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Exercise 31 (total of seven points).
In this exercise, you are not supposed to use the result ���������	�
������������������ that we
proved in class. Instead, you are supposed to prove the equalities between cardinals directly
by giving a bijection. For example, in order to show �����	������� , you should give a bijection
between ����� and �	� � . As in Exercise 30, let !#"%$ �'& �)(�� be the set of functions from & to( .
For cardinals � , � and * , prove:

(1) �����	�+�,��� (1 point),
(2) ���������-� * �.���/���,� * � (2 points),
(3) ���0�1���-� * �+��� * �1�,� * (2 points),
(4) 2 �4365�� !7"8$ � * � !7"8$ �9�:���;�<�6�=� 2 �>365-� !7"8$ � * �?�����;�6� (2 points).

Exercise 32 (total of nine points).
Let � be a cardinal. We call a set &@� -splittable if there is a family A &CBEDGFIHJ�#K such that
for all F�H�� , 2 �>365-�'&�BL�NMO� , and &P�.Q B4R/S &�B .

(1) Prove that every nonempty set & is 2 �4365:�T&U� -splittable (1 point).
(2) Use the axiom of choice to prove that no cardinal � V�W-X is W�X -splittable (2 points).
(3) Without using the axiom of choice (!), prove that no cardinal ��V�WZY is W�X -splittable

(6 points).
Hint. If [�\�] is countable, then ^�_ `<_bac[edNf?gGh . Use a family witnessing that ] is i
j -splittable to
define an injection from ] into iLhlkmi4j . Derive a contradiction.
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Exercise 33 (total of seven points).
Recall the definition of the Gödel � -function: If � ����� ��� ��� � are ordinals with *�� � ������� � ��� �
and * � � �+������� � � ��� � � , we let	 � ���>K�
 	 � � ��� � K��� � * H * � ���@� * � * ��� � H � � ��� � * � * ��� � � � ��� �eH�� � ���
As proved in the lecture, 
 is a wellordering on any set of pairs of ordinals. For fixed

	 � ���4K ,
we let ����� � � � A 	�� ���8K�D 	�� ���%K 
 	 � ���>K"! ,
and then � � � ���
� � �$#%�'&�� � 	 �(��� � ��
 K)� .
Prove that the ordinal operation F*)+ � �9F ��, � is normal (i.e., for all � H�� , we have � � � ��,/� H� �-����,/� and for limit � , we have � ������,/�m� Q B4R/. � �9F ��, � ) (2 points). Therefore, this opera-
tion has arbitrarily large fixed points. Note that in class, we proved (without using that the
operation is normal that all infinite cardinals are fixed points of the operation F*)+ � ��F ��,/� .
Is 0 �21 a fixed point of F3)+ � ��F ��,/� (prove your claim, 2 points)? Are there fixed points of the
operation that are not infinite cardinals (prove your claim, 2 points)? Compute � � 0 �41L� 0 �65>�
(1 point).
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