Quiz 12 Solutions Andre Kornell

Problem 1 (4 points). Let ¢ > 0. Find a function u(z,t), x € [0,x], ¢ > 0, which satisfies

Pu 0%
gu_ 20U
ot? ot?’

fort >0, u(0,t) = 0= u(n,t), and the initial conditions u(x,0) = 2sinx, 2% (zx,0) = sin 3.
ot

Solution. The general solution is of the form

o0
u(x,t) = Z (an, cosnct + by, sinnet) sin nx

n=1

Assuming converges, which will follow from the finiteness of the series we find,

ou ad

E(:c, t) = Z (—anncsinnet 4+ bynccosnet) sinne.
n=1
Thus 2sinz = u(z,0) = Y a,sinnz and sin3z = 2%(2,0) = 3 b,ncsinnz. We conclude that a; = 2,
bs = % and all other coefficients are zero. Therefore, u(z,t) = 2cosctsinz + % sin 3¢t sin 3. g

Problem 2 (4 points). The Fourier series of f(z) = 22, x € [~1,1] can be computed to be
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Proof.

f(x) ~ % + Z 747(;;? cos(mnx).
n=1

Show that the Fourier series above converges uniformly and explain what this means.
Show that f'(z) ~ =" i sin(mnz).

s
The Fourier series of f'(z) does not converge uniformly. What function does it converge to pointwise?

Find the Fourier series of g(x) = 2%, x € [-1,1].

(1) The Fourier series of f(x) = 22, x € [—1,1], converges uniformly because it is continuous on
[—1,1] and satisfies f(—1) = f(1), and can therefore be extended to a continuous periodic function
on (—o00, 00).

This means that for all € > 0, for sufficiently large M,

M n
f(z) — (; + Z 47(;7112 Cos(wnx))

n=1
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at each z € [—1,1].
The first and second derivatives of f(z) = z
continuous. It follows that

n=1

2 are continuous on [—1,1] and are therefore piecewise

Pointwise convergence is guaranteed since f'(x) is piece-wise continuous. For x € (—1,1) continuity
implies that the series actually converges to f’(x). On the other hand, the end points x = 1 and
x = —1 should be viewed as the same point on the circle and so f/(z) is in this sense discontinuous
there. To find the value of f’, there we average limits. Since f(z) is continuous as a function on
[—1,1], we have lim,_,; f'(z) = 2 and lim,_,_; f'(x) = —2. Thus
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(4) The function f(x) = x? is continuous on [—1, 1] and so is certainly piece-wise continuous. We can
therefore integrate it term by term:
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=3 Z cos(mnx)
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=24 Z sin(mnx)
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= Z sin(mnx)

n=1

Since we know the Fourier series of f’(x) we know that
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sin(mnz).

We conclude that

i ( Wgndn — 2(_1)n> sin(7na)
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