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4 - Gromov compac tness

Goal: fu:S'=>sT| u=0,uls1=Ls%pt]

is ¢ t
= £Elu) =,5_Hdm'j; =TT }/44,{(5‘) il

false : {u:S>M |53u=0 ,E(u)-‘ECi
Thm: § —

is co:wpad:

— HG’M"Lp-f C 3 (s compact for p>2
Proof : W kH'PfZ) SN Ck(i) Compact and

e?gipffc estimates for é-:lj

Thm: ueW"(s,M),3,u=0 57 ue e tz,M) , lldill, pe < Cy (Ildull p)

'n 4
Proof of Thm wuses Continuous finctiay

(o) Local coordinates <€ M=J7’""Rz", J: Rz"___’mh-Zr\

() Ellipticity of A=32+d] : Kt compact , [<g<oo

w W' (D), AW R = weW M) and

ﬂuﬂh,x-n,fm < C | ﬂM"wk-'.fm,* hu "Lfm)

(i) (-Jude) 25 = Auw + (%, 3) dew - (7;,3)

Tk * L
Note: wueW'™ 3,u=0 = Auel — daesn't app by L p’ ””0

-yt b‘ll‘-fﬂl
(P’zﬁ %*é:ﬂﬂ‘?PI{z) G(WIIP)*"&W’IP = H&W 9&51'18%
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(iic) e ffigftc boo'fsi'mgg ng Linear map R = R
— O~
weW? = Au = - (@0 (du et @) Geu,dew) |
w’zsP =, [P. LP LP. P < 2
(] WP V14 or p > 1 =2
wklp = h’lf? w f:":?f LFJ.PZ> P“ﬁ ;-
2, P
=5 weW"" | ull 4 ¢ ClNduly +ulg,)
i <2 i ' 73 .
w'i E'ﬂuﬂp"'f q=,','.£g > P (Eimprw\!mf.')

iterate toget to W'TF > WP | then further ituate
toget we W™, lu e < C(lloull grt Nuxly- ) Ve

Bubbling Analysis |
moduls spaces  {Bu=0, Eb=eAful Yy , 51 CM I-ht, Joo = Aan]

are 3enerulf)r nancompecé
Ex: Ce= {2#; “5%2} cCP® —> f[zo 0: 2:]3 {l0:2,2)

2o 8=

2:,,;«; with
= Lransvorse. {nlorsection
\/ at [0:0:1)
[1.0) A Y =l0-vi.
o (e 1 Ug: . CP'->Cr ';;E" A Uolx:y) -[0.):, :xy]
I L'x :y) — (e y x)r] [0:y:x]
L) = (o0 \ excgpf.‘ remove .'-‘rlfc-qr:fl;,-.-%; by
at(1:0] Uol1:9] = [0:0::1]

where |dugl-> oo
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Even worse, Vg:GR'=>CP* | [xy) > [8x2:5y : xy] parametrizes Ce
but converges to vo[x:y) =[0:0:1] excpt for |dve]-blowup ot (i:0]and [0:1].
One blowup can be avoioed by reparametrization Vgo@, =ug ({ﬂs&'#[@x%}f
G:u— Vo (qeDx:y)s[%#Yl) =L gyt xy] Pl [x:&y]) but not both.

Gromov compactness: Any sequence u;:Z—>M | 3,u;=0

Vjon< Fived ! ¢ i
with fixed energy sup Elu:)= i_[u;‘w =E and J.—J,
hasaraim’,um that "Gro:novrcanvzr}csk fo a 1:}»& map U Z—M
and. "stable trees of sphee bubbles” V.Y S'aM I hol

st Surw rgfti‘w =E.

More precisely: For a subsequence (ogain denoted (us),,, )

O The energy densities ldwl®:T>R converge as measare

. Px
kst v/

tol I, Ed,ﬂ')) h 70

N
e;=ldu;|1—i_:: € +2- Ex O for p,..p, € 2
m
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@ For every blow-up point pe‘% (:.e. dpivp, [du,-(p;]l-—*m)
7
(n bocal coovdinates oefR<C 3 Ei-ao | Idu;(%gl:ﬁ‘- 00

st. the resaled maps  vi(2)= wi(2;+7R:) : Byo. =M

Cn e & BubacR
converge to a. sphere. v 1 € — M
§
(by removald of sin‘,ufarily) Vio: CP'=€uid’  nonconstant

(MJ& this dpes not yet capture Ehe fult aneryy [ Eudt bree of spheres )
Cor: For nonsqueesing, the moduli spaces of J-hof. w:S'—> ST
l-'H'n = * = I, a';k_ 1; =
with erergy Elw) s);lﬂ-w <[s p%},[&)q Wel> =T are compac'i‘
modulo Awt(s?).

—

~® any bubble T.: S S%T has energy >0 | em#

= 27 11, (%), [ ekes]>
= Ui = U or  wi—> UpesConst & one bubble v,
€tsY) ALt ) 7

r'esc:ufc‘n; ,,ivcs U.:O?’.- ﬁ\?‘ﬂ
€7(s?)
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Tool ket for bubbling analysis

o Removable singularity: w. : B 0} = fze€|O<tel<l — M

§Ju.= 0, § ldulP<oo = Limulz) =: Gilo) exists
B~ 1o} 220

and extonds w to Ee€(BM) ,2,&=0.

o Hofer trick: (X,d) comple metric space , § e €°(X, [0,)

VoeX ,£20 J2eBylp), O¢s'st: g:{., f €2f(z) , £4()2 ef(p)
2)

o mean vadue rlna?ua.fil’iy'- ee f:z(na*, £0,0)

Ae 2-A-ae }

{e <k
Bl0) *he)>0

= rgefo)&'C( (e +A°r-‘*)
B O

o Qu+I)du=0 = e=ldul’=2[dal’ setisfies
(3427 ) e =4 12dul + 4123l + ¥ g3(A D, )

2
2 oo % --‘Hz.lEaL-t«r.iIr = -~ae
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lggredﬁenis__ for proof of OD (backwards) with application

o Removable singularity: w : B 03 = fzec|0<l2l<|} — M

§Ju.= 0, § ldulP<oo = Limulz) =: Gilo) exists
B~ 1o} 220

and extonds w to Ee€(BM) ,2,&=0.

e Hofer trick: (X,d) complete metric space fe €°(X, [0,0))
:‘3_“[, wibh mebi [du;l

VPGX £>0 HZEBZEQ;) 0‘5 £: swupn f €2f(2) , £5(2)2 eflp)

pivp lulpolsd Bi—vp 3 Bef®

a.“‘ ui(Pi [1

f " sup |du;l “ﬂda @, £:R: % o oen
E’Etta.) = 2

= ldviol=1 , sup ldvil<2 = Subsequence V; —V,, nonconstant

Be.e:

* mean value Enegmfiﬁy'- ce € (lR [0,0))

- lousl®
g ;Ao—a.e: = rel0) € C(é{o? £ Art)
s *hia)>0
= T¢ ldutpl’=e:i0) » 00 pick ;—=0 st refo) > CE)
then C;;&?On wrong , hence eneyy $lduil® 2+ concantrates atp.

Br;rf'}
Exercise: Use am,’y Removable Sirgufan’i)r and mean w!ue Ens?k#/:'l.fy

to prove compoctness of |owest energy moduli space.
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