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Abstract. The following lecture notes discuss recent work with C.J. Cotter, J.
Eldering, D.D. Holm, and D.M. Meier. The contents can be seen as a symplectic
version of ideas first derived in [DJR13, CHJM14] where they were explored in
the context of Lagrangian reduction by symmetry. These solutions can be seen
as generalizations of the particle like solutions found in [MM13]. The momentum
maps involved are incompressible versions of momentum maps first written in
[HM05].

1. Dual pairs and dynamics

Dual pairs in the context of symplectic geometry were introduced in [MW83,
Wei83]. These were seen as an important tool in understanding the leaf structure
of a Poisson manifold. However, there is also an important dynamical consequence
to possessing a dual pair.

Proposition 1.1. Let

P1
J1← S

J2→ P2

be a C1 dual pair. Let h ∈ C1(P1) and set H = h ◦ J1. If (q, p)(t) is a solu-
tions to Hamilton’s equations with respect to H, then J1((q, p)(t)) is a solution to
Hamilton’s equations with respect to h. and J2((q, p)(t)) is constant in time.

As an example let M be a Riemannian manifold, and consider the dual pair

Xdiv(M)∗
λ← T ∗ SDiff(M)

ρ→ Xdiv(M)∗

where λ, ρ are left and right trivialization maps. If we let h : Xdiv(M)∗ → R
be h(µ) = 1

2
‖µ‖2

L2(M) then the equation of motion are the equations motion for

an ideal fluid, and the conserved quantity is circulation (plus Noether momenta
associated to H1(M)). This evolution equation on T ∗ SDiff(M) is nothing but the
material/ Lagrangian coordinate description of and ideal fluid [Arn66].

In this lecture we will replace T ∗ SDiff(M) with a finite dimensional manifold.
This was done in [MW83] as a geometric derivation of the point vortex method
[Cho73]. This was also done in the context of the EPDiff equation in [HM05].
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2. One-form densities

We need to establish some conventions regarding the space of vector-fields. This
is important because the dual space is a Poisson manifold wherein conservative
fluid systems can be modelled.

Let X(M) denote the space of vector fields on a manifold M . We may (non-
uniquely) represent elements of X(M)∗ as elements of Ω1(M) ⊗ Dens(M). In
particular Ω1(M)⊗Dens(M) maps to X(M)∗ via

〈p⊗ µ,w〉 =

∫
M

〈p(x), w(x)〉µ.

This is almost an identification. The covector-field p is only unique on the support
of µ. Perhaps there is a better way to make this truly an identification, however,
we will not concern ourselves with this matter. densities. This is “legal” because
of the following proposition.

Proposition 2.1. The space X(M)∗ is contained within Ω1(M)⊗Dens(M).

Proof. Consider the case M ⊂ Rn is just an open subset. Let ei = ∂xi and ei = dxi.
For any µ ∈ X(M) we may construct the densities µi ∈ Dens(M) defined by

〈µi, f〉 = 〈µ, f · ei〉,

for an arbitrary f ∈ C∞(M). Then for an arbitrary vector field X(x) = X i(x)ei
we observe

〈µ,X〉 = 〈µ,X i · ei〉 = 〈µi, X i〉 = 〈µi, 〈ei, X〉〉.

Thus µ ≡ ei ⊗ µi ∈ Ω1(M)⊗Dens(M). We may extend argument to an arbitrary
manifold by taking a partition of unity. �

If M is a volume manifold, we denote the space of divergence free vector fields
by Xdiv(M). Note that Xdiv(M)∗ = X(M)∗/Xdiv(M)◦ where Xdiv(M)◦ is the ani-
hillator of Xdiv(M) (these are equivalent to the gradient vector fields if H1(M) is
trivial). Thus we will represent elements of Xdiv(M)∗ by one-form densities modulo
Xdiv(M)◦

3. Fluids

Let M be Riemanian. If P1 = Xdiv(M)∗ equippied with the (minus) Lie-Poisson
structure , and h : Xdiv(M)∗ → R is a Hamiltonian, then Hamilton’s equations are
given by

µ̇+ £ξ[µ] = 0 , ξ = δh/δµ

for µ ∈ Xdiv(M)∗.
If M = Rd and

h(u) =
1

2
‖u‖2

L2 ,
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then Hamilton’s equations are given by

∂tu+ u · ∇u = −∇p.

With the condition ∇ · u = 0 included explicitly, we can identify this as Euler’s
equations of motion for an incompressible ideal fluid. In other words, Euler’s
equatiions can be written as

∂tµ+ £u[µ] = 0 , u = µ

Recently, [MM13] introduced a model of fluids induced by the Hamiltonian

hε(µ) =
1

2
〈µ,Kε ∗ µ〉 =

1

2

∫
µ(x)T ·Kε(x− y) · µ(y)Kε(x− y)dydx

where we identify Xdiv(M)∗ with the space of one-form densities (modulo Xdiv(M)◦ ⊂
X(M)∗) and Kε : Rn → Rn×n is a matrix valued Green’s kernel of the operator

D =

(
1− ε

p
∆

)p
.

acting on Xdiv(Rd). Hamilton’s equations are then given by

∂tµ+ £u[µ] = 0 , u = Kε ∗ µ

It is notable that Kε has the property that limε→0(Kε) = δ ⊗ I where I is
the identity matrix. Note that h0(µ) = 1

2
‖µ‖2

L2 , which is the Hamiltonian which
generates Euler’s fluid equations. Thus we can hope that solutions of Hamilton’s
equations with respect to hε are “close” to solutions of Euler’s fluid equations. In
fact this is proven in [MM13]

Theorem 3.1 (Theorem 3 [MM13]). Let p > n/2 + 1 and k ≥ n + 2p + 4. Let
v ∈ Xdiv(M) ∩Hk+p+1 for k large. If uε(t) is the solution of Hamilton’s equations
with respect to hε with initial condition v then there exists a time interval [0, T ]
such that uε(t) depends continuously on ε

I will call the equations of motion induced by hε with ε > 0 the regularized Euler
equation.

Next we will derive dual-pairs for hε with ε > 0. I will also illustrate what
happens when ε→ 0, just to clarify why we are not applying this approach to the
non-regularized Euler’s ideal fluid equations.

3.1. Particle methods. In this section we will derive particle like solutions using
cotangent lift momentum maps. We can express these momentum maps in terms
of the Dirac-delta functional using the construction of [HM05].

Let

Q = {(q1, . . . , qn) ∈ (Rd)n | qi 6= qj}.
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Then SDiff(Rd) acts on Q by a (left) diagonal action. The corresponding momen-
tum map on T ∗Q is

〈JL(q, p), u〉 = 〈pi, u(qi)〉.
where we will always assume summations over repeated indices which are only on
one side of the equals sign.

We can pull-back hε by JL to obtain the Hamiltonian

Hε(q, p) =
1

2
pTi Kε(q

i − qj) · pj

Proof. It is helpful to write JL as

JL(q, p) =
n∑
i=1

piδqi + Xdiv(Rd)◦.

Then we can compute

Hε(q, p) := hε(JL(q, p)) =
1

2

∫ n∑
i,j=1

pTi δ(x− qi) ·Kε(x− y) · pjδ(y − qj)dxdy.

The desired expression follows. �

Hamilton’s equations of motion with respect to Hε are

q̇iα = Kαβ
ε (qi − qj) · pjβ

ṗiα = −piγpjβ∂αKγβ
ε (qi − qj).

Here are some hyperlinks to movies (click the text)

• a single particle
• dosey doe

4. Jet particle methods

Let ϕ be a diffeomorphism. The k-jet of ϕ at x, denoted Jx(ϕ) is locally rep-
resented by the kth order Taylor expansion of ϕ at x in a local coordinate chart.

We will denote the space of k-jets of SDiff(M) at x by J
(k)
x (SDiff(M)).

Given a jet ϕ ∈ J (k)
x (SDiff(M)) we call the zeroth-order term, ϕ(x), the target

and we call x the source. There is a natural composition operator on jets, induced
by the composition of diffeos

J
(k)
ψ(x)(ψ) · J (k)

x (ϕ) := J (k)
x (ψ ◦ ϕ)

The invertability of the SDiff(M) is also inherited by the jets. As a result, the

space J (k)(SDiff(M)) = ∪xJ (k)
x (SDiff(M)) is a (finite dimensional) Lie groupoid.

Let z ∈ Rd and let

Q(k) = J (k)
z (SDiff(Rd))

http://youtu.be/kVcNH_Qir8g
http://youtu.be/3xh0TWPZ7Ds
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An element q ∈ Q(k) is given in coordinates by qaα where a = 1, . . . , d and α ∈
∪ki=0 bagi(d). We will denote the target of q by q∅ ∈ Rd. Then SDiff(Rd) acts on
Q by the left action.

ψ · q = J (k)
z (ψ ◦ ϕ)

For an arbitrary ϕ ∈ SDiff(Rd) such that q = J
(k)
z (ϕ). In coordinates this action

is given by

(ψ · q)aα =

|α|∑
n=1

∑
b1,...,bn∈{1,...,d}

[α1,...,αn]∈Π(α,n)

∂b1···bnψ
a(q∅)

n∏
i=1

qbiαi

The corresponding momentum map JL : T ∗Q→ Xdiv(Rd)∗ is

〈JL(q, p), u〉 =
∑

a∈{1,...,d}
α∈bag(d)
|α|≤k

∑
b1,...,bn∈{1,...,d}

[α1,...,αn]∈Π(α,n)

p α
a ∂b1···bnu

a(q∅)
n∏
i=1

qbiαi

Which we may write in terms of the Dirac-delta density as

JL(q, p) =
∑

α∈bag(d)
|α|≤k

∑
b1,...,bn∈{1,...,d}

[α1,...,αn]∈Π(α,n)

(−1)np α
a ea

(
n∏
i=1

qbiαi

)
∂b1···bn|q∅δ

+(Xdiv(Rd))◦

There is also a right action of iso(z) := {ψ ∈ SDiff(Rd) | ψ(z) = z} on Q(k)

given by

q · ψ := J (k)
z (ϕ ◦ ψ)

for an arbitrary ϕ ∈ SDiff(Rd) such that Jz(ϕ) = q. In coordinates this action is
again given by

(q · ψ)aα =

|α|∑
n=1

∑
b1,...,bn∈{1,...,d}

[α1,...,αn]∈Π(α,n)

qab1···bn

n∏
i=1

∂αi
ψbi(z)

This induces the momentum map JR given by

〈JR(q, p), w〉 =
∑
|α|≤k

|α|∑
n=1

∑
b1,...,bn∈{1,...,d}

[α1,...,αn]∈Π(α,n)

p α
a q

a
[b1,...,bn]

n∑
m=1

∂αmw
bm(zi)

∏
` 6=m

δb`α`

+(Xdiv(Rd))◦
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The maps JL and JR form a (weak) dual-pair because they arise from commuting
actions, and the action of SDiff(Rd) is transitive on level sets of JR. This is
corollary 2.6 of [GBV12].

Finally, it is possible do do this for multiple jets using a diagonal action. We
can then pull-back hε by JL to obtain the Hamiltonian Hε := hε◦JL : T ∗Q(k) → R.
By our first proposition, this means we can obtain solutions to the fluid equations
induced by hε by solving finite dimensional Hamiltonian equations with respect to
Hε. Moreover, along solution curves, JR(q, p) is a constant of motion.

Here are some hyperlinks to movies (click the text):

• a one-jet particle
• another one-jet particle
• yet another one-jet particle, this time with propogation

5. Kelvin’s circulation theorem

Let x(s, t) = ϕt(x0(s)) for some loop x0(s). Kelvin’s circulation theorem states
that the circulation

Γ(t) =

∮
u(x(s, t)) · ∂sx(s, t)ds

is constant along the flow produced by Euler’s equations.
It was shown in [Arn66] that this conservation law is merely an instance of

Noether’s theorem.
Recall h0 is the Hamiltonian for Euler’s equations, and this Hamiltonian is

SDiff(M) invariant. The corresponding conserved quantity implies conservation
of of circulation.

In this instance we have a dual pair λ, ρ : T ∗ SDiff(Rd) → Xdiv(Rd) induces by
the left and right action of SDiff(M) on itself. The dynamics on T ∗ SDiff(Rd)
exhibit the constant of motion

〈ρ(ϕ, pϕ), w〉 = 〈pϕ, Tϕ · w〉

for all w ∈ Xdiv(Rd).
Our circulation model’s are obtained by using the deformed Hamiltonian hε in

place of h0. Thus our circulation models also have conserved quantities. This
passes down to our finite dimensional jet-particle model.

To see this it is useful to assemble the k-th order isotropy group, iso(k)(z) =

{ψ ∈ SDiff(Rd) | J (k)
z (ψ) = idz}. Then we see that Q(k) := SDiff(Rd)/ iso(k)(z).

http://youtu.be/4EWYxknAKfE
http://youtu.be/kB9gz9aPIa8
https://www.youtube.com/watch?v=kVcNH_Qir8g
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The space T ∗Q(k) then naturally embeds into (T ∗ SDiff(Rd))/(iso(k)(z)).

(1)

Xdiv(Rd)∗ T ∗ SDiff(Rd) iso(z)∗

(T ∗ SDiff(Rd))/ iso(k)(z)

T ∗Q(k)

λ

ρ

π

i

JR

JL

6. Mergers

We see that the 0-th order jetlets are attracted to one another. As they asymp-
totically merge, the resulting structure is that of a 1-jet. In particular if p1(t) ∈ Rd

and p2(t) ∈ Rd are the momenta of the 0-jet particles, then they merge asymptot-
ically into a (non-unique) one jet (q, p∅, p

b
c ) with momenta

q∅ =
1

2
(q1 + q2)

p∅ = p1 + p2

p b
c q

c
a =

1

2
(p1 − p2)a ⊗ (q1 − q2)b

Here are some hyperlinks to movies (click the text next to the bullet to see the
movies):

• two zero jets get close to one another
• here we approximate the last frame of the previous movie with a single

one-jet particle, effectively merging two particles with large (almost equal
and opposite) momenta in a single particle with small momenta.
• Here we splice the two movies into one.
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