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ON THE ANNULUS CONJECTURE!
R. C. KIRBY

The annulus conjecture states that the closure of the region be-
tween two locally flat (n—1)-spheres in R is homeomorphic to
§*-1%[—1, 1]. The annulus conjecture is fundamental to geometric
~ topology (see [5, p. 579]); for example its truth in dimensions <}k
implies that any homeomorphism of R* is stable [3]. We will prove
here a weakened form of this conjecture (Theorem 1.

An imbedding f: SR is said to be locally flat if each point
pES™! has a neighborhood N such that f extends to an imbedding
fi NX[~1, 1]-R" with N X0 identified with N. [ is called flat or
bicollared if it extends to an imbedding f: $"~1X [—1, 1]—R" Brown
[1] proved that a locally flat imbedding is bicollared.

An imbedding f: $*-1X [~1, 1]—R"is said to be somewhere planar if
there exist p & .51, ¢&(—1, 1}, a neighborhood N of (#, ¢} in S*1Xq,
and an (z—1)-plane P in R such that f(&) ‘projects homeomorphi-
cally into P along normals to P. - _

[ is clearly somewhere planar if it is piecewise linear on some open
set of S"1Xg, ¢E(—1, 1). According to Corollary 7, f is also some-
where planar if it is differentiable with nonzero Jacobian at some
pOint (P, g)ESn—lx(_l’ 1) . N

It is with the added condition that each imbedding is somewhere
planar that we prove the then weakened annulus conjecture. If the
imbeddings are differentiable or piecewise linear, then it is already
known that the annulus conjecture holds for #=6 using the k-
cobordism theorems of [7] and [6]. :

THEOREM 1. Let f, g1 S*'X [—1, 1]2R" be two imbeddings with
. disjoint images such that f and g are both somewhere planar. Then the
closure of the region between f(S*X0) and g(S*—1X0) 4s homeomorphic
fo S1X[—1,1].

The proof will follow from Theorems 2 and 5. The basic idea is
that the region between the two (1 -1)-spheres minus a tube T join-
ing the spheres is bounded by a locally flat (s — 1)-sphere and is thus
an n-ball by the Schoenflies theorem (see [2]). See Figure 1.

In the next theorem, we assume the existence of this tube and then
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obtain an annulus, and in Theorem 5 we show that the existence of
the tube follows from the somewhere planar conditions.

S

FI1Gure 1

TuroreM 2. Let f, g: S**X[—1, 1]—=R" be two imbeddings with
disjoint images. Let k: B—1X[—1, 1]—>R” be an imbedding of the unit
(n—1)-ball satisfying

(i) (B tX —1) Cf(SXg) for gE(—1, 1),

(i) h(B~1X1) Cg(S™1Xq) for ¢ E(~1, 1),

(i) R(B=tX(—1,1)) isa subset of the open region between f(S’*'“1 Xg_r)
and g(S*tXq").

Then there exisis @ homeomorphism A: S1X[—-1, 1]>Z where Z
is equal to the closure of the region Z between f{S*~1 X0) and g(5*1x0}.

FSEX 1)

FS+1X0)
A=K
- fSXY)-

B(B*1X[-1, 1D

g(SiX—1)
gS1X—1)

\j\ g(S*1X0)

FiGcure 2
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hood with a bicollaring. Hence [1] ¢(S"1) is bicollared. Then ¢ ex-
tends to &: B"—R" (see [2]). We observe that &(B") =Z —int By
x[—1, 1].

Step 6. There exists a homeomorphism d taking S**X[—1, 1]
onto BUp (B} 'X[—~1, 1]) where B*=L\UM\UN and M is identi-
fied with 9B} X [—1, 1] by %' (see Step 4). Define a homeomorphism
A:S—1x[—-1, 1]—>z by

jed(x, 8y i d(x, 1) eBn,
A1) = {kd(x, H - itd(r, 1) € Byp X[—1, 1].

A is well defined, for if d(x, {) ©B" and d(x, ) EB} ' X [—1, 1], then
dx, ) EM CL\J M\JN =3B~ and for such a d(x, 2}, td(x, 1)
- =Hkd(x, t) = Hd(x, t). This completes the proof of Theorem 2.

'LEMMA 4. Let C=1CR" be the cylinder over (i.e. x,,>0) the unit
(n—2)-sphere in R**. Let B* 1 be the unit (n— 1)—ball in R™1. Then
C\J(Rnv1—B» 1) {5 bicollared.

ProoF. Figure 5 indicates the proof for #=2, and the other dlmen—
slons are entirely analogous.

&

FiGure 5
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THEOREM 5. Let f, g: S"1X [—1, 1]—R" be two imbeddings with
disjoint images such that f and g are both somewhere planar. Then the
vmbedding k of Theorem 2 exists, so the conclusion of Theorem 2 holds.

Proor. From the definition of somewhere planar, we have a neigh-
borhood N of (p, ) in S"~1Xg and a homeomorphism : f(N)—P

' - where 7 projects f(¥) into P along normals to P.

Instead of P it is possible to choose any other (n—1)- plane parallel
to P. Since we can also use a subneighborhood of N (still containing
), there is no loss of generality in assuming that 7f(N) is a subset of
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P lying in Z (the region between F(S™1Xg) and g{S"'Xg¢'}). See
~ Figure 6.

Similarly (usmg primes) we have a neighborhood N’ of p'
'S*1Xg’ such that 7'g(N’) is a subset of P’ lying in Z.

Let C; be the “cylinder” composed of line segments joining x and
7 (x) for all x&f(N). We may define C, in a similar way.

FiGuRre 6

Z and hence Z— (C;UC,,) are arcwise connected. Therefore it is
possible to find an arc « in Z, joining wf(p) to ='g(s"), perpendicular
“to P near nf(#), perpendicular to P’ near w'g("), and not intersecting
Cy—mf(p) and C,—='g(p"). Let a* be a differentiable approximation
" to a satisfying the same conditions as «. @* has a tubular neighbor—
hood, i.e., there exists a differentiable imbedding T: B""‘IX[ 1, 3]
——>R“ so that T(0X [—%, 1) =a* We may also require that T(B»1
) Caf(N) and T(B'X 3} Cn'g(N'), and that T(B!
X( 2» 2)) CZ (CIUCG)
We will obtain % from T, C; and C,. Deﬁne an imbedding #:
B"—lx[ 1, 1]—=R* by

ke(x,s)  for —1
B(x,s) = {T(x,5) for—3=s=1%
3 1
i

ko(x,s)  for
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where k; maps (xX [—1, —%]) linearly onto the line segment joining -
f(») to 1rf(y) T(x, —%) and k, maps (xX [%, 1]) linearly onto the line
segment joining #'g(y) = T'(x, %) to g(y). See Figure 6. This completes
the proof. -

The following theorem leads to a relatively weak condition under
which an imbedding f: S*~1X [—1, 1]—R* is somewhere planar.

THEOREM 6. Let h be a homeomorphism of R™ into R*. Let h be
differentiable with nonzero Jacobian at pER" and let U be o neighbor-
hood of p. Then there exists an isotopy H,: R"—Re, 1€ [0, 1], satisfying

(1) Hy=n,

2 H,= kemR" U for all t< 0, 1], :

(3) there exists an open set-V, p& VC U, such that Hy is differenti-
able on V.

‘CoroLLARY 7. An imbedding f: S*'X [—1, 1]—=R" is somewhere
planar if it is differentiable with nonzero Jacobian ai (p,q) & Sr—1
X(—1, 1.

COROLLARY 8. A homeomorphism h: R*—~R™ is stable if it is differ-
entiable with nonzero Jacobz’an at pC R

.ProOOF OF THEOREM 6. We can assume that =0 and that R(0) =0,
Denote by DF the differential of £-at 0, a nonsingular linear trans-
formation. Let & be a positive real number such that BngU and
Dh(Bn) Ch(U).

We now define a radial homotopy e,: R*—R*, tE [0, 1], as follows:

% if2k§lx|,
) = 2| x| ~ 2k '_“k<_| | <%
e‘x)—-. 2|x]-—|x[tx i = | x| = 2k,

0 if 0= || =
* Let Hy: R"—R» be defined by '
‘( ) {Dker‘(Dk)“lkeg(x) i la| >,
X) = i .

‘ Dh(x) it || £tk
Then conclusions (1) (2) and (3) of Theorem 6 are easily verified.
The only difficulty is in proving that H, is continuous at x when
le =tk. We will indicate a proof (for details, see [4, §3]). Let
{xER“|x1>k Xg= - - - --x,,—0} Then e(M) is the positive x;-

axis, Xi, and ke(\) has a tangent at 0, namely DE(X)). Hence
(Dh)~hey(N) has 4 tangent at 0, namely X1, 80 g] 1(Dh) 1he1(\) con-
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verges to (k, 0, 0, - - -, 0). This idea is used to show continuity -of

 Hiat (0,0, - -+, 0),or in general, at any point of S%!
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