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Abstract

This paper verifies a conjecture posed in a pair of papers on the fixed point sets
for a class of quantum operations. Specifically, it is proved that if a quantum
operation has mutually commuting operation elements that are effects forming
a resolution of the identity, then the fixed point set of the quantum operation is
exactly the commutant of the operation elements.

PACS numbers: 02.30.Tb, 03.65.Ta
Mathematics Subject Classification: 46L07, 47190, 81R10

1. Introduction

Let H be a complex Hilbert space, B(H) be the bounded linear operator seton H. If A € B(H)
and 0 < A < I, then A is called a quantum effect on H. Each quantum effect can be used to
represent a yes—no measurement that may be unsharp [1-6]. The set of all quantum effects
on H is denoted by £(H); the set of all orthogonal projection operators on H is denoted by
‘P(H). Each element P of P(H) can be used to represent a yes—no measurement that is sharp
[1-6]. Let 7 (H) be the set of all trace class operators on H and D(H) be the set of all density
operators on H,i.e. D(H) = {p : p € T(H), p > 0,tr(S) = 1}. Each element p of D(H)
represents a state of the quantum system H.

Let A = {E;}_, C E(H) be the quantum measurement, that is y ;_, E,Z = [ in the
strong operator topology, where 1 < n < 00, then the probability of outcome E; measured
in the state p is given by tr(pE;), and the new quantum state after the measurement A is
performed is defined by

®(p) =) EipEi.
i=l1

Note that & : p — > " | E;pE; defined a transformation on the state set D(H); we call it
the Liiders transformation [6, 7]. In physics, the question whether a state p is not disturbed
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by the measurement A = {E;}?_, becomes equivalent to the fact that p is a solution of the
equation

n
®(p) =) EipEi = p.
i=1

It was showed in [8] that the measurement A = {Ei}%zl does not disturb p if and only if p
commutes with each E;, i = 1, 2.
Moreover, if we define the Liiders quantum operation ® 4 on B(H) as

&, : B(H) — B(H), B — ®4(B) = ZE,»BE,-,
i=1

then an interesting problem is that if B € B(H) is a fixed point of ® 4, that is, ®4(B) =
Z?:l E;BE; = B, then B commutes witheach E;? i =1,2,...,n.

In [9, 10], we knew the conclusion is true if H is a finite-dimensional complex Hilbert
space. In [9-11], it was showed that the conclusion is not true when n = 5 orn = 3
for infinite-dimensional complex Hilbert space. Thus, the general conclusion for infinite-
dimensional cases is false. On the other hand, Busch and Singh in [8] showed that for n = 2
the conclusion is true for all complex Hilbert spaces. Note that in this case, E 12 + E% =1, so
E\E, = E>E,, thatis, A = {E, E,}is commutative. This motivated Arias, Gheonda, Gudder
and Nagy to conjecture when A = {E;}?_; € £(H) is commutative, then the conclusion is
true, that is, the fixed point set of ® 4 is exactly the commutant A’ of the operation elements
A = {E;}!_,. Moreover, Nagy in [12] showed that if the conjecture is true, then

n
QuE)=) EEE =1-E
i=1

has the unique solution %1 in £(H); in physics, it showed that if the measurement A disturbs
the quantum effect £ completely into its supplement /—E, then E has to be %I .

As showed in [13-16], the structures of fixed point sets of quantum operations have
important applications in quantum information theory; in particular, in [15, theorem 3], the
fixed point set is a matrix algebra which shares an elegant structure, played a central role in
identifying the protected structures.

In this paper, by using the spectral theory of self-adjoint operators, we prove the conjecture
affirmatively. Moreover, when A = {E;}!_, € £(H) is commutative and F = Z?=1 E? <1,
we also obtain a nice conclusion. Note that the von Neumann algebra A generated by
{Ei}i=1.. . is Abelian which can be embed into a maximal Abelian von Neumann algebra.
Since a maximal Abelian von Neumann algebra M on a separable Hilbert space is always
a direct sum of M; and M,. Here M, is isometric to EBfil C; and M, is isometric to
Lo (B), where B is a compact subset of the real number set R. Thus, A" has the form
@ioil M ® 1,, @ L(C), where C is a subset of B and M is a matrix algebra whose
dimension is k and n; ranges from O to oo [17]. So our conclusions are analogous with the
finite-dimensional cases’ concise shape in theorem 3 in [15].

2. Element lemmas and proofs

Let1 <n <ooand A = {E;}!_, € £(H) be commutative. Firstly, for each E;, 1 <i < n,
we have the spectral representation theorem

1
Ei = f AdF?,
0
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where {F,"’}, _ is the identity resolution of E; satisfying that { "}, _ is right continuous in

. ) reR
the strong operator topology and F; D —0if A <0and F; @O — I'if » > | E;|l, moreover, for
each A e R, F(’) PEi(—o0, A], where PEi is the spectral measure of E; [17]. Now, for the
fixed integers m, ki, k», . . ., k,, we denote
E, k_n ky, +1
m ’ m ’

ki ki +1
R

Since E; and E; are commutative for any i, j = 1,2,...,n, so FI:T,...,kn is a well-defined
orthogonal projection operator.

Lemma 2.1. Let 1 <n < oo, A= {E;}_, € E(H) be commutative and B € B(H). If for
any integers mand k1, ks, ..., k,, B commutes with F{!! , , then B is commutative with each
Ejin A={E;}]_,.

Proof. For each rational number ¢ = £, where p,/ are integers. If ? < 0, then

Fg) =0, and if £ > 1, then F,(,’) 1. Letl >p>0,50<% <1 Then F? =
1 1

PE (=, 0]+ PE (O, e+ PE (”T_', 2]; thus, we can prove easily that

F,,Ei) - Z ( Z Fi,... kn)'
ki,....k

ki<p Loeenkio 1,k ki, ki
So, for each rational number g = %, Fg) commutes with B; note that {F®}, g is right
1
continuous in the strong operator topology, so B commutes witheach E;,i = 1,2,...,n. O

Lemma2.2. Let1 <n < oo, A={E;}\_, € E(H) be commutative and B € B(H). If B does
not commute with some E;, in A, then there are integers m, ki, ka, ..., k, and ky, k5, ... k],
such that k; # k; for at least one i and ok BFk, Ky k! #0.

Proof. Without loss of generality, we suppose that B does not commute with £,. By lemma
2.1, there are integers m and ki, ka, ..., k, such that i, B # F', . BF", . or

BES bk  Filk BFk oo Ikak ..... B F Fil g, kBFlZlk ..... k,thenthereexmt
integers k’,ké,..., ',

ki # k/ for at least one i such that ", B Fk, Kookl # 0. In fact,
if not, we will get that

m m m — m m
Fkl ka,. : Fkl ka,. BFk’ k’ k’ - Fkl,kz ..... k,lBFkl,kz ..... ky*
ki, kb, . k),

This is a cont.radiction. Simila.rly, if BF]:" [ * Fl:?,kz,.“,kn BFI?:,kz,...,kn’ we will also get the
same conclusion. The lemma is proven. (]

Moreover, we have a stronger conclusion in the following.

Lemma 2.3. Let A € E(H) and B € B(H). If B does not commute with A, then there exist
integers m, k and j with |k — j| > 2 such that

PA<k k+1}BPA< J ]+1}#0
m

mm

Proof. By lemma 2.2, we can find k; # j; such that C = PA(%, ’%]BPA(L—‘, J‘m—”] # 0.
If |k; — j1| = 2, then we get the m, k, j satisfy the lemma. If j; = k| + 1, we replace m by

3
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2m and let k, = 2k;, jo = 2j;. Then

PA ]ﬂ k|+1 —PA ﬁ k2+1 +PA k2+1 k2+2
m’ m | 2m’ 2m 2m ’ 2m |

paf( L Al g2 1) a(2t] pt2
m’ m 2m’ 2m 2m  2m |

Now we consider k, k» + 1 and jp, j» + 1, if we still cannot take |k — j| > 2 satisfy the
conclusion, then

PA ﬁ k2+1 BPA j_2 j2+1 —0
2m’ 2m 2m’ 2m ’

PA<k2 k2+]}BPA<j2+l,j2+2}:O,

om’ 2m 2m 2m
ky+1 ky+2 h+1 jp+2

PA( 2 ’ 2 ]BPA J2 ’]2 —0.
2m 2m 2m 2m

o
So we have C = PA(t! L2|ppA(L Lt

Following this, we find the integers k, j which satisfy the conclusion or we get a sequence
i— i—1 i i+1 i+1 i+2
{pi, pi+ 1,27 'm}2, suchthat p; + 1 = 27" j and C = PA(32—, £5-|BPA (L5, £
If the first case occurs, then we proved the lemma. If the second case occurs, note that

ﬁ p,‘+1 p,‘+2 —
i—lyy’ Di—ly | 77

i=1

ﬁ pi  pi+l _ J1
2i=lyy’ 2i-lpy m)’

=1

and

i
. . 41 ) . 1 ") .
s0 limj 0o P4 (58—, #5-] = PA{L} and lim;_,oc PA(#+-, #5-] = 0 in strong operator

topology; thus,
i i+ 1 i+ 1 i+ 2
lim pA( 2 DT gpa( BT D PiTE
; 2l—]m 21—1m Zt—lm 21—1m

in strong operator topology [17]. But for each positive integer i,
C= PA(—P" D +1}BPA<”?+1, Pi +2],
21—lm 21—lm 21—1m 21—lm
so we get C = 0; this is a contradiction, and the lemma is proved in this case.

If k; + 1 = ji, we just need to take all the above calculations in adjoint and interchange
the indices j and k. The proof is similar; thus, we proved the lemma. |

Lemma 24. Let1 <n < oo, A= {E;}_, C E(H) be commutative and Y ;_, E? < I. If
X € B(H) is not commutative with E;, then there exists a positive integer m such that for each
positive integer p, there exist projection operators P, Q € A, PQ =0,Y = PXQ #0, and
Y1 — 1AMl p* —4y/nmp —2n
i T 2Apm)?

Proof. Since X does not commute with E}, it follows from lemma 2.3 that there exist integers
m, k. andj such that [k — j| >2and PFi(£ KL]x pEi(L L] 2 0. Note that

k k+1 j Jj+l
E E . m m
d 1(;’7]” '<Z’—m }‘Z 2 Al Xk
2wk Ky, k)
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so there exist k, k, ..., k, and j, k5, ..., k;, such that |k — j| > 2 and
o X

,,,,,,,,,,,

Let Py = F", e Qo = j k, _____ ko Yo = PyX Qp. Then Py and Q, are projection operators
and Py, Qp € A, PhQp = 0, Yy = PyX Qo # 0. Moreover, for eachi = 1,2, ..., n, if we
denote k| =k, k = j, then

sk ka1, (K K]
|E;YoE || = | E; P YoP™ E;

m m m

. k ki +1 g (K K+
E;P" I Yoll || P™ E;
m m m

k +1 k’+1
I Yoll. (D

I Yoll =
k +1 k’+1

Thus, we have

~N

n
Z EiYoE;
i=1

Since Y7, E? < I and

i=1 i=1

k; " ki+k n
§:||EY0E I < + S il @
m m

&)
N:§
i

S
~
|
[+
S|
)
S—

Il

&)
;§

&)
=
N»S
&

=
S|
LS}

=|1- m_lz Fk”,lkz ..... kn® 3)
i=1

so, we have Y/_ k7 < m?. Similarly, we have also ) i, k/* < m?. Moreover, note that

tlt

2m2<1 Zkk/ Xn:k’”’; ——>=m2+m2—22n:kik;—2Xn:(k,»+k;)—2n
i=1 i=1 i=1 i=1
> Zkf+Zk§2 —ZZkik; —Zi(ki +k) —2n
i=1 i=1 i=1 i=1
= zn:(k,- o Xn:(ki +k) —2n
i=1 i=1
> (ky — k})? —2Xn:(ki +k)) — 2n, “4)

i=1

and (Z?=1 ki)2 < ”(Zz 1kz2) m? (Z?=1 kz{)z < ”(Zz 1kz/2) < nm?, we have

" kik! ki + k|
2m2<1— A e —%>>(j—k)2—4\/ﬁm—2n. (5)

5
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On the other hand, it follows from

Xn:EiYOEi
2[1_(21“5 Zk +K] n>j|||Yo||
i=1 i=1

1Yol = @400 _ (= k) = 4/m =20
1Yol - 2m?
For each positive integer p, we replace m with pm. Note that

_ pm mp
YO - Z Z Fi?quz,---,fn YOEY;,sé...,s; 7£ O’

S15825000s Sn s] sz ..... s

Yol —

n
> 1Yol = Y IEYoE: |
i=1

and (5) that

n

so there exist sy, 52, ..., s, and s, 85, ..., 5, such that

Y =F" YoF" . #0.

STseees Sn

Thus, it is easily to prove that% < Ao kil and% < L g kTH Note thatk; =k, k; = j

pm
and|’ k| 2 we have
s — S ki+1—k
pm
thus
sy —sill > p

By the similar analysis methods as (5), we get

n i-/ n i+ ’
2(pm>2(1—2 T2 o —L)>p2—4ﬁmp—zn. (6)
i= i

“ (pm)* = (pm)*  (pm)?

On the other hand, we also have

Zn: EYE;
i=1

n
> Y= IEYE|

i=1

[1 ~ (Zkk/ Zk +k; pn)z)i|”Y”'

i —

(pm)°
Let P = F[\, ,,Poand Q = QoF/" . Thenitis clear that P,Q € A, PQ =0,
S1282508
Y=PXQ #0,and
Y[l = 1®aM)l S p* —4/nm —2n
1Yl -~ 2(pm)*
The lemma is proved. 0

It follows from the proof of lemma 2.4 that we have the following important conclusion:

Corollary 2.1. Let1 <n < oo, A= {E;}/_, C E(H) be commutative and y_:_, El2 <LIf
X € B(H) and there exist integers m, k, and Jj with |k — j| = 2 such that

kok+1 P+l
pE (—,—+ ]XPE‘<;1 It }#0

m m
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then for each positive integer p, there exist projection operators P,Q € A, PQ =
Y=PXQ #0,and

WY1 = I®AM)| _ p? = 4/nmp — 2n
1Y - 2(pm)?

3. Main results and proofs

Let A = {E;}]_, € £(H) and ® 4 be the Liiders quantum operation which is decided by A. It
is easy to prove that ||® 4| = || Yo El2 || [9]. Now, we denote B(H)®* to be the fixed point
set of ® 4 and A’ to be the commutant of A, that is, B(H)®* = {B € B(H) | ®4(B) = B},
A ={B e B(H)| BE; = E;B,1 <i <n)}. Itisclear thatif ) -, El2 = [ in strong operator
topology, then A’ C B(H)®-.

Theorem 3.1. Let1 < n < oo, A= {E;}/_, € E(H) be commutative and Zl | E2 =1in
strong operator topology. Then

B(H)™ = {B € B(H)|®(B) = Y E;BE; = B} —A.

Proof. Since A’ € B(H)®*, in order to prove the converse containing relation, we suppose
that B € B(H)®4\ A". Without loss of generality, we can suppose that B is not commutative

with E;. By lemma 2.3, there is a triple integer set {m, j, k} such that |k — j| > 2 and
PE.(k k+1]BPE.(_' j+1] £0.

For each pos1t1ve integer g < n, let F, = Zl ] E2 and ®, : B(H) — B(H) be defined
by ®,(A) =) ;_, E;AE;. Then F — [ in strong operator topology and @, is a completely

positive map. If P, = P%s ((1 - 4—2, 1]) then P, — I in strong operator topology (see [[18],
Pays]). Now we show that P, PE1 (£ k kel ]BPEI( J “I]Pq = 0. In fact, if not, note that

m’ m m’ m

ko k+1 ko k+1 Pyl Pyl
(_’ + } P, pE ( ket }BPEI(J Jj+ :|PPE1<] j+ }
m m m m m m m m
k k+1 +1
—PPE‘< }BP&(J / }P £0,
m m m m

so, by corollary 2.1, for each positive integer p, there exist projection operators P and Q,
P, Qe A, PO =0, such that

1 P+l
Y =PP PE‘<£ ke } PE'<i,—J+ :|PqQ
m

m m m
k k+1 i+ 1
—PPPE‘< }BPE‘<J Iz :|qu750
m m m m
and
Y] = [[®, ()] < p* —4/qmp —2q
1Y - 2(pm)?
Since

p2—4ﬁmp—2q N 1
2(pm)? 2m?
as p — 0o. So we can choose Y such that
Y| -,
1Y =190l 3
1Yl

8m?’
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Note that P/ E; = E;P; and P;)Y = YP, foreachl <i <n, A = {PqE,-};’:qul decides a
Liiders operation ® 4,, and
n n q 1

out=| 32 nein) = [n( 32 ) < a(1- 28] < o

i=q+l1 i=q+l1 i=1 m
so we have

n
DA = | DY)+ > EVE;
i=g+1

n
O, (Y)+ Y EiP,YPE,
i=q+1

> PEYEP,
i=q+1
=[P4 +[[Pa, V)l

3
< (l—w)IIYIH SIY
1
= (1_%>||Y||. (7)

On the other hand, we show that ¥ = P, PPE (£ ElppEi(L Mlop, e B(H)®. In

m’ m

fact, note that { P, P, P¥1 (£, &1] pEi (ﬁ, ﬂ], Q} € A’ and ®4(B) = B, so we have

m

- . k k+1 o+l
P4Y) = ZEiYEi = ZEquPPEl(—’ —i|BPE1<i, JT}QPqu

m m m
i=1 i=1

k k+17{ < ij+1
=p,PPE <n_1,7 <ZE,-BE;>PEI<L’]_]QP,]

; m m
i=1

< @M +

=

=P,PP"( — ﬂ

= PqPPE‘<

This contradicts (7) and so P, P%! (%, kg pEi (i J”]P = 0. Note that

m m’ m

k k+1 +1 k k+1 +1
pEi <—,—]BPE‘<J J+l }—hmPPEl( ]BPE‘<] J i|Pq
m m m m q— 00 m m m m

in strong operator topology [17], so

pE £k+1 BpE ] ]+1 _0
m’ m m’ m '

This contradicts P (£, L]BPE‘( / ’;1] #0.SoB e A. O

® ,(B) P (;1 J* ]QP

j j+1
BPE‘< T}qu =Y.

m

»E

m
k+1
m

3

m m

Theorem3.2. Let 1 < n < oo, A = {E;}\_, C E(H) be commutativeand F = Y_\_| E? < I.
If P = PT{(1}, where PF is the spectral measure of F, then

B(H)™ = {B € B(H)|®4(B) = Y EBE; = B} _pA.
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Proof.  Firstly, by the spectral representation theorem [17] we have PF = FP = P.
Let B € B(H)®4. Then as the analysis of theorem 3.1, we have B € A. Let
Q=1—-Pand O = PF(O,l - %] Then Q; — Q in strong operator topology and
Qr € A, so QB € B(H)®**. Let ®; be the completely positive map which is decided

by {E;Ok}/_;. Then ||&f]] < 1 — % Note that B, Q; € A and Q,% = Q; thus, we

have | QB = [|[P4(QkB)|| = [[®c(QB)| < (1 — $)1QxBIl. so QxB = 0. Note that
OB = limy_, QB in strong operator topology, so OB = 0, thatis, (/ — P)B = 0, i.e.,
B = P B;thisshowed that B(H)®4 € PA. If B € PA',notethat P € A',soPB = BP = B.
Moreover, ®4(B) = BF = PBF = BPF = BP = B, thatis, B € B(H)®4; thus, we have
PA' C B(H)®+ and the theorem is proved. O
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