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Motivations

Our motivation for this work comes from Alan Weinstein’s paper on
"The modular automorphism group of a Poisson manifold" in J.
Geom. Phys. 23 (1997).

In this paper, Weinstein pointed out that the modular
automorphism group of a Poisson manifold is closely related to the
theory of von Neumann algebras.

It is well-known that Poisson manifolds can be considered as
semi-classical limits of operator algebras. Moreover, automorphism
groups are crucial tools in the understanding of the structure of a
von Neumann algebra. This inspired us to take a second look at
the infinitesimal automorphisms of a Poisson manifold.
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Motivations

Crossed product: In the theory of von Neumann algebras, a crossed
product is a basic method for constructing a new von Neumann
algebra from a von Neumann algebra acted on by a group.

Let us first recall the Poisson analogue of the crossed product of an
algebra by a 1-parameter group of automorphisms as described in
Weinstein’s paper.

Any Poisson vector field E on a Poisson manifold (M,π) determines
a diagonal action of R on M × R. The quotient, called the
semidirect product, will be denoted by M ×E R. It can be identified
with M × R on which there is an induced Poisson structure such
that both the canonical projections on M and R are Poisson maps.
An important feature of this construction is that the Poisson
isomorphism class depends only on the cohomology class of E .
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the perspective of Lie algebroids and Lie groupoids (if integrable).
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The first jet Lie algebroid

We have:

Theorem 2.1: Let (M,π) be a Poisson manifold. Any Poisson
vector field E on (M,π) determines a matched pair of Lie
algebroids (T ∗M,M �E R). Moreover, up to isomorphism, the
bicrossed product Lie algebroid structure on J1M depends only on
the cohomology class of E .

Here M �E R denotes the trivial line bundle M × R → M along
with its action Lie algebroid structure induced by E with:
• its anchor map:(m,λ) �→ λEm

• and its Lie bracket {f , g} = f (E · g)− g(E · f ).
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Matched pairs of Lie algebroids

Recall that a matched pair of Lie algebroids is a pair (A,B) of
Lie algebroids over the same base manifold M together with a
representation ρ of A on B and a representation σ of B on A
satisfying the relations:

ρX [Y1,Y2] = [ρXY1,Y2] + [Y1, ρXY2] + ρσY2X
Y1 − ρσY1X

Y2,

(1)

σY [X1,X2] = [σYX1,X2] + [X1,σYX2] + σρX2Y
X1 − σρX1Y

X2,

(2)

[b(Y ), a(X )] = a
�
σYX

�
− b

�
ρXY

�
, (3)

for all X1,X2,X ∈ Γ(A) and Y1,Y2,Y ∈ Γ(B). Here, a and b are
the anchor maps of A and B , respectively.
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Matched pairs of Lie algebroids

Matched pairs of Lie algebroids were introduced by Lu in 1997 and
were developed by Mokri and Mackenzie. We need the following
well-known characterization of matched pairs of Lie algebroids:

Theorem 2.2: Let (A,B) be a matched pair of Lie algebroids
with anchor maps (a, b). There is a Lie algebroid structure on the
direct sum A⊕ B , called the bicrossed product Lie algebroid and
denoted by by A �� B , which has the anchor
c(X ⊕ Y ) = a(X ) + b(Y ) and the Lie bracket

[X1 ⊕ Y1,X2 ⊕ Y2] =
�
[X1,X2] + σY1X2 − σY2X1

�

⊕
�
[Y1,Y2] + ρX1Y2 − ρX2Y1

�
.

Conversely, if A⊕ B has a Lie algebroid structure for which A⊕ 0
and 0 ⊕ B are Lie subalgebroids, then the representations σ and ρ
defined by

[X ⊕ 0, 0 ⊕ Y ] = −σYX ⊕ ρXY

make (A,B) into a matched pair of Lie algebroids.
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Sketch of the proof of Theorem 2.1

Sketch of the proof of Theorem 2.1
Step 1: Show that any Poisson vector field E on (M,π)
determines a bicrossed product of Lie algebroids whose underlying
vector bundle is the first jet bundle J1M = T ∗M ⊕ R.
More precisely, the anchor map of the corresponding Lie algebroid
structure on J1M is given by:

�E (α, f ) = π�α+ fE , ∀ α ∈ Ω1(M), f ∈ C∞(M,R)

and the Lie bracket:

{(α, 0), (β, 0)}(π,E) = ({α,β}π, 0)
{(α, 0), (0, f )}(π,E) = (−f LEα, Lπαf )
{(0, f ), (0, g)}(π,E) = (0, f LEg − gLE f ),

for all (α, 0), (β, 0) ∈ Γ(J1M) and for all f , g ∈ C∞(M).
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Proof of Theorem 2.1

Step 2: Assume E � = E + Xh is the Hamiltonian vector field of
some smooth function h on M. Consider the bundle morphism
Φh : J1M → J1M whose extension to smooth sections is given by:

Φh(α, f ) = (α− fdh, f ).

A direct computation shows that Φ is a Lie algebroid isomorphism
from (J1M, { , }

(π,E)
, �E ) to (J1M, { , }

(π,E �) , �E � )
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More general results

The above construction can be extended to any Lie bialgebroid as
follows:

Theorem 2.3: Let (A,A∗) be a Lie bialgebroid over M. Any
1-cocycle α ∈ Γ(A∗) induces is a matched pair of Lie algebroids
(A,M �α R) over M. Moreover, the associated bicrossed product
A �� (M �α R) depends only on the cohomology class of α.

Here M �α R denotes the trivial line bundle M × R → M along
with its action Lie algebroid structure induced by α with:
• its anchor map:(m,λ) �→ λa∗(α)m,
• and its Lie bracket {f , g} = f a∗(α) · g − g a∗(α) · f ,
where a∗ is the anchor map of A∗.
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More general results

The first part of Theorem 2.3 is a special case of the following:

Theorem 2.4: Let G be a connected Lie group and let A be a
Lie algebroid over a smooth manifold M. Assume that G acts on A
by Lie algebroid automorphisms. Then the corresponding
infinitesimal action of its Lie agebra g on A determines a matched
pair of Lie algebroids (A,M � g).

Note: The Lie algebroid A �� (M � g) corresponding to this
matched pair of Lie algebroid (A,M � g) coincides with J.-H Lu’s
construction where G has zero Poisson structure.
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Sketch of the proof of Theorem 2.4

1 Since G acts on A by Lie algebroid automorphisms, the
infinitesimal action is given by a map Φ : g → End(Γ(A)) with
its symbol map ς : ImΦ → X(M) satisfying the relations:
(i) φ(u)(fX ) = f φ(u)X +

�
ς(φ(u)) · f

�
X ;

(ii) φ(u)[X ,Y ] = [φ(u)X ,Y ] + [X ,φ(u)Y ];
for all f ∈ C∞(M,R), u ∈ g, X ,Y ∈ Γ(A).

2 We extend φ to sections of the trivial vector bundle M × g
(which are viewed as functions in C∞(M, g)).

3 Finally, we check that the relations (1), (2) and (3) are
satisfied when we pick the representations:

ρ : Γ(A)⊗ C∞(M, g) → C∞(M, g) and σ : C∞(M, g)⊗ Γ(A) → Γ(A)
(X ,U) �→ a(X ) · U (U,X ) �→ φ(U)X
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Cosymplectic manifolds

When studying infinitesimal automorphisms of symplectic
structures, Paulette Libermann introduced the concept of almost
cosymplectic structures. From the point of view of G -structures, it
is just a reduction of the structure group of a (2n + 1)-dimensional
manifold M from GL(2n + 1,R) to SP(n,R)× {1}.

In terms of tensors, an almost cosymplectic structure on a smooth
manifold M of dimension 2n + 1 is given by a pair (η,ω) consisting
of a 1-form η and a 2-form ω on M such that η ∧ ωn is a volume
form.

If in addition, both η and ω are closed differential forms then (η,ω)
is called a cosymplectic structure on M.
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Cosymplectic manifolds

Given a cosymplectic manifold (M,ω, η), we consider the
symplectic form on M × R defined by:

Ω = (pr1)∗ω + dτ ∧ (pr1)∗η,

where τ is the standard coordinate on R and pr1 : M × R → M is
the projection map onto the first component.

We say that (M × R,Ω) is the symplectization of (M,ω, η).
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Cosymplectic groupoids

Recall that given a Lie groupoid G
s
⇒
t
M together with a

multiplicative function σ. There is an associated action groupoid
G × R ⇒ M × R, denoted by G ×σ R, with structural functions
given by

sσ(g , τ) = (s(g),σ(g) + τ),
tσ(h, ς) = (t(h), ς),
mσ((g , τ), (h, ς)) = (gh, τ), if sσ(g , τ) = tσ(h, ς).

(4)

We have:

Definition 3.1: A cosymplectic groupoid is a Lie groupoid
G

s
⇒
t
M endowed with a triple (ω, θ,σ) consisting of a

multiplicative 2-form ω, a multiplicative 1-form η and a
multiplicative function σ such that (ω, η) is a cosymplectic
structure on G having G ×σ R as its symplectization.
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Cosymplectic groupoids

Theorem 3.2: Let (M,π) be a Poisson manifold together with a
Poisson vector field E . If J1M = T ∗M �� (M �E R) is integrable
then its associated source-simply connected Lie groupoid Gc(M)
admits a canonical cosymplectic structure.

Sketch of the proof of Theorem 3.2

1 First observe that J1M = T ∗M �� (M �E R) is integrable if
and only if the cotangent Lie algebroid bundle T ∗(M ×E R) of
the semidirect product is integrable.

2 Now assume that J1M is integrable. Let Gc(M) be
source-simply connected Lie groupoid integrating J1M. The
1-cocycle E integrates into a multiplicative function σ on
Gc(M). The source-simply connected symplectic Lie groupoid
Gs(M ×E R) integrating T ∗(M ×E R) is isomorphic to
G (J1M)×σ R

3 ∂t is a multiplicative and its flow preserves the symplectic form
on Gs(M ×E R) which, is the symplectization of Gc(M).
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Possible applications

One can apply the theory of Atiyah classes of certain vector bundles
introduced by Chen-Stienon-Xu. In particular, one gets new insights
on the Atiyah class of the cotangent Lie algebroid of (M,π) relative
to the Poisson action of R determined by E .

In addition, the matched pairs of Lie algebroids obtained here can
be related to the theory of L∞-algebras alike in Chen-Stienon-Xu’s
recent paper on "Atiyah Classes and homotopy Leibniz algebras".
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THANK YOU!
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