Math 1B
May 13, 2008

1. Integral - by parts, trig, chain rule, partial fraction
(a) /sin(ln x)dx
/sin(ln r)dr = /sinu edu (u=Inz,e" =z, e"du = dx)
= e'sinu— / e cos udu (integration by parts with e* and sinu)
= e'sinu— [e“ cosu — /e“(— sin u)du] (int by parts again)
= e“sinu —e"cosu — /e“ sin udu
By moving [ e“sinudu to the other side, we get
U L3 1 U u
e sinudu = 5(6 sinu — e*cosu) + C
so we get

/sin(ln r)dr = %(x sin(Inz) — zcos(lnz)) + C

(b) / P

e —1
3x/2 3 9 z/2
/ ¢ dr = / Y (u=e"? du = 62 dx = gda:)

e —1
22
:/ Y du
u? —1
/2+ 2 d (bl divisi )
= ng division
] U v long divisio

1 1 . .
= u+ / (u vy 1) du (by partial fraction)

= u+Inju—1]—-Inju+1/+C
= 24 m|e*? 1| —In|e*?+1|+C

2. Proper/Improper integrals
[o¢]

Is mdw convergent?



We have

1 < m 1 1
1) S e !
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by p-series with p < 1 for fol and p > 1 for [;*.

for x > 0, so

3. Sequence/Series
(a) Does a, = n'/V™ converge? If yes, what is the limit?
By taking In,

1 1
lim Inn*V" = lim — lnn —L'hopital 13,y /n

Hence, lima, = € = 1.

) Does Z

By root test

- <1
on 2 5 3 <

(n\/ﬁ)l/” CopVeln ple
by (a). Hence it is convergent.
) Does Z converge absolutely, conditionally?

We have alternatlng series,

o0 oo

Z(_l n26”+1 Z m

n=0

To test absolute convergence, by limit comparison test with > >

1
<n+1/(ne”)> _ 1
1 14+ 1/(n%em)

n

nOn’

—1>0

so the given series does not converge absolutely. To test conditional convergence, we check
that W — 0 and it is decreasing since its reciprocal n + 1/(ne") is increasing:
n+1/(ne®)<n+1<(n+1)+1/((n+1)e").

By alternating series test, it converges conditionally.

4. Interval of convergence of power series



(2 +1)"
Find interval of convergence of Z —
2ny/n
n=0
(z41)nt!
it _ |z+1  Vn _}]w+1] 1
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2n\/n

Hence, the radius of convergence is 2 and we have convergence for |[x+1| < 2, or =3 < x < 1.
To check the endpoints, at x = —3,

> (=2
>

n=0

o0

=Y

converges by alternating series test. At z =1,

3

5=

3

o0 n o0 1
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diverges by p-series. Hence, the interval of convergence is [—3, 1)

5. Separable differential equation
Solve (2% + 1)y’ = 2°1%.

We have p
T Y T 2
97 4 1)L —9v. 9%
(2°+ 1)~
dy  2%dx
22 2741
2%dx
1/4)Ydy =
(1/4)%dy = 5o
By integrating both sides, (note (a*)" = (Ina)a®)
! (1/4)Y ! In2°+1|+C
=—1In
In(1/4) In2

Since In(1/4) =In272 = —2In 2,
(1/4)Y = —2In 2" + 1|+ '

Taking log,

= In(—21In |2 + 1 !
Y= gz (-2 |2 11|+ C)
6. Linear differential equation (IVP/BVP)
(a) ¥y +y=cosxz(l+2sinz)  y(0) =y(7/2) =0, Hint: double angle formula
Auxiliary equation: 7*+1 =0 = r = £i. Hence y. = C; cos z+Cysinx. Also RHS simplifies
to
cosx + 2cosxsinx = cos x + sin(2x)
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so we need to find two particular solutions y; and yo corresponding to cosx and sin(2x),
respectively. Our initial guess for y; is Acosz + Bsinz but since this is in complementary
solution space, our modified guess is z(A cosx + Bsinx). We have:

y; = Acosz + Bsinz + z(Bcosz — Asinx)

y{ = 2Bcosz — 2Asinz) + x(—Acosx — Bsinx)
so by substituting to the equation,

y{ +y1 = 2Bcosx — 2Asinz = cosx
ie. A=0,B =1/2. For ys, out guess is C cos(2x) + D sin(2x), so
Yo = 2D cos(2z) — 2C sin(2x)
yy = —4C cos(2x) — 4D sin(2x)

Yy + y2 = —3C cos(2x) — 3D sin(2x) = sin(2x)

i.e. C =0,D = —1/3. Putting this together, we get our general solution
. 1 . 1.
y = Cjcosx + Cysinz + S¥sine — < sin(2x)

Using y(0) = y(7w/2) =0, we get C, =0, Cy + (1/2)(7/2) = 0, so our final solution is

1 1
y=—(n/4)sinx + 3% sinz — 3 sin(2x)

x
by +2' +y=—=  y(0)=0y0)=1
Auxiliary equation r? + 2r + 1 = 0 yields r = —1 (double root). Hence,

Y. = Cre” ¥ + Cowe™ ™.
Since RHS is ze 2%, our guess is y, = (Az + B)e .
y, = Ae”* — 2(Ax + B)e "
yo = —2Ae* —2Ae”* + 4(Ax + B)e >
Yy + 2y, + Yy, = Aze ™ + (B —2A)e ™ = xe**
ie. A=1,B—2A=0so0 B =2. Hence the general solution is

y=Cre "+ Coze ™ + (z +2)e™ >
with derivative

y = —Cre ™ + Coe ™™ — Chze ™ + e 2 — 2(x + 2)e >
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Using initial condition, C; +2 =0, =C1 +Cs +1 -4 =1, s0 C} = —2,Cy = 2. Our final
solution is
y=—2e"+2re " + (z+2)e .

7. Variation of parameters:
Y +y=sec’r,0 <z <7/2 (Stewart 17.3, #24)
Auxiliary equation 72 + 1 = 0 yields y = =i.

Y. = Cycosx + Cysinx.

We write
Yp = UL COST + U SIN T
so that
Y, = U} COS T + Uy SN & — uy Sin  + ug cos T
By letting
/ ’os o
uycosx + uysine =0 (1)

, we get

Yy, = —u} Sin T — uy oS T + uhH oS T — Uy sin .
By substituting into equation,

Yl 4y, = —u)sinz + uhcosr = sec’ ¥ = ! (2)

PP ! 2 cos?
By equating sinz * (1) + cos z * (2), we get

1
/
Uy =
2
cos?
Uy = /sec2 zdx = tanz + C.
Also, since u} = —ufysinx/cosz = —sec? rtanz,
tan? x
ulz—/sec%ctanxdx:— +

(_ sec?z

5~ 4+ C" is also the solution. They are related by trig identity) Our final solution is
(noting tan®z cosx = tanz sin z)

tan? tan z sin x

y=Cicosx+ Cysinx — cosz +tanxsine = Cycosx + Cysinx + 5

8. Word problems - spring/work, hydro force, mixing, damping

9. Centroid/arc length



What is the centroid/perimeter of the region enclosed by y = x? and y = 2z + 37
First, we find that the two lines intersect at 2> = 22 4+ 3 = (z — 3)(z + 1) = 0, ie.
(x,y) = (—1,1) and (3,9). The area is

3
A :/ 22 + 3 — 2°dr = [2* + 3z — 2*/3]* | = 32/3

-1
Hence,

3
T = A_l/ z(2x + 3 — 2°)dw

= A_1[2;3/3+3x2/2—x4/4]‘911
= (45/4—T/12)A"1 =3/2
gy = A / ((2x + 3)* — 2*dx)dx
= (2A)'[42%/3 + 62® + 9z — 2°/5]*,
= (24)71(342/5 — (—62/15)) = 17/5
For arc length,
/ V14 (22)%de = = / \/1/4+x2dx——{ 1/4+:1:2+£1§1n<x+ 1/4—1—352)]

using Formula 21 Appendix p6, Stewart, or using trig substitution z = % tan @ . The straight
line portion of perimeter is 4v/5 so the perimeter is

<\/_+ f+—1n(3+g)—1—161 (?—U)Jr‘l\/g

10. Taylor series
(a) Find Maclauren series for f(z) = 20U What is f©(0)?

n+1

ln(l—l—a:):/ +xdx—/2 nndx_z( )7f+1

n=0

oo fM0) n
n=0 nl ’

19 ( ) is the coefficient for 23 in the series which is 1/3 from above. Hence, f®)(0) = 3!/3 = 2.

Note the constant of integration is 1 by evaluating both sides at 1. Since f(x) = >_

(b) Find Taylor polynomial for 2%/3 at a = 8 so that the error is less than 1072 for 7 < < 9.

ra) = (3)e
o - ()
o - () ()
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Hence, we have

f@) = F8+ -8+ 1w

1

— 8)2 + RQ([L’)

1
= 4+ g(x -8) — E(x —8)® + Ra(x)
But we have
f”’(z) 3 8 3

where the last inequality holds for 7 < = < 9. Also, }81:7/3} < 81?7/3 < 1072 s0 f(x) =~

4+ 3(x — 8) — = (z — 8)% to the desired accuracy.

(c) Estimate the error of approximation In(0.8) ~ —0.2 using Taylor’s formula.
(cf. Serganova, Sample final #2, Prob 10).

& xn-{—l
In(1 + ) :Z(—n”nH —z—x2/2+. ..
n=0

In(1 —0.2) = —0.2 4+ R.(0.2)

where |R,(0.2)] = ’f/;('z)(—O.Q)2 for some —0.2 < z < 0. Since f”(z) = —m, we have
0.22 0.22
R(0.2)] = < =1/32
[71(02) '2(1+z)2 2(1—0.2)2 /

for —0.2 < z < 0. Hence, error is less than 1/32.
(d) Estimate sin 0.1 within 10~° using alternating series test.

sing =1 —2°/3+2°/5+ ...

so sin0.1 ~ 0.1 — 0.1%/3 with error less than 0.1°/5 by alternating series test. Hence the
approximation sin 0.1 & 0.1 — 0.13/3 meets the specified accuracy.



