MATH 185: COMPLEX ANALYSIS
FALL 2009/10
PROBLEM SET 1 SOLUTIONS

Throughout the problem set, i = v/—1; and whenever we write o + 31, it is implicit that «, 8 € R.

1. Determine the values of the following (without the aid of any electronic devices).
(a) (1+14)%0— (1 —1)%.
SOLUTION. (14120 — (1— 1) = [(1+ )10 = [(1 = )2]'0 = (20)"° — (~2i)10 = 0.
(b) cos 3 +icos 3w+ -+ i" cos(ZH )T + -+ - + 40 cos Bl .

SOLUTION. Write a,, = i" cos(2%t ). Note that

At = —i"cos [(2EE)m + 7] = i" cos(Z )7 = ay,.
Soayg=as =---=ayy, a1 =agz = --- = agg, and

o+ ay + - + agg = 21ag + 20a; = Y2 (21 — 20i).

(¢) 1+ 2i+3i%>+ -+ (m+ 1)i"™ where m is divisible by 4.
SOLUTION. Let S be the sum. Then

S=1+4+2i+3>+--+ (m+1)™,
iS =i+ 2% 4+ -+ mi™ + (m + 1)im T

Subtracting the second equation from the first yields

(1-—)S=1+i+i*+ - +i"— (m+1)i"™"!

1— ,L'm-&-l
= —(m+ 1)im*!
—1

=1—(m+1)
since ™ = 1 if m is divisible by 4. Hence

1-— i 147 1

5 1—i 1+ 2

2. Use the exponential form of cosf and sin € to show the following.
(a) Show that

|

1+ ncosf+ -+ ——cosrd+ -+ cosnd = (2 cos $6)™ cos £nf.
rl(n—r)!

Prove that, as n — oo, the series converges to 0 if %ﬂ <0< %ﬂ'.
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SoLUTION. Using the form cosrf = (e + =), series becomes

z”: (:) cosrf = % z": (:) e % Zn: <Z> e~iro

r=1 r=1 r=1

1 ; 1 ;
_ 7(1 + eze)n + 7(1 + efzé)n

2 2
= %ei%nG(e—i%G + ei%G)n + %e—i%ne(eiée + e_lée)”
= S 4 e (T 4 i)

= cos 3n0(2 cos 16)".
1

Note that (2 cos 160)" cos 1nf — 0 if (2cos 30)" — 0, i.e. if [cos 10| < L. So when 27 < 0 <
2 2 2 2 2 3
%7‘(, then %ﬂ < %0 < %W and —% < cos %9 < % as required.
(b) If sind = asin(f + 3), where « and 3 are real constants, prove that
1— e’

Hence prove that
0 n

«
0= — si .
Z —sin ng
n=1
State the range of values of « for which the series is valid.
SOLUTION. Written in exponential form, sin @ = asin(d + 3) becomes

1
2i
Multiplying both sides by 2ie?? gives

(i — e7i0) = %(ei(ﬁ—i—ﬁ) I CON

Q20 _ 1 — a(eQiG—l—iﬁ _ e—w)

and thus ‘
2 _ 1 — ae™ ¥
1— e’
Taking logarithms, we get

2i0 = log(1 — ae” ) —log(1 — ae')

2 3 2 3
- _ [ae—w LY 28 %e—sw 4. } + [aew i %ezw I %esw N

2
0= 1 a(e? — ety 4 a—z(ezw —e %Py 4.
24 2
X n
= Z Oé—sinnﬁ.
n
n=1

The logarithmic expansions are valid provided |ae™| < 1, ie. |a| < 1. In which case, the
series is absolutely convergent and thus justifying the rearrangement of terms.

. Express the roots of the equation 27 — 1 = 0 in the form cosf + isin#. Hence show that the
roots of the equation

wWHut—2u—1=0
are

2 4 6
2 cos TW, 2 cos 77r’ 2 cos 77T,



4.

5.

and find the roots of
8w + 4w? — 4w — 1 = 0.
SOLUTION. The roots of 27 — 1 =0 are
nmi 2 2
P cosg +isin$, n=0,+1,+2 +3.

Factoring out z — 1 (corresponding to n = 0) gives
1=+ L+ 241
The degree 6 polynomial must then be the product of the remaining factors:
3
z6+25++z+1: H (z—62n7m)

n=-—3
= (z2 —az+ 1)(,22 — Bz + 1)(22 —vz+1)

where the three quadratic factors are the products of the three conjugate pairs of linear factors
and

2 4 6
achos%, ﬂ:2cos77r, 7:2c0s77r.

Expanding the product of the three quadratic factors and comparing coefficients with the degree
6 polynomial gives

at+B+y=-1, af+pBy+ya=-2, afy=-1

We notice that the roots of the equation u? 4 u? — 2u — 1 = 0 satisfy precisely these relations —
which in turn allows us to deduce that they are «, 3,~. For the last part, we substitute v = 2w
to get the equation in w and to see that its roots are

2m a7 67
COS -, COS—-, COS—-.
(a) Find all possible values of i*. Express your solutions in the form a + 3i.

SOLUTION. § = e™/2t2nmi ¢ 7, ji = =7/2=27 7. [We will see a more rigorous

treatment later in the course.]

(b) Find all values of 6 € [0, 27) for which the following limit exists

lim erew
r—00

SOLUTION. Note that e = ercosfeirsin€ 1f the limit exists, then so must

. i0 .
lim [e"®" | = lim e" .
Tr—00 7r—00

Hence we must have cosf < 0. But if cos# = 0, then 6 = 5 or 37” and it is easy to see that
0

€™ = e*" does not have a limit as r — oo (e.g. take a sequence 7, = n7). So we must
have cos < 0, i.e. § <0< 37”
Let ag,...,aq € R. Suppose the polynomial equation
a4z4 + ia323 + a92® +iayz + apg=0

has a root given by z = a + i. Find another root of the equation. Your answer should only
depend on «, 3.
SOLUTION. Taking complex conjugate of the equation, we get

a424 — ia323 + agiz —ia1Z+ag = 0.
Now observe that this may be rewritten as

a4(—2)4 + iag(—2)3 + az(—2)2 + ial(—Z) + ag = 0.



In other words, if z = a4+ (i is a root, then so is —zZ = —a + [i.

6. Let z,,w, € C for every n € N. Show that
(a) If >°0° | 2, and Y 7, wy are both convergent, then so is

o0
Z Azp + pwy
n=1

for any A\, pn € C.
(b) If ">, zy is convergent, then

lim z, = 0.
n—oo

(c) If Y°27 | |zn| is convergent, then so is Y o0 | 2.
SOLUTION. Routine exercise.



