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Abstract

In this paper, we study the class of rings that satisfy internal direct sum cancellation with respect
to their 1-sided ideals. These are known to be precisely the rings in which regular elements are unit-
regular. Further characterizations for such “IC rings” are given, in terms of suitable versions of stable
range conditions, and unique generator properties of idempotent generated right ideals. This approach
leads to a uniform treatment of many of the known characterizations for an exchange ring to have
stable range 1. Rings whose matrix rings are IC turn out to be precisely those rings whose finitely
generated projective modules satisfy cancellation. We also offer a couple of “hidden” characteriza-
tions of unit-regular elements in rings that shed some new light on the relation between similarity and
pseudo-similarity—in monoids as well as in rings. The paper concludes with a treatment of ideals for
which idempotents lift modulo all 1-sided subideals. An appendix by R.G. Sovathe failure of
cancellation for finitely generated projective modules over complex group algebras shows that such
algebras are in general not IC.
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1. Introduction

A module My, over a ringk is said to satisfyinternal cancellation(or we sayM is
internally cancellablgif, wheneverM = K @ N = K’ @ N’ (in the category of-modules),

N = N’ = K = K’. An obvious necessary condition for this is tiiét be Dedekind-finite
thatis,M =M & X = X = 0. In general, however, this condition is only necessary, but
not sufficient.

The starting point for this paper is the observation in [32] that “internal cancellation”
is an “ER-property;” that is, a module-theoretic property that depentison the endo-
morphism ring of the module. (For a moreepise definition of an ER-property, see [32,
(8.1)].) A proof for this using the notion of isomorphism between idempotents in rings was
given in [32, (8.5)]. As was pointed out by the referee, this proof is just a special case of
the equivalence of add/) (the category of direct summands of finite direct sumaQf
with the category of finitely generated projective modules over the endomorphism ring
End(M), which was first observed by Dress [12]. However, yet another approach is pos-
sible, by finding directly gurely ring-theoreticcondition on En@M) that characterizes
the internal cancellability oM. This was essentially done by G. Ehrlich in [14]. To state
Ehrlich’s result, let us first recall someasic terminology for rings. An elemeatin any
ring R is said to beegular (respectivelyunit-regular) if a = axa for somex € R (respec-
tively for somex € U(R)). (Throughout this paper, ) denotes the group of units of a
ring R.) We shall write regR) (respectively ure@R)) for the set of regular (respectively
unit-regular) elements a@t. (Itis easy to show that € ureq R) iff a is the product of a unit
and an idempotent, in either order; see [3014(B)]. We shall use this fact freely below.)
Finally, we say thaR is (von Neumann) regular (respectively unit-regulamRif= reg(R)
(respectivelyR = ureq R)). With these definitions, we have:

Ehrlich’s Theorem 1.1.Let R = End M), whereM is a right module over some ring
ThenM is internally cancellable iffeg(R) = ureg R).

In [14], Ehrlich worked in the situation where the endomorphism rkhgs regular.
However, this assumption is not really necessary, and it was fairly well known that the
essence of her arguments actually yieldedtttemrem above. An explicit statement of 1.1
appeared, for instance, in [20, p. 113]. In this paper, Guralnick and Lanski also found an
important link between internal cancellation and the notiopsEudo-similarityin linear
algebra. In any ring?, an element: is said to be pseudo-similar to an elemérit there
existx, y, z, w € R such that

a =zbx, b=xaw, and x=xzx=xwx. (1.2)

Clearly, if a, b are similar inR (that is,a = u~1bu for someu € U(R)), thena is pseudo-
similar to b since (1.2) is satisfied by taking=u andw = z = u~1. The converse does
not hold in general. The main result in [20] is the following; see also [22, Theorem 1] and
[24, Theorem 2B].
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Theorem 1.3.In the notation of Theorert.1, M is internally cancellable iff pseudo-
similarity implies similarity in the ringR = End(M).

The considerations above lead us directly to the class of hdsr which the right
moduleRy satisfies internal cancellation. We propose to call such rings “IC rifigsese
are the ringsR that arise as endomorphism rings of internally cancellable moduBgs
what we have said so far, we have the following three equivalent criteria for aRritag
be IC:

(1.4) Isomorphic idempotents iR have isomorphic complementary idempotents; or
equivalently, isomorphic idempotents are similar [30, Exercise 21.16].

(1.5) redR) =uregR).

(1.6) Pseudo-similarity implies similarity iR.

Because of the characterization (1.5), IC rings have also been qaitidlly unit-
regular ringsin [22]. However, we think the name “IC ring” is simpler and better. Note
that any of the characterizations f&@ fings above suffices to show that i€a left-right
symmetric conditiorNeedless to say, among von Neumann regular rings, the IC rings are
just the unit-regular rings.

A ring R is said to be of stable range 1 (written(By = 1) if, for any a,b € R,
aR + bR = R implies thata + bx € U(R) for somex € R. Modifying this definition,
we say thatR hasregular stable rangel (written rskR) = 1) if the above implication
holds for alla, b € reg(R), or equivalently (as it turns out) for alle reg(R) and allb € R.

In Section 4 of this paper, we show that, in fatte conditionrsr(R) = 1 is a character-
ization for IC rings. This result generalizes the well-known fact that a regular Rnig
unit-regular iff sS(R) = 1. Many variants for the condition @) = 1 are possible. For
instance, in 4.5, it is shown that (&) = 1 iff, whenevewur + ¢ = 1 wherea, r € R and
e € R is an idempotent, them+ ex € U(R) for somex € R.

In Section 5, we study ringR that arestablyIC, in the sense thail, (R) is IC for all n.
These turn out to be precisely the rinfswhose category of finitely generated projec-
tive (say, right) modules satisfies cancellation. Examples of such rings include unit-regular
rings, right free ideal rings, finite von Neumann algebras, and polynomial rings over com-
mutative O-dimensional rings and Dedekind rings, etc. A somewhat surprising result here
is 5.10, which shows that a polynomial ring over even a stably IC ring need not be IC.
The fact that every complex group algelit& embeds into a finite “group von Neumann
algebra” seems to suggest tliat might be (stably) IC. However, this turned out toret
the case, according to examples found by FS®an, which (with his kind permission) are
included in an Appendix to this paper.

In Section 6, we consider the problem of characterizing the generators of a principal
right idealaR in a ring R. We say thatz € R has the right UG (“unique generator”)
property if, for anyb € R, aR = bR implies thatb = au for someu € U(R). In 6.2,
we prove thatR is IC iff all idempotents [or equivalently, all regular (respectively unit-
regular) elements] have the right UG property. Using the various characterizations for IC
rings above, we obtain easily many of the characterizations for an exchangetaritave
stable range 1. This is done in 6.5.
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In Section 7, as a prelude to Section 8, weegav/characterization for unit-regular el-
ements in rings that seemed to have been narrowly missed in the literature. According to
Theorem 7.1a regular elemenk = xyx (in an arbitrary ring R) is unit-regular iff there
exists a unitu € R such thatxry = xu and yx = ux. This turns out to be a powerful tool
in the study of pseudo-similarity. In Section 8, we compare the notion of pseudo-similarity
(in four different flavors) with that of similarity, and use Theorem 7.1 to give a new concep-
tual treatment for the fact that IC rings are precisely those rings for which pseudo-similarity
boils down to similarity. A couple of possibly surprising consequences of this study on the
similarity of ring elements are given in 8.7 and 8.9. The paper concludes with Section 9,
which offers some ostensibly weaker conditions characterizing IC rings through the use
of the notion of “lifting ideals” (Theorem 9.7). The result 9.3 on lifting regular elements
modulo a lifting ideal should be of independent interest.

The second author’s expository article [32] provides much of the background for this
work. In particular, for any undefined terms used in this paper, the reader should consult
[32] (along with the ring theory texts [29] and [31]).

2. Examples of IC rings

The class of IC rings is quite broad. To show this, we assemble here an initial list of
examples (and some non-examples) of IC rings. Example (6) below, however, is given
without proof, and the justifications for example (7) will come later in Section 5.

Examples 2.1.

(1) We have observed at the beginning of the Introduction that an IC ring is always
Dedekind-finite. However, a Dedekind-finite rilgneed not be IC, even iR is von
Neumann regular. For such an example, see [19, (5.10)].

(2) Since there do exist non IC rings, it is not surprising that we can write down a “gener-
ic” example. Letk be a field, and lek be thek-algebra generated by two elements
a, b with the relations(ab)? = ab, and (ba)?2 = ba. In R, e := ab ande’ := ba are
isomorphic idempotentdVe claim thatrR is not anlC ring. To see this, lefS be the
k-algebra generated by two elementsy with the single relationcy = 1. The rules
a+ x, b+ y give a well-defined-algebra homomorphism fromR to S, since

(y)?=1=xy and (yx)?=yxyx=yx.

Under this homomorphism, we have-le—~ 1 — xy=0,and 1— ¢’ > 1 — yx #0.
Since these two images are not isomorphic idempoterfisiirfollows that 1— ¢ and
1 — ¢’ are also non-isomorphic idempotentsinTherefore R is not IC. (It would be
of interest to know if the ringR is Dedekind-finite. We do not know the answer.)
(3) As we have noted already, the criterion 1.5 implies that any unit-regular ring is IC.
(4) If R is anabelianring (in the sense that all idempotentsfre central), isomorphic
idempotents ik must be equal, according to [30, Exercise 22.2]. In particilas,an
IC ring. Examples of such rings include: all commutative rings, all reduced rings (e.g.,
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strongly regular rings), and of course, all rings with only trivial idempot¢fid}.
The latter class includes, for instance, all domains, local rings, and all groupkidhgs
wherek is any subring ofC in which no prime numbep is invertible (see [4, (8.11)]).

(5) Any right artinian ring R is IC. Indeed, ife,e’ € R are idempotents iR such
that eR = ¢'R, the classical Krull-Schmidt Theorem (applied Rg) implies that
1-—e)R=(1-¢)R.

(6) (For the terminology used in this example, see [3XhYy quasi-continuous ring .
In fact, if R is a quasi-continuous ring, thetis also a CS ring [31, §6, Exercise 36],
and therefore Dedekind-finite [31, Theorem 6.48]. According to a theorem of Miller
and Rizvi (see, e.g., [37, (2.33)]), the Dedekind-finite quasi-continuous matjule
satisfies internal cancellation. Thugjs an IC ring.

(7) Another major class of IC rings comes from the theory of operator algebras. By 5.12,
any finite von Neumann algebraliS.

Some of these examples will be further expanded and refined into a ksaloly IC
rings in 5.9.

3. Elements of stable range 1

We begin this section by taking the definition of stable range 1 and modifying it into an
“element-wise” definition.

Definition 3.1. We say that an elemeatin a ring R has stable range 1 (written(sh = 1,
or, if necessary, &fa) = 1) if, for anyb € R, aR + bR = R implies thata + bx € U(R)
for somex € R.

Of course, with this definition, §6R) = 1 amounts to §z) = 1 for alla € R. The main
result in this section gives (for any ring) a natural class of elements with stable range 1.

Theorem 3.2.For any ring R, a € ureg R) implies thatsr(a) = 1. In particular, all idem-
potents inR have stable rangé.

The proof of this is based on two fairly standard lemmas, whose proofs are included here
for completeness. The first one is the following fact about principal right ideals generated
by unit-regular elements an arbitrary ringR; see [24, Theorem 2B(14)].

Lemma 3.3.1f a,a’ € ureg R), thenaR = a'R iff ' = au for someu € U(R).

Proof. Let a = ev andda’ = ¢’v', wheree, ¢’ are idempotents, and v’ € U(R). Since
aR =evR =¢R,anda’R =e¢'v' R =¢'R, we haveu R = a’R iff eR = ¢’R. Thus, it suf-
fices to handle the case where- ¢ anda’ = ¢’. We need only check the “only if” part, so
assume thaiR = ¢’R. Thenee’ = ¢, ande’e = e. Sinceee’ (1 — ¢) is an element of square
zero, we have
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u=1+ee'(l—e)=1+¢ —ecU(R).
Noweu =e(l4+¢ —e)=e+¢e —e=¢', as desired. O
The second fact needed to prove Theoreti8the following lemma from [38, (2.8)].

Nicholson’s Lemma 3.4Let P be a projective right module over any ririgy and letA, B
be submodules a? such thatA + B = P. If A is a direct summand a?, then there exists
a submodule&® € B suchthatP =A@ C.

Proof. Here is a proof of the lemma that seems easier than that given in [38]. Bjfice
is a projectiveR-module, the projection map fror to P/A induces a split short exact
sequence

0-ANB—B% P/A—0O.
Thus, we are done by takin@ to be the image of a splitting of. O

Using 3.3 and 3.4, we can now give the proof for 3.2. Consideraaayireg R), and
let b be any element oR such that R + bR = R. By the first part of the proof of 3.3,R
is a direct summand aRg, so by Nicholson’s Lemma, there exists a right id€at bR
such thatR = aR & C. Write (uniquely) 1= e1 + f1 wheree; € aR and f1 € C. Then
e1, f1 are complementary idempotents, witlR = e1 R andC = f1R (see the solution to
[30, Exercise 1.7]). Thus, 3.3 implies that= e1u1 for someu1 € U(R). Writing f1 = by
for somey € R, and right-multiplying 1= e1 + f1 by u1, we geta + byu1 = u1 € U(R).
This checksthatsn)=1. O

After the writing of this paper, we found out that a stronger “1-sided version” of Theo-
rem 3.2 has recently been proved by Li, Zhu, and Tong; see [35, Lemma 2]. The converse
of 3.2 is easily seen to be false. However, a partial converse is true, as the following result
shows.

Theorem 3.5.Leta € reg(R), whereR is any ring. Thersr(a) = 1iff a € ureg R).

Proof. The “if” part is true for any element € R, by 3.2. For the “only if” part, write
a = axa for somex € R, and assume that(@@) = 1. The following familiar argument is
from the proof of [19, (4.12)]. In view o R + (1 — ax)R = R, we get an element € R
such that: + (1 — ax)y € U(R). Lettingu be the inverse of this unit, we have

a=axa= ax[a +1- ax)y]ua =axaua = aua,
so we haver e uregR). O
For regular ringR, 3.5 recaptures the fact thRthas stable range 1 iff it is unit-regular
[32, (5.5)].

For later use in Section 6, we record in the following a necessary condition on elements
of stable range 1 in any ring.
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Proposition 3.6.Supposer(a) = 1 for an element: € R. Then, forany € R, bR = baR
iff ba = bu for someu € U(R). In particular, for anyn > 1, a” € a" 1R iff " € a1 .
U(R).

Proof. We need only prove the “only if” parts. Assuming tlbat = ba R, we haveb = bar

for somer € R. SinceaR + (1 — ar)R = R, the assumption that @) = 1 implies that
u:=a+ (1—ar)s € U(R) for somes € R. Left multiplying this equation by, we have

bu = ba + (b — bar)s = ba, as desired. The last conclusion follows by applying the first
conclusion to the case whebe=a". 0O

4. Rings with regular stable range 1

With the “element-wise” definition of stable range 1 (as in 3.1), it is natural to consider
the following “regular version” of the condition @) = 1.

Definition 4.1. We say that a ringk hasregular stable rangel (written rskR) = 1) if
everya € req(R) has stable range 1. (Of courseBy=1= rsr(R) = 1.)

We start by recording the following clessterization of IC rings in terms aggular
stable range 1, which we obtained in 2003. As it turned out, the same result has also been
proved in [41].

Theorem 4.2.Aring R is IC iff rsi(R) = 1.

Proof. First assume tharR is IC, and consider any elemeate reg(R). Since regR)

= uregR), 3.2 gives sfu) = 1. This checks that ré6R) = 1. Conversely, assume that
rsr(R) =1, and leta € reg(R). By assumption, $t) = 1, so by 3.5a € ureg R). Thus,
reg(R) = uregR), and soR isan ICring. O

In view of this theorem, it is of interest to give other descriptions for rings of regular
stable range 1. Indeed, there is a rather large number of alternative descriptions! Consider
the following general statement:

aR+bR=R = a+bxeU(R) forsomexeR, (%)

where the elements b € R are to be quantified. For eachafb, we can use the quantifier
“for all elements”, or “for all regular elemeritsor “for all idempotents”, so there are nine
combinations. The combination “for all, b” gives simply the condition $R) = 1, and

by 3.2, the three combinations arising from “for all idempoteritead to conditions that
always hold. Excluding these four possibilities, we have five combinations left, which we
spell out and explicitly label as follows:

(0) () holds for alla € reg(R) andb € R. (This is thedefinitionof rsr(R) = 1.)
(1) (%) holds for alla, b € reg(R).
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(2) (%) holds for alla € reg R) and all idempotents € R.
(3) (%) holds for alla € R and all idempotents € R.
(4) (%) holds for alla € R andb € reg(R).

Theorem 4.3.The conditiorrsr(R) = 1is equivalent to each of0)—(4). Alternatively, one
can changex) into (xx) by replacingaR + bR = R by an equatiorur + b =1 (where
r € R), and define the condition®)'—(4)" accordingly, by usingx*x) (instead of(x)).
These five new conditions are also equivalentXe-(4).

Proof. We first prove the equivalence (@)’ with the conditiong0)—(4), by showing:
O=>D=>2=02 =03 =M@= 0.

Here, the only nontrivial implications are the last three, which we shall now verify.

(2)' = (3). To check (3), start witlk R + ¢R = R wheree = ¢2 € R. We have an equa-
tion ar + es = 1 for somer, s € R. Leta’ := (1 — e)a. Left-multiplying ar 4+ es = 1 by
1—e,we haver'r =1 — ¢, and hence

adrad=0A—-ed =1—-e)l—e)a=ad.

Thus,a’ e reg(R). Sincea’r + e = 1, (2)' implies the existence of an element R such
that

a+ey=0A—-eatey=a+e(y—a)

is a unit, as desired.

(3) = (4). This implication holds sice, for any regular element= bcb € R, e := bc
is an idempotent, witkR = bR.

(4) = (0). To check (0), start wittuR + bR = R wherea is regular. As in the last
implication, aR is generated by an idempotent, so it is a direct summang ;of By
Nicholson’s Lemma 3.4, there exists a right idéac bR such thatR =aR & C. This
enables us to writ€ aseR, for some idempoterte R. Sincee € rey(R), (4) implies that
a + ey € U(R) for somey € R, and we are done by noting that bR.

It is now easy to get the equivalence @)'—(4)" with (0)—(4). Of course, we always
have(n) = (n)’, for 0 < n < 4. Since we have already dealt wit®)’, the rest follows by
noting the trivial implicationg0)’ = (1) = (2)/, and(4) = 3) = (2)). O

Remark 4.4. Note that the proof of(4) = (0) above used (4) only in the situation
aR ® eR = R (instead ofaR + eR = R). This suggests that we can formulate five
more conditions that are parallel to the conditio®—(4). This is done by replacing
aR + bR = R in (x) by a direct sum equationR & bR = R. This leads to five new
conditions(0)”—(4)”, which can be easily shown to be also equivalent to those in 4.3. The
details of this verification are left to the reader.
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Just for the record, we restate 4.2 and the equivalédce- (3) < (3) into the follow-
ing explicit characterization of IC rings. Thisaracterization has been obtained earlier by
H. Chen [10, Lemma 1].

Corollary 4.5. R is an IC ring iff, for any idempoterte R, aR+eR = R (or alternatively,
ar + e = 1) implies thata 4 ex € U(R) for somex € R.

This corollary was first provefibr exchange ring® by H.-P. Yu (se€4) < (2) in [46,
Theorem 9]). The approach in [10] and in this paper gives the resudiifangs R.

5. Functorial behavior of IC, and stably IC rings

In the first half of this section, we shall say a few things about how IC rings behave with
respect to some of the standard constructions in ring theory, such as direct products, limits,
subrings and factor rings, corner rings, polynomial rings and matrix rings, etc. The second
half of the section will be devoted to the study of the notiostablyIC rings.

To begin with, IC rings are clearly closed under the formation of direct products and
direct limits, in view of, say, the criterion (1.5). For subrings, we have the following partial
result.

Proposition 5.1.Let S be a(unital) subring in an IC ringR. If R = S & J for some ideal
J C R,thenSisalso IC.

Proof. Lete, ¢’ be a pair of isomorphic idempotents$h Then,e, ¢’ are also isomorphic
in R, and so 1- ¢, 1 — ¢’ are isomorphic inR (by 1.4). Applying the natural ring homo-
morphism fromR to R/J = S, we see that ¢, 1 — ¢’ are also isomorphic ii§. This
checksthafS isan ICring. O

Without assuming the existence of the idé¢ab.1 need not hold. In fact, in Goodearl’s
book [19, (5.12)], there is an example of a unit-regular rihgvhich has a regular unital
subringsS that is not unit-regular. In this example, therefakeis IC, but its unital subring
S is not.

In spite of 5.1, ageneralfactor ring of an IC ring need not be IC. This can be seen
by taking the free algebr& = Q(x, y). As a domain,R is an IC ring, but its factor ring
obtained by using the relatiory = 1 is not Dedekind-finite, and so cannot be an IC ring.
Under suitable assumptions, however, we can get some positive results, as in (2) below.

Proposition 5.2.Let J be an ideal in a ringr, and letR := R/ J.

(1) If J CradR) andR is IC, thenR is IC. B
(2) Assume that eithey C reg(R), or J C rad(R) and idempotents oR can be lifted
to R. If Ris IC, then so isk.
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Proof. (1) Suppose, ¢’ are isomorphic idempotents iR. Thene ande’ are isomorphic
in R, and so (assuming th&is IC) 1— &, 1 — ¢’ are isomorphic irR . SinceJ C rad(R),
[29, (21.21)] implies that + ¢ and 1— ¢’ are isomorphic inR. This checks thar is IC.
(2) Now assumeR is IC. If J C radR) and idempotents ik can be lifted toR, the
same argument as in (1) shows tlRais IC. Next, assume that C reg(R). To see thaR is
IC, it suffices to check the equation k&) = ureg R). Leta € R be such thai € reg(R),
saya = axa, for somex € R. Thena —axa € J C reg(R), so there exists € R such that

a—axa=(a—axa)y(a—axa)=a(l—xa)y(l—ax)a €aRa.

This givesa € aRa, soa € reg(R). SinceR is IC, we have (by (1.5)¥ = aua for some
u € U(R). Thena = aua with i« € U(R), so we haver € ureg R), as desired. O

We will come back in Section 9 to give some more results relating the IC propertkes of
andR/J in the case wheré may not be contained in réf); see 9.7. At this point, let us
record some easy consequences of 5.2. We suppress the details on the first corollary below
since this has already been proved (via different methods) by H. Chen [10, Corollaries 8,
10].

Corollary 5.3.

(1) LetR = (4 ™), whereA, B are rings, andM is an(A, B)-bimodule. TherR is IC iff
A, B are both IC.

(2) Aring R is IC iff the ring ofn x n upper triangular matrices oveRr is IC (for any
fixedn).

Corollary 5.4.

(1) Aring S is IC iff the power series ringk = S[[x] is IC.
(2) SisIC if the polynomial ringS[x] is IC.

Proof. The two “if” parts follow from 5.1. The “only if” part in (1) follows from 5.2(1)
since the ideal C R generated by lies in rad R) [30, Exercise 5.6],an&/J = S. O

Remark 5.5. It may be tempting to think that (2) above could be turned into an “if and
only if” statement. Unfortunately, this is ntte case, as we shall show in 5.10 below. (On
the other hand, some positive cases are indicated in 5.9(7).)

As for the formation of Peirce corner rings, we have the following easy result.

Proposition 5.6.1f R is an IC ring, then so is any Peirce corner rirgRe (for any idem-
potente € R).

Proof. By definition,R being IC means that the modu®g; is internally cancellable. Since
Rr =eR ® (1—e)R, we see easily that its direct summai®) ¢ is also internally can-
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cellable. Since “internal cancellation” is an ER-property, it follows that the endomorphism
ring Endg(eR) = eReisanICring. O

Of course, 5.6 can also be stated in the form thatReg= ureg R) implies rede Re) =
uregeRe). Inthe case of regular rings, this recaptures the familiar facetiPairce corner
ring of a unit-regular ring is also unit-regulaf32, (5.5)(6)].

Itis well known that “stable range 1” is a Morita-invariant property of rings; for a proof
of this, see [32, (5.6)]. Proposition 5.6 would seem to be the first step toward proving
a similar result for “regular stable range 1" (or equivalently, the IC property for rings).
However, the next proposition (and the subsequent examples) will show that this is not
the case. Here and in the following, we wrig R) for the category of finitely generated
projective right modules oveR.

Proposition 5.7.For any ring R, if M, (R) is IC, then so isM(R) for anyk < n. In
general, the following statements are equivalent

(1) R is stablylC; thatis,M,(R) isIC for all n.

(2) Endg(P) isIC forany P in P(R).

(3) The category?(R) satisfies cancellation.

(4) The moduleRy is cancellable in the categoff (R).

Any ring R satisfying any of these conditions is stably finiteat is, M, (R) is Dedekind-
finite for alln > 1.

Proof. SinceM, (R) = End(R%), the condition thaM, (R) be IC means that the module
R, satisfies internal cancellation. This implies t®4t for anyk < n also satisfies internal
cancellation, so the first conclasi in the proposition follows.

For anyR, we clearly have2) < (3) = (4), and(1) < (2) follows from the fact that
any direct summand of an internally cancellable module remains internally cancellable.
Thus, it only remains to prove théd) = (3). Now if Ry is cancellable ifP(R), then so
is R, (for any natural numbet) and every finitely generated projective righimodule.
The latter clearly implies (3).

The last conclusion of the proposition follg from the fact that IC rings are Dedekind-
finite. O

Most parts of Theorem 5.7 have also been observed in the paper of Song, Chu, and
Zhu [41]. Taken as a whole, this theorem sugtgehe utility of defining an “IC-level” of a
ring R. If R is not IC, we define its IC-level to be 0. Otherwise, we define the IC-level of
R to be

sup{n: M, (R) isIC} > 1.
In this terminology, rings of infinite IC-level are just the stably IC rings, or equivalently,

rings satisfying (2)—(4) in Proposition 5.7. If, instead, a rR@as a finite IC-levek, then
the matrix ringdM (R) are IC for allk < n, and not IC for alk > n.
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In the case of aommutativeing R, there are some special results about cancellation in
P(R) that are useful toward the computation of the IC-leveRofThe first of these is the
fact that, forA, B, C in P(R) with B, C of rank 1,

AGB=A®C = BZ=C. (5.8)

To prove this, we may assume that= R"~1 (for somen > 2). After this, (5.8) follows

by taking thenth exterior powers (as in the proof of [33, (1.4.11)]). The second nice fact is
Bass’s Cancellation Theorem [3, Theorem (9.3)], which states that (5.8) always ha&lds if
is a commutative noetherian ring of dimensinandA, B, C are inP(R) with B, C of
rank> d. These facts quickly lead to (1) and (2) of the following examples on the IC-level.

Examples 5.9.

(1) Over any commutative ring@ with only trivial idempotents, any (projective) module
in P(R) has a constant rank. In view of this, it follows easily from 5.8 tay rank2
moduleP in P(R) is internally cancellableTaking P to be R?, we see, in particular,
thatR has IC-level> 2.

(2) If R is a commutative 1-dimensional noetherian ring with only trivial idempotents,
the two cancellation results recalled before 5.9 imply fAéR) satisfies cancellation,
and thus by 5.7R has IC-leveloo (that is, R is stably IC). However, ifR is the (2-
dimensional) coordinateng of the real 2-sphere, then according to [421 does not
satisfy internal cancellation. Therefo® has IC-level exactly equal to 2. (From this,
it also follows thatMi>(R) has IC-level 1.)

(2) Let R be the Witt ringW (F) of quadratic forms over a field” of characteristic
# 2. Since unary forms generai#(F) and they have square W (F) has Krull
dimension< 1. But W(F) may not be noetherian, so Bass's Cancellation Theorem
cannot be applied directly. Nevertheless, in [18], Fitzgerald has studied the structure
of f.g. projective modules oveW (F), and has essentially proved that the category
of such modules satisfy cancellation. Th#g(F) is a stably IC ring. (The fact that
W(F) is an IC ring is much easier, as it is well known tH&{ F) has no nontrivial
idempotents: see [34, VII1.8.6].)

(3) If G is the generalized quaternion group of order 32, then the integral group ring
R :=Z[G]is IC (see 2.1(4), or [29, (8.26)]), biR?) is not internally cancellable
according to Swan [43, Theorem 3]. Thusagain has IC-level 1. The examplesin (2)
and (3) show, in particular, that being IGrista Morita-invariant property of rings. On
the other hand, it is easy to show, using 5.6, that betaglyIC is a Morita-invariant
property.

(4) Allrings R with sr(R) = 1 are stably IC (i.e., have infinite IC-level), sinResatisfies
(4)in 5.7 inastronger form: by [32, (5.4 is cancellable in the categoryall right
R-modules. In particulaisemilocal rings, unit-regular rings, self-injective rings, and
strongly -regular rings are all stabC: see, respectively [29, (20.9)], [32, (5.5)],
[32, (7.17)], and [1]. (The “self-inject®” case can also be deduced from 2.1(6), since
self-injective rings are quasi-continuous, and self-injectivity goes up to matrix rings.)
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(5) Let R be a module-finite algebra over a commutative ring of Krull dimension 0. By
[30, (23.10)],R is stronglyz -regular, and hence stably IC by (4).

(6) From [32, (3.7)(B)], any right free ideal ring (“right FIR”) is also stably IC.

(7) (extending Corollary 3 in [20]). LeR be any stably IC ring with the property that, for
anym, any module ifP(R[x1, ..., x]) is extended (by tensoring) from @ymodule
(necessarily inP(R)). ThenP(R[x1, ..., x,]) satisfies cancellation forn = 0, and
hence for allm. Therefore, by 5.7, any polynomial rinQ[x1, ..., x,;] is stably IC.
Since

M, (RIx1, - .o, X ]) =M, (R)[x1, ..., X,

it follows that, for anyn, any polynomial ring oveM,, (R) is IC. Note that there is no
lack of examples of ring® satisfying the hypotheses of (7). For instanRecan be

any commutative 0-dimensional ring, or any Dedekind domain, or any 2-dimensional
commutative noetherian ring with stable range 1. (For these rings, the extendibility of
modules ofP(R[x1, ..., x,]) from R follows from the results of Quillen and Suslin

on Serre’s Conjecture; see [33].)

Of course, we do not expect the conclusions in (7) above to hold if it is not given that the
modules inP(R[x1, ..., x;;]) are extended fronR. Capitalizing on this line of reasoning,
we actually arrive at a (strongly) negative answer to the question whether polynomial rings
over IC rings remain IC.

Proposition 5.10.There exists a stably IC rin@ such that the polynomial rin®[y] is
not IC.

Proof. Let D be any noncommutative division rir(@.g., Hamilton’s ring of real quater-
nions), and letR = M,,(D[x]), wheren > 2. SinceD[x] is a PRID (principal right ideal
ring), all modules irfP(D[x]) are free. By 5.7, this implies tha@[x] is stably IC, soR is
IC. Since

M, (R) = M, (Mn (D[x])) =M,, (D[x]),
it follows that R is in factstablylC. But
R[y] =M, (D[x])[y] =M, (Dlx, y]), (5.11)
and by a result of Ojanguren and Sridharan ([39], [33, (I1.3)], [44, Lemma 3.1]), the poly-
nomial ring S := D[x, y] has a non-principal right idea such thatP ® S= S & S in
P(S). This implies tharS§ is not internally cancellable. Singe> 2, the isomorphism in
(5.11) implies that the ring[y] is not IC. (Of course, forn = 1, R[y] = D[x, y] would

have been IC, since it is a domain.)p

To get another large class of stably IC rings, let us now turn our attention to the theory
of operator algebras. LéR,* ) be a von Neumann algebra in the algeBr(&{) of bounded
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operators on a Hilbert spaéé, where* means the adjoint. By jarojectionin R, we mean

an idempotenp € R such thatp = p*. Two projections, p’ € R are said to bequivalent
(written p = p’) if there exists; € R such thalp = g¢* andp’ = g*q. (In particular,p, p’

are isomorphic as idempotents.) Finally, a von Neumann algelisaaid to bdinite if the
only projectionp ~ 1 in R is equal to 1. (Here, of course, “1” means the identity operator
on H.) We thank loannis Emmanouil for pointing out to us the following result of Liick
([36, Corollary 3.2], combined with 5.7).

Theorem 5.12.For any von Neumann algebra,*) C B(H), the following are equiva-
lent

(1) (R,*) is afinite von Neumann algebra
(2) the ring R is Dedekind-finite

(3) theringR isIC;

(4) theringR is stablyIC.

In particular, R can only havéC-levelO or co.

Proof. For the sake of completeness, we record a proof here along the lines suggested by
Emmanouil. We have clearl¢d) = (3) = (2) = (1), so it is enough to provél) = (4).
Assuming that the von Neumann algelora* ) is finite, the main tool for proving thak

is (stably) IC is the existence of a “center-valued trace’Roriet Z(R) denote the center

of R. By [25, (8.4.3)], there exists A(R)-linear mappingA : R — Z(R) such that

(1) Aisthe identity onZ(R);
(2) A(ab)= A(ba)foralla,b e R; and
(3) for any projectiony, p’ € R:p~ p’ & A(p) = A(p)).

To check thatr is IC, we verify the condition (1.4) foR as follows. Lete, ¢’ be iso-
morphic idempotents igR,*). By [27, Theorem 26], there exist projectiopsp’ € R
such thakR = pR ande’R = p’R. Thenp, p’ are isomorphic as idempotents, and hence
(by (2)) A(p) = A(p'). By (1) (and linearity), we have

Al-p)=1-A(p)=1-A(p)=4(1-p'),
andso by (3), - p~1— p'. It follows that
(1—e)R=R/eR=R/pR=(1-p)R=(1-p)R=R/p'R=R/¢'R=(1-¢)R.
This checks thaiR is IC.2 SinceM,,(R) is also a finite von Neumann algebra (on the

Hilbert spaceH”: see, e.g., [15, (2.3)(1)]), the above implies that this matrix algebrais IC,
and henceR is stably IC. O

2 In retrospect, the use of the tracelies in its main consequence that (irfimite von Neumann algebra) two
projections are equivalent iff they are isomorphic as idempotents
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Theorem 5.12 should be a very useful result, since it implieshigatarious properties
obtained forlC rings in this paper, including those in the remaining sections, are ap-
plicable to all finite von Neumann algebrdsor instance, applied in conjunction with 1.3
(in the caseM = Rg), Theorem 5.12 yields the following nice result by purely algebraic
means:

Corollary 5.13. In any finite von Neumann algeb# C B(H), regular operatorgin the
sense of von Neumahare unit-regular, and pseudo-similarity of operatdim the sense
of (1.2))is equivalent to similarity of operators.

Our interest in finite von Neumann algebras stems in part from complex group algebras.
For any (multiplicative) grous, the complex group algebfaG acts by left translation on
the Hilbert spacé?G, leading to an embeddingG — B(¢2G). The closure oCG with
respect to the weak operator topology, denotedViiy, is called thegroup von Neumann
algebraof G. Itis well known that\/G is always dinite von Neumann algebra. Therefore,
by 5.12,CG is embedded in the stably IC rinfG. This implies, for instance, thany
matrix ring M, (CG) is Dedekind-finitewhich is a famous result of Kaplansky. However,
while the Dedekind-finite property descends to subrings, the IC property in general does
not. Thus, itis not clear (from the above embedding) what can be said about the IC property
of CG.

Several classes of group algebras- CG do turn out to be stably IC. For instancedf
is a locally finite group, we can reduce the considerations to the case @hsrinite. In
that case, all matrix rings over are artinian, sa is stably IC by 2.1(5). IiG is an abelian
group, we may again assume that it is finitely generated, and an easy argument enables us
to replaceA by a Laurent polynomial rin@ in finitely many commuting variables over a
field. In this case, by an extension of Serre’s Conjecture due to Swan (see [33, (V.4.10)]), all
finitely generated projectivB-modules are free, so by 5.B, (and henced) is stably IC.
Finally, if G is a free group, it is known that is a right FIR, and hence is also stably IC
by 5.9(6).

In view of Kaplansky’s theorem and the examples in the above paragraph, we had spec-
ulated earlier that complex group algebras are (stably) IC. However, Professor Swan has
found counterexamples to this statement. These counterexamples appear in the Appendix.
Given such counterexamples, it would seem all the more interesting to ask for what groups
G will the group algebraCG be IC or stably IC. For instance, a very challenging case
is that of torsionfree group&, for which it is already unknown if the group algebra is a
domain (see, e.g., [31, pp. 90-98]).

In closing our discussion of group algebras, it is of interest to point out that, besides
using the group von Neumann algeb¥&G, there is a second way to emb€&d; into a
stably IC ring, and this works for group algeb#as over any fieldk of characteristic zero.

In fact, in this case, C. Faith [17] observed that the maximal left and right quotient rings of
A = kG are the same, and this common maximal quotient thgx(A) is self-injective

and von Neumann regular. By [19, (9.29%max(A) must then be unit-regular. Thus, by
5.9(4),Omax(A) is a stably IC ring, in which the group algebfa= kG embeds.

For other examples of non-cancellation of projective modules over algebras related to
complex group algebras, see [40].
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6. The unique generator property

This section is partly motivated by Lemma 3.3, which states that if a principal right ideal
in any ring is generated both layanda’ in ureg R), thena, a’ are right associates of each
other. In general, this statement does not hold if even one @ffails to be unit-regular.
This observation leads to the following definition, which has its origin in Kaplansky’s
classic paper [26].

Definition 6.1. An elementz € R is said to have theight unique generator propertfor
“right UG” for short) if, for anyb € R, aR = bR implies thatb = au for someu € U(R).

If all elementsa € R have this property, we say th& has right UG. (For instance, all
domains have (left and right) UG.)

Regarding this definition, we should point out that it is apparently unknown whether
“right UG” is equivalent to “left UG;” see [6, Remark 4.9]. For some partial results in this
direction, see the last parts of 6.2 and 6.5.

The element-wise right UG property in 6.1 leads to yet another group of character-
izations for IC rings. Theseharacterizations are to ardge extent motivated by [24,
Theorem 2B(14)]; in fact(2) = (1) below can be gleaned from this reference.

Theorem 6.2.For any ring R, the following are equivalent

(1) RislIC.

(2) Every regular elementi® has rightUG.

(3) Every unit-regular element iR has rightUG.
(4) Every idempotent iR has rightUG.

In particular, the conditiong2)—(4)are left-right symmetric.

Proof. (2) = (3) = (4) are tautologies.

(4) = (1). To check (1), we verify the condition réB) = ureg R). Givenx € req(R),
write x = xyx (for somey € R). Thenxy is an idempotent, andR = xyR. By (4), we
have thereforey = xv for somev € U(R), and hence = xyx = xvx € uregR).

(1) = (2). SupposecR = zR, wherex € req(R). By (1.5), we can writex = xyx for
somey € U(R). As in the abovex R = ¢R, wheree := xy is an idempotent. Sincex = x,
z € xR implies thatez = z also. Now

ZzZR+(1—e)R=xR+ (1—¢e)R=R,

and 1— ¢ is an idempotent. Thus, 4.5 yields a umi= z + (1 — e)r for somer € R. Left-
multiplying this equation by, we geteu = ez = z, and thug = x (yu) with yu € U(R),
as desired. O

Corollary 6.3. For any ring R, we have
s(R)=1 = RhasrightUG = RisanlC ring.

However, neither implication is reversible.
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Proof. The second implication follows tautologically from 6.2. The first implication is
due to M. Canfell [6, (4.5)]. For the sake of completeness, we shall include a quick proof.
Supposé R = b’'R, where s(R) = 1. Writing o’ = ba for somea € R, we have Siu) = 1.
Thus, 3.6 implies tha’ = ba = bu for someu € U(R).

To check the last statement in the Corollary, note that theZimgis UG, but does not
have stable range 1. On the other hand, commutative rings are always IC, but they need not
have (right) UG, according to Kaplansky’s example [26, (b), p. 466]:

R:={(n, f(x)) € Z x Zs[x]: f(0)=n (modH}, (6.4)

in which (0, x) and(0, 2x) generate the same ideal but are not associates. (Th& ratgp
has only trivial idempotents, which gives a second reason for it to be 1G.)

As a by-product of our discussions, we give a uniform treatment for some of the main
criteria for exchange rings to have stable range 1 obtained in [5,46], and [7—9]. The main
advantage of our approach is that, after we have developed the basic properties of IC rings,
various criteria for exchange rings to have stable range 1 are now automatic consequences.

According to Warfield [45], a ringR is anexchange ringf the moduleRg (or equiv-
alently, the moduleg R) has the exchange property. For a quick introduction to modules
with the exchange or finite exchange properties, see [32, 8§6]. The following result unifies
the criteria for an exchange ring to have stable range 1 obtained in [46, Theorem 9], [5,
Theorem 3], [7, Proposition 3.5], JRemma 1.1], and [9, Theorem 6].

Theorem 6.5.For any exchange rin@, the following are equivalent

(A) sr(R)=1.

(B) R hasrightUG.

(C) RisIC.

(D) R is stablyIC.

(E)1 Rpg is cancellable in the category of riglt-modules.
(E)> Rpg is cancellable in the categof® (R).

(E)3 The categoryP(R) satisfies cancellation.

In particular, an exchange ring® has leftUG iff it has right UG, and R can only have
IC-levelO or co.

Proof. Without assumingR to be an exchange ring, we have (by 6(4) = (B) = (C),
and by [32, (4.2), (4.4)]and 5.7,

A = B1 = B2 = B3 = O = (©.

Therefore, the crucial step for primg the theorem is to show thditr an exchange ring,
we have (C)= (A). (This implication is, in particular, thenly place in the proof where
we’ll use the exchange ring assumption!)
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Assume (C), and lat, b € R be such that R + bR = R. SinceR is an exchange ring,
there exists an idempotent of the foera= by € R such thatR =aR +¢R (see [38, (2.9)]).
Applying 4.5, we get an elemente R such thatz 4+ ex = a + byx € U(R). This checks
that skR) = 1, proving that (C}= (A). O

Remark 6.6.

(1) In retrospect, it is not surprising that (€) (D) in 6.5, since both the exchange ring
condition and the stable range 1 condition are known to go up to matrix rings.

(2) In [38], Nicholson called a rin® potentif idempotents inR/rad(R) can be lifted to
R and any right ideal oR not contained in ra@) contains a nonzero idempotent. The
class of potent rings contains the class of exchange rings. However, Theorem 6.5 does
not hold for potent rings. In fact, Nicholson’s example of a non-exchange potent ring,
the subringRk € Q x Q x - - - consisting of sequences of the form

(X1, ..., Xn,8,8,8,...)0 m=21 x;,€Q, se€Z)

is commutative and hence IC, but has an epimorphic in&dgé so it cannot have
stable range 1.

We can now also deduce the following result of Yu ([46, Theorem 10], [32, (6.11)]) on
finite exchange modules. The terminology and basic approach here follow that of [32].

Theorem 6.7.Let M be a module with finite exchangever any ring. ThenM has the
substitution property iff it is cancellable, iff it is internally cancellable.

Proof. Since the substitution property implies the cancellation property, which in turn
implies the internal cancellation property [32, (4.2)], it is sufficient to prove that the internal
cancellation property o implies the substitution property. Since both of these are ER-
properties, it suffices to prove this for the exchange mod®gewhereR = EndM). In

this case, SIR) = 1 by (C)= (A) in 6.5 and thusky has the substitution property by [32,
Theorem 4.4]. O

7. "Hidden” characterizati ons of unit-regular elements

Unit-regular elements in rings have been studied a great deal in the literature, starting
with Ehrlich’s original work [13,14]. Many characterizations of unit-regular elements are
known. Besides those given in [13] and [14], for instance, there is an extensive list of some
twenty characterizations fanit-regular elements in rings given in Theorems 2A and 2B
in the paper of Hartwig and Luh [24]. In the present work, we have made further additions
to this list: for instance, in Section 3, we saw that unit-regular elements in a&Rrarg just
elements in re@R) that have stable range 1. In this section, we return to the work of Ehrlich,
and extract from it a charactestion of unit-regular elements that seems to have (so far)
remained “hidden”if x = xyx € R, thenx € ureq R) iff there exists a unitz € U(R) such
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that xy = xu and yx = ux. If we omit the second equation here, we would indeed get
a valid characterization far to be unit-regular, by an easy application of Lemma 3.3.
However, if we insist on the pair of equations, = xu andyx = ux (for asingleunit u),

the “necessity” part is no longer obvious. This result, which we shall prove in 7.1 below,
will be used in Section 8 to give a new treatment of the notion of pseudo-similarity in rings,
culminating in a natural proof for the criterion 1.6: that IC rings are precisely those rings
in which pseudo-similarity is equivalent to similarity.

For convenience, we shall state the intendearacterization for unit-regular elements
as one of several equivalent criteria. Note that the equivaléhce- (5) below is due to
Hartwig and Luh, in [24, Theorem 2B]. We have included their characterization (5) here
because of its obvious kinship withe other characterizations.

Theorem 7.1.For a regular elemenk = xyx in any ring R, the following conditions are
equivalent

(1) x e uregR).

(2) There exista € U(R) such thatcy = xu.

(3) There exista € U(R) such thatcy = xu andyx = ux.

(4) There exisut € U(R) andr € R such thatcy = ru andyx = ur.
(4)" There existt’ € U(R) andr’ € R such thatcy = u'r’ andyx =r'u’.
(5) xy is similartoyx in R.

Proof. To begin with, we note that the conditions (44)’, and (5) are equivalent, even in
the case wherey andyx are replaced by two arbitrary elementsinNext, (3) = (2) and
(3) = (4) are tautologies, anf?) = (1) is obvious. Therefore, it suffices for us to prove
(1) = (3) and(5) = (1), which are, of course, the more interesting parts of the theorem!
(5) = (1). We can quote [24] here, but the proof of this implication in [24, Theorem 2B]
involves a number of other equivalent conditions not stated here. For the sake of complete-
ness, we shall offer a direct proof. (The main idea of this proof will also be used in the
proof of (1) = (3) below.) To verify (1), we represerR as the endomorphism ring of a
right moduleM over some ring (e.g.,M = Rg, with elements ofR acting by left mul-
tiplication). Sincex = xyx, we have the following standard direct sum decompositions of
k-modules (see the solution to [30, Exercise 4.1BA

M =ker(x) ®@im(yx) and M =ker(xy)®im(x). (%)

From this, coketx) = M/im(x) = ker(xy). Sincexy is an idempotent, the latter is iso-
morphic toM/im(xy). Now, by (5),M/im(xy) = M/im(yx), which is in turn= ker(x)
by (x). Thus, we have cokeér) = ker(x). It is well known from the work of Ehrlich [14]
that this (together withh = xyx) implies thatx € ureg R).

(1) = (3). We continue to use the representation pfas an endomorphism ring
End(My), and assume here thate uregR). By Ehrlich’s result and(x) above, we
have keftx) = coker(x) = ker(xy). Fix an isomorphism from kéty) to kerx), and
extend it to an automorphism of M by specifying that, on ix), u is the inverse
of the isomorphism iryx) — im(x) defined byx. Thenu € U(R). For anym € M,
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ux(m) = ux(yx(m)) = yx(m), soux = yx € R. We have alsacu = xy, since both sides
are zero on ke y), and on a typical element’ = x(m) € im(x), we have

xu(m') =m' =x(@m)= xy(x(m)) = xy(m’).

For later reference (see, e.g., 7.3 and footnote 4), it is of interest also to give a purely
ring-theoretic argument fofl) = (3) that avoids the use of endomorphism rings. Given
x € ureg R), write x = xvx, wherev € U(R). Sincexvx = xyx, the elements (v — y)
and(v — y)x both have square zero, so we have the following two unif:in

s:=1+x(y—v) and r:=1+ (y —v)x, (7.2)

for which we have clearlyx = x = xz. Now letu :=rvs € U(R). Then

XU = XIVUS = XVUS :xv[1+x(y — v)] =xv+xvxy — ()cv)2 =xy and

ux =tvsx =tvx = [1+ (y— v)x]vx =vx 4+ yxvx — (vx)2 =yx,
as desired. O

Remark 7.3.Note that, in the second proof fot) = (3) above, the existence of the unit
u for (3) was showrconstructively—starting from a givernv € U(R) such thatx = xvx.
To see how this construction works in a special casey le¢ an idempotent € R, and
consider any equatioa = eye. In this case, we can take to be 1. Writing f for the
complementary idempotent-de, we have, in the notations of 7.2,

si=ey+f, t:=ye+ f, andhence u:=(ye+ f)(ey + f) = yey + f.

For this choice of: (which is a product of two units of ordeg 2), we have indeeedu =
e(yey + f) =eyey = ey, andue = (yey + f)e = yeye = ye. It is, however, not directly
clear thatu is a unit! It has a “highly non-obvious” inverse:

u_lzs_lt_lz(1+e—ey)(1+e—ye)=1+e—ey—ye+ey26.

Following Hartwig and Luh [24], we say thate R is aninner inversefor x if xyx =
x € R. Of course, in this situatiory, may not be an inner inverse for (In fact, y may not
even be regular.) Howevefter replacingy by yxy, we may assume thatandy are inner
inverses of each otheBubstitutions of the king — yxy are well-known in the theory of
generalized inverses, and will be used frequently in the rest of this paper.

3 Asan after-thought, we might add that this second preeksentially gotten by applying Lemma 3.3 first to
the right idealscvR = xyR, and then to the left idealRvx = Ryx. This process produces two unitsi These
aredifferentin general, but then one makes a sbiéachange to render them the same!
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Corollary 7.4. Let x, y € R be inner inverses of each other.Afe uregR), then there
existsu € U(R) such that

Xy =xu= u_ly and yx=ux= yu_l.

Moreover,u is an inner inverse ta:, andx 1 is an inner inverse to (so, in particular,
y is also unit-regulay.

Proof. Letu € U(R) be asin 7.1(3); that is;y = xu, andyx = ux. Theny = yxy = yxu
givesyx = yu~L. Similarly, y = yxy = uxy givesxy = u~1y. Finally, x = xyx = xux,
andy = yxy = yu~ly euregR). O

Remark 7.5. Note that a suitable converse holds for 7.4 as well. Under the standing as-
sumption thatx = xyx, a unitu € U(R) satisfyingxy = xu = u~1y can exist only if
(x e uregR) and)y = yxy. In fact, fromxy = xu = u~1y, we getux = uxyx = yx, and

henceyxy = uxy = y. A similar remark applies to the equations = ux = yu 1.

Corollary 7.6. Lete, f be isomorphicidempotentsin a ririy saye = xy, f = yx, where
x €eRf andy e fRe. If R isIC, then there exists a unit such thate = xu = 1y and
f=ux=yu"t(and thuse = u~1 fu).

Proof. We havexyx =ex =x, andyxy = fy = y. If R is an IC ring, then (by crite-
rion (1.5))x € ureg R), and we can apply 7.4.0

Of course, the converse of 7.6 also holds. In fact, it goes without saying that any new
characterization of unit-regait elements in rings will lead ta new characterization of IC
rings. For instance, in view of 7.XX) < (3)), aring R is IC iff, wheneverr = xyx € R,
xyissimilartoyx in R.

Yet another consequences of 7.1 in the spirit of 7.4 and 7.6 is the following, which is a
well-known fact to experts in the theory of regular rings.

Corollary 7.7. Suppose = xyx € R, with xy = yx. Then there existg € U(R) commut-
ing with x such thatty = xu, and we have < uregR).

A construction of the required unit in this case can be gleaned from Ehrlich’s proof
[13, p. 210] for her theorem that strongly regular rings are unit-regular. In fact, if we write
e for the idempotenty and letf =1 — e, then forw = ex + f andu = ey + f, we have
uw=e3+ f2=e+ f =1. Thusu € U(R), and

xu=x(ey+1l—e)=xxyy+x—xyx=xy,
as desired.

We close this section by giving the following application of 7.1. Note that, in the special
case wherd = 0, this result recaptures the equivalence of the conditions (1.4) and (1.5).
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Proposition 7.8.For any idealJ C R, the following statements are equivalent

(1) regR) \ J CuregR).
(2) For any idempotents, f € R\ J, eR = f R implies thate is similar to f.

Proof. (1) = (2). LeteR = fR as in (2). Then there existe eRf andy € f Re such
thate =xy and f = yx. Thenx =ex =xyx,ande ¢ J = x ¢ J. By (1), x e uregR), so
(1) = (5) in 7.1 yields the similarity between= xy and f = yx.

(2) = (1). Letx =xyx ¢ J. Thenxy andyx are isomorphic idempotents. Since they
do not lie inJ, (2) implies thatry is similar toyx. By (5) = (1) in 7.1, we conclude that
x euregR). O

8. Pseudo-similarity versus similarity

In the study of similarity of matrices in linear algebra, several weakened notions of
similarity have been introduced, and these notions have been compared to the usual notion
of similarity, over fields, division rings, and more generally, over unit-regular rings; see,
e.g., [21-24], and [20]. The major theorem in this study is that a Ririg IC iff pseudo-
similarity is equivalent to similarity oveR: this is the criterion for IC rings given in (1.6).

In this section, we shall give a streamlineddtment of this area of work. As it turns out,
with the additional characterizations of unit-regular elements given in 7.1, the proof of the
IC ring criterion in (1.6) is both easy and natural.

There are several different definitions of pseudo-similarity given in the literature, which
can be a source of confusion for beginning researchers in this field. Thus, it behooves us
to collect, in the following proposition, the viaus definitions that have been used, and to
give a short proof for their equivalence. This can be done quite generally in the framework
of multiplicative semigroups. (The pseudo-damity definition givenin the Introduction
corresponds to that o, below.)

Proposition 8.1.0n a multiplicative semigrouig;, we define four binary relations;
(1<i <4 as follows

a~1b <& 3Ix,z,we G suchthau =zbx, b =xaw, andx = xzx = xwx.
a~2b <& 3Jx,yeGsuchthatt = ybx, b =xay, andx = xyx.
a~3b <& 3dx,yeGsuchthatt = ybx, b=xay, andx =xyx, y=yxy.

a~4b <& 3Ax,yeGsuchthau = ybx, b=xay, and(xy)? = xy.

These four relations are the same, and in particular, in view of the definitiorgpthey
are symmetric relations on the semigroGp

Proof. Clearly,a ~3b = a ~2 b = a ~1 b. Now assume: ~1 b, and letx, z, w be as
in the definition for~1 above. Settingy := zxw, we check easily that, y satisfy the
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equations in the definition fors. Hencea ~3 b. This proves the equality of the first three
relations. (This argument is a considerable simplification of an argument given by Chen in
[11, Lemma 6].)

Next, note that ~2 b = a ~4 b (sincexyx = x implies thatxyxy = xy). Conversely,
assume that ~4 b, and letx, y € G be such that: = ybx, b = xay, and (xy)? = xy.
Settingx’ = xyx andy’ = yxy, we check easily that'bx’ = a, x'ay’ = b, and

xy'x' = (xyx) (yxy) (xyx) = (xy)*x = xyx = x'.
Thereforea ~2 b. This shows that all four relations are equata

If the semigroupG above is anonoid then we can define conjugation (by units)in
and thus similarity makes sense. Let us denote the similarity (equivalence) relation in this
case simply by~: a ~ b iff a =u~1bu for some unitz € G. As we have observed in the
Introductiona ~ b always implies: ~1 b (and hence ~; b for all i). In view of this, itis
of interest to ask whether (or when) the converse holds. A couple of positive cases quickly
come to mind.

Examples 8.2.

(1) If, in the definition fora ~; b (i < 3), the elemenk happens to be (left and right)
cancellable in the monoid, thenz (respectivelyy) must be its inverse, and we have
a=x"1tbx~b.

(2) Inthe definition fo ~; b (i < 4), suppose the elementies in the center of;. Then,
we must have: = b! Indeed, fori = 1, we have

b=xaw =awx = (zbx)wx =zbx =a,

and the cases= 2, 3 are similar (withy replacingz, w). Fori = 4, lete be the idem-
potentxy = yx. Then

a =ybx = yxayx = eae, b =xay=xybxy = ebe,
and thus = e(xay)e = eaxye = eae = a.

In general, of course, pseudo-similarity is weaker than similarity in monoids—and even
in rings. This is clear, for instance, by the criterion 1.6 for IC rings: in a #that is
not IC, pseudo-similarity fails to imply similarity i®.

While looking for conditions that would enabls to go from pseudo-similarity to sim-
ilarity, we discovered the proposition below. For maximal flexibility, we shall state this
result strictly for multiplcative semigroups—thus avoidj the use of an identity or unit
elements.

Proposition 8.3.Leta, b, x, y be elements in a semigrodp such that

a=ybx, b=xay, and x=xyx (asinthe definitionfoa ~2b).
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If an elementu € G is such thatxy = xu and yx = ux, thenau = ub. (In particular,
ay = yb, and we also havéx = xa.)

Proof. Sincea = ybx = yxayx andyx is an idempotent, the elemedntis unchanged by
left and right multiplications byx. Similarly, » is unchanged by left and right multiplica-
tions byxy. Therefore,

uxa=yxa=a and xau=x(ayx)u= (xay)xy=bxy=>b.

From these, we geth = u(xau) = (uxa)u = au. Applying this to the special case=y,
we getyb = ay, and the other equatiotu = bx can be proved similarly. O

The use of 8.3 should be clear to the reader! Let us now give a quick proof for the
following result, which extendgl) = (8) in Theorem 2B of Hartwig and Luh [24].

Theorem 8.4.For any ring R, leta, b, w, x, y, z be as in the definition of ~; b in 8.1,
wherei € {1, 2, 3,4}. If x euregR), thena ~ b in R.

Proof. Fori =2, this follows by combining 7.1(0) = (3)) and 8.3 (applied to the semi-
group(R, -)). The conclusiomu = ub in 8.3 implies that: ~ b since the element found
in 7.1(3) is a unit.

After treating the casé= 2, the casé = 3 becomes a tautology. We can then get the
casei = 1 too, since the transition from~1 b to a ~3 b involves only the transformation
y = zaw, With no change inx. Finally, to get the case= 4, recall that the transition from
a ~a4 b 1o a ~ b involves the transformations = xyx andy’ = yxy. The change irv
is harmless, but we must check that the hypothesisureq R) is preserved under the
transformationc — x’. Now if v is any unit such that = xvx, then

x'vx’ = (xyx)v(xyx) = (xy)x (yx) = (xy)%x = xyx =x/,
so we still haver’ € uregR), as desired. O

Example 8.5.1t is pertinent to point out that Theorem 8.4 is strictly a ring-theoretic result.
Its proof depends on the existence of a special unit U(R), which was constructed
by using addition and subtraction in angi, as well as multiplication. In a monoid,
unit-regular elements still make sense, but the statement in 8.4 may no longer be true.
A minimal counterexample can be produced easily as follows.R.be a ring with two
distinct nontrivial idempotents, f such thatRe = Rf. Thenef = ¢, fe= f, andG :=

{1, e, f} is a 3-element monoid. If we define=y =e¢ andb = x = f, thena = ybx,

b =xay,x =xyx,andy = yxy all hold, soa ~3 b, with x unit-regular (it is an idempotent
f). However,a = e is not similar tob = f in G, since the unit group of; is trivial. To
produce a “bigger” counterexample, Rt= M>(Z), and letS be the semiring of matrices

in R with non-negative entries. Then:= (39) and f := (19) satisfy Re = Rf, so as
before,e ~3 f in S. However,e, f are still not similar inS, since the unit group of
consists of the identity and = (9 1), ando does not conjugateto f. This shows that 8.4
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does not hold even for semirings with idenfitut of courseg and f are similar in the
ring R; after all, R is an IC ring by 5.7.

With Theorem 8.4 at our disposal, it is now a routine matter to deduce the criterion 1.6
for IC rings, due to Guralnick—Lanski [20], and Hall, Hartwig, Katz, and Neuman [22].

Theorem 8.6.A ring R is IC iff pseudo-similarity implies similarity imR.

Proof. The “only if” part follows from 8.4 since re@) = uregR) in an IC ring. Con-
versely, suppose pseudo-similarity implies similarityiinConsider any pair of isomorphic
idempotents, b € R. Write a = yx andb = xy, wherey € aRb andx € bRa. Then

ybx=yx=a, xay=xy=b, xyx=xa=x, and yxy=ay=y.

Thus,a ~3 b, which implies thatz ~ b. By the criterion 1.4 R is an IC ring. (Note that
we have actually proved more than is required. The argument for the “if” part would work
here as long as pseudo-similarity implies similafgyidempotentin R.) O

As another application of the results in Sections 7-8, let us also record the following
curious criterion for similarity in an arbitrary ring.

Theorem 8.7.Two elements, b in a ring R are similar if and only if there exist two
commuting elements y € R such thatxy is an idempotent and = ybx, b = xay.

Proof. The “necessity” part is trivial: itz = u~1bu for someu € U(R), we are done by
choosinge = u andy = u 1. For the “sufficiency” part, assume that= ybx andb = xay,
with xy = yx an idempotent. Then we have~4 b, although we cannot apply 8.4 right
away since we may not havee ureg R). However, if we make the (by now familiar)
transformations’ = xyx andy’ = yxy, we get

a=y'bx, b=x'ay’, and x'y'x' =x, (8.8)

which attest taa ~2 b. Now, xy = yx = x'y’ = y’x’, so 7.7 implies that’ € ureg R).
Thus, by 8.4 (applied ta ~2 b via (8.8)), we conclude that~ b in R. O

Corollary 8.9. Letr be an elementin aring such that :=r" is an idempotenffor some
n > 1). Then, for any: € eRe, a is similar tor‘ar’/ whenevei + j =n.

Proof. Letx =r/, y=r/, andb = xay. Thenybx = r/ (riar/)r' = eae = a, andxy =
yx =r" = e is an idempotent. Therefore, by 8a/is similar tob =r'ar/. O

4 In retrospect, we note that, in the construction of the crucial mgitzvs in the second proof ofl) = (3)
in 7.1, a single minus sign was used in producing each of the uaitslz in 7.2!
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9. Results on lifting ideals

In this final section, we will show that, to check the characterizing properiyfeg
ureg R) of an IC ring, we may “ignore” elements in a given proper idéal R as long
asJ has a certain “lifting property”: see Theorem 9.7. This result is inspired by Chen'’s
Theorem 2.2 in [8], which states that,fis a proper ideal in an exchange ri®g then
R has stable range 1 iff every regular elementRin J is unit-regular. Here, we work
more generally with the characterization €f tings; Chen’s theorem can be recaptured by
simply specializing our result to exchange rings: see Corollary 9.8.

To formulate our approach mopeecisely, recall that an element R is said to be an
idempotent modulo a left idedlC R if x — x? € I. In this case, we say can be lifted to
an idempotent (moduld) if there exists an idempoteate R such thate — x € I. (This
terminology comes from Nicholson’s fundamental paper [38].) Taking these ideas one step
further, let us say that an idealC R is alifting ideal if idempotents lift modulo every left
ideal I contained inJ. For instance, nil idealg are always lifting, as we can easily check
by a slight modification of the standard argument given in [29, (21.28)]. According to [38,
Corollary 1.3],R is an exchange ring ifR is a lifting ideal of itself. More generally, using
Proposition 1.1 in [38], it is easy to show that an idéas a lifting ideal in a ringR iff the
following equivalent properties hold:

(9.1) If x € R is such thatx? — x € J, then there exists an idempotent Rx such that
l—eeR(1—x).

(9.2) If x € R is such thatx? — x € J, then there exists an idempotent x R such that
l—-ece(1—x)R.

(See Lemma 2.3 and Proposition 4.3 in [28].) In particular, it follows thiaeing a lifting
ideal is a left/right symmetric notion.

We should point out that, in checking thatis a lifting ideal, it isnot enough to check
that idempotents lift moduld itself. For instance, in the ring, idempotents can certainly
be lifted modulo %, but 57 is not a lifting ideal since idempotents cannot be lifted modulo
the subideal 18 C 5Z.

In a similar vein, we can define the notion.o& R being regular modulo a left idedl
(meaningy — xyx € I for somey € R), and being liftable to a regular element moddlo
(meaningz — x € I for somez € reg(R)). With these definitions in place, we shall prove
the following result on lifting regular elements extending [16, Corollary 5]. The proof here
proceeds along the same lines as that of Tée3.2.1 in the thesis of I. de las Pefias. We
thank Professor E. SAnchez Campos for communicating to us the latter proof.

Theorem 9.3.Let J be any lifting ideal in a ringR. Then regular elements lift modulo
every left ideall C J.

Proof. Letx,y € R be suchthat —xyx el C J. Thenxyxy —xy = (xyx—x)y € J, SO
by 9.1 there exists an idempotefitce Rxy such that - f € R(1 — xy). Write f =rxy
and 1— f =s(1— xy), wherer, s € R. Settingz := frx, we havery = frxy = f? = f.
Thus,zyz = fz =1z, S0z e reg(R), and
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z—x=z0-yx)—Q—zy)x=frx(l—yx) -1 - f)x
=frx(l—yx)—s(Q—xy)x=(fr —s)(x —xyx) e l.

This shows that the element reg(R) “lifts” the given x modulo!, as desired. O

In the case wher® is an exchange ring, the hypothesis 61in 9.3 is automatically
satisfied. In this case, 9.3 says that regular elements lift modulo every left idRalliis
is essentially [16, Corollary 5], which 9.3 purports to generalize. Note that the assumption
thatJ be a lifting ideal is crucial for 9.3, as the same result fails to hold if we only assume
that idempotents can be lifted modulo For instance, fo = 5Z in the ringZ, idempo-
tents obviously lift modula/, but the elemen? is invertible and hence regular #y5Z,
and does not lift to a regular elementZn What goes wrong here is thdtis not a lifting
ideal, as we have pointed out earlier.

There is however, one case where it is enough to assume that idempotents can be lifted
moduloJ. This is the case whetkis inside the Jacobson radical. In this cakés a lifting
ideal as long as idempotents can be lifted modiiicsee Theorem 2.4 and Remark 2.5
in [28]. In view of this, we have the following pleasant consequence of 9.3.

Corollary 9.4. If idempotents can be lifted modulo a given idéat rad(R), then regular
elements also lift moduld.

For the purpose of proving our main result 9.7 below, we shall need two lemmas, the
first of which is the following fact concerning the contraction of a lifting ideal to a Peirce
corner ringeRe.

Lemma 9.5.Let J be any lifting ideal in a ringR. Then for any idempotenrte R, the
contractionJ NeRe = eJe is a lifting ideal in the corner ring Re.

Proof. Let x € eRe be such thak? — x € eJe. To check 9.1 for the paieJe C eRe,
we need to show that there is an idempotgrte Re - x such thatt — g € eRe - (¢ — x).
As x2 —x eeJe C J, 9.1 (for the pairJ C R) gives an idempotenf € Rx such that
1— feR(1—x).Since

x€eRe = fe=f = (ef)2=efef =ef,
ef is an idempotent i Re. Now

e—ef=e(l— fleeceR(1—x)e=¢eRe- (e —x),
which checks the validity of 9.1 for the paive C eRe. O
Lemma 9.6.Let J be any lifting ideal in a ringR, and letR := R/J. If e, f are idem-

potents inR, theneR = f R iff there exist right ideal decompositioa® = A1 @ A, and
fR=B1® By suchthatA; = By and A2 = A>J, Bo = BaJ.
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Proof. The proof below is extracted from thatBroposition 1.4 in [2]. If the said decom-
positions exist, then

eR=e¢R/e]J = (A1® A2)/(A1J ® AxJ) = A1/A1J,

and similarly fR = B1/B1J. Therefore, we havéR = fR.
Conversely, if this isomorphism holds, there exist eRf andy € f Re such that
xy=e (modJ) andyx = f (modJ). From
xy€eRe and (xy)2 —xyeJNeRe=ele,
we get from 9.5 an idempotegte xy - eRe such thate — g € (e — xy) - eRe C J. Let
g =xyt, wherer € eRe. As g2 = g, we may assume thai ¢eReg C eRg. Theng — et =
(xy —e)telJ,soe=g=et=1t (modJ). Settingh := yrx € fRf, we have
h? = VIXytx = ytgx = ytx =h,
SO0h is an idempotent, with R = gR. Nowe — ¢ € J gives
f=yx=yex=ytx=h (modJ).

Now from g € eRe andh € f Rf, we have the decompositions

¢eR=gR®(e—gR and fR=hR®(f —h)R.
We are done by setting

A1=gR, A>x=(e—g)R, Bi=hR, and Bo=(f—hR,

since (as noted abovgR = iR, and the fact that — ¢ and f — h are idempotents id
implies thatA, = A>J andBx = BoJ. O

We can now prove the main result in this sentam certain “modified” characterizations
of IC rings. Recall that the symbok” denotes similarity between elements in a ring.

Theorem 9.7.Given a lifting idealJ in a ring R, consider the following conditions
(1) RisanlCring;

(2) R:=R/JislC, and for any idempotents f €1+ J,eR= fR= e~ f;

(3) for any idempotents, f e R\ J,eR= fR= e~ f;

(4) regR) \ J CuregR).

In general,(1) < (2), and if J # R, these are also equivalent t8) and (4).
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Proof. (1) = (2). Assuming (1), the second half of (2) follows tautologically from 1.4. For
the first half, letx € reg(R). By 9.3, we may assume thate reg(R). Thenx € uregR)
by 1.5, and s& € ureg R).

(2) = (1). This implication is inspired by Chen’s resultin [8, Lemma 2.1], and its proof
runs along similar lines (although we do not assutrte be an exchange ring as Chen did).
To show thatR is IC, we start withe R = f R (wheree, f arearbitrary idempotents inR),
and try to check that ~ f (or equivalently, thatl — e)R = (1 — f)R). Since¢R = fR,
the first half of (2) implies thatl — )R = (1 — f)R. Applying 9.6, we have right ideal
decompositions

(l—e)R=A1®A2 and (1— f)R=B1D B>

such thatA1 = B; and A> = AoJ, B2 = ByJ. SinceA», By are direct summands atg
contained in/, there exist idempotents i € J such thatdA, = gR and B, = hR. From

R=(1—-g8RPgR=eRDA1DgR,

we see that(l — g)R = eR & A1, and similarly, (1—h)R= fR ® By. Therefore,
1—-—gR=A—-h)R. Since 1— g,1 — hel+ J, the second half of (2) implies that
gR=hR, and hence

(1—e) R=A10A2=ZB1® Bx=(1—- f)R,

as desired.

Next, (1) = (4) follows from 1.5, and(3) < (4) is true foranyideal J/ C R by 7.8.
To complete the proof, we need only show that (3) and (4) (together) imply (2) in the case
J # R. Assuming/ # R, (3) certainly implies the second half of (2), since ¥ C R\ J.
To show the first half of (2), it suffices to check that(By  ureg R). Let 0+ X e reg(R).
In view of 9.3, we may assume thate reg(R). Asx #0,x € R\ J. So by (4),x €
uregR), and thust e uregR). O

Specializing 9.7 to exchange rings, we can now retrieve the following result of Chen [8,
Theorem 2.2]. (In Chen’s result, however, the crucial hypothesisitbaik was left out.)

Corollary 9.8. Let J be a proper ideal of an exchange rilg. Then the following are
equivalent

(1) RisanlCring;

(2) R has stable rangé;

(3) for any idempotents, f e R\ J,eR= fR=e~ f;
(4) regR)\ J CuredR).

Proof. SinceRr is an exchange ring, is automatically a lifting ideal, so the result follows
from6.5and 9.7. O
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Appendix. Failure of cancellation over group algebras
By R.G. Swan

In this appendix, we offer an example of a complex group alg€liFahat is not an IC
ring. More precisely we will prove the following.

Theorem A.1.There is a groug; whose complex group algebra— CG has the following
properties

(1) There is a rightA-moduleP with P & A = A2 but P 2 A.
(I) Ais notIC; thatis, there arerightideal$, J, I’', J'with A=I@J=1I'®@J', I=T
butJ 2 J'.

Remark A.2.

(a) If aring A has either of these properties, so ddes B for any ring B. For property
(I) we useP @ B while for property (Il) we usd ® B, I’ ® B, J, andJ’.

(b) If aring A has property (1), thelo(A) has property (II). (Property (1) oA implies
the failure of internal cancellation omg, o) EndAi) =My(A) isnotIC.)

The proof of 5.10 above already made use of the theorem of Ojanguren and Sridharan
from [39]. To prove Theorem A.1, we shall use the following variant of the Ojanguren—
Sridharan result.

Theorem A.3.Let D be a domain having elementsand b such thatu = ab — ba is a
unit. Then the ringk = D[x, x 1, y, y~1] has property(l) of TheorenmA.1.

As in [39], the moduleP is defined to be the kernel a82 — R sending(&, n) to
(x +a)¢ + (y + b)n. The corresponding result for the rinB[x, y] is proved in [44,
Lemma 3.1]. Theorem A.3 follows immediately from the caselgk, y] and the fol-
lowing lemma. As usual, for a central element R we write R, for R[s~1] and P; for
P ®g R[s71].

Lemma A.4. Let D be a domain and leP be a submodule of a free right moduté™)
over the polynomial ringR = D[xy, ..., x,]. If Py ..k, = Ryy...x, thenP = R.

Proof. We may assume thaV is finite becausep,,...,,, being finitely generated, lies
in a finitely generated free summand and therefore so doealke can find an element
(f1,..., fa) of P such that

le---x,, = (fla BRI fN) . Rxlvvvx,,-
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Choose this s  degf; is minimal. Then noy; divides all f; otherwise we could replace
eachf; by f;/x; reducing the degree. (g1, ..., gn) € P we can finde; > 0 such that

(g]_,...,gN)‘xil"'xs":(f]_,...,f]\])‘h

for someh € R. Choose this s§ _¢; is least. Ife; > 0, choosej sox; does not dividef;.
Sincex; divides f;h and R/(x;) is a domainx; must divide. and we can reduce by
usingh/x; in place ofh. This shows that akt; must be 0 and therefor® = (f1, ..., fv)-
R=R. O

We shall now give an example of a grodpfor which CG has property | of Theo-
rem A.1l. LetH be the group generated by elememnt$, andc, with the relations

c=la,bl, [a,c]=1, [b,c]=1, and =1

Thenc generates a central subgrodpof order 2, andH/C is free abelian on two gen-
erators. Lete = (1 + ¢)/2 in CH. Thene is a central idempotent sS6H = D' x D
whereD' =¢-CH and D = (1 — ¢) - CH. To determine these two rings, note that in
D' =CH/D, e is “equated” to 1 and hence sodsThus,D’ = Cla,a™ 1, b, b~1]. Sim-
ilarly, in D= CH/D’, e is equated to 0 and to —1, so D is isomorphic to the twisted
Laurent polynomial ring oveE[a, a 1] generated by with ba = —ab. In particular,D is
also a domain. Since = ab — ba = 2ab is a unit, Theorem A.3 applies 0. Let F be a
free abelian group on two generatarandy and letG = H x F. Then

CG=CH ®c CF=D'[F] x D[F].

Since D[F] = D[x,x "L, y,y™1], it has property (1) and therefore so do€& by Re-
mark A.2(a).

With the above grougs at our disposal, Theorem A.1 can now be deduced from the
following result.

Proposition A.5. Let G be any group such th& G has propertyl) of TheoremA.1. Let
S be the symmetric group on three letters. TH&iG x S] has propertiegl) and (I1) of
TheoremA.1.

Proof. Itis well known thatCS = C x C x M2(C). Therefore
C[G x S]1=CG ®c CS=CG x CG x Ma(CG).

Applying Remark A.2(a) to the first factor shows tlHiG x S] has property (1), and apply-
ing bothparts of Remark A.2 to the last factor shows tGaG x S] has property (11). O
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