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We liSt'here.somertheoremé ébout topological manifolds, most of wﬁichnwere
;announced in [71, [8], With.prsofs to appear in [9], [lO],:[ll]. In addition,.see '
- ni2), 3], s, [6). | o
7 : Flrst is the theorem on ex1stence and uniqueness (Hauptvermutung) 1df_ T

*'fstructures on menifolds [71, [13]:

_. The6rem 1: . Let Q% be a g-dirensional t0poiogica1 manifold and let C be a |

f :.7. ?closed subset of Q. Sﬁpfose that a neighbofhpod.of C has a _EL structure ZO'
" m¢ q4>6 or-qgs-ﬁ‘andr:m'H%%cﬁQ=sq'tMn-Qlmga;m mmm—?_
'ture3 z which agrees With':ZO ﬁea;\ C.  |

h . Given'the--I$ structuré 2, Vthen the L structures (up to 1sot0py) on Q

I EEEES ;Whlch agree with 2 near C are cla331f1ed by HB(Q,C 37 )

éDefinitibn: Let 2 and ® be two_-fm Stfuctures_on Q. Then_.Z and © .aré
:f said to be equivalent (up to homotopy, or up to isoﬁopy) if ﬁhere exisfs a PL..
:éhoﬁgomorphiéﬁ £:Qy ~ Qg (which is hdmgtopic, oi'isotopic,'tc'the identity). In
?the relative casé, 2 =8 near C gnd the'homotopy, or isotopy,'fixes a neighbor—?
'; :?hood of C. .. | | -
r Sulllvan proved the follow1ng theorem on uniqueness up to homotopy [20], [1],1f7

[17]

'ZfTheOTEm 2: Let 3 and ® be two FL structures on Q which agree near

'ﬂ“}C; Suppose H (Q,C Z) has no 2- tor310n. Suppose one of the follow1ng condltlons‘

fholds




?(i) ':‘ aQ cC, q > 5, Q compact and 'ﬁl(Q) =fﬁi(aQ);
; (i1) - 3Q ¢:C, q >6, Q compact, and ﬁi(Q) = Wl(aQ):
';(iii) Q nOn—compact, q>6 and ﬂlﬁQ) - 0.

- . Then there exists a proper homotopy ht:QZ'q %@’ t e [0,1] from the identity to a

' RPL 1h0méomorphism h, with h = identity nesar Q fo?.all tia.{O 1].

The two uniooeness'theorems are related as follows: let B HB(Q,C ;7 ) -

: ;H (q,c Z) be the Bocksteln homomorphlsm coming from the exact sequence of co-

geff1c1ents O w2 % - 22 -0 (whlch is the sequence O *‘Hu(G/PL) - nh(C/TOP) -

(TOP/PL - O) Assume the. condltlons of Theorem 2. Then if = Q has PL struc-.
ftures pX and @ corre3pond1ng to [2], [@] ¢ H (Qu05Z ), thon 2. and. e aie

| feqﬁivalentr (rel C) up to homotopy iff 5([2]) 5([@]) .. |

-  rThis‘fai1s however for 'Q = 85 X R which has two P structures, becauSe-

- Theorem 2 failsrin'this case; The unlqueﬁess half of Theorem 1 falls for closed

_ éﬁ—manifolds,‘but.it ié a good congeoture that_Theorem l:holds in dlmensions >3,

o Let -TQ be the tangent q—bundle of Q which is cla581f1ed by a map |

| " with fiber

;f Q - B There is a Serve- flbratlon B

ToP(q) " GAT( q) TOP( a)

'?TOP(q)/CAT(q). where CAT is elther the P or DIFF (dlfferentlal) category, .

Theorem 3 (7LI13L,[6]): Tet = _>_ K and r >5. Then the stabilization mp
s:ﬂk(TOP(r);PL(r))'wfﬁk(TOP(r+l),PL(T+l))
Eis an'isomofphism'and

R e S
- m(T0B(x),PL{x)) = m (TOP,PL) = < / .
_ T e, k=3

_VThus by obstructiouztheory,. f 1if£é to a map f"Q PL(q) (meanlng TQ

Ereduces to—a IL bundle) if an obstructlon in H (Q, e (ToF(q), PL(q)) ir

';f‘ exists, then the homotopy classes of llftlngs of T (equals the concordance

'5classesnof IE reductlons of TQ) correspond.leectlvely to H3(Q C Z ) Theoremg'

:l now follows from the cla581flcatlon theorem.below




The complex _Cat(Q rel C;ZO) of CAT etructures-on .Q which are equai:to
12@ near C is defrned to be the (semiesimplieial Ken)' complex of which a-_
rtypical d-simplex is a CAT struoture F on Ad X @ such that progectlon onto
,;Ad is a CAT submer31on and I" = 2% % Z near Ad X C If C = #, we write
cat(a). e
: fSimilerly, let 1ift(f rei C,fo) -be tue (eeuiusimp;icial, Kan) combler'of.
.fllfts of £:Q - BTOP(q) to maps f£':Q - BCAT( Q)  where 1 agrees near C with

the 1ifting £, induced by 2. : L

. Theorem k& (Clessification Theorem.[lb]):r The natural map 6: Cat(Q rel C, = ) -
-iLift(f rel_C,fO)' is a homotopy equivalence for g # k, and q £ 5 1f*raQ ¢:C.
| Tashof [12], Morlet [15], and C. Rourke have also proved versions of the

Eclassification theorem. We discuss ingredieuts of the'proof below.

Let: I' be a CAT structure on IXQ and let OXZ be 1ts restrlctlon to

'CXQ} 'Suppoee I' = D& -near. IXC

o

fIheorem 5 (Concordance implies isotony) [91: Tet ¢>6 or q=.5.'1f 39 C:C

SThere-exiSts an. isotopy h':IXQ - IXQ, t ¢ [0, 1] flxlng oxQ and a nelghborhood

. Eof. ixC, such that h = 1dent1ty and h IXQZ — (IXQ) is g CAT isomorphism..

L ?Fu;thermore ht"can be chosen arbltrarlly close to the :Ldentltyo

" Theoren 6 (8iiced concordsnce implies isotopy) [9]:_ Suppose g % 4, and q-%AS,.if}';;i_ii

R E L. Also suppose the projection (IXQ)F'ﬂVI is a CAT submersion. Then Hht
_fex1sts as in Theorem 5. Furthermore h (SXQ) = sXQ for all s € I, Thié.assertion% :
':1holds if, more generally; a pair (A A) replaces the pair (I 0), where A g

‘the standard. d—31mplex and A is a contraetlble_subcomp;ex such thatr'

T4 = 3.

-__Theorem_6 readily implies the sliced concordance extehsionrtheorem:




3-Theofem 7 Let Q be an open gubget of Q containing €. Suppose q % h and

a# 5 if 3Q ¢ C. Then “the restriction map Cat(Q rel C Z) - Cat(Q'rel ¢,=) ié a

;Kan fibration.
fhéorems 5 and 6 are established by decomposiﬁg -Qz- into small.handles aﬁd
;then applylng 1nduct1vely a version where Q is an open k- handle RkkR q = k+n,
iand ¢ = (R —1ntB ) P R This version dlffers ‘in that hl needs to be a - CAT |
" inbedding only near I X (RkXBn) and the smallness condltlon is replaced by the.
icondition that h% fix all points outside a compactum,(whlch is 1ndependent of t);
The handle ver31on of Theorem 5 is most efflClEHtly establlshed by use of a _“
: ;varlant of the Main Diagram of [7] (see also [9], [6]) WhlcthES iny-the 8-

.;cdbordlsm theorem.

 In ¢ase CAT = PL, (but not DIFF),\ the'Alexander isotopy device (invalia

“for DIFF) and the s-cobordism theorem can be used to strengthen Theorem 5 to read:

1g1ven the data of Theorem'5, the semi - 31mp1101a1 space of concerdances of the given
_.structure 2 on Q, rel IXC, 1s_contract1ble (a dfslmplex is a PL _structure F '
-,;Qn a9 X I X @ such that projeétioﬁ\on N is a submersion,- IﬂAdXCXQ = AdXOXZ_

' Rand r eduals £9x1xz near AdXIXC).

. For the handle version'of Théofem 6, first note that the'(many parameter) TOP

! isotopy extension theorem'will deduce it from the statement that (AGXBkXRn)r-:is
__ECAT 1somorph1c to A X (B )2 by 8 map resPectlng proaectlon to A This
| f-statement follows from a . 51m11ar 1somorphlsm of (AGXB (R -O)) with

;;Ad X(BkX(R —O)) which is. establlshed via a useful technical lemma.
]Lemma.' This lemma will hold for CAT equals TOP as well as 'PL or'_DIFF} 
' fﬁConsider a CAT manifold E with two ends equipped with
) S Lo a . _ -1 G '
" a) a CAT submersion p:E - A% (the leaves F, =D (u), wed”, are  CAT

- manifolds, possibly with bdundafy),

P T R R T T




&
a
]
§
4
A
]
E
i
H

i L

}(Theorem 5) and the Eroduct Structure Theorem.below flnlSh this proof of Theorem l.

b) a proper. CAT map wE -R suoh that for each pair of integers a,b
- with a <b the prelmage B (a, ) = (HIF )" (a b) = F ﬂ m (a b) of
the open interval: (a,b) of real numbers is a CAT product of a oompact:

manifold with R, or at least has the following engulfing property:

¥ | Fu(a,b)_ has two ends e , €, and if U;,U;' are given open neighbor-

hoods of ¢ ,s

4 then there exists a CAT self-isomorphism h of

Fu(a,b).-fixing points outside some compactum such that h(U ) uu, =

.F#(a,o);

" Then p'Eu_;Ad is a CAT product bundle

To .prove this one can apply the d»parameter CAT isotopy eXtension theorem-

ﬂ—end_an elementary engulflng argument to show that (%) holds "slobally” with E
“iin place of Fu(a,b). Then glue together the ends of E as in [18] 4o deduce
‘. 4he result from the known fact that every proper CAT submersion is a CAT bundle;

::ma-P_-'

RS The'Classification Theorem nowjfollows from the immersion theory machine’[?].

'f‘Theorem T is the key tool, Wlth it, the machlne Works ea311y once we observe that
ﬁthe c13331f1cat10n theorem holds for Zero- handles, and this amounts to 1dent1fy1ng
QVCat(Rq) with the complex of lCAT structures on the trivial rY bundle over a

:J.point;

- A somewhat @ifferent method of proving Theorem l {see [71, [6}) " involves a

f-stable version of the classificetion theorem. We have seen that the stable tangent
é:bundle reduces if an obstructlon in H (Q, 3T (TOP FL) = Ze) vanishes, and con- |
é cordance classes of stable reductions are ola331f1ed by HB(Qv05Z2). By Milnor's
?ﬁargnment35in [1k], e stab1e reduction gives a _EL structure'on .QKRS for some s
" and concordence cleSSes of stable.reductione correspond to concordance cleeses of

':-PL strnctnres on QRRS Appllcatlon of the concordance 1mp11es isotopy Theorem
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"Theorem 8 (Product Structure Theorem). Let q>6 or 'q =5 if M eC, and

T heorem 9. Let Mm"be a TOP manifold Then M has a well defined simple

- torsion of a homeomorphlsm is zero [7].

.:-,Theorem 10_(Transversality) Let . g = E(g ) =X be an n—plane bundle over a

let ZO be a CAT structure near C. Let © be a CAT structure on Q&S which .

; . : s s . : ' - e :
“agrees with deR near CXR. Then Q has a CAT structure 2, extending ZO
‘near €, and IXE is concordant to © ,modulo"CxR?

Mbreover,'the:e is an eg-isotopy h,t:QZ X R - (QXR)® with hO = Identity,

+h1.PL, and h, = identity near CXR, where ¢iQ X E - R 1is a continuous function. -

t .

Note that the theorem fails for. closed 3—manifoldeg_ e.g. SBXR2 has two FL

. structures but 85 has only one.

: The Product Structure Theorem is equivalent to the Concordance—impiies—ieotopy
?Theorem plus the Annalus Theofem [5]5 the equivalence'is not too hafd to prove- 9]
The ClaSElcal IL -DIFF EToduct Structure Theorem.(Calrns-lesch Theoremn) [5]

éfollows eaelly from the TOP-CAT ver31ons of the Product Structure Theoren and

'ofConcordance—implies—isotopy Theorem By ueing the Sliced-concordance—implies—
'*1sotopy Theorem (Theorem 6) 1n addltlon, we may also recover the PL—DIFF version
-;of Concordance 1mplles 1sotopy [h] [16] (Slnce ry O for i. < 6 there is_f"

.;nothlng to: prove in the low dlmen31ons not covered by Theorems 5 8 )

The Product Structure Theorem is partlcularly 31gn1flcant becauge of Theorems

;9, lO and 11 below which follow easily, (see [11] {6]) : R I

; homotoPy type (1nf1n1te if M is non-compact [19]) which agrees with the usual

E-deflnltlon 1f M is PL or is a hendlebody This 1mp11es that the'Whltehead

'f';t0polog1cal sPace X and let f: M@'a E(g ) Dbe a contlnuous functlon Then 1f

1

_?m 4 and m-n # h £ is homotoplc o s mep £, which is transverse to the zero;
f?section of € (this means fil(O—section)_ is an (m—n);manifold P with a normal
'-;bundle in M equal to (ﬂfl,P) (g)). If £ is transverse near a closed set

:_-§C1C:Ng then the homotopy eqﬁals' £ near C. B o PR ig:e" f ézl




oo Kirby,'R,, and Siebenmenn, L., Cla531f1catlon of Smooth and P1ecew1se-L1near

.'i_iEheorem 11, If n>6, then M' is g TOP handiebody (If m = 6 and aM % ¢,.
-f then we obtain M by adding handles to 3M), 'Equivalently, M admits a Morse
: 5 o 2).;

ﬁ ' Moo ; . 2 _ .
- function f£iM - R ‘(thet is, f is locally of the form Xy He. oty -xx+l cremX

On the other hand, in dimension L or 5 (or both), there exists g manlfold

Whlch is not a handlebody and thus hes no Mbrse functlon.
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