of the cochain complex is the same (up to a sign)
as that of the chain complex, it suffices to prove the proposition for the
chain complex

(5.3) C,K,p) L C,_ (K, p) L L CK, p),

where C, (K, p) denotes the p-equivariant elements of C, (K )®RN . The
proof is now a straightforward adaptation of the invariance proof in §7 of
[14]. We omit the details. If L is a subcomplex of K, then the same
construction goes through for Krel L. q.e.d.

One can define a more general combinatorial torsion using the inner
product

(5.4) (> 1) = Y w(H,)(n,(0), m,(0))gv

where 7, and 7, are elements of Ck(K , P), the sum is over k-simplices
o, H_ is the isotropy group of o, and w is a fixed positive function
from the set of conjugacy classes of subgroups of G to R. The torsion
so defined is again subdivision invariant. We consider the special case of
w = 1 hereafter in order to ensure that the product formula holds for the
combinatorial torsion. This corrects the choice of w given in [12].

VI. Computation of 7 for orthogonal actions on spheres

Let us first consider the case of cyclic actions on § t
Proposition 9. Suppose that Z, acts on S' by

(6.1) a(r)eio) _ ei(0+27tn//p) ,

where 0 <r<p and 0<v <p. Let gcd denote gcd(v, p) and consider
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the character c(r) of the two-dimensional representation of Z, given by
(6.2) c(r) = 2cos(2nkr/p).
Suppose that gcd |k (in order to have a nontrivial equivariant cochain com-

plex) and that p + k (in order to have an acyclic equivariant cochain com-
plex). Let « satisfy

v _ ya
(6.3) GEE& =1 mod ng'
Then the torsion of the cochain complex is given by
(6.4) 1(p, k) =log|1 — exp(2mika/p)|.

Proof. Let K be the triangulation of S' with p vertices and p edges.
The equivariant cochain complex of K is the same as that of the free
action of Zp /gcd O K with action

(6.5) a(t)(eio) = oH(O+2mt(v/ ed)/(p/ ed) ’ 0<t<p/gcd
and character
(6.6) c(t) = 2cos(2nt(k/ged)/(p/ ged)).

However, the torsion of this complex is the same as the standard Reide-
meister torsion of S' using a flat R? bundle whose holonomy around S !
is given by
( cos(2na(k/ged)/(p/ ged))  sin(2ma(k/ ged)/(p/ ged)) )
—sin(2ra(k/ ged)/(p/ ged)) cos(2ma(k/ged)/(p/ged)) )
This is easily computed to be

(6.7) log|1 — g2 alk/ed/w/Ecd) _ 15011 — exp(2nika/p) .

(We have used a normalization on 7 to agree with the normalization of
§IV.) q.e.d.

We will now compute 7 for a cyclic group of special orthogonal actions
on a sphere.

Proposition 10. Let o: z,— SO(2n) be a special orthogonal represen-

tation of the cyclic group z,, and consider the induced action on S*"™'.
Suppose that the normal form of a(1) has the block matrices

( cos 27y, /p sin27w1/p>”

—sin2nv,/p cos2av,/p /,_,

along the diagonal. Consider the character c(r) of the two-dimensional
representation of Z, given by

(6.8) c(r) = 2cos(2nkr/p), 0<r<p,
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with p + k (in order to have an acyclic complex). Let gcd(l) denote
ged(v,, p), and for nonzero v,, define a(l) by

14
6.9 a(l)——L—=1 mod—2 .
(6.9) ( )gcd(u,,p) scd(v,, p)
Then the torsion is given by
(6.10) = Z 10g|1 _ eZﬂika(l)/pI‘
scd(ll)lk

Proof. The key of the proof is to consider the properties of T under the
join operation [19]. If X and Y are G-simplicial complexes, then there is
a relative isomorphism between (X#Y, XUY) and (S(X xY), p,Up,).
If # denotes the homology sequence of the pair (X#Y, XUY), then by
Theorem 3.2 of [14], we have that

(6.11)  T(X#Y) =1(X) + 1(Y) + t(X#Y, X UY) + 1(#)

(6.12) =1(X)+1(Y)+1(S(X xY), pyUp,) + (%)

(6.13) =1(X)+1(Y)-1(X x Y) + 1(#).

If the representation is such that H*(X#Y, p), H*(X, p),and H*(Y, p)
vanish, it follows that 7(#) =0, and so

(6.14) T(X#Y) = 1(X) + 1(Y) — t(X x Y).

2n—1

In our case we can construct the zZ, actionon S as a repeated join

of actions on S'. As the Lefschetz number of an orientation-preserving
action on an odd-dimensional sphere vanishes, it follows from Proposi-
tions 3 and 5'(at the end of this section) that with each join,

(6.15) 1(X#Y) = 7(X) + 7(Y).

Using the result of Proposition 9, the proposition follows. q.e.d.

We now show that T, and t_ coincide for all special orthogonal actions
on odd-dimensional spheres. The first step is to show that t , can be
written linearly in terms of the character ¢ of the representation p, as in
(3.1).

Proposition 11. With the hypotheses of §V, 1 , can be written in the
Sform

1 ,
(6.16) e Zg: c()t(g)

for some function t' on G.
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Proof. Let us define the adjoint J, to the d, operator using the inner
product on C*(K, p) defined in §V. Define the combinatorial Laplacian
A, by
(6.17) A.=dd.+0,d,.

We would like to write the torsion 7 as

(6.18) / T ' Tr(-) Fe Al dT,

ds
where the trace is over endomorphlsms of C*(K, p), but this is not quite
true. The expression (6.18) would give the torsion for the complex (5.2) if
we were to use the volume form v, on H '(K, p) thatis induced from the
inner product on c' (K p) , but we instead want to use the volume form
u; on H'(K, p) that is induced from the inner product on #'(X, p).
In order to correct for this, we must add a factor

(6.19) E(— ‘In(u,/v,)

to (6.18). Let 4:#%(X, p) = CY(K, p) be the de Rham operator, and
let A* be its dual with respect to the mentioned inner products. Then the
correction factor can be written as

F *
(6.20) =Tr(=)" In(44) gk . )
or, equivalently,
. F * -T
(6.21) = Jim Tr(-)" In(44" +A)e “Aclcek, p)-

Thus we have

d /oo Ts—l F =T ./
=—| = Tr(-) Fe "A dT
ds|,_oT(s) Jo =) ¢
(6.22) - lim Tr(-)" In(44" + A )e”TA,,

where the traces are over endomorphisms of C*(K, p). Note that we
have a projection operator I, from C*(K)® RY to C*(K, p) given by

(6.23) II, IGIZp(g a(g™")".

g€G
Then we can write

er)/ T Tr(=) Fp(g)a(g™") e TALdT

_l__z ngoTr(—) p(g)a(g_ ) In(A4A4" +A)e Ac,
4
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where the traces are now over endomorphisms of C*(K) ® RY . Equiva-
lently, we can write

(6.25) TG > c(e)t (),

where

/ d
t(g)=%

——l ® -1 F —1\x =T,/
7~ Tr(—
(6.26) —oT0) /0 Tr(-) Fa(g™')’e” A.dT

— 1im Tr(-)"a(¢™")* In(44" + A,)e” " A,
T—o0

and the traces are now over endomorphisms of C*(K).

Proposition 12. Let o:G — SO(2n) be a special orthogonal represen-
tation of a finite group G, and consider the induced action on S Let
p: G — O(N) be an orthogonal representation of G. Then T,=t,.

Proof. Let (g) denote the subgroup of G generated by an element g
of order p. Recall that ¢ is a function on G such that (3.1) holds. By
Propositions 7 and 10, we have that

p
(6.27) Y e )¢ =0,
r=1
whenever p + k. That is, the discrete Fourier transform of the function
r— (t—1t)(g") has support at k =0. Thus (t—¢)(g") is independent of
r, and equals (t—¢')(e). Therefore (t—¢)(g) = (t—t)(e) forall g€ G.
Now (t—t')(e) is the difference between the ordinary analytic torsion and
the Reidemeister torsion for the space st By the result of [4], [15],
we know that this vanishes. q.e.d.
Let us note that the following analogues of Propositions 2-6 hold for
T, [19]:
Proposition2'. Let g(e) be a smooth 1-parameter family of G-invariant
metrics on X . Then

! d F d -1
(2.17 ) d—s-‘l,'p = TrlKerACH(_) (d—g-*> % .

Proposition 3'.  Suppose that X , and X, are closed oriented manifolds.
If G, actson X and G, actson X, such that the product action of G, xG,
on X, x X, is orientation-preserving, then for g, € G, and g, € G,,

(3.2) 1'(g,, &) =1(8)L(g,) + L(g)(g,)

Proposition 4. Suppose that p, is an orthogonal representation of G,
and p, is an orthogonal representation of G,. With the hypotheses of
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Proposition 3,
(3.7) 75 00, (X1 X X3) = T, (X)X, (X;) + 7, (X,)x,, (X)).

Proposition 5. If G acts on X, and X,, then for the diagonal action
of G on X; xX,,

(3.12) 7,(X, x X,) X))+ X,).

= Trony, ( p®pH2(

Proposition 6. Suppose that G acts by orientation-preserving diffeo-
morphisms on X, H is a subgroup of G, p is an orthogonal representa-
tion of H, and p is the induced representation of G. Then t ) =T5-

Note. We have shown that T and T coincide for all special orthog-
onal group actions on odd-dimensional spheres. They definitely do not
coincide for special orthogonal actions on even-dimensional spheres. By
Proposition 1, T always vanishes in the even-dimensional case. However,
7 does not vanish even for cyclic actions. This can be seen by building a
cyclic action using joins as in Proposition 10. We will discuss the lack of
equality further in §VIIIL.

VIIL. Equality of 7" and 7 for odd-dimensional manifolds

We now show that T equals t for orientation-preserving finite group
actions on odd-dimensional closed oriented manifolds by following the
method of Miiller [15]. This consists of proving the equality for special
orthogonal actions on spheres and using cobordism methods to pass to the
general case. First let us review equivariant surgery.

Let X beasin§ll andlet f bea G-Morse function (this exists by [20]).
As G is finite, f is simply an ordinary Morse function which happens to
be G-invariant, and so has a finite number of critical points. Let & be
an orbit of critical points of index i, and let V' and W denote G-vector
bundles over # of dimensions n — i and i respectively. Let V(1) and
W (1) denote the unit disk bundles of ¥ and W, and call V(1) & W (1)
a handle-bundle of index i. If ¢ is a critical value of f, then for small
e, f (=00, c+¢)) differs from f~'((-o0, c —€)) by the addition of a
finite number of handle-bundles in a way analogous to the case of ordinary
Morse theory [20].

In order to obtain a’” G-cobordism between X U (—X) and a disjoint
union of spheres, let us consider the space X x I and the function F: X x
I - R given by F(x,t) = 4t(1 —t)(1 + f(x)). As in [4], decomposing
X x I via the handle-bundle additions specified by F corresponds to
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building X U(—X) from S"’s by an iterative process, each step of which
consists of removing a region of the form 9V (1) ® W(1) and attaching
V(1)®@0W (1). The only point to check is that the group acts orthogonally
on the S"’s in the decomposition. The S”’s are in 1-1 correspondence
with the cricial points of F of index n+1, which are the points (1/2, x;),
where x; € X is a critical point for f of index n. The sphere S" is given
as the component of F '1(1 +f(x;)—¢€), for & small, which is located near
(1/2, x;) . We can use the Morse lemma to write F as a quadratic form
in a neighborhood of (1/2, x;), which will be invariant under the action
of the isotropy subgroup G, . As the S” is a component of a level surface
of F, it follows that G, acts orthogonally on the sphere. By choosing
¢ small enough, we can ensure that the subgroup of G which maps the
sphere to itself is simply G, .

In the following proof, we will need a technical proposition to the effect
that the surgery can be done so that not only does the group action pre-
serve the orientation of V'(1)® W (1), but the isotropy groups preserve the
individual orientations of the connected components of V(1) and W (1).
We will show slightly more, namely,

Proposition 13. X U (—X) can be equivariantly surgered to a disjoint
union of spheres in such a way that at each surgery step, the isotropy group
of a component of V(1) @ W(1) fixes one of the factors in the product
Dn+l—1 x Di.

Proof. We will prove the proposition for continuous surgery; the con-
struction can be smoothed out. To fix notation, let Dk(a) denote {v €
R:|v| < €} and let D* denote D¥(1). Then a solid (k + 1, n — k)
G-handle 4, is defined to be

(7.1) A, =G x (D' () x D",
and A is defined by
(1.2) A=Gx, (D' x D",

where H acts by a diagonal action on Dk“(s) x D"k , and orthogonally
on each factor. H will be called the isotropy group of 4. Define , 4 by

(1.3) 8,4 =G x, (S*x D",

Suppose that B is an (n+ 1)-dimensional G-manifold and that 9, B is
an n-dimensional submanifold of B. Given an embedding of 8 .4 in
OB —0,B,asolid (k+1,n~k) G-handle extension B of B (rel 0,B)
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is defined by

(7.4) B=B|A
0,4

Because 9,B is embedded in dB’, it makes sense to talk about a sequence
of G-handle extensions of B (reld,B).

Suppose that B, is an (n+ 1)-dimensional submanifold of B and takes
0,B, tobe 9B,NB, an n-dimensional submanifold of both 6B, and 9B
Then a Morse theory argument shows that B is given by a sequence of
G-handle extensions of B, (reld, B;). For example, our total surgery is
given by taking B =X x I and B, =J D", Giving a representation of
B as a sequence of G-handle extensions of B, (reld,B;) is equivalent to
giving a sequence of G-surgeries from 0B to 0B, which do not touch
a,B,.

Doeﬁnition. A (k+1,n—k) G-handle A4 is nice if the isotropy group
H acts trivially on sk.

We wish to show that a sequence of G-handle extensions can be done
by a sequence of nice G-handle extensions. It suffices to show this for a
single G-handle extension, B' = Bu, ,A. (See Figure 1, next page, where
we illustrate the case of n =2, k =+1.) We will do this by induction on
|H|. For H trivial, there is nothing to show. Let us write 4 as

(1.5) A=(1/2,11x8,4) Uy , Ay

Let B” be a disjoint union of B and 4, , (Figure 2). Then B” is a nice
(0, n+1) G-handle extension of B. Thus it suffices to show that B’ isa
nice G-handle extension of B” . This will be true if for small ¢, [1/2, 1]x
0,4 is given by a sequence of nice G-handle extensions of ([1/2, 1/2+¢]uU
[1—¢, 1]) x 8,4, which in turn will be true if [1/2, 1] x (§¥ x D"™) is
given by a sequence of nice H-handle extensions of ([1/2,1/2 + €] U
[1—¢, 1]) x (Sk X D""k) . For notational simplicity, we will reparametrize
and show that C' = [—¢, 1 + €] x (Sk X D”'k) is given by a sequence
of nice H-handle extensions of C = ([—¢, 0JU[1l, 1 +¢]) x (Sk X D"'k)
(Figure 3).

The idea will be to do an explicit nice H-handle extension which in-
cludes the H-fixed point set and then to argue that the other extensions
can be done with isotropy groups which are proper subgroups of H. Let
S’ denote (Sk)H , the points of S* which are fixed by H. Write S’ as
a union of two hemispheres: s = Di uD’ . Let § x D"/ be an H-
invariant tubular neighborhood of S’ in S* (Figure 4, which illustrates
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the case j = 0). Put 4’ to be [0, 1] x (D) x D*7/) x D" (Figure 5),
which has a natural embedding in [0, 1] x Sk x D" Then CuA isa
nice (1, n) H-handle extension of C, which embeds in C’ (Figure 6).
As a set, 3(CUA') can be written as a disjoint union by

a(Cud)=({—e} x S* x D" FyU ((~¢, 0) x S* x $"7*71)
U ({0} x (8 — (D, x D)) x D"*
(7.6) U((0, 1) x 8(D. x D7 x D"7%))
U1} x (§* = (D). x D)) x D"
U1, 1+&) xS x 8" Y u ({1 +¢} x S* x D"7%).
In particular, ({0} x D/ )u((0, 1) x 8" u ({1} x D’) isa j-sphere T’

which is embedded in 8(CUA')—8C and is pointwise fixed by H (Figure
7). There i is a tubular neighborhood of T’ of the form T’ x D*~/ x D"*
in 8(CuA')—dC’ (Figure 8). This tubular neighborhood can be written
in the form 9, 4", where 4" = D'*' x D¥J x D"* is embedded in
C', with D’*' = [0, 1] x D’ (Figure 9). Thus, CU A’ U 4" is a nice
(j+1, n—j) H-handle extension of CUA’, which embeds in C’' (Figure
10, next page).

Now
cudu4d”
(1.7) = ([-¢, 0] x S* x D" %) u ([0, 1] x 8’ x D/ x D"7¥)
UL, 1+¢]xS*x D" ).
Thus,

(1.8) C'—(Cud'ud")y = (0, 1)x(S* = (8’ xD*7))xD"* (Figure 11)
is uniformly bounded away from the fixed point set
(1.9) (Y =[—¢, 1+e]x 8 x (D" (Figure 12).

That is, there exists a 6 > 0 such that forall x e C'— (CuA4' UA4") and
all he H, d(x, hx) > J. Consider constructing C' from Cu A4 U 4"
by a sequence of H-handle extensions. Because the handles can be chosen
to be arbitrarily small, it follows that we can choose them small enough
that the isotropy group of a handle is a proper subgroup of H. Then, by
induction, C’ can be constructed from CUA UA" by a sequence of nice
H-handle extensions. q.e.d.
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In order to show that T equals 7 in the case of a free action, the
method used by Miiller was to first show that for two representations p,
and p,, one has that

(7.10) TP; - sz =T, = T,.

This reduces the problem to the case of trivial p, which is then handled by
surgery methods. In our case, this first step is problematic. The difference
of the zeta functions corresponding to p, and p, is not a priori finite, as in
the case of free actions. This is because any element of G can have a fixed
point in its action on X , unlike the case of a free action. Thus we will skip
the step of reducing to a trivial p and instead do surgery directly for any
p . The reduction to a trivial representation is used in [15] because there
one was effectively dealing with a free action on a possibly noncompact
space, with compact quotient. Here we only consider actions on compact
spaces.

The second step of [15] is to form a combinatorial torsion 7°, defined
using a triangulation. One then shows that under surgery, as the triangula-
tion becomes infinitely fine, 7 —t° jumps by the same amount as T —1°.
This reduces the problem to a computation on spheres.

More specifically, define an inner product on C*(K, p) by (a, d’) =
JxWan Wa', there W is the Whitney operator. Define J° to be the
adjoint of d°, and put

(7.11) A =6°d +do°.
Definition.
c_ d 1 ®©  s—1 F ., —T(A°)
(7.12) : —5s=oﬁs~)/o 7 Tr(=) Fe T8 g,

where the prime denotes the omission of zero eigenvalues.

In order to describe the surgery operation, we use the notation of §10
of [15], but with everything generalized to the G-equivariant setting. The
reader may wish to refer to that paper for details. For completeness, we
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will recall the basic setup. X is a closed n-dimensional G-manifold,
and W, W,,and W, are n-dimensional G-submanifolds such that X =
W,uWw,, Wy =W, nW,. Furthermore, W, is G-diffeomorphic to a G-
bundle of the form V(1)@ W(1), which is topologically a disjoint union
of S? x D'*'’s, and W, is topologically a disjoint union of S” x S x
I’s, where I = [-1,1]. Thus W, is a G-handle, and W, is a tubular
neighborhood of OW,. X ' is obtained surgically from X by gluing to
W, = W, a G-handle W, which is a disjoint union of D*' x §%’.
W, = W, N W, is a tubular neighborhood of dW, , and is again a disjoint
union of S” x §? x I'’s. Thus X' is obtained from X by removing a
G-handle W, and gluing in a G-handle W2' Let M, and M, denote the
doubles of W, and W, , so that M is a disjoint union of S” x S7*'s,
and M, is a disjoint union of S7*' x §7°s.

First, let us show that the de Rham map

(7.13) AN X)oRY - CUK)RY
and the Whitney map
(7.14) w:CYK)®R" - AY(X) o RY

can be restricted to maps between A?(X, p) and C/(K, p).

Proposition 14. a(g™")* commutes with A and W .

Proof Recall that for all f € A%(X)®R"Y, Af = >(f, f)o , where
the sum runs over g-simplices ¢ of X, and o is also considered as an
element of C/(K). Then

A«g”rf=§:(ﬂa@”ff)a=§:(ﬂwﬂwf)a
(7.15) - ([ 1) a0 =a@) ([, £) o' = ate)ar.

For the Whitney map, let us recall that for a g-simplex ¢ = [pi0 2D s
p;]1 of K, W is defined by
q

q
k 7= .
(1.16) W(a):q!g(—l) wodw, N N N+ Ndw; ifa>0,

Wip,l=p, ifg=0,
where u; is the barycentric coordinate corresponding to the vertex p, .
For an element ¢ =) 0 ®v, of C(K)® RY, we define

(7.17) We=)Y W(o)®v, € /q\(X) ®R".
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Then
(7.18) Wa(g™)'c=WY ag)oov, =Y Wal(g)o)ev,,

(7.19) a(g” )Y We=a(g™)' Y W(e)ov, = a(g” ) W(o)®v,.
Thus, it suffices to show that
(7.20) W(a(g)o) = a(g”") W (o).

However, the simplex a(g)o is simply [a(g)p - ,a(g)p; ], and the
q

iy?
barycentric coordinate for the vertex a( g)pij is a(g™")* i s from which
the lemma follows. q.e.d.

One can now check that each equation and estimate of §1-5 of [15] goes
through to our situation provided that one makes the following replace-
ments:

1. Every C*(K, L)) or C*(K) of [15] is replaced by C*(K , p).
2. Every AY(X, Lp) or A?(X) of [15] is replaced by A’(X, p).
3. Every trace over C? or A? of [15] is replaced by a trace over

CU(K, p)or AU(X, p).

Note. If we had the special case of a free action of G on X, then
the space “X” considered in [15] would be the space X/G of the present
paper. However, all of the estimates for “X” also work for X.

As the last tool of machinery to prove the equality of ¢ and T, we
need the equivariant generalization of the parametrices of [15]. Let {U,}
be a G-covering of X by open sets with smooth boundary, i.e., for each
a and each g € G, gU, is also an open set in the covering. Let {¢, } be
a partition of unity subordinate to {U,} such that for each a and each
g €aq, a(g")*(oa is also in the set of partition functions. Let {'¥_}
be an equivariant set of functions satisfying ¢ ¥ = ¢ . Let AZ be the
Laplacian acting on R" valued g-forms on U, with absolute boundary
conditions. Let H’ be the projection over KerA?, and put

(7.21) D! =Al+H..

(%)

Finally, define the analytic parametrix to be
(7.22) Els)=Y ¢, (D))7Y¥,,

a parametrix on A?(x) ® R .
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For the combinatorial parametrix, let K be a smooth G-triangulation
of X, and let {U,} be a G-covering of X such that for each a, K
induces a smooth triangulation (K, L,) of (U,,dU,). Let W, be the
Whitney map with respect to K, let A? ) be the combinatorial Laplacian

a(c

on C/(K,)®R", let H, be the projection onto the kernel of A, put
q  _ A4

(7.23) DY, =4

a(c

q
)+ H o)
and define the combinatorial parametrix to be

(7.24) Eg(c)(s) = E (”a%(DZ(c))_SA'/’a

acting on AY(X) @ R".

One can now check that every equation and estimate of §8 of [15] goes
through provided that the replacements (%) are made.

As said above, we will not need the first comparison theorem of [15],
which involves the difference of torsions for two different representations.
We will show that under surgery (and as the size of the mesh goes to zero)

(7.25) Ty —Ty — %TMI + %TMz
equals

c ¢ 1l 1 .
(7.26) rX—rX,—ier+§1Mz,
and that this in turn equals
(7.27) Ty — Ty — %er + %er.

As the Riemannian metric on X varies, we know how Tp varies from
Proposition 2. The only way that t P varies is through the volume forms
on the cohomology groups H" (K, p). This variation is given in Proposi-
tion 2’, and one has that © » varies in the same way as Tp . Thus Tp -1,
is independent of the G-invariant Riemannian metric on X. Choose
Riemannian metrics on X and X' so that W, c X and W, C X' are
isometric, and W, and W3' are isometric to a disjoint union of standard
SP x 87 x I'’s. Using an open covering adapted to the handle-bundle ad-
dition as in [15], we have

(7.28) TrEq(x)|A4(X)®RN - Tqu(x)|Aa(X')®RN

! 1

(7.29) = 3 TrEq(s)lA"(Ml)@RN =3 TrEq(S)|Aq(M2)®R~.
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The analogue of 8.44 of [15] is that {(s) — TrE,(s) converges uniformly
on compact subsets of C to { (s)—TrE,(s) as the mesh size goes to zero.
It follows that

(7.30) ty— T — 5T + T
converges to

1.1
(7.31) Ty~ Ty~ 5Ty, + 2T,

as the mesh size goes to zero.
By the Mayer-Vietoris sequence for the decomposition of X as W, U
W, , it follows as in [15] that

(7.32) T — Ty — %r;{l + %rj,z
converges to

1 1
(7.33) Ty — Ty —51M1+51M2

as the mesh size goes to zero.
We now have that

(134) (T = 0)(X) ~ (T~ 7)X') = 3(T = 1)(My) - 5(T ~ 7)(M).

In order to show that T — 7 is invariant under a nice surgery, it suffices
to show that it vanishes for a standard G-action on a disjoint union of
odd-dimensional S? x $?’s. Finally, to show that (T — 7)(X) vanishes,
by the handle-body decomposition it suffices to show that 7" — 7 vanishes
for a standard G-action on a disjoint union of odd-dimensional spheres.
Both of these will follow from

Proposition 15. Suppose that G acts on X = U,'.';l P,, where each P,
is a product S* x S* of odd dimension. Let H; denote the subgroup which
maps P, to itself. Suppose that for each element h of H, the action of h
on S? x §? is given by a product of special orthogonal group actions. Then
Jor all representations p:G — O(N), T, (X)=1,(X).

Proof. Let p, denote p restricted to H,. Because the heat kernel
vanishes between P, and P, when i # j, we have T p(X ) =2 Tpi(Pi)’
and similarly for pp Without loss of generality, suppose that p is odd and
q iseven. For any 4 € H,, we have that the Lefschetz number of 4 acting
on S? vanishes. Then it follows from Proposition 3 and Proposition 5
that

_ 74
(7.35) T,(P)=T,q, (5).
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and similarly for 7, . Thus it suffices to check the equality of 7' and <
for special orthogonal actions on odd-dimensional spheres. This was done
in Proposition 12. q.e.d.

We have now proved

Proposition 16. Suppose that a finite group G acts by orientation-
preserving diffeomorphisms on an odd-dimensional closed oriented mani-
fold X . Then for any orthogonal representation p of G, T,=r1,.

VIII. Nonequality of 7 and 7 for even-dimensional manifolds
By Proposition 1, if X is even-dimensional, then 7 = 0. On the
other hand, the calculations of §VI show that even for special orthogonal
actions on spheres, 7 is generally nonzero. For example, if S” is an even-
dimensional sphere, S? is an odd-dimensional sphere, and p is an acyclic
representation, then from (6.13) we have

(8.1) T,(S7#87) = 7,(87) +1,(8%) — 7,(8” x §%).

Because the Lefschetz number of a special orthogonal action on S” is two,
and vanishes for a special orthogonal action on 7, it follows that

7,(S*#S%) = 1,(8%) + 1,(8%) - (27,(S) + 07,(S"))

(8.2)
= rp(S”) - rp(Sq).

The action on S? and the representation p can clearly be chosen in order
to make 7(S”#S?) nonzero.

One can understand the nonequality in the following way. The proof of
Proposition 1 involves using the Hodge duality operator. The analogous
method in the combinatorial case would involve comparing the torsion of
a G-simplicial complex with that of its dual cell complex.

One can define the combinatorial torsion for a G-cell complex, but the
problem is that given a triangularization K of X, if the group action
is such that the isotropy groups are not all the same, then the dual cell
complex K* willnotbea G-cell complex. One can see this in the following
way: Suppose that @ and ¢® are an a- -simplex and a b-simplex in
K, with @ cg® , and that a < b. Suppose that a ) and ¢® have
isotropy groups H, and H, with H, # H,. Now ¢ @ s also a vertex
in the dual tnangulanzatlon K of K and it lies in the interior of the
dual cell o @ However, the simplex s of K consisting of the chain
(6@, 6®] meets ¢ in K and has an isotropy group different from



462 JOHN LOTT & MEL ROTHENBERG

that of ¢'¥ . This is impossible if the dual cell complex is to form a G-
cell complex [2]. Thus K* can only be a G-cell complex if all of the
isotropy subgroups of G are equal.

Recall that if H*(K, p) is nonvanishing, then we define the combina-
torial torsion 7 using the harmonic forms to give the volume forms on
{Hk (K, p)}. We will first show that in the even-dimensional case, 7 is
actually independent of the Riemannian metric used in the definition, even
if H*(K, p) is nonvanishing.

Proposition 17. Let X be an n-dimensional closed oriented smooth
manifold, with n even, on which the finite group G acts by orientation-
preserving diffeomorphisms. Let K be a G-triangulationof X . Let p:G —
O(N) be an orthogonal representation of G. Then the combinatorial tor-
sion T, is independent of the Riemannian metric g used to define the

volume forms on the cohomology groups {H" (K, p)}.
Proof. Let g(e) be a smooth 1-parameter family of G-invariant met-
rics on X . From Proposition 2’, we have

d Ffd -1
(8.3) 7% =~ Trlgerall(-) (%*) «
where the notation is that of §II. Because n is even, we have that
(8.4) (=) = (=" = ()
Also,
_d, 2 d d
(8.5) 0—%(*)—*%*+<%*>*,
Then
d
(8.6) ‘—E Tr|KerAl'I( ) da
d
(8'7) _Tr,KerAH( ) (% )
-1 (d
(8.8) = Tr [ TI(-) (d_ )
-1 (d -
(8.9) = Try, 1% (=) » (% ) ‘
d
(8.10) = Tr | JU-)" ( pr )
(8.11) =0. q.ed.

Following the method of proof of Proposition 16, we can now give an
equation for 1 » in the even-dimensional case in terms of an equivariant
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surgical decomposition of X U(—X), as, for example, one obtains from a
G-invariant Morse function on X .

Proposition 18. Let X be an n-dimensional closed oriented smooth
manifold, with n even, on which the finite group G acts by orientation-
preserving diffeomorphisms. Let p:G — O(N) be an orthogonal represen-
tation of G. Let f be a G-invariant Morse function on X . For each
integer i satisfying 0 < i < n, let {x;, j} denote the critical points of f
with index i. Using the notation of §VII, suppose that the action of G
preserves the orientations on V(1) and W(1). Then

1 —i—1 i+1
)= 4T Te, (s

iodd j

+% Z ETP,-,,-(Sn_i x §'),

ieven j

(8.12)

where p; i denotes the restriction of the representation p to the isotropy
group of the point x, Iz (Note that the torsion of a product can be computed

by Proposition 5'.)
Proof. By §VII, we have in general that under surgery

1 1
(8.13) (ty = Ty) = (14— Ty) - E(TMl - TMl) + E(tM2 - TMz)‘
As all of these spaces are even-dimensional, 7" vanishes and so

1 1
(8.14) Ty =Tx = 3Ty, +§‘th.

If we now consider building X U(—X) by surgery from a disjoint union
of spheres, then initially one has the following torsion of the spheres:

(8.15) Y1, ("= %thn‘j(So « S,
J J

Upon doing surgery on an orbit of critical points with index i, one has
that M, is a disjoint union of §"' x §™! s and that M, is a disjoint
union of $"' x §'’s. Thus

21,(X) = 1,(X U(-X))
1 n 1 n—i—1 i+1
=§thn.j(soxs)—EZZT”:‘J(S xS+)
J i J

+ % >t (" xSh.

i#n j

(8.16)
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As the Lefschetz number vanishes for an orientation-preserving action on
a closed oriented odd-dimensional manifold, Proposition 3’ implies that
the sum in the second term is effectively over i odd. Similarly, the sum
in the third term is effectively over i even. Hence the proposition fol-
lows.

Proposition 19. Let {#;} denote the orders of the elements of G .

(i) Let A denote the multiplicative subgroup of Q({exp(2ni /@’j)}) gen-

erated by the exponentials of the torsions for the actions of Z, on S° and
J

S'. With the hypotheses of Proposition 18, exp(2|G|t) is the absolute value
of an element of A .

(ii) Suppose that G is the cyclic group Z,. Let A’ be the multiplicative
subgroup of Q(exp(2mi/p)) generated by {1 — exp(2mik/p):0 < k < p}.
With the hypotheses of Proposition 18, if H* (X , p) vanishes, then exp(2t )
is the absolute value of an element of A .

Proof. (i) By a theorem of Artin, if ¢ denotes the character of the rep-
resentation p, we have that |G|c is an integer sum of characters of repre-
sentations induced from cyclic subgroups of G [11]. From the results of
Propositions 18 and 5', the fact that the Lefschetz number of a special or-
thogonal action on an even dimensional sphere is 2, and the fact that 1 p is
linear in the character of p, it suffices to prove that for a cyclic Z, special
orthogonal action on a sphere, the exponential of the torsion is the absolute
value of an element of .# . As in Proposition 10, we can write the action
as a join of actions on S' and S°. (6.13) now applies. Unlike in the
proof of Proposition 10, we must take some care in considering the pos-
sible occurrence of nontrivial real cohomology groups. The same volume
forms for the cohomology groups H*(X#Y, p), H*(X, p), H'(Y, p),
and H*(X#Y,XUY, p) 2 H*(S(X xY), p,Up,, ) 2 H (X x Y, p)
are used to define the torsions rp(X#Y), 7,(X), 7,(Y), and rp(X xY),
and the torsion 7(#) of the cohomology exact sequence. Let us pick Rie-
mannian metricson X#Y, X, Y,and X x Y so that under the de Rham
isomorphism, the generators of the integer cohomology of these spaces give
an orthonormal basis for the real cohomology; because all of these spaces
are spheres or products of spheres, this can be done. By Proposition 17,
the result for 7 p(X #Y) can be computed using these metrics without loss
of generality. It follows from (1.4) of [4] that (%) =0.

(ii) Using the arguments of the proof of (i), it suffices to show that a zZ,

action on S' or S° with a nontrivial representation, 7 p is the absolute
value of an element of .#" . This follows from Proposition 9. q.e.d.
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As the result of Proposition 18 is purely topological, one would expect
that there is also a proof which does not involve the analysis of §VI. We
now give such a proof.

Proof of Proposition 18 (#2). Let us start with a general framework for
defining torsion. Let

(8.17) %c,2c, %%
be a complex of real finite-dimensional vector spaces, each with a preferred
basis. Suppose that there exists a positive integer k such that if |n| > k,
then C, = 0. We also assume that there is a preferred basis for {H,(C)}.
The isomorphism classes of such complexes form an abelian monoid
under direct sum. We will turn this into an abelian group in the usual
way, which we refer to as &/ .
There are four basic operations on &:H, —, S, and *, which are
defined as follows:
(H(C)), =H,(C), with the zero boundary map, and the

(8.18) given preferred basis for H,(C),
8.19 (=C),=C,, with the boundary map —9 and the
(8.19) same preferred bases for C, and H,(C),
(8.20) (8(C)),=C,_,, with the induced boundary map and
’ preferred bases, and
(*C), =Hom(C_,,R), with boundary map being the
(8.21) dual of 8, and the dual bases

for Hom(C_,, R) and H(xC),
=Hom(H_,(C), R).

These operations satisfy the relations
2 =4’ = Identity, H* =H, -H=H-, -S = §—,
—x=x—, HS=SH, Hx=+H, Sx = x(S"").

Let & denote the algebra of operators on &/ generated by the operations.
The torsion [14] of a complex gives a homomorphism J:.% — R (we
are using the logarithmic form of the torsion). We have that

J(H(C)=0, T(-C)=5(C), T(S(C)=-5(C),
I (xC) = - (C).

If we define a homomorphism A:: % — End(R) by putting

(8.24) AH)=0, AM=)=1, A(x) =A(S) = -1,

then 7 is a A-homomorphism.

(8.22)

(8.23)
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Given a chain map f:C — C, let us define a new complex C(f) by
putting

(8.25) cNH,=C,eC,_,,
with boundary operator
(8.26) d(c,T) = (dc, f(c) —aT).

There are preferred bases for {C(f),}, although there are no preferrred
bases for H,(C(f)). We have an exact sequence

(8.27) 0--S(C)=C(f)=C—-0

and the connecting map in the corresponding homology exact sequence is
H,(f). Thus H(f) is an isomorphism if and only if the complex C(f)
is acyclic, in which case C(f) € & .

Let us assume hereafter that H, (f) is an isomorphism. From Theorem
3.2 of [14], we have

(8.28) T(CU)=F(C)-F(CO)+IT(#),

where # is the homology sequence arising from the exact sequence (8.27).
Note that because the preferred basis of C(f) only depends on those of C
and C, the dependences of 7 (C), I (C), and J (#) on the preferred
bases of H,(C) and H,(C) cancel out on the right-hand side of (8.28).
Definition. A homology embedding is a chain map j: H(C) — C such

that
(8.29) H,(j):H,(H(C)) (= H,(C)) —» H,(C)
is the identity map.

For a homology embedding, we have
(8.30) T(C()) =T (H(C))-T(C)+ T (Z).
As the connecting map in # is the identity map on H (C), J (#)=0.
We know that  (H(C)) =0, and so 7 (C(j)) = -7 (C).

Definition. Given C, C € & and a chain map f:C — C which is a
homology isomorphism, define .7 (f) to be I (C(f)).

Given f, there are induced chain maps
S(f):8(C) — S(C), xf1xC — xC.
These have torsions

TH()=0, T-N=T), TEU)=-F,

8.32
B3 swn=-50.



ANALYTIC TORSION FOR GROUP ACTIONS 467

Furthermore, if f/:C — C and g:C — C are homology isomorphisms,
then T (go /)= (8) +T (f).

Now let us consider the case where we have a Poincaré duality map.

Definition. A k-dimensional Poincaré duality map is a chain map
P:.C — Sk(*C) which induces a homology isomorphism HP:H(C) —
sk (*H(C)). Note that P need not be an isomorphism of based chain
complexes.

Let j:H(C) — C be a homology embedding. Then we can define a
homology embedding

(8.33) j*:S*(+H(C)) = §*(xC)
by requiring that the diagram

H(C) 22, s*(+H(C))
(8.34) | |

c £ skxo)
commute. It follows that

(8.35) TG+ T HP)=T (") =T (P)+ T (j).
Also

(8.36) T(j)=-(C)

and

(8.37) T (") = - x0) = (-1)*T(C).
Thus,

(8.38) T (P) = (-1T(C)+T(C).

If k is odd, then we conclude that 7 (P) = 0. On the other hand, if k
is even, then

(8.39) F(C) = %9’(10).

Let us apply these equations to the setup of §IV, where C is the complex
of p-twisted (absolute or relative) cochains of a simplicial complex K.
Suppose that K is the triangulation of a closed oriented manifold X of
dimensional k& with a G-action, and that K = K, U K, , where K, and
K, are of codimension zero, and with boundary. Suppose that K, N K, =
BxI,where B=0K, =0K,. Ifweput W,=K-K,, then WNW,=0,
and there are excision maps (X, W) = (X,, 0X,).
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We have a commutative diagram

0 — C(BxI) — C(K,) ® C(Ky) — CK) — O©
lpy PP, lp,
0 — S*(C(BxI,8)) — S*(+xC(K,, )@ S*(+C(K,,d)) — S‘(+C(K)) — 0,

where the horizontal lines are exact. It follows that
(8.40) T (P)+T (P) =T (P))+ T (P,).
We also have a commutative diagram
0 — C(B) — C(BxI) — 0
(8.41) |5 |5
0 — S'xCcB) — SfxCBxI,0) — 0
which gives that 7 (P;) = (P;). Thus
(8.42) T (P)+T (P) =T (P,) + T (P).
If k (=dimX) is odd, then J (P,) =0 and so
(8.43) T (P)+ T (P) =T (F).
On the other hand, if k is even, then 9 (P;) =0 and
(8.44) T (P)+T (P) =T (P,).

Let us now restrict to the case of k£ even. In order to do a surgery
operation, let us consider the case where K, is a G-invariant disjoint
union of ™ x D™ ’s, and another pair of simplicial complexes is given
by putting K, = D" x S,,, K' = K, UK, . Let us also put K" to be
the double of K, and K" to be the double of K, with duality maps P,
and P;". Then

(8.45) T (P)=T (P)+T (B,

(8.46) T (P) =T (P)+T (P,

(8.47) T (P)) =25 (P,

(8.48) T (P') = 2T ().

Thus,

(8.49) T (P)-T (P) = %@7(3{’) - T (B")).

It follows that
(8.50) TK)-T(K) = %(F(K") _T(K").
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Once we have this formula for how .7~ changes under surgery, the rest of
the proof of Proposition 18 follows as before. q.e.d.

Using (8.44) for the behavior of 7 under unions, we can also give an
inductive procedure to calculate 7 in terms of fixed point sets, and the
behavior of the group action in neighborhoods of these sets.

Proposition 20. Assume the hypotheses of Proposition 18. Let H be a
maximal isotropy subgroup of G. Let F denote | J ¢ Fix(gH g‘l), which is
the union of the fixed point sets of the conjugates of H, n(i) the dimension
of a component F; of F, N a G-invariant normal neighborhood of F,
D(N) the double of N, and D(X\N) the double of the complement of N .
Then over F,, D(N) isan S""" bundle. Let p, denote the restriction
of the representation p to Isotr(F,). Then

(8.51) () =3 x(F)t, (S"") + %rP(D(X\N)).
Proof. From (8.44), we have that

(8.52) T (X) = %TP(D(N)) + %tp(D(X\N)).

We will compute 7,(D(N)) using Proposition 18. It suffices to do this
separately for each component of F, and so we may assume that F is
connected. Let f, be a function on D(N) whose restriction to any fiber
is the standard height function on the sphere, with critical points at where
the sphere intersects the two copies of F that lie in D(N). (Because G
acts orthogonally on the fibers of N, f, can be defined globally on D(N).)
Let f, be a Morse function on F, let 7 denote the projection of D(N)
to F,andset f, tobe f,+n"f,. Then f; is a Morse function on D(N),
and to each critical point of f; of index i, there corresponds two critical
points of f,, with indices i and i+n—n'.

First, let us consider the case that »n’ is even. From Proposition 18, we
have

(8.53)
7,(D(N))
1 n—i—1 i+1 n' —i-1 n—n'+i+1
__Z‘%}J;[rpw(s xS +1, (S x S )]
+% S Y, (5" xS+ ) A(S"’—i Ry
ieven j ! e

where the sum on / is from O to n. (Recall that 7, denotes the torsion
LY}
for the action of the isotropy group H, ; of x; .) As H, ; fixes the
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component of F containing X, ; and the torsion vanishes for a trivial
action in even dlmensmns the product formula gives

(8.54) (D(N) _ = ZZ[ Sn i- 1)+Tpi _(S"—nl+i+1)]
zodd j "
+3 'Z Z_[rpi';s"“') +1, (8"
ieven j

By (8.2), each torsion in the above equation is the same as the torsion of
the H-action on S"~" . Thus,

(8.55) 1,(DN)= - 1,8+ Y S8

iodd j ieven j
(8.56) = x(F)t,(S"™").
Now let us suppose that n’ is odd. Then by the same arguments,
(8.57)

7, (D(N))
1 i . L _ 1.
- _ Z Zz[z_pi’j(sn i—1 ><Sz+1) _ Tpiyj(Sn i XSn n+z)]
iodd j
1 n—i i n'—i-1 n—n'+i+1
+3 2220, (§" xS -1, (S x S )]
ieven j
l i N
(8.58) = -5 Y, (8" -1, ("]
iodd i !
n z n—n'+i+1
2 Z Z[Tpl Jj pi,j(S )]!
ieven j
which equals, in consequence of (8.2),
1 ! )
(8.59) ) %Z[zp,(s" ") =1 (S"T)]
1 J
g X Yl (5"~ 1,(5")
ieven j
(8.60) =0.

Because x(F) =0 in this case, the proposition is still true.

IX. Orientation-reversing actions, manifolds with boundary

Suppose that G is a finite group that acts on a smooth oriented closed
manifold X and that some of the group elements reverse the orientation.
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Instead of trying to compare 7 » and Tp directly, we will instead compare

the functions ¢ and ¢ on G. We have already seen that if a group ele-
ment G preserves orientation, then #(g) = ¢'(g) for odd-dimensional X,
while #(g) can differ from #'(g) for even-dimensional X . The following
propositions give what happens if g reverses orientation.

Proposition 21. Suppose that the action of a group element g reverses
orientation. If X is even-dimensional, then t(g) =1(g).

Proof. Consider the action of Z, = {1, r} on S', where r(ew) =

e % Then (g, r) € GxZ, acts on the odd-dimensional manifold X x § !
in an orientation-preserving way. It is straightforward to see that product
equation (3.2) for #(g, r) continues to hold, along with the equation (3.2")
for #'(g, r). We know that (g, r) equals (g, r), and so

(9.1) 0=(t—¢)(g)L(r) + L(g)(t - £)(r).

However, L(g) is zero and L(r) =2. Thus #(g) =1'(g).

Proposition 22. Suppose Z, = {1, r} acts on an even-dimensional
manifold in such a way that r reverses orientation. Then for any orthogonal
representation p of Z,, T =T,

Proof. From Proposition 21, t(r) = ¢'(r). From the Cheeger-Miiller
equality of the standard analytic torsion with the Reidemeister torsion, it
follows that #(1) = £'(1). Thus T, equals 7,. g.e.d.

Let us note that in [6] the equality of Tp and 7 , was verified compu-
tationally for certain Z, actions on Riemann surfaces.

Proposition 23. Suppose that the action of a group element g reverses
orientation. If X is odd-dimensional, then t(g) =0.

Proof. The proof is the same as that of Proposition 1. The only
difference is that now a(g—l)* anticommutes with the Hodge duality
operator x.

Proposition 24. There exist finite group actions on odd-dimensional
closed orientable manifolds with elements g that reverse orientation and
satisfy 1(g) #1(g).

Proof. Using the join operation, one can construct cyclic group actions
on spheres with elements g satisfying #(g) #0. gq.e.d.

Let us apply the above results on orientation-reversing actions to discuss
the torsion of a manifold with boundary. (See [13] for similar results.)
Let X be an oriented compact smooth manifold with boundary, with a
Riemannian metric which is isometrically a product near the boundary.
Let DX denote the double of X, equipped with a Riemannian metric
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for which the involution R acts by an isometry. Suppose that a finite
group G acts on X by orientation-preserving diffeomorphisms. Then
there is an induced action of G x Z, on DX . Let t,(g) denote the
analytic torsion of the group element g, defined using differential forms
on X satisfying absolute boundary conditions [9]. Let Ix s « (&) denote
the analytic torsion of the group element g, defined using differential
forms on X satisfying relative boundary conditions [15]. Define Tp(X )
and Tp(X , 0X) similarly.

Proposition 25. Suppose p:G — O(N) is a representation such that
the twisted cochains are acyclicon X, (X,8X), and 80X . If X is even-
dimensional, then T,(X) = -T,(X,0X)=T,(0X)/2.

Proof. Note that in the equation defining the analytic torsion of DX,
we can separate the differential forms into those which are even under the
involution R and those which are odd under R. This gives

(9-2) tpx(ga 1)=tx(g)+txyax(g)a

(9°3) tpx(gs R) =tx(g)—tx,ax(g)-

From Proposition 1, we have that ¢,,(g, 1) vanishes, and so
(9-4) tX,ax(g) = _tx(g)~

(This can also be seen from Hodge duality.) The analogues of (9.2) and
(9.3) for 7 are [13]

(9.5) tox (8> 1) = 14(8) + Ly ox(8) + Xox (&),
(9.6) tox(8s R) =13(8) — ty 5x(8) +cXpx(8)

for some constant ¢, whose exact value will not be important for us. From
Proposition 21, it follows that

(9.7) trx(&, R) =1py(g, R).

Thus,

(9.8) 2,(8) = 14(8) — ty ox(8) + cXox(8),
and so

(9.9) 2T,(X) = 1,(X) - 7,(X, 8X).

From the equation for the torsion of an exact sequence of chain complexes
[14], we have

(9.10) 7,(X) = 7,(X, 0X) +1,(8X),
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and so

(9.11) 2T,(X) = 7,(0.X).

By Proposition 16, 7,(0X) = Tp(aX ), which proves the proposition.
Proposition 26. Suppose p:G — O(N) is a representation such that

the twisted cochains are acyclicon X, (X, 8X), and 8X. If X is odd-
dimensional, then

T,(X) =1,(X) = 7,(0X)/2=T,(X,0X) =1,(X, 8X) +1,(8X)/2.

Proof. Since now t,,,(g, R) vanishes, we have

(9.12) ty 0x(8) = 1x(8)-

From Proposition 16, it follows that

(9.13) tpx(g, 1) =1tpx(g, 1)

Then (9.2), (9.5), (9.12), and (9.13) give

(9.14) 20, (8) = 13(8) + Ly 5x(8) +CXpx(8),
and so

(9.15) 2T,(X) = 1,(X) + 1,(X, 8X).
Using (9.10) we obtain

(9.16) 2T,(X) = 21,(X) - 7,(0X)

and

(9.17) 2T, (X, 0X) = 2T,(X) = 21,(X, 8X) +1,(3X).

X. Analytic torsion of infinite group actions

If one has a compact Lie group acting on a closed oriented manifold X,
one may try to define an analytic torsion as in §II. That is, if p: G — O(N)
is an orthogonal representation of G, then let

(10.1) = -\;(%(G—)/Gp(g)a(g‘l)* dg

denote the projection onto p-invariant R"-valued differential forms, and
put

_4
T ds

1

(10.2) T, T

/ T Te(=)F FIle™ ™ 4T,
0
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The problem is that it is easy to see that even when p gives an acyclic
complex of equivariant differential forms, the torsion Tp may depend on
the G-invariant Riemannian metric used in its definition.

Example. Consider the metricon S ! with total length 2nR, the U(1)
action on S’ given by a(eio)(ei"’) = ¢'®"*)  and the character c(ew) =
2cos(kf), k # 0. Then the Laplacian acting on equivariant 1-forms has
only k* /R2 as an eigenvalue (with multiplicity two), and so 7" will have
a term proportionate to InR.

In terms of the proof of invariance for finite group actions, which was
used in Proposition 2, what goes wrong is that for the map ®:G x X —
GxX givenby ®(g, x) = (g, gx) we need to have a fixed point set which
is a smooth submanifold of G x X of even codimension. In general, the
fixed point set of ® will have singularities [3].

In order to define an invariant for the case of infinite group actions, let
us forget any smooth or continuous structure that G may have, and simply
consider the case of a discrete group G acting by smooth orientation-
preserving diffeomorphisms on X such that closure of G in Diff(X) is
compact, i.e., there are metrics on X so that G acts by isometries. We
can define a function on G by

d '
(10.3) 1(8) = — “

-oﬁfow T ' Tr(-) Fa(g™")e ™,

where A’ acts on A*(X). Under a change of the G-invariant metric, the

proof of Proposition 2 shows that
d d - 1y
(104) g0 = ~Trlga()" (50+)  ate™"

Let f be a complex function on G, which is zero on all but a finite
number of group elements, and consider

(10.5) Cr=)" f(g)Hg).
Pl
Then
(10.6) %Cf = —Trg, (=) (Z?E*) 1Y flg)ag™l)"
4

Now a(g"l)* commutes with the de Rham isomorphism from KerA to
H'(X), and so ¥, f(g)a(g™")* is zero on KerA if and only if it is
zero on H*(X). Thus for all f such that Z:g f (g)a(g'l)* vanishes on
H'(X), C, is metric independent.
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In other words, we have constructed a smooth invariant I which lies in
the dual space to

(10.7) & @ _ {fe ¢’ fhas finite support and
Zf(g)a(g_l)* vanishes on H*(X)}.
g

I is defined by
(10.8) (I, f) =Y f(®)(g).
14

If G happens to be a connected Lie group acting smoothly on X , then for
all g€ G, a(g™")" is the identity on H*(X) and so F @ = {f e’ f
has finite support and ) < f(g) =0}. We can identify & ©" as

(10.9) F9" x (hecC hie) =0}

via the pairing (h, f) =3, h(g)f(g).
We have the following analogues of the propositions of §§II and III:
Proposition 27. If X has even dimension, then C = 0.
Proposition 28. Suppose that G, acts on X, by orientation-preserving
isometries and that G, acts on X, by orientation-preserving isometries.

Then for f, € ¥ (G,) and f, € ¥ (G,),

(10.10) Cray=CrL,+C. Ly,
where
(10.11) L,=) f(g)L(g),

4

and L(g) denotes the Lefschetz number of the g-action.

Proposition 29. Suppose that G, C G, and that G, acts on X by
orientation-preserving isometries. Let i be the inclusion of ¥ (G,) into
F(G,). Then forall f€F(G,), t,= Lios -

Proposition 30. Given y € F(G), define f(g) = f(ygy'l). Then

tfl =tf.

XI. Computations of /
We will need: |
Proposition 31. For o € [0, 1), put L(a,s) = ¥, o(n%)e™".
Then
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(11.1) (i) L(a, 0)= -1,

(11.2) (i)
i L(a s)—{ —2In2n ifa=0,
ds|._o "7 |l —CIn2n+2y+¥()+yw(l—-a) ifa#0,

where y is the Euler-Mascheroni constant, and y(a) =T’ (a)/T(a).
Proof. For a=0, L(0, s)=2{(2s) and so

(11.3) L(0,0)=—1, di L0, s) = —4{'(0) = —21n2x.
S s=0
For a # 0, put
(11.4) Dla,a,s)=) e""/(n+a).
n=0
Then
(11.5) L(a, s) =™ ®(a, 1, 25) + " 0(1 - a, 1, 25).

By the well-known Lerch relation,
(11.6) ®(a, 1,1-y3)
= [(s)2m) [ 72¢(s, @) + T2 (s, 1 - a)).

(The statement of this is essentially exercise 8 on p. 280 of [21]. However,
as a < 1 in the exercise, it does not cover the range of variables that we
need. One can prove the needed identity directly by forming the contour

integral as in 13.15 of [21] and adding the residues of the poles.)
Thus,

(11.7) L(a, s) = 2r)*7'T(1 - 25)i[e ™*¢(1 = 25, a)
—e ™1 =25, 1—a)+e (1 -25,1-aq)

—e™{(1-25, )]

(11.8) = 2(2n)2s_11"(1 — 2s5)(sinzs)[{(1 - 25, a)
+¢(1-2s,1-a)l

Because

(11.9) {z,v)=(z=1)" —y@)+o(z—1), [7]

and

(11.10) I(z)=1-p(z=1)+0(z - 1),
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we have that
(11.11)  L(a, s) = -1 - (2In27 + 2y + w(a) + w(1 — a))s + O(s?).

Example 1. Z acts on S'. Forne Z , suppose that the action of n
on S is given by

(11.12) a(n)”®) = 0<a< 1.
Using the standard metric on S ! , we obtain

(11.13) Tra(-n)*(A)~ (acting on A'(S')) = L(na - [na], s)

and

d * I\—S§
(11.14) t(n) = ~7s Tra(—n) (A)

s s=0

d
(11.15) =-7 s=0L(na—[na],s)

2In2n ifna€Zz,
(11.16) =< 2In27 + 2y + y(na — [nal)

+y(l —na+[na]) if na¢Z.
Thus,
0 ifnaeiZ,

11.17 =
(11.17) () { 2y + y(na —[na]) + y(1 — na+[na)) if na ¢ Z.

Because any orientation-preserving diffecomorphism of s! , which preserves
some metric, is conjugate to a rotation, Proposition 32 will show that the
invariant I classifies such a diffeomorphism up to conjugacy.

Example 2. Z acts on a sphere by special orthogonal transformations.
If the sphere is even-dimensional, then by Proposition 1, T vanishes.
Assume that Z acts on S*V°! specially orthogonally. By putting the
action into normal form, we can assume that n € Z acts by

(11.18) a(n) ({zj}j.il) = {eZnina(j)zj}j};l ,

where Zj.v:l |z j|2 =1, and each a(j) lies in [0, 1). From the results of
Ray [16], it follows that if Y~ f(n) =0, then

N
(11.19) 2f(n) Tra(-n)" (=) F(A)™ = = Y_ L(a()), 5).
j=1
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Thus,
v [0 ifna(j) €z,
(11.20)  I(n)=)_4 27+ w(na(j) - [na()])
=l +y¥(1 - na(j) +[na()]) if na(j) ¢ Z.

V=1 are smoothly

Proposition 32. Two special orthogonal actions on S
equivalent if and only if they are linearly equivalent.

Note. This theorem is due to de Rham, who proved it using the ordinary
Reidemeister torsion, along with a geometric argument [18). We will prove
it analytically, using the invariant I.)

For the proof of the proposition, we must first state and prove the fol-

lowing.
Lemma. The function
(11.21) f(2)=2y+yw(z)+yw(l-2)

is monotonically increasing on the interval (0, 1).
Proof. We have that

(11.22) y/(z)=—y+i[n_l —(m+z-1"1
[7], and so .

(11.23) v'(z) = i[(n +z-174

and "

o o)
(1129) (=¥ (D)-y(1-2)=Yln-(1-2)"=(r-2"]
n=1
But for z € (0, 1) and ne€ Z*, (n—z)> < (n— (1 —2))” and hence
the lemma follows.
Proof of Proposition 32. Note that f(1) =2y +2y(}) = —4In2. Thus
we can immediately determine the number of irrational «a(j)’s for a given
rotation by computing irr = (sup,., I(n))/(—4In2). If irr > 0, let us

define a function on the torus 7' by
o [ —o0 if0() €z,
(11.25)  g({”™)) = S"{ 2y + w(60)) - [8()))
J=l +y(1-600()+16()D) if 6()) ¢ 2.
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Note that sup g = —4irrln2 < —2. For any real ¢, define a function g,
on T by

(11.26) g,({e”°V}) = max(g({e”™"}), ).

Choose ¢ so that the average value of g on T T s —2. (By the above
bound on sup g, this can be done.) For any integer 4 > 0, compute

M
. -1

(11.27) av(h) = A}gllooM nz;lmax(l(hn) , €).

By the uniform distribution of an irrational angle flow on a torus, we
know that sup, av(h) = —2irr. If irr # N, then there will be a smallest A
such that av(h) = —2irr, and this ~ will be the order of the cyclic group
generated by the rational part of the rotation. Thus this order, which we
will denote by p, is determined by the invariant 7.

Let us now consider two rotations with the same number irr of ir-
rational «(j)’s and the same order p of the finite part. We wish to
show that the invariant / determines the irrational «(j)’s up to order
and signs. For a given rotation, define J(n) = I(pn). If R denotes the
transformation on 7' which is a translation by the angles 2npa(j), then
J(n) = g(R"{1}). Thus it suffices to show that if we have two transforma-
tions R, and R, of T which are both translations by irrational angles,
and g(R}({1})) = g(R3({1})) for all n, then R, and R, are conjugate
by the action on 7" of a matrix in O(irr, Z).

Let U; C T denote g"(—oo, 0). Then the U;’s form decreasing
neighborhoods of the point {1} € T""". Let z, = R,({1}) be thought of
as an element of the group T'", and similarly for z, = R,({1}). Then
for any integer m, z|" € U; if and only if z' € U;. Consider the map
¢ which sends z{" to z' forall me€ Z. As {z|'} is densein T'", and
¢ is uniformly continuous, it follows that ¢ extends to a homomorphism
from T to T, and so ¢ is induced from the action of an element M
of gl(irr, Z) on R™. Furthermore, for all §, ¢(U;) = U;. By taking ¢
sufficiently small, we see that M must preserve the L' norm on R™, and
so must lie in O(irr, Z). Thus the invariant I determines the irrational
part of a rotation uniquely, up to order and signs.

We can now subtract off the contributions to I of the irrational rota-
tions to obtain the invariant for a cyclic action of order p. Suppose that
we have two such actions, which are rotations by angles {27v,(I)/p}_,
and {27v,(/)/p},_, respectively. Then by Proposition 7, we know that
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the discrete Fourier transform of I is given by
(1128) Fk = E log( _ e27¢ika(1)/p| ,

scd(ll)lk
provided that p t k. Here ged(/) = ged(v;, p), and o(/) is defined by

— p
ged(v,, p) — I mod ged(v,, p)’
We want to show that if two rotations have the same such transform, then
their indices {v,(/)};_, and {v,(/)},_, coincide up to order and signs.
By induction, we may assume that this is true for the actions of all
proper subgroups of Zp . Because the transform on a proper subgroup of
Zp is determined by the transform on Z,, we may assume that our two
rotations have the same v, ’s which have a nontrivial common divisor with
D, up to order and signs. We can then subtract the contribution of these
v,’s from 7, and hereafter assume that for all /, ged(/) =1.
We now have two rotations such that

(11.29) a(l)—

(1 130) Fkl = Zlog'l — eZﬂikal(I)/pl
!

and

(11.31) sz = Zlogll _ e27tika2(l)/p|
/

coincide whenever p + k. Furthermore, we have that ged(o,(/), p) =
ged(a,(l), p) = 1 for each /. It follows from Franz’s lemma [14] that
the indices {o,(/)} and {a,(/)} coincide up to order and signs. Thus the
indices {v,(/)} and {v,(/)} coincide up to order and signs.
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